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PARTIAL PERMANENCE AND STATIONARY
DISTRIBUTION OF A DELAYED
STOCHASTIC FACULTATIVE MUTUALISM
MODEL WITH FEEDBACK CONTROLS*

Xiaojie He!, Zhijun Liu"' and Qinglong Wang'

Abstract This paper characterizes a facultative mutualism model with feed-
back controls by using delayed stochastic differential equations, in which each
interspecific mutualism term contains saturation effects and distributed delays
with strong kernels. Firstly, we transform the stochastic facultative mutual-
ism model with strong kernels into an equivalent eight-dimensional stochastic
model by a linear chain technique. After that, sufficient criteria for partial per-
manence of both species and the existence of a unique stationary distribution
are established, respectively. Finally, illustrative examples and corresponding
numerical simulations are carried out to support our theoretical results.
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1. Introduction

As a ubiquitous phenomenon in nature, mutualism is a biological interaction be-
tween two/many species that benefits both/each other [35]. Practical examples
of mutualism are various, including associations between pollinators and flower-
ing plants [16,42], seed dispersers and plants [33, 34], sea anemones and anemone
fishes [30,37], sphagnum and cyanobacteria [2,5]. By degree of dependence between
species, mutualism may be classified as obligate or facultative, where a facultative
mutualist is one which benefits in some way from the interactions with another
species but can also survive on its own [36]. In the past few decades, starting from
the classical Lotka-Volterra models [27,43], many population models have been
proposed to describe facultative mutualist interactions [26, 31, 32,40]. Note that
Qi et al. [38] recently introduced the following two-species facultative mutualism
model with saturation effects which was motivated from a corresponding competi-
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tive model proposed by Gopalsamy [11]

Q129 (t)

le(t) = zl(t)[rl — /lel(t) + 1tz (t)]dt, ( )
2 1.1
dz(t) = 2a(t)[r2 — paza(t) + sz;fft))]dt,

where the biological significance of the variable z;(t) and the parameters u;,r;, «;
can be found in Table 1, and all parameters are positive constants. The nonlinear
term a1 21/(1421) (or agze /(14 22)) has a saturation value «; (or as) for sufficiently
large z; (or z2), because in the real world, finite resources lead to the fact that as
the increase of one cooperator’s density, its cooperative capacity does not tend to
infinity and may be upper-bounded (see [22,38]).

Table 1. The biological significance of variables and parameters of models (1.1) and (1.2).

Natations Biological meanings

zi(t) The number of individual species ¢ at time ¢ (i = 1,2)

5 The intrinsic growth rates

i The intraspecific competition rates

; The interspecific mutualism rates

u;(t) The ‘indirect control’ variables

k; The suppression rates of control variables u; to species z;
m; The inhibition rates of control variables u;

n; The controllable rates

It is worth noting that many species are at risk of extinction due to over-fishing
by humans. Omne of the important issues facing humans is how to regulate the
ecosystem rationally and protect the endangered species to ensure the sustainable
development of the ecosystem. Xiao et al. [44] showed that searching for certain
schemes (such as harvesting or culling procedures) to save species from extinction
would allow species to reach a desired state. To this end, feedback control variables
(or ‘indirect control’ variables [1,21]) are introduced into biomathematical modeling
to describe such certain schemes [12,13,44]. Later, this novel idea has been further
investigated in some more complex mutualism models [7,14,46]. Obviously, with
the idea of feedback controls, we can establish a new model based on model (1.1)

dzi(t) = 21 (8)[r1 — oz () + 101"'"222(2) — Ky (8)]dt,
de(t) = ZQ(t)[’I“g — /,LQZQ(t) —+ % — k‘2u,2(t)}dt’ (1 2)

duq (t) = (—mauq (t) + n1z1(t))dt,

d’u,g(t) = (77712’&2(15) + n222(t))dt,

where the biological significance of u;(t), k;, m; and n; is listed in Table 1.
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Furthermore, for a realistic situation, the present state of species may be affected
by the cumulative effects of past history. Hence, it is natural to introduce the
distributed delays into biomathematical modeling [6,8,18,20,25]. For the distributed
delay, one typical form of the kernel can be chosen as a Gamma distribution delay
kernel [28]. The mathematical expression of the kernel is governed by G(t) =
%, where w is a positive constant standing for the decay rate of past memory
effect, and h is a nonnegative integer. In particular, the strong kernel case G(t) =
tw?e~“* implies that the maximum effect on growth rate response at any time comes
from species density at the previous time (see [38,39]). Recalling model (1.2), we
incorporate distributed delays with strong kernels into model (1.2) and obtain

¢ — §)w2ew2(t=5) 5y (g
dz1(t) = 21(t)[r1 — p121(¢) + al/ (£ = s)wy ( )ds — kyuq (t)]dt,

oo 1+ 29(s)

t —s w2€*w1(t*5)21 S
dza(t) = za(t)[r2 — po22(t) + QZ[ =2 11+ 21(s) .

ds — ]CQUQ (t)]dt,

dul(t) = (—m1u1 (t) +ni121 (t))dt,

dUQ (t) = (—mQ'UQ (t) + nozo (t))dt

(1.3)
However, most species growth phenomena in the real world are not simply de-
terministic and are often influenced by environmental noises, it is more rational
to construct stochastic models than deterministic models that are fully determined
by the parameter values and the initial conditions. Since random perturbations are
ubiquitous, May [32] pointed out that the growth rates in population models should
be stochastic in his big book, and this topic has been extensively developed and
studied in some mutualism models [17,23,38,47]. Along with this idea, we adopt
the perturbation approach used by [15,38] to introduce two coupling noises, and
assume that the intrinsic growth rates of each species in model (1.3) are stochasti-
cally perturbed with r; — r; + BindW1(t) + Bi2dWa(t) (i = 1,2). Then a delayed
stochastic facultative mutualism model with feedback controls is derived as follows

t — §)wlew2(t=5) 5, (g
le (t) =21 (t)[?"l — H121 (t) “+ oy / (t ) 2 ( )dS — k1u1 (t)]dt

