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Abstract The main goal of this paper is to present new inequalities for con-
vex and log-convex functions. The significance of these inequalities follows
from the way they extend many known results in the literature concerning
convex functions, log-convex functions, means comparisons and matrix in-
equalities.
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1. Introduction

Different types of convex functions have played a major role in the field of Mathe-
matical inequalities. In this paper, we will be interested in convex and log-convex
functions.

Recall that a function f: I — R is said to be convex on the interval I if

flax+ By) < af(x) +Bf(y), (1.1)

for all z,y € I and «, 8 > 0 with a4+ 3= 1. If f > 0 and log f is convex, then f is
called log-convex.
Accordingly, a log-convex function is a positive function satisfying

flax + By) < f(z)*f(y)”, (1.2)

for the same parameters as in (1.1).
Recalling Young’s inequality that asserts the following inequality for the positive
numbers a, b, @« and § with a4+ 8 =1,

a®b’® < aa + pb, (1.3)
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the inequality (1.2) implies that a log-convex function is necessarily convex.
The celebrated Jensen inequality extends (1.1) to n parameters as follows.

f(zj:lha?z) < Z:L:Mif(xi)v (1.4)

where f : I — R is convex, x1,---,x, € I and pq,---p, > 0 are such that
>, pi = 1. The inequality (1.4) can be found in any standard book about convex
functions, see [24] for example. We refer the reader to [7,8,17,18,20-22,24-26] as a
sample of the rich literature treating convex functions and some of their applications.
Applying Jensen’s inequality (1.4) to the function log f implies the inequality

f(iuz%) < ﬁf”i(ﬂ?i), (1.5)

for the same parameters as in (1.4), when f is log-convex.
A considerable attention has been paid in the literature to refine or reverse (1.4),
and hence (1.5). For example, in [22] the following refinement of (1.4) was shown

f (ZM%‘) + Nfimin (:LZJC(%) - f (Z )) < Zﬂz ;) (1.6)

=1 i=1

where fimin = min{us, ..., gy} This inequality was reversed in the same reference
by the inequality

f (Z m:@) + Nt (}1 > Sl - f (Z Z)) > mif @), (L)

i=1 i=1

where Hmax = maX{Mla T 7Mn}
Both inequalities were treated later by adding as many as refining terms in [25].

The inequalities (1.6) and (1.7) can be written in the form
o} (i35m0 1(5))
< Z i f () (Z um)
Smax{lljin} (i;f(:ci) _f (il Z)) (1.8)

We notice here that the factor 1 satisfies Y ; 1 = 1. Extending (1.8), Aldaz [1]
proved the following more general inequality, Wthh ylelds (1.8) upon letting 7; = %

Theorem 1.1. Let f : I — R be convex, {z1,..., 20} C I, {p1,...,pun} C (0,1)
and {71,...,7,} C (0,1) be such that >\, p; = > 7 =1. Then

Hi iy pif (i) — f(ZZLﬂ Mi%) T
} : Sy Tif (i) — f(z:.l:l Tixi) = Ja n{ } (1.9)
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If f:1—[0,00) is convex, then f* is convex, for any A > 1. Applying Theorem
1.1 to the function f* implies

(1 < i mf o) — P(Sikpen)
" S ) (S me)

.....

On the other hand, raising (1.9) to the power A > 1, implies

- {&})\ . (Z?:lmf(mi)—f(z 1Mz$z)) . {&}/\
e AT (Z?:l Tif(xi) — f(Z? 1 Tﬁ”l)) Z‘:Lm’n

However, neither (1.10) nor (1.11) can be used to find upper or lower bounds
for the quotient

(22:1 Mz‘f(ﬂ%)>A - fA(Z? 1 /tz‘ifi)
(E?:l Tif(%‘)) - fA ( ZZ 1 szz)

When n = 2, Sababheh [26] showed that

{&})\S (Z?ﬁﬂif(ffi))/\—fA(Z? 1#1‘”%’) {&}A.
T (Z?:l Tif(%‘)) - fA(Zz 171957) | !

The first goal of this paper is to prove that (1.12) is valid for any n € N. The
method used in [26] to prove (1.12) for n = 2 was a differential Calculus approach,
that we cannot use for the general case. To prove the general case we will need the
following lemma, which will enable us to prove a more general result that implies
(1.12) upon selecting certain parameters.

min
1=1,...,n

Lemma 1.1 ( [3]). Let ¢ be a strictly increasing convex function defined on an
interval I. If x,y,z and w are points in I such that

z—w<zT—Yy
where w < z < x and y < x, then
(0=<) é(2) — d(w) < ¢(x) — d(y).

