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Abstract This paper addresses highly dispersive optical solitons with
quadratic—cubic nonlinear form of self-phase modulation. Lie symmetry anal-
ysis reduced the governing model to an ordinary differential equation which
was further analyzed using two approaches. The series expansion approach
and the F—expansion scheme yielded soliton solutions as well as an abundance
of additional solutions to the model. The parameter restrictions were also
enumerated to provide a formidable structure to the solutions.
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1. Introduction

The concept of highly dispersive (HD) optical solitons was conceived a few years
ago as an extension to cubic—quartic (CQ) optical solitons. These concepts emerged
when chromatic dispersion carries a low count in optical fibers whence it had to be
supplemented with additional dispersion terms. Thus, CQ solitons were introduced
and examined.

The concept of HD solitons conceived from possible catastrophic consequences
that would ensue when the chromatic dispersion (CD) count would be low with
a possibility of its depletion. Therefore, the concept of CQ solitons emerged to
compensate for the low count of CD. Thus, with two dispersive effect being in place
the contribution towards the existence of the delicate balance between CD and
self-phase modulation (SPM) would still be questionable. Hence, the inclusion of
the six dispersive terms would ensure the existence of this delicate balance between
dispersive and SPM effects. This would guarantee the stable propagation of solitons
for intercontinental distances. The cons of the inclusion of six dispersion terms
are nevertheless overlooked and discarded. These include the pronounced soliton
radiation and slow—down of solitons. With this reasoning in place, the concept of
HD solitons emerged.

The governing model is the nonlinear Schrodinger’s equation (NLSE) that was
considered with various forms of nonlinear refractive index structure. Moreover,
it is well known that the nonlinear Schrédinger’s equation belongs to the class of
nonlinear partial differential equations. For nonlinear partial differential equations,
there are many literatures to study them, such as [9-12,19,21-23] and their cited
papers.

The current paper will therefore address the governing NLSE with CQ form of
self-phase modulation (SPM). The integration methodology is two—fold. First of
all, the model which is a partial differential equation (PDE) is reduced to a pair of
ordinary differential equations (ODEs) with Lie symmetry reduction. Subsequently,
these ODEs, upon integration, provide the velocity with which the HD solitons
travel and the soliton solutions to the model along with the parameter constraints
that must be maintained for the solitons to sustain. The two distinct approaches to
analyze the ODEs are the series solution method and the F—expansion approach.
These give way to a number of solutions to the model including optical solitons. The
details are sequenced in the rest of the paper after a succinct intro to the governing
model.

1.1. Governing model

The HD-NLSE with non-Kerr law of nonlinearity, in general, is written as [1-7]
'th"i‘laquL +a2q1.L +la3QLII+a4qLLIl+Za5q1.LLi7I+a6qLLIll.L +F (|Q|2) q= 0. (11)

In the dimensionless form of equation (1.1), the dependent variable g(x,t) arises
from the soliton profile and denotes a complex—valued function where x and ¢ are
the independent variables which depict the spatial and temporal co—ordinates in
sequence. The first term represents temporal evolution with ¢ = v/—1. The coeffi-
cients of a; for j = 1---6 are the represent inter-modal dispersion, CD, third-order
dispersion, fourth—order dispersion, fifth—order dispersion and sixth—order disper-
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sion in sequence. The functional F' stems from the nonlinearity structure of the
fiber refractive index that forms the SPM.

2. Quadratic—cubic law

The HD-NLSE with QC nonlinearity is [1-3]

iQt+ia1Qm+QZsz+ia3qmrz+a4qrxzm+ia5qrzzzz+a6(Imzmrzz+ (bl |Q| + b2 |q‘2) q= 0.
(2.1)
Equation (2.1) is a special case of (1.1) in which the refractive index structure is of
QC form. The SPM effects comes from the coefficients of b; for j = 1,2 which give
the quadratic and cubic effect in sequence.
Now, g(x,t) being a complex—valued function, splitting into imaginary and real
parts in the form ¢ = u + 4v, which decomposes Eq. (2.1) into the following couple
of relations:

Ut + a1Uz + A2Vzy + a3Uggy + Ve + a5Ugrrra + AeVgrrax

+ b1V u? 4+ v20 + byu?v + byv® = 0, (2.2)
— Ut — A1V + Q2Ugy — a3Vgg + QqUgzrr — a5Vgrrrx + 6Ugrrrxe
+ b1V u2 + v2u + bevu + bou® = 0. (2.3)