— oo 1+ 22(8)
+ 300 Bz () dWi(t),

ds — k2u2 (t)]dt

t — s)wiewr(t=9) 2 (s
dza(t) = z2(t)[r2 — po22(t) + 042/_ =2 11+ 21(s) =

+ 300 Baiza(t)dWi(2),

dul(t) = (—m1u1 (t) +niz1 (t))dt,

d’UQ (t) = (—mQ’LLQ (t) —+ No 2o (t))dt,

(1.4)
where W;(t) (i = 1,2) are considered to be standard and mutually independent
Brownian motions defined on this probability space (2, F,{F}:>0,P) obeying the
usual conditions, and ﬁfj (i,7 = 1,2) are the intensities of white noises.
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t t
(1) = — 5)w? —Wi(t—S)ﬂ () = / , —wi(t—s)ﬂ
fi(t) = /_Oo(t s)wye T+ 2:(5) ds, wv;i(t) = . wie T zi(s)ds'
(1.5)
Next, similar to [10,28,38], with the help of chain techniques we can transform
the above stochastic model (1.4) with strong kernel delays into a undelayed eight-
dimensional model

dzy(t) = z1(t)[r1 — prz1(t) + o fo(t) — kyua (t)]dt + iﬁuzl(t)dWi(t),

dzo(t) = z9(t)[ra — poza(t) + anfi(t) — kous(t)|dt + i Baiz2(t)dW;(t),

41(0) = nn(0) — Fi ) B

alt) = aloa(t) ~ (0, w6
() = (2100 — (O,

) = wal 2~ )

dUQ(t) = (—mg’u,g(t) + TlQZQ(t))dt.

Similar to [41], we understand that the relationship between models (1.4) and
(1.6) is so-called equivalence from the following explanation: If (z1(t), z2(t), u1(t),
us(t)) € RY is the solution of model (1.4) corresponding to continuous and bounded
initial function (p1(t), p2(t), ¥1(t),2(t)) : (—00,0] — R, then (21(t), 22(t), f1(t),
Fa(t), v1(t), v2(t), u1(t), ua(t)) € RY is a solution of model (1.6) with z(0) = ¢;(0),
u;(0) = ;(0), and

_ 0 w; s 907/(5) o 0 w; s <pl(s)
fi(0) = —[m sw?e T os) 2i(5) ds, v;(0) = [m w;e Tr o) %(s)ds.

Conversely, if (z1(t),z2(t), f1(t), f2(t), v1(t), v2(t), ui(t), uz(t)) is any solution of
model (1.6) defined on entire real line and bounded on (—o0,0], then f;(¢) and
v;(t) are given by (1.5), and so (z1(t), z2(t), u1(t), uz(t)) satisfies (1.4).

Due to the relationship between the solutions to models (1.4) and (1.6), then
we have focus on model (1.6) in the subsequent sections. As a continuation of
previous work [38], this paper aims to investigate the role of feedback controls and
noise perturbations on partial permanence and stationary distribution. The present
investigation is organized as follows. Two necessary lemmas and some notations are
provided in Section 2. Sufficient conditions for partial permanence of both species
are established in Section 3. Section 4 discusses the existence of a unique stationary
distribution. Some numerical examples and their corresponding simulation figures
are given in Section 5. A brief discussion section comes to the end of the paper.
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2. Fundamental preliminaries

For the convenience of subsequent proofs, we list below some notations and lemmas.
Let R = {z € R : 2; > 0,1 < i < d}. For the continuous and bounded

function g(t) on [0,400), we define ( =t fo s)ds, g« = liminf,, . g(t),
and ¢g* = limsup,_, , . g(t).
Lemma 2.1 ( [38]). Forallt > 0, we have f;(t) < 1,v;(t) <1 andlim, . fi(t)/t =
limy_yoo vi(8)/t =0,4i=1,2.

Lemma 2.2. For any initial value Z(0) = (z1(0), 22(0), f1(0), f2(0),v1(0), v2(0),
u1(0),u2(0)) € RY, there exists a unique solution Z(t) = (21(t), z2(t), f1(t), f2(t),
v1(t), v2(t), w1 (t), us(t)) to model (1.6) for all t > 0 and Z(t) remains in RS with
probability one.

The proof of Lemma 2.2 is postponed to Appendix A.

3. Partial permanence

This section is devoted to establishing partial permanence of both species, and
detailed proofs are listed in Appendix B.
Assign

i = (BA + B%) /2, Xi = (mips — king)(rs — 6)/(maps), i =1,2.

Theorem 3.1. Suppose that ro —ds + s <0, r1 — 1 > 0 and Ay > 0, then species
29 is exponentially extinct (denoted by EE) while species z1 is permanent in time
average (denoted by PTA) and M\ /p1 < (z1(8))« < (z1(t))* < (r1 —61)/p1 a.s.

Theorem 3.2. Ifry — 6 + a3 <0, ro —da > 0 and Ay > 0, then species z1 is EE
while species zo s PTA and Aa/po < (22(t))« < (22(8))* < (ro — 2) /112 a.s.

4. Stationary distribution

For model (1.6), this section explores the existence of a unique stationary distribu-
tion by using the theory of Has'minskill [19]. Three assumptions and preliminary
Lemmas 4.1-4.3 are needed later and listed in the following.

Assumption (H;). my > nq, mg > no.
Assumption (Hs). (=1 —a; —k;—06; >0, i =1,2.
Assumption (Hs). (pi+o;—k;) /& > 0, where § = puypo+kika—p1ka—poky —aras.