This lemma will be simply used to prove

o in {5 }Zﬂ (@) = o pin {17 (ZW))
<¢(§mf(wi)) —¢o f(z_;/w) (1.13)

n

<of e, {5} o rsw) o o, {2}1( )

=1
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for the pre-stated parameters. Then by selecting the proper function ¢, we will be
able to prove (1.12) for any n.
Another strongly related goal of this paper is to prove

Wy (S i (@)™ = 7 (D i)
s Sy i) — fo( iy )

min
i=1,....,n

(1.14)

as a mixture of (1.10) and (1.12), for a positive integer m and the log-convex
function f.

Once we show our main inequalities, we will present some applications that
include new comparisons between means, and new matrix inequalities that involve
the Heinz means and related inequalities for unitarily invariant norms.

To prove (1.14), we will need the following lemma from [13].

Lemma 1.2. Letn and m be two integers and let x; € R. Set ig :=m, i, := 0 and

A::{(ila-nain—l):OgikSik—l7 lﬁkgn—l}

x; = Z_O Z_l . Z‘n_Q gloThgh =tz | gin-1=in
a 1 2 n
im1 1/ \%2 n—1

(i1, yin—1)EA

Then

We will present our results in the next two sections, where inequalities for convex
functions with emphasize on (1.12) will be presented in Section 2, while (1.14) will
be presented in Section 3.

Remark 1.1. In the sequel, our functions are assumed not to have the form f(z) =
ax+b. This is a trivial convex function in the sense that the inequality (1.4) becomes
an identity. The reason for this assumption is stated in Remark 2.1 below.

2. Convexity results

2.1. Inequalities for convex functions
The main result of this section is to prove (1.13).

Theorem 2.1. Let f : I — [0,00) be convexr and ¢ be a strictly increasing
convex function defined on [0,00), {x1,...,zn} C I, {pt1,...,un} C (0,1) and
{T1,..., 7} € (0,1) be such that Y i p; => 7 = 1. Then

o apin A7} 2o r ) = o mpin (T3 ()
gqs(fjuif(xi)) ~¢o f(fjw) (2.1)
i=1 i=1
<o o, { T} s @) — o max {TH}7(2ne)).

=Ly
?

1
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Proof. Let z =" pf(z), y= f(zzl:l ,uio:i),
Zz=min—1, . {%} S Tif(x), w=min;—1 _, {%}f( > Tm),
Z/ = maX;=1,..., n {%}(Z?:l Tlf(l'l)) and w' = maX;=1,..., n {%}f(Z?ﬂ TZ.’E1>

Then based on Theorem 1.1, we have
r—w<zr—y<z—w.

The first and the second inequalities in (2.1) follow directly by applying Lemma 1.1
to the inequalities z —w <z —y, with w < z<z,y <z and z —y < 2/ —w' with
y <z <2z, w <72, respectively. This completes the proof. O

The significance of Theorem 2.1 is how certain selections of the function ¢ imply
some interesting inequalities. For example, letting ¢(z) = 2* with A > 1 in Theorem
2.1 implies (1.12) for any positive integer n, as follows.

Corollary 2.1. Let f : I — [0,00) be convez, {z1,...,2n} C I, {pt1,..., in} C
(0,1) and {r1,...,7} C (0,1) be such that Y. p; = > iy 7 = 1. Then for all
real number \ > 1,

min {&}A < <Z?:1 ,Ltzf(xl))/\ 7f)\(z?:1 ,uﬁcz) < {&})\ (2.2)

max
Ti

_ (ZLI Tif(xi)y B f)\(z?:l Tiﬂ:i) ST

The limiting case A — oo implies the following interesting inequality for convex
functions.

i=1,...,n

Corollary 2.2. Let f : I — [0,00) be convez, {x1,..., 2} C I, {u1,...,pin} C
(0,1) and {71,..., 7} C (0,1) be such that >\, wi = > iy 7 = 1. Then

n
min {MZ} < 722:1 i (1) < max {Mz} .
Ti >im1 Tif (w4) Ti
Proof. This follows from Corollary 2.1 by letting A — oo, and noting that

and that

when a > b. O
We should remark that immediate computations show that, for any positive

function f,
Doiey tif (i) o max{u}
>y Tif(x;) T min{n}

However, Corollary 2.2 provides a better estimate for convex functions because

mﬂ{M}<mMW&

T - min{Ti} ’

A similar argument applies for the first inequality in Corollary 2.2.
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Remark 2.1. Tracking the proof of Corollary 2.1, we have

o (2 (Srre) =1 (7))
S(zn:/iz‘f(xi))A - fA(znzliiwi)
=1 i=1
< s {43 (L) = 2 () )

If it happens that Y . | 7 f(z;) = f(Z?:l Tixi), then

(iﬂf(%‘))A —f’\<2n:7'i$z‘) =0,

and hence Y1 | pif(z;) = f ( Sy pixi) for any choice of the p;. The only function

that satisfies this identity is the linear function f(x) = ax + b. However, our default
assumption is that f is not linear, see Remark 1.1 above.