2.1. Symmetry analysis and symmetry reduction
2.1.1. Symmetry analysis

Consider the Lie group of point transformation [8,13]

0 0 0 0
V = ¢z, t,u, U)ﬁ + §z(x,t,u,v)% + nu(x,t,u,v)% + nv(x,t,u,v)%, (2.4)
and
t* =t +el(z,t,u,v) + O(e?), x* =z + e£%(x, t,u,v) + O(e?), (2.5)
u* = u+en(x, t,u,v) + O(€?), v* =v+eny(z,t,u,v) + O(e?). )
For equations (2.2) and (2.3), sixth order prolongations formula is given by
0 0 0 0
P(G)V:V t7_|_ t Y T gt 4 O Tx
r + UM 8Ut My a’Ut =+ My auz UM avm My auzx + My avx:r
9 (2.6)
K CoLTR— o Tm— 6 TI——
Jr TLXTTITT 8
771) 8wa$$flfflf ’
where gl 5, 0 M 0 T g e gt g and

NEETEET are functions to be determined. Consider invariance conditions Pr(®)V (A)

=0, where A =0 in equations (2.2) and (2.3).



Highly dispersive optical solitons. .. 685

As a result, the following results are derived based on Ref. [15]
Ty = €3V, Ty = —C3U, fm = Ca, gt =C1. (27)

Thus, the Lie algebra is spanned by the infinitesimal generators

0] 0] 0 0
%—@, VQ—&, ‘/3—*71% +'U% (28)

In this case, the one-parameter Lie symmetry group comes out as

Gy (z,t,u,v) = (x — &1, t,u,v),
Gyt (z,t,u,v) = (x,t — €2,u,0), (2.9)

Gs: (x,t,u,v) = (x,t,ucosez — vsines, vcoses + usines) .

Also, Lie-Backlund symmetry for high order are as follows:

9 9
(uzaﬁ + 1)(15)7 + (UzCLG - ’UJCL5)7,
ou Ov
) (2.10)
“ou e

where a5 and ag are constants.

2.1.2. Symmetry reductions

Based on paper [16], we also consider the following cases:
Case-1. ¥}

Invariant and invariant function are given by

§=t, u=f(£), v=yg(s). (2.11)

Inserting (2.11) into (2.2) and (2.3), the responding ordinary differential equations
are

fe+biV f2 + g2+ baf?g + bag® = 0,

(2.12)
— ge + b1V f2 + 2 f + bag’ f + baf? = 0.
For this systems, some results are given by
f=C1, g===if, (2.13)
b2 2, p,2
NOZCLM®=i¢ L) 0 (214)

ba

Substituting them into ¢ = u + ‘v, one can get the solutions of original equation
(2.1).

Case—2. V5

For this case, invariant and invariant function are displayed by



686 G. Wang, M. He, Q. Zhou, Y. Yildirim, A. Biswas & H. Alshehri

also, inserting (2.15) into (2.2) and (2.3), we arrive

a1fe + aagee + asfece + aageece + as feeece + acgeecces

+biy/ f2+ g2g + bf?g + bg® =0,

— a19¢ + a2 fee — asgeee + aafecee — asgeecee + aofeceee

+ 02+ R2f+bgf+bfP=0. (2.16)

Case—1. \V; + V5

For traveling wave transformation, one can derive invariant and invariant func-
tion

E=a—Xt, u= f(§), v=yg(&). (2.17)
Plugging (2.17) into (2.2) and (2.3) paves way to

— Me +arfe + asgee + as feee + aagecee + as feecee + acgeeceee

+ bV f2 + g2g + bfg + bg® = 0,

Age — a19e + aafee — a3gece + aafecee — Asgecece + Ao feeecee

F o2+ g f + 0P f +bfP = 0. (2.18)

3. Explicit solutions using series expansion method
Consider the transformation [1-3]
g(z,t) = g(s)e' ", (3.1)

Here ¢ and g(s) are given by Refs. [1-3].
Substituting (3.1) into (2.2) and (2.3), one can get imaginary part is the same
result to Refs. [3,16]
(—v + a1 — 2a9k — 3a3/€2 + daygr® + 5a5/£4 — 6a6/<:5) g
+ (a3 — 4kay — 10x2as + 20/13%) g" + (a5 — 6rag) g® =0, (3.2)

the velocity is given by v = a1 —2a9k —3ask? +4ask> +5ask* —6agk®, the constraint

conditions are ) 5
ag — 4kay — 10k°as + 205°ag = 0,
N * 0 (3.3)
a5 — 6kag = 0.