Consider the following integral equation

t k t
X(t) = X(to) + / b(s, X(s))ds + Z/ 01(s, X(s))dBy(s). (4.1)
to 1= Jto

Lemma 4.1 ( [19]). Let the vectors b(s,x), 01(s,x), ..., 0x(s, ) be continuous func-
tions of (s,xz) and the coefficients of Eq. (4.1) are independent of t, such that the
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following conditions are satisfied on Og € Ri for every R >0

k
[b(s, 1) — b(s, x2)| + Y _ leu(s, 1) — @u(s, x2)| < Dlwy — w2,
k =1 (4.2)
(s, )+ Y (s, 2)| < D(1+ [a]),

=1

where D is a constant. Furthermore, there exists a twice continuously differentiable
C?— function V(z) in RL satisfying LV (z) < —1 outside some compact set. Then
Eq. (4.1) admits a solution, which is a stationary distribution.

Remark 4.1 ( [47]). The condition (4.2) of Lemma 4.1 can be replaced by the
global existence of the solution to Eq. (4.1) in view of Remark 5 of Xu et al. [45].

Lemma 4.2. If Assumption (Hy) holds and let Z(t) be a solution to model (1.6)
with nitial condition Z(0) > 0, then there exists a constant K, > 0 such that for
any q > 0, E[2]] < K, E[f]] < K4, E[v]] < Kg,E[u]] < Kg4,i=1,2.

Lemma 4.3. Suppose Z(t) = (21(1), 22(1), f1(t), f2(t), v1 (1), va2(t), ur(t), u2(t)) is a
solution of model (1.6) with Z(0) € RS.. Then almost every path Z(t) of model (1.6)
is uniformly continuous on t > 0.

Theorem 4.1. If Assumptions (Hy)-(Hs) hold, there exists a positive solution Z(t)
of model (1.6) which is a stationary Markov process. Moreover, this solution is
globally attractive. That is, model (1.6) has a unique stationary distribution.

The proofs of Lemmas 4.2-4.3 and Theorem 4.1 are presented in Appendices
C-E.

5. Illustrative examples and simulations

In the previous sections, we have presented the main results (Theorems 3.1, 3.2
and 4.1) of model (1.6). To further support our analytical results, we will perform
numerical simulations by using MATLAB.

Since the present study is not a case study, there is no real data available, and
hence the parameters of model (1.6) are estimated data. We first fix the initial value
(21(0),ZQ(O),fl(O),fQ(O),’Ul(O),UQ(O),Ul(O),UQ(O)) = (013,022,016,015,021,
0.12,0.18,0.14) and partial parameter values (see Table 2). The noise intensities
ij (i,j = 1,2) and the suppression rates k; (i = 1,2) are varied to verify the
analytical results.

Table 2. Parameter values used in model (1.6).

Parameters ™ T2 M1 M2 (&3] (6% w1 w2 mip Mmoo Ny )

Values 0.48 0.59 0.57 0.68 0.15 0.13 0.17 027 4.1 45 3.2 3.5

Example 5.1. To visually analyze the role of noise intensities ﬂfj and suppression
rates k; (i.e., the suppression intensities of the feedback control variables u; to
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species z;) on the partial permanence of both species, we will discuss two cases.

Case 1. For species z1, we choose relatively small suppression rates (k; = 0.08, ko =
0.09) and noise intensities (8%, = 0.0372, 8%, = 0.042%) while for species 22, choose
relatively large suppression rates (k1 = 0.31, ko = 0.29) and noise intensities (32, =
0.842, 82, = 0.87%). A calculation shows that 71 — &; = 0.4784 > 0, \; = 0.426 > 0
and 79 — d2 + as = —0.0112 < 0. It follows from Theorem 3.1 that species z is
PTA while z9 is EE (see Figure 1).

~ 025

0 20 40 60 80 100 120 140 160 180 200 0 5 10 15 20
t t

(a) (b)

Figure 1. (a) Permanence in time average of species z1; (b) Exponential extinction of species zs.

Case 2. In contrast to Case 1, large suppression rates (k1 = 0.31,ks = 0.29)
and noise intensities (32, = 0.822, 8%, = 0.852) are chosen for species z; while
relatively small suppression rates (k; = 0.08, ko = 0.09) and noise intensities (32, =
0.0322, 32, = 0.046%) are designed for species zo, then ry — 81 + ay = —0.0674 <
0,70 — do = 0.5884 > 0 and Ay = 0.5279 > 0. By Theorem 3.2 we can obtain that
species z; is EE while z5 is PTA (see Figure 2).

02

0151

0.05

L L L L L L L L L
0 5 10 15 20 0 20 40 60 8 100 120 140 160 180 200
t t

(a) (b)

Figure 2. (a) Exponential extinction of species z1; (b) Permanence in time average of species zs.

Example 5.2. We fix a set of suitably small noise intensities (3%, = 0.037%, 8%, =
0.0422, 33, = 0.0322, 33, = 0.0462) and vary suppression rates k; to simulate the
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stationary distribution of model (1.6). This example will be performed by the
following two cases.

Case 1'. When we select small suppression rates k; = 0.08, ks = 0.09, a direct
calculation shows that ¢; = 0.2484 > 0,(s = 0.3684 > 0,(u1 + a1 — k1)/& =
2.3739 > 0, and (u2 + ag — kg)/§ = 2.6706 > 0 and then Theorem 4.1 holds. So
model (1.6) has a unique stationary distribution (see Figure 3).
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2 z

g )

310 310

) >

Q Q

1= 1=}

153 o

= =

=3 =

o o

& &

o o

Z 5T Z 5F

e B

0 0
05 06 07 08 0.9 1 14 1.2 05 06 07 08 09 1 14
L](I) at time 500 2,(t) at time 500
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Figure 3. (a)-(b) Frequency histograms of species z; and z2, the curves are the probability density
function (PDF) of species z; and z2 when ki = 0.08, k2 = 0.09.

Case 2'. We choose relatively large suppression rates k; = 0.31, ks = 0.29 cam-
paried with Case 1, we get ¢; = 0.0184 > 0,(, = 0.1684 > 0, (i1 + a1 — k) /€ =
5.0061 > 0, and (p2 + g — k2)/& = 6.3492 > 0. It follows from Theorem 4.1 that
model (1.6) owns a unique stationary distribution and the level of this distribution
is smaller than that of in Case 1 (see Figure 4).

[l Frequncy histogram Il Frequncy histogram
e PDF of z,(t) e PDF of z,|

relative frequency density
relative frequency density

03 04 05 06 07 0.8 0.9 1 03 04 05 06 0.7 0.8 0.9 1
L](I) at time 500 2,(t) at time 500
(a) (b)

Figure 4. (a)-(b) Frequency histograms of species z; and z2, the curves are the probability density
function (PDF) of species z; and z2 when ki = 0.31, ko = 0.29.
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6. Discussions

This section is concerned with the biological discussions of model (1.6). Let us recall
Theorems 3.1-4.1 and corresponding numerical examples, we can find the following
interesting facts:

o It follows from the conditions (r;—d; > 0) of Theorem 3.1 (or Theorem 3.2) that
relatively small noise intensities are helpful to PTA (permanence in time average) of
species z;. At the same time, the conditions \; = [1—k;n;/(m;p;)](r; —06;) > 0 show
that relatively small k; (i.e., the suppression rates of feedback control variables w;
to species z;) are also important. However, the conditions r; — §; + «; < 0 indicate
that the other species z;(i # j) will be exponentially extinct when noise intensities
are relatively large. The above results are also verified by Figures 1 and 2.

e It follows from the conditions r; — a; — k; — &; > 0 and (u; + a; — k;)/€ > 0 of
Theorem 4.1 that relatively small noise intensities and suppression rates are helpful
for the existence of the unique stationary distribution. Moreover, comparing Figure
3 (a) and Figure 4 (a) (or comparing Figure 3 (b) and Figure 4 (b)), we observe
that if suppression rates are smaller, then the distribution level of species will be
larger when other parameters are unchanged. Especially, letting k; — 0, then
r; —a; — ki — & > 0 are approximate to r; — ; — §; > 0 and (u; + o; — k;) /€ >
0, = pips + kiks — p1ks — pok1 — agas becomes ajas < pqpe. These degenerate
results are same as those in Theorem 4.1 in [38]. Also, we can conclude from the
inequality ayag < 1o that the influence of interspecific mutualism is weaker than
intraspecific competition.

Taking notice of the interesting experiment that parameter values of model may
follow Gamma distribution (see an insightful work in Ref. [9]), we will try to consider
a similar topic in the future.
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Appendices

A. The proof of Lemma 2.2

Proof. We construct a C?—function V; : Ri — R4 in such a way that

2
Vl(Z(t)):Z(zi—l—lnzi—kfi—l—lnfi—kvi—l—lnvi+ui—1—lnui+

i=1

kiu;

).

T

Note that V4 (Z(t)) is a nonnegative function and it can be verified from the fact
0 <z—1—Inx for any z > 0. Applying It&’s formula to V1(Z(t)), one derives that

2
dVi(Z(t)) = LVA(Z(1)dt + Y (BrizadW; — BridW; + BaizadW; — Baid W),

i=1
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where LV (Z(t)) is given by

LVi(Z(t)) = —p12? — pozd + arfozr + o fizs + 1121 + ra2a + 21 + poze

+ 2w1 + 2wy + N2 +Nozo + My + Mo — 11 — T2 — ag fo — aafi

w1v1
- w1f1 - w2f2 — miur — Mate — k1u121 — kauozo — f
1

W22 w121 w222 niz UDES) w121

fg B 1)1(]. +Zl) B ’()2(1 -|—ZQ) - (5% - U2 1 + 2
W 2 2+ B2 2+ B2 konoz kiniz

+ 242 + ﬁll 512 + 521 ﬂzz + 214222 + 1ni1z1
1+Z2 2 2 mo mi

B+ B2 | B35+ B3,

2 * 2 ’

< A+ 3wy + 3ws +mq + mo +

and

A =1T12] +1roze — MlZ% — M22’§ + o forr + aafize + p1z1 + pozo
klnlzl + k’gnQZQ

+n121 +noze +
mi ma

We can know from Lemma 2.1 that f; <1 and fy < 1, and then X is bounded when
21,22 € (0,+00). Therefore, LV;(Z(t)) is upper bounded. The rest proof is similar
to that of Theorem 2.1 in [3] and hence we omit it. O

B. The proofs of Theorems 3.1 and 3.2

B.1. The proof of Theorem 3.1

Proof. We first give the species z is EE (exponentially extinct). Using It6’s
formula to the first two equations of model (1.6), one has

2
dInz;(t) = (ri — 0 — pazi(t) + i f(t) — kiui(t))dt—i—ZBidej(t), i,j=1,2, i # j.
j=1
(B.1)
An integration from 0 to ¢ on both sides of (B.1) leads to

. t t t 2
In Zz<t) _ (Ti —(Si)t—ui/o ZZ‘(S)dS—i-Ozi‘/0 fJ(S)dS—kz/(; UZ(S)dS—I-;ﬁUWJ(t)

(B.2)
Dividing both sides of (B.2) by ¢ and using Lemma 2.1, we have

Z (t)

t t 2
t~ln <ri—Oi+a;—t / 2i(8)ds —t'k; / ui(s)ds +t! Z Bi; W;(t).
0 0 j=1
(B.3)
In light of the strong law of large numbers for local martingales [29] we obtain that
lim;_, 1 oo t 71 W;(t) = 0, which together with (B.3) and the condition 7 — s +as < 0
of Theorem 3.1 yields

lim sup ¢! hlZQ(t) <ro—08s +as <0,
t—+oo
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which means that species z5 is EE. Furthermore, we have

lim 2z3(t) =0 a.s. (B.4)

t——+o00

Next, we show that the species z; is PTA (permanent in time average). We
integrate the fourth and sixth equations of model (1.6) over the interval [0,¢] and
obtain

falt) = F2(0) = wa / va(s)ds — / fa(s)ds),

0

vz(t)—vg(()):wz(/o ﬁg(s)ds—/o va(s)ds).