However, one more item b;¢? in the real part
(—w + Kkay — K2as — K2as + krag + ask® + agmﬁ) g+ big® +bag®
+ (a2 + 3azk — 6ask® — 10ask> + 15a6/£4) g’ (3.4)
+ (a4 + Bask — 15a6k?) g + agg® = 0.

Combining them together, one can derive

2a9 — 3Ktay — 33a6/<;6) g+ b1g* + bag®

+ (a2 + Gagr’ + 75@654) 9"+ (a1 + 15a61£2) g + agg® =0, (3.5)

(7w+/<;a1 — K
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Mg +b1g® + bag® + Ng" + Ag™ + asg® =0, (3.6)
where

M = — (w+k(—a1+ & (a2 + & (a3 — K (as + ask) + agk’))))

A = (a4 + 5ask — 15a%)
and

N = (CLQ + 3a3KZ — 60,4/{2 — 100,5/433 + 15a6n4) .

It is clear that this equation is different from equation (24) in Ref. [16], because this
equation has an additional squared term b, g%. In order to get explicit solutions we
still assume that this equation (3.6) has solutions of the form

g(s)=co+c1s+cos’+--- = chs”. (3.7)
n=0
Putting (3.7) into (3.6), one has
Mco+ M Z cns" + blc% + b Z Z CLCr—kS"
n=1 n=1k=0
bgcg + bgz Z(n +1—k)enti—k Z Cl, ClyCls ST
n=1k=0 li+la+Hz=k
+2Ney + NY (4 1)(n+ 2)cp 28" (3.8)
n=1

+ 24Acy + AZ(n +1)(n+2)(n+3)(n+4)cnyas"

n=1

720a6cs + a62(n +1)(n+2)(n+3)(n+4)(n+5)(n+6)cpies™ = 0.

n=1

Comparing coefficients for n = 0 in Eq. (3.8), we can get

MCO —+ blcg —+ bQCg + QNCQ + 24AC4

Ci =
¢ 720a¢
Therefore, for n > 1, one arrives

1
ag(n+1)(n+2)(n+3)(n+4)(n+5)(n + 6)

Cn4+6 = —

n

X (b2 Z(n +1—Fk)cnti—k Z €1, €, Clg

k=0 li+la+la=Fk
+A(n+1)(n+2)(n+3)(n +4)cnta

n
+Nn+1)(n+2)cpia+ Me, + by chcn_k). (3.10)
k=0
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In this case, one can obtain

2 4
g(s) =co + 15+ ca8” + c35° + cas + c58° + c65° + ch+63"+6
n=1

M bic2 + bocd + 2N 24 A
=cp + 18+ 0252 + 0383 + 0454 + C5s5 — Cot M+ ;208 + et c 8
ae

1
+Z s(n+1)(n+2)(n+3)(n+4)(n+5)(n+6)

X (b kzzo(n +1—k)enti—k Z €1, Cly Clg

li+l2+1l3=k
X An+1)(n+2)(n+3)(n+4)cpta + N(n+ 1)(n + 2)cpt2

n
+ Mcn + bl Z Ckcn—k)SnJrG,
k=0
(3.11)
in the next step, substituting the traveling wave transform s = x — A\t into the above
equation (3.11), it generates the following results

g(s) =co+c1 (= M)+ (@ — M)+ 5 (x — A)® +ca (w— M)+ ¢5 (2 — At)°

+ g (. — M)° + ch+6 (z — Xt)" 1O

n=1

—co+ e (@ — M)+ eo(m— A2+ s (2 — AP +eq (@ — A + ¢5 (= M)°

B Mco + b103 + bQC% + 2Necy + 24 Acy
720&6

(z — At)°

1
Jrz ¢(n+1)(n+2)(n+3)(n+4)(n+5)(n+6)

X (b Z(n +1—k)enti—k Z €, Cly Clg

k=0 li+la+ls=k
x An+1)(n+2)(n+3)(n+4)cnra + N(n+1)(n + 2)cnq2

+ Me,, + by Z chen—i) (x — Xt)" 0,
k=0
(3.12)
where ¢;, (i = 1---6) denote nonzero constants.
Finally, substituting Eq. (3.12) into (3.1), one can get the solutions of original
equation (2.1) as follows

d(a.t) =g(s)e ")