Consequently,

lim ¢ fo(t) = T 6750 + w5 lim (03(0)) — w2 Tim (fa(0),

t—+4oo
lim ¢t tvg(t)= lim ¢t tve(0) +wy lim (L(t)> —wq lim (va(¢)).
t—+o00 t—+o0 t—+o00' 1 + zo(t) t—+o00

Additionally, a direct application of Lemma 2.1 shows lim; 1ot~ fo(t) = 0 and
limg 400t~ two(t) = 0. And combining limy 4 o0 t =1 f2(0) = 0, limy_, 1 oo t~(0) =
0, we get

lim (fo()) = lim (ua(t)) = z2(t)

— ). B.
t—r+o00 t—+o00 t~3+moo 1+ zQ(t)> (B.5)

According to (B.4), for a arbitrarily small € > 0, choose T > 0 such that for ¢t > T,

Zg(t) e
<050 “m

is satisfied, which together with (B.5) gives that

0< (f2(t)) < e/(2am). (B.6)

Also, a sufficiently small ¢ > 0 satisfies —e < t~11In2;(0) < £/2. Accordingly, one
obtains from (B.2) that

+ 2
Inzi(t) < (rp — 61 +e)t — / z1(s)ds + Z BriWi(t).
0 i=1

Since r; — &1 > 0, applying Lemma 4 in [24] leads to
(z1(t)Y* < (r1—61)/p1 a.s. (B.7)
Note that the seventh equation of model (1.6) implies
¢
u1(t) = u1(0) exp{—mqt} + exp{—m1t}ny / exp{mis}z1(s)ds. (B.8)
0
In view of (B.7) and (B.8), we have

(ur(t))* <ny(ry — ) /(mipr) a.s. (B.9)
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Reusing —e < ¢ 11ln2(0) < /2, by substituting (B.6) and (B.9) into (B.2), we
derive

k1ﬂ1(7’1 - 51) ¢ 2
11121(15)2[7"1—51—7—5]75—#1/ 21(5)d5+251iW t
0 i=1

mip1
t 2
=M\ —e)t — ,ul/ z1(s)ds + ZﬂuW t
0 i=1

where A\; = (mip1 — kiny)(ry — 61)/(mipr). Since Ay > 0, and € > 0 is arbitrarily
small, it follows from Lemma 4 in [24] that

(z1(t))x > M1 /1 a.s. (B.10)

By combining (B.7) and (B.10) we can get

A/ < (21(8)s < (21(1)" < (1= 61)/m acs.

This completes the proof. O

B.2. The proof of Theorem 3.2

Proof. Similar to Theorem 3.1, Theorem 3.2 is valid and the details are omitted.

O
C. The proof of Lemma 4.2
Proof. Let
Va(Z(t)) = Zi + é + ﬂlf{H f #1”111+1 n u2v§+1 + #ﬂff“ T H2 UgH
q q 21 2wy w1 2wo 4ny 4no
(C.1)

In light of It6’s formula, one gets

-1 -1
dVa(Z(t)) = 28 Y dzy + 6172'11_2(61,21)2 + 287 dzy + qizg_Q(dzg)2

2 2
pi(g+1) 4 pa(q + 1) pa(g+1)
PR T pagp + 220 T D page o PV T 24y

+ 2w1 fl i+ 2wo f2 f + 2w1 vidn
1
/~L2(‘J+ )vgdv2+“1(q+ )u‘{du1+“ 2(q + )ugdu2
2w wo 4 1 47’7,2

= LVo(Z(t))dt + 27 Zﬂde + zé’Zﬁgde

=1

in which

-1
LVo(Z(t)) =[r1 — p12z1 + a1 fa — kjug + qT(ﬂfl + B12))#1

+ [ro — poze + s fi — koug + (ﬁzl + 522)]

pi(g+1)
2

—“Q(q; Dasg - g™

+ (i ff — T+
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:ul(q—’_]-)( Zlv? 7,Uq+1)+ /‘LZ(q—’_l)( ZZUg 7vq+1)

+ 2 142 ! 2 142 2

1 1
+N1(Q+ )(Zlugiﬂutlz+1)+ﬂ2(qu )(Z2u37@ug+l).
4 nq 4 %)

In order to estimate (C.2), we use Young’s inequality to obtain that

MAAD g gon)

2
pilg+1). 1 1 1 1
< B et A - A
= Sygtt _ Liprtt,

Using the same technique as (C.3), we have

pi(g + 1)( 20 29
2 1+ 2z ’
< :U’Z(q + 1) [ 1 ( 24 )q+l + q qg+1 q+1]

=79 Uit PR
Hi gr1 Hi g41
< ?zzf — évf )

Under Assumption (H7), we derive

gt DGt =l
<B4 ilzf“ gt - g
< Gl DA - )
:%zfﬂ /Z;:zuqﬂ

It follows from Lemma 2.1 that f; < 1. By combining (C.3)-(C.5), one can derive

from (C.2) that

m

LVa(Z(t)) < —%ZQH + [+ o +1= (ﬂn + B12)] 21 /;1 {H_l Min 1“q+1
M2 q H2 H2msa

- ZZSH +ro+as+—— (521 + B3,))24 — D) 2q+1 iny uqH

Choosing a positive constant 7, we have

LI Va(Z (1)) = nemVa(Z(8)) + e LVa(Z(1))
-1

<M= o+ I (Bl Bl + e

LU S e B LU S BATLCU B IS

+

T 2w 11 dny  4ny T
— %zgﬂ +[r2 4+ az + — 5 (831 + B3) + ﬂ]zg

Bl H2 gt P ge1 | f20) f2M2. g
+(2w2 5 )12 T, +(4n2 4ny Juz" -
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Suppose the above constant 7 is sufficiently small such that 0 < 7 < min{w;, m;},
and note that ,umvf“ /2w; < pin/2w;, one further gets

L(e"™Va(Z(t))) < Sie™, (C.6)
where
M1 41 qg—1 n H1n
Su= max A=A b ont T (B 4 ) + e 5
- @Zéﬁ_l +[r2 +az ‘|' (521 + B3,) + } + /A
4 q 2wa

Integrating both sides of (C.6) from 0 to ¢ and taking the expectation, we get
E[Va(Z(t))] < Va(Z(0))e™™ + S1/n, t>0.

Based on the continuity of Vo(Z(t)) and the boundedness of V2(Z(0))e™ ", we know
that there exists a positive constant S5 such that

E[V2(Z(1))] < S, 120.
We further obtain from (C.1) that E[z}/q] < E[V2(Z(t))] < S2, that is

Meanwhile, it follows from (C.1) that E[ff+1] < 2w;Sa/pi. Then applying the
Cauchy-Schwarz inequality [29], we obtain positive constants p; such that

E[ff] < pE[fIT]7T < pi(2wiSa/p) 7T, i=1,2.
Similarly, there exist positive constants o; such that
EW!] < 03(2wiSo /) 77, i=1,2,
and provide positive constants «; such that
Efuf] < %(47%‘52/%)#, i=1,2.
To sum up, we let
K, = max{qSa, pi(2w;Sa/ 1) 77 , (2w S /113 ) 77, v; (4n; Sa /i) 77 i = 1,2},

which confirms Lemma 4.2. O

D. The proof of Lemma 4.3

Proof. Firstly, we consider z;(t). Integrating the first equation of model (1.6)
over the interval [t1, t2], one has

z1(t2) — z1(t1) :/ i z1(8)(r1 — p121(8) + a1 fa(s) — krui(s))ds

t1

+ZBM/ (s)dW;(s).
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Let ¢ > 2, with the help of the inequality |a + b+ ¢|? < 377 1(|a|? + |b]7 + |c[?), we
have

Ef|21(t2) — 21(t1)|?] = E[| ) 2 z1(8)(r1 — p121(8) + a1 fa(s) — krua(s))ds
+ [ Aua i) + [ sandm)

< 37 HE] /t 2 z1(8)(r1 — p1z1(s) + a1 f2(s) — krua(s))ds|]

+E| / " Braz(s)dWa ()] + Ef / " Braz (s)dWa(s)|7]}.

(D.1)
Recalling Lemma 4.2 and using Holder inequality [29], we get

EH/t : z1(8)(r1 — p1z1(8) + aq fa(s) — krui(s))ds|?]

<[ 1) 5 ([ a0 - (o) + anfals) ~ s (9)7ds) ]

t1

<(to — t1)q_1E[/ 2 |21(s)(r1 — p121(s) + a1 fa(s) — k1ua(s))|?ds]

ty

<(t — tl)q_l/t 2 %(EH%(S)F(’] + El|r1 — p1z1(s) + a1 f2(s) — krua (s)[*9))ds
1 (D.2)

2
+ Ky EJu (5)°1]))ds

St =) [ G EIa (P + P )P + Bl

ta 1
<(t2 — )" / 5 Hzq 4777 ) Kpg + 07 Kag + K"Ky ds

t1

to —t1)? _
:%[KQQ + 4% I(T%q + /ﬁqK2q + O‘?qKQq + quK2q)]'
Moreover, by Moment inequality for stochastic integral [29], one has

ta

E| | B (s)dWa ()| + [ [ Brazm (5)dWa(s)[

t1

< (81 +3§2)(%)%@2 —t)" /75 2E[|zl(s)\q}ds (D.3)
= @ + I D - i,

Then substituting (D.2) and (D.3) into (D.1), we can derive that

E[|z1 (t2) — 21(1)]7]

397ty — )4 2—1/.20 | 2q 2 2
< f[KZq‘*‘4 (r1? + 17" Kag + a7 Kag + ki Kag)]
(D.4)
a—1/pa | pay4@—1) g
+377° (811 + Bl (t2 — t1)]2 K,

2
= M (ty — )3,
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where

(ta —t1)%

M, = 3q71[ (K2q + 42q71(7’%q + N?qK&] + O‘%qKQQ + k%qK2q))

@t + i

Secondly, we consider f;(¢). Integrating the third equation of model (1.6) from ¢,
to to leads to

filt2) = fi(t) = / le(vl(s)— fi(s))ds.

t1

Similar to (D.2), it follows from Holder inequality [29] and Lemma 4.2 that

E(lf2(t2) — f1(t2)]
<E] wr(vn(s) — f1(s)ds)|]
<E(( [ 1) ( " o (s) — fu()ds)? ] (D.5)
<=t | Eflws (v1(s) — f1(5))|7]ds
<tz -ty [ o B (5)]7 + E[ () ) s

t1
<My(tz — 11)3,
where MQ = 2q(t2 — tl)%w‘qu.

Thirdly, we consider v;(t). For any 0 < ¢; < 9, a direct integration of the fifth
equation of model (1.6) shows

Ul(tg) — Ul(tl) _ \/t 2 wl(lfils)(s) — fl(S))dS

Similar to (D.5), one obtains
Effvy (t2) — v1(t1)[7]
= 5] [ a2 - nos]

1

< Bl 1t ([ et - w)s) ]

t1 , 1+ 21(s)
< 2=t [ B2~ (e (D)
< (2=t [ 2 B 2 B (5 s

< (t2 = t2)"! / 21 (@B 2 ()% + wE o (5) ) ds

t1

< My(ts — t1)%.



Stochastic mutualism model with feedback controls 673

Finally, we consider u;(t). Integrating the seventh equation of model (1.6) over the
interval [t1,ts] gives that

wn(t) — un(t) = / “(maza(s) — maua (s))ds.

t1

Similar to (D.6), we have

]E[|U1(t2) - Ul(t1)|q]

where My = 2971 (ty —t1)% (nd + m9)K,,.

By repeating the same analysis method as above, one gets that z5(t), f2(t), va(t),
and uz(t) own similar results as those of (D.4)-(D.7), respectively. Thus, we know
from Lemma 3.4 in [45] that almost every sample path Z(t) of model (1.6) is uni-
formly continuous on ¢ > 0. O

E. The proof of Theorem 4.1

Proof. We will prove Theorem 4.1 through the following two steps.