:(co +eo(x—AM)+co(z— )\t)2 +es(x— /\t)3 +eq(x— /\t)4 +oes (v — )\t)5

+ e (z—A)° + ch% (& — A" ) pib(x,t)

n=1
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(co +er(@—A)+ea(@—A) +ez(m— M) +cq (@ — M) + 5 (z — At)°

Mco + blc% + bgcg + 2Ny + 24 Acy

6
720ag (= At)

1
+Z s(n+1)(n+2)(n+3)(n+4)(n+5)(n+6)

n

X (b Z(n +1—k)enti—k Z €1, Cly Cly

k=0 l1+1la+13=k
X An+1)(n+2)(n+3)(n+4)cnta + N(n+1)(n + 2)cpt2 + Mcy,
+ by Z Crln—r) (z — M) O ) et @t) (3.13)

4. Explicit solutions using F'—expansion approach

In this part, we use the F—expansion method [3,16] to deal with equation (3.6). As
pointed out in [3,16], from the terms ¢g* and ¢(®, let

g =mg + mi¢ + mag® + mzep®, (4.1)

in this paper, however, we assuming that ¢ satisfies the following equation

¢ =mng+ nio + Tl2¢2. (4.2)

Putting them into equation (3.6), one has

ok
¢
o

o

2016Oa6m3ng + b2m§ =0,

5040agman$ + 83160agmaning + 3bymam?2 = 0,

720agmynS + 19440agmaniny + 59760asmsnons + 136800agmsning

4 360Aman + 3bymim3 + 3bamams = 0,

2520agmininy + 13440agmangny + 29400agmaning + 189000agmsznoniny
+ 113400a6m3n:{’n§ + 120771271‘21 + 108Om3n1ng + 362m0m3 + 6bomimoms
+ b2m§ + b

2 __
myz =0,

¢5

o

: 1680a6m1n0ng + 3360a(;ml1ﬁn‘21 + Z’)8640agmgnon1n‘21 + 21840a6m2n:1)’ng

+ 62832a6m3n0n2 + 223104mon3ni 4 48972agmanini + 24Amn;

+ 336Am2n1n2 + 816Am3n0n2 + 1164m3n1n2 + 12NM3n2 + 6bomomoms

+ 3b2m%m3 + 3b2m1m§ + 2bymams = 0, (4.3)
4200agminoniny + 2100agminins + 12096agmaning + 40152agmanonins