Step 1 (existence of a smooth Markov process). According to Lemma 4.1
and Remark 4.1, we only need to develop a nonnegative C2-function V(Z(t)) and
a closed set I' C RS satisfying LV (Z(t)) < —1 for any Z(t) € RS \T.

We first define

V3(Z(t)) = QVa(Z(t)) + V5(Z(t) + Vs(Z(1)),
where

k ko
Va(Z(t)) = %vg—i—w—vl—m—llnul—m—lnw—lnzl In 29,
2 1 1 2

Vs(Zt))=—Inf; —Info —Invy —Inwvy —Inwuy — Inwus,
1
Ve(Z(t)) = 7 2(21 22+ f1+ f2+ 201 4 200 + Uy + up)? 2,
with 6 is a positive constant and @) will be given later. In view of the continuity
of the function V3(Z(t)), it is not difficult to see that there exists a point Z(t) =
(i, pipin | fmin | finin gmin gmin g min o, min) iy the interior of RS, at which V3(Z(t))
will be minimized, then we construct a nonnegative C2-function V : R§ — R, U{0}

V(Z(1) = Vs(Z(1)) = Va(Z(1)).
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Employing It6’s formula to V4(Z(t)), we get

Z kiniz
LVZL(Z(t)):_[Tl—ﬂlz1+a1fg—k1u1—51]+a1( 2 —v)— 1M1 1+k1

1+ ) 2 miuq
z konoz
_[7’2—#222+0l2f1—k2u2—52]+a2(1 L o) - 222 g,
+ 21 maug
< =G+ prz F kiur — Qo + paze + kauo,
(E.1)
where (; =r; — a; — k; — ;, i = 1,2. A calculation for V5(Z(t)) shows that
w121 w222 w11 WaV2
LV5(Z(t)) = — — — _
5( ( )) (1 + 21)’01 (1 + 2’2)’02 fl f2 (E 2)
niz1 NozZo ’

+ 20.)1 +2w2 +mq + mso.
Uq u9
Using It6’s formula to Vs(Z(t)), we obtain
LVs(Z(t)) = (21 + 22 + f1 + fa + 2v1 + 202 +ug +u)? T (r121 + 1rozg — p12?

2
— pozy + a1 fozr + o fize — kiuiz — kauoze — wi f1 — wafo —wivg

20.)12’1 20.)222
14+ 2 1+ 29

— Wl — M1U — Moz + N121 + No2e +

)
=+ (9 + 1)(2’1 =+ zZ9 =+ f1 + fg + 2’[}1 + 21}2 —|—U1 =+ u2)9(617;f =+ 522%)

< (214 22+ f1+ fo+ 2010 + 209 +ug +u2) T (r121 +roz0 + a1z
(E.3)

0+3 0+3 0-+2
+ a2y +niz1 +ngze + 2w1 + 2w2) — paz] U — poZy C — wify

042
—wafyt? -

wiv] 72— wovg T2 — myul ™ —mauf T 4 (0 4 1) (21 + 22
+ f1+ fo+2vu +2v+uy + uz)e(&zf + 823)

0+3 0+3 0+2 6+2 0+2 0+2
< A e e i wefs T wif™? woupt

= 2 2 2 2 2 2
0+2 0+2
miuq Mmooy
- - F
2 2 + 1

where

Fi= sup {(z1+ 20+ f1+ fo+2v1 + 202 +up +ug)’ ™ (r121 + 1020 + 12

Z(t)eRi
0+3 0+3 0+2 042
+ azo +N121 + Nozo + 2(.01 + 2(.02) — ‘LL1221 — NQZ; — wlf; — WQJ;
0+2 0+2 0+2 0+2
w1v WU miu mau
ey e gt 0 D@t 2t it fa 420

+ 203 + ug +u2)? (0127 + 6223)}

< +00.
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From (E.1)-(E.3), we derive

w121 w222 wi1v1 W22 nizi
LV(Z(t)) < =Q(C1 + C2) + F2 — - - - -
(Z(t) QA+ ) (14+z1)vr (14 22)v2 f1 f2 Uy
| ngZy H12f+3 L2 zg"'g wlff+2 W 29+2 B wlvf'” wa v9+2
Ug 4 4 2 2 2 2
B m1u§+2 B mgug+2
4 4
where
0+3 0+3 642
Z miu
= sup {Quiz — ! 41 + Quozs — M2 + Qkiuy — 11

(21,22,u1,u2) ERY
0+2

maoU
+ Qkous — 242 + 2wy + 2wy + My —|—m2+F1}.

We choose a large enough Q > 0 satisfying —Q(¢; + (2) + F» < —2. Then

—Q(C1 + () + Fr < =2, as 2z — 0T,

Q¢+ &) + Fy — w}ll — —00, as f; — 0% and v; » 0T,

—Q(C1+C2)+Fg—% — —o0,as v; = 07 and z; - 07,

QG+ &)+ Fy— LN —00, as u; — 0% and z; » 0T,
) = QG+ )+ -1 5% — —00, as z — +o0,

042
—Q(G +G) + Fo — % < -2 as f; > 1,
042
w;v;
—Q(C1+G2) + Fo — —5 = -2, as v; — 1,

miue+2
_Q(Cl + <2) + Fy — TZ — —00, as u; — +00.