+ 8106agmanina 4+ 138936agmsninini + 119532agmsnonina

+ 10101agmsning + 60 Aminins + 240 Amanons + 330 Amonini

+ 1680 Amgnonln% + 525 Amgn%ng + 6Nm2ng + 21Nmgnqne



690 G. Wang, M. He, Q. Zhou, Y. Yildirim, A. Biswas & H. Alshehri

+ 6bomomims + 3b2mom§ + 3b2m%m2 + 2bymims + blmg =0,
¢* = 1232agminin; + 3584agmingning + 602a6m1n1n2 4 22960agmaoninini
+ 17920a6m2n0n1n2 + 1330a6m2n1n2 + 26928a6m5n3n§’
+ 101520agmsn2nin + 27666agmsnoning + 729agmsn
+ 40 Am1n0n2 +50 A mln%ng + 440 Amgnonlng + 130 Agn?ng
+ 576 Am3n0n2 + 1062 Amgnonlng + 81 Amgn1 + 2Nm1n2 + 10Nmsonqno
+ 18 N3ngng + 9Nm3n1 + 3b2m0m3 + 6bomomims + bgml + 2bymoms
+ 2bymyime + Msmsz = 0,
¢2 : 1848a6m1n3n1n§ + 1176a6m1n0n?n§ + 63a6m1n‘;’n2 + 3968a6m2n8n§’
+ 13320a6m2n(2)n%n§ + 3096a6m2n0n‘11n2 + 64(16771271(1i + 34440a6m3n8n1n§
+ 26880a6m3n3n§’n2 + 1995a6m3n0n? + 60 Amlnonlng + 15 Amlni’ng
4+ 136 Amgngng 4232 Amgnonfng + 16 Amgrfll + 660 Amgngnlng
+ 195 Amgnoni’ 4+ 3Nmining + 8mongns + 4m2n% + 15Nmgngn
+ 3bgmgm2 + 3b2m0m% + 2bymomeo + blmf + Mmsg =0,
¢1 : 272a6m1ngn§ + 720a6m1n3n§n§ + 114a6m1n0n%n2 + agmln?
+ 3696agmaninina + 2352agmananing + 126agmanon; + 3696agmanana
+ 10752a6m3n8n§n2 + 1806a6m3n(2)n‘11 + 16Am1n3n§ + 22Am1n0n%n2
+ Amln‘f + 120Am2n§n1n2 + 30Am2n0n? + 120Am3n3n2 + 150Am3n8n%
+ 2Ningns + mln% + 6manony + 6N3n§ + 3b2m%m1 + 2bymomy + My =0,
¢0 : aﬁmlnon? + 272a6m2nén§ + 62a6m2n(%n‘11 + 540a6m3n(3)n§ + Amlnonf
+ 16Am2n8n2 + 14Am2n3n% + 36Am3n8n1 + Nmingni + 2Nm2n(2) + Mmyg
+ blmg + bgmg + 136a6m1n8n1n§ + 52a6m1n3n§n2 + 584a6m2n8n%n2
+ 1440a6m3nén1n2 + 8 Amlngnlng =0. (4.4)
Thus, we arrive a set of special solutions:
A =283ag (4 nong — n12) ,
M = 2520 ag (64 no°ne> — 48 n1%no?ne? + 1201 4ngng — n16) ,

N =946 ag (16 non2® — 8ngni*na +n1*) , ag = ag,
n23a6(4 RootOf(4n22,Z2+16 n03n273 n02n12+(712n0n1n2+2 n13),Z)n22)

b, = 15120 —

noag (6 ngning + ny®

15120 2 6( 0n1MN2 1)7
m3

GGTLQG

by = —20160
ma?
RootOf (4712 7% +16n¢3ns — 3n¢2ni2 + ( 12ngning + 2n13) ,Z) ms
moy = n )
2
—20160agn$
m1:3m3n0 m273/2m37711 ms = ﬂ,noino,nlinl,nging.
o na b2

(4.5)
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Equation (4.2) [17] has a great of many solutions, therefore, one can get solutions
of (2.1):
Family—1: When nins # 0 (or ngng # 0) and n? — 4ngns > 0,

g(z, 1)

:m0+7

3ng [—2016an$ 1
no b2 2

V/n? — dngng
n1 + y/n? — 4dngny tanh (Ws)})
[on2 4 2
ny +4/n? — 4ngng tanh (W&)])
\/n? — dngny ’
n1 + y/n? — dngng tanh (Ws)]) ,

3n1 —2016a6ng _ i
277,2 bz 2

—2016a4n$ (_ 1

b2 QTLQ
(4.6)
g(,1)
3 —2016an§ 1 Vn?—4
g — o0, | T2y, \/n? — 4ngns coth VT~ oz
N9 b2 2712 2

3n1 [—2016agnS (1

2
/ /n? —4dngn
- 2 _ 4 th M
T b 9 n1 + /Ny NoNg CO ( 3 S
(el = dngms \TY
ni1 + 1/n? — 4ngns coth (Ws)]) ,

—2016agnS ( 1

ba 2n2
(4.7)
g(z,1)
—201 1
=mg — 3no 0 6a6n2 ny + 1/ ny — 4ngne (tanh <\ /n? — 4n0n25>
n9 b Up

=+ isech ( n? — 4dngnas )1

30, —2016a6n2<_1
2

2n2 b2

+ isech (\/n1 - 4n0n25> >] >
—201 6 1
M ( 5 ny + \/n% — 4ngnag (tanh (y/n% — 4nongs>

+1/n? — 4dngna (tanh (\/n% — 4n0ngs)

by

(ﬁm) s
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g(w, 1)

1
:mo—i

ni + \/nf — 4dngneg <coth (Vn% — 4n0n25)
2’112
=+ jcsch (\/n% — 4n0n23) )]

L 3m —2016a6ng< 1

GTN b — —|n1 +/n? —4dngna (coth (\/n% — 4n0n25>
2
=+ icsch (\/nf — 4n0n25) )] )
—201 6 1
M ( ~ 5 ny + 1/n% — 4ngnsg (coth (\/n% — 4n0n28>
ns

by

(ﬁ))]) (wo)

g(w, 1)

3ng [—2016agns 1
—_my — — 4| ——— 2=
0 %) b2 4TL2

2 T
© ot <7h4nonzs> )]

i =1
2n1 + y/n? — 4dngna (tanh (nl4nonQS>

4712

N 3n1 [ —2016a6n9 1
2’17/2 bg

N T
o b~ g o (V)
/n? — 4dngns ?
+ coth 178

4
[ VN2 — 4dngna
2n1 +1/ny — 4ngng | tanh fs

—2016a6ng i
bg 4n2

. 3
+ coth (,711—47%07128> )]) , (4.10)

4
g9(z,1)
3ng [—2016agns 1
o b2 27’L2

N V(B2 + F2)(n? — 4ngna) — E\/n? — 4ngna cosh(y/n? — 4ngnas)
Esinh(y/n? — 4ngnas) + F

L3 —2016anS (1[_711

2712 b2 2712
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2
N V(B2 + F2)(n? — 4ngna) — E\/n? — 4ngna cosh(y/n? — 4ngnas)
Esinh(y/n? — 4ngnas) + F

—ny

—2016agng [ 1
bo

2’112

3
N V(B2 + F2)(n? — 4ngng) — E\/n? — 4ngna cosh(y/n? — 4ngnas) (4.11)
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Here F?2 — E? > 0. Also, F and E are non-zero constants. Eq. (4.6) stands for dark
soliton, Eq. (4.7) depicts singular soliton, Eq. (4.10) denotes combo dark-singular
soliton, Eq. (4.11) signifies combo singular soliton and Eq. (4.12) purports combo
bright—dark soliton. Eqgs. (4.8) and (4.9) also depict complexion solutions.
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Eqgs. (4.13), (4.14), (4.16) and (4.17) stands for combo singular soliton and Eq.
(4.15) depicts complexion solutions.

Family—2: When n? — 4ngns < 0 and ning # 0 (or ngng # 0),
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Here F2—E? > 0. Also, F and E are non-zero constants. Egs. (4.18)—(4.24) stands
for singular periodic solutions.
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where Eqgs. (4.25), (4.26), (4.28) and (4.29) stand for singular periodic solutions
and (4.27) depict complexion solutions.

Family-3: When ng = 0 and nins # 0,
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Here d is constant. Eq. (4.30) denotes combo singular soliton.
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where k is an arbitrary constant. Eq. (4.31) denotes plane wave solution.
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5. Conclusions

In this paper, HD-NLSE with QC law of nonlinearity was first analyzed using
Lie symmetry analysis. This Lie symmetry reduction made it possible to reduce
the governing PDE to an ODE that was further analyzed with the usage of two
integration algorithms. These revealed a plethora of solutions to the present model
that included soliton solutions as well as other periodic solutions to the current
model. Thus, Lie symmetry analysis together with the series solution technique and
F—expansion scheme collectively proved to be a powerful combination of algorithms
that gave way to an abundance of solutions. The soliton solutions will be of great
importance in optics while other solutions will be applicable to several other physical
systems.

These results together with the applied algorithms are encouraging to look at
the concept of HD-NLSE with other forms of SPM. Additionally, this concept of
HD solitons will be applied to other optoelectronic devices such as Bragg gratings,
magneto—optic waveguides, optical couplers, optical metamaterials and several oth-
ers. Later this would be studied with differential group delay, dispersion—flattened
fibers and several additional situations. Additionally HD solitons will be addressed
with fractional temporal evolution that is one of the key approaches to mitigate
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Internet bottleneck effect. The quiescent optical solitons would also be looked for
whenever one or more of the dispersion terms are rendered to be inadvertantly non-
linear. These are on the bucket list. The results will be aligned with the pre—existing
reports and made visible sometime down the road [5-7]!
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