It is straightforward to see that for a sufﬁc1ent small € > 0 such that LV (Z(t)) <

for any (Z(t)) € RE \T', where I' = [e, ] x [e, l] x [€3, 1+63} x [€3, 1+E3} x [€2, 1+€2] X
€2, ) ¥ [, %] x [, &)

Step 2 (global attractivity). Let Z(t) = (z1(t), Z2(t), fi(t), fo(t), v1(t), Vo (t),
1 (t), @Wa(t)) be any positive solution to model (1.6) with Z(0) > 0. By the fifth and
sixth equations of model (1.6), we derive

d(vi(t) = (1)) = wi(5 i(;)( 51 ii(z?@)) —wi(vi(t) — T()]dt, i =1,2. (E.4)

We integrate both sides of (E.4) and have

0s(6) = u(8) = (0:(0) — 3.(0) ) 4 awye=" / e (s f(ﬁs) - f(;zs)ms. (E.5)
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Consequently,
5 > —w;t ‘e—wit tew,is Z,L(S) _ 21‘(8) s
(0) = 58] < [1400) = 5O et [ 2 A
Since
Z3 (t) Ez(t) o Zz(t) — Zz(t) ] _ 5
T Zi(t) 1+ z(t)' B |(1 + (1)) (1 + z(t))' < J=®) =200
we have

|vi(t) — 0:(t)| < |vi(0) — 0;(0)]e” " + w,;ef‘*’it/o e“%)|z;i(s) — zi(s)lds.  (E.6)

An integration of both sides of (E.6) over [0, t] leads to

[ ets) = ol

< —i(efw,;t 1)]v; (0 |+Wz/ dy/ wi(s— U)|Z ) — 2,(s)|ds
]. —wit ) — Ws ewsz S —wiv »
= (= H[u(0) ~ 5(0)] + / 6) ~ 5ds [ i (8D
= w%(l — e ¥ |v;(0) — 7;(0)] + ; |zi(s) — Zi(s)|(1 (s t))d
1 ¢
< ;Z|UZ(O) _fUz(O)|‘|'\/0 |Z,(S) _Zz(5)|d$

Similarly, from the third and fourth equations of model (1.6) we have
d(fi(t) = fi(t)) = [wi(vi(t) — (1)) — wi(f(t) — fi(t))]dt, i =1,2.
Corresponding to (E.5), we can get
A0 = F:0) = (1(0) = Fi)em" e [ e (uy(s) = ().

Furthermore, one has

/ fi(s) — Fils)lds

< A0 - Fi0 |+/ 4(s) — i(s) ds.
Similarly, we can conclude from the last two equations of model (1.6) that

d(ui(t) — ’U,l(t)) = [nz(zz(t) — Ei(t)) — mi(ui(t) — ﬂi(t))]dt, 1=1,2.
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Thus
wst) = ws(t) = (us(0) = w(0))e ™ mae ™ [ e (as) = i(s))ds,
0

from which we can derive that

¢
/ lui(s) — u;(s)|ds

<_*( it — 1) |wi (0) — (0 |+nz/ du/ mi(s=1)|2:(s) — Zi(s)|ds
=i<1—e-mt>\u<>—uz< >|+nl/ 5|2i(s) — 7 <>|ds/e—mwczu (E.9)

mz

= =) = )]+ 2 [ o) = 1 -
< —|ui(o)_ai(0)|+/ l24(s) — 7 (s)ds.
m; 0
Assign
V() = P22 7R ) — e )+ P TR ) — s ),

3 3
Evaluating the right differential D V7(t) of Vz(¢), we obtain that
D*Vi(t) = %rk%gn{z1 (1) — 21()}d(In 21 (£) — In 2 (1))
IO TR () — 2(8)}d(In 2a(8) — In 5 ()
< 2R (0) - A (0] + arlfale) - att)
ke un (8) — @ ()|t + %ﬁkl

+aol fi(t) = fu(t)] + Faua(t) — 2(t)[]dt,

[—h2l22(t) = 22(t))|

which togerther with (E.7)-(E.9), yields that
Vz(t) — V7(0)
P t —
g%ﬂw[—m / 51(5) = 21()lds + 22 2(0) = 720)
t t
tan / joa(s) — Bas)|ds + :711|u1<0> —a(0)] 4k / l21(s) — 21(s)ds]

+ W[_ﬂQA |22(3) —22(8)|d3+ %i|fl(0) - f1(0)|

+ ag/o lv1(s) — v1(s)|ds + %MQ(O) —ug(0)] + k‘2/0 |z2(s) — Za(s)|ds]

OZl(,UQ —:)20;2 — kg) |f2(0) B fg(o)l + 041(/12 ";20: - k?) |’()2(0) — 772(0)|
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+ 2200 =R 0) - o))+ 22 =R ) o)
s Al 02 2By, )y (0)] + 2D =B 0) - (o)

as(pr + a1 — k1) ki(pe +as — k) pi(pe +as — ko)
: " ¢ B ¢ )

« /Ot 121(s) — 71(s)|ds

+(

o1 (p2 + as — ko) I St VY 1 e /ﬁ))

T : : ¢

X /Ot |22(s) — Z2(s)|ds

:Oél(,uz +as — k)

| a1 (p2 + a2 — k2)
waé

R a CUBEA ]

|£2(0) = f2(0)

poalm o=k e g g+

wié wié
4 Bl e =Bl ) - o) + L =B 0) - ay(0)

- /Ot |21(s) — 21(s)|ds — /Ot 22(s) — Za(s)|ds.

Rearranging the above inequality, one gets

Va(t) + / J21(s) — 21 (s)|ds + / |2a(s) — 22(s)|ds

a1 (pg + as — k) a1 (ps + as — ko)

<VH(0) + o |f2(0) — f2(0)] + ot [v2(0) — v2(0)]
4 Flpe + ag —k2) ) (0) - i (0)) + Q2 C? SLVNOEYAG]
mq w1
# ol ) -0y 4 SR 0) )
< +o0,

from which we obtain that |z (t) — z(t)] € L'[0,+00). By a similar deduction,
it follows from (E.7)-(E.9) that |f;(¢t) — fi(t)], |vi(t) — 0;(¢t)| and |u;(t) — u,(t)| €
L]0, +00). Thus, by Barhalat’s Lemma [4] and Lemma 4.3, we get that

Jim_Jzi(6) = 5(0] = lim_[£(0) ~ Fi©)] = lim_|o(t) - 5u(0)
= i i) — wi(t)] = 0.

Combining Step 1 with Step 2, the proof of Theorem 4.1 is completed. O
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