On the other hand, applying Theorem 2.1 with ¢(z) = exp(Az), A > 0 implies
the following new refinement and reverse of the corresponding inequalities of log-
convex functions.

Corollary 2.3. Let f: I — (0,00) be log-convex, {x1,...,xn} C I, {1, ..., tn}
C (0,1) and {r1,..., 7} C (0,1) be such that >\, p; = > ;7 = 1. Then for
all real number A > 0,

(ﬁfﬂ(ziD/\m - f’\m(iﬁzi)

i=1

<(I1 ) - P (L) 23
S(Hf” )”’—fw(;m),

where m = min;—; {“1 } and M = max;—;

.....

2.2. Scalar inequalities

In this subsection, we present concrete applications of the inequalities obtained
earlier. When > 0 and 0 # p < 1 the function f(z) = 27 is convex. Applying
Corollary 2.1, we obtain the following new bounds for the difference between the
arithmetic and power means. Here, we recall that given positive numbers x1,--- ,z,
and p1,- -+, pun such that .| u; = 1, the quantity A := Y"1 | p;x; is called the
arithmetic mean of the {z;}. On the other hand, if p € R, the power mean of {x;}
is defined by M, := (3., iz )l When p = 0, the povver mean is calculated via
a limit to obtaln thc geometric mean, namely Hl L @t Tt is well known that, as a

1
function of p, (3°1; pia?)? is an increasing function. Thus, when p < 1, we have
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1
(i i) < 37 piws. The following is a refinement and a reverse for this
celebrated result.

Theorem 2.2. Let n be a positive integer and 0 # p < 1. Fori =1,2,...,n, let
wi >0 and {pa,...,pn} C (0,1) and {71,..., 7} C (0,1) be such that 37", p; =
St 7 =1. Then for A > 1,

min {%}/\ < (2im Hixi))\ = iy 1iy) <  max {&}/\ (2.4)

j— - A
e (Si ) = (T mad)

On the other hand, letting p = —1 in Theorem 2.2, we have the following bounds
for the difference between the arithmetic and harmonic means. We recall here that
the harmonic, denoted H, mean of the above parameters corresponds to the power
mean when p = —1. Since the power means increase in p, it is clear that H < A.
The following is a reverse and a refinement of this inequality.

Corollary 2.4. Let n be a positive integer. For i = 1,2,...,n, let x; > 0 and
{p1,- s} € (0,1) and {71,...,7,} C (0,1) be such that > | pi = > oy 7 = L.
Then for all real number A > 1,

A 1 —A
min {&}A < (2?21 pari) = (Z?:l ity 1) < max {&})\ (2.5)
=heen AT (S i) — (X, Tixi_l)i)\ Ehen T

If we let p — 0 in Theorem 2.2, we get the following bounds for the difference
between the arithmetic and geometric means.

Corollary 2.5. Let n be a positive integer. For i = 1,2,...,n, let x; > 0 and
{p1,-o o} € (0,1) and {m1,...,7,} C (0,1) be such that 3" | pi = > oy 7 = 1.
Then for all real number X > 1,
3 A n VN = (T ) AR
&} S (Zzn:l l’[’lxl))\ (H;:l x:— ))\ S max {&} . (26)
(Xizi )" — (ILizy 27) =heon

When z > 0 and p € (—00,0), the function f(z) = zv is log-convex. Applying
Corollary 2.3, we obtain the following new bounds for the difference between the
arithmetic and power means.

Theorem 2.3. Let n be a positive integer and p € (—00,0). Fori=1,2,...,n, let
z; >0 and {p1,...,pun} C (0,1) and {r1,...,7,} C (0,1) be such that Y ;| pu; =
St 7 = 1. Then for all real number \ > 0,

Am

n m n B
(H x) - (Z i} )
i=1 i=1
n A n %
<(M1t) - (S
=1 i=1
AM

n AM n o
(1) - (L)
=1 =1

where m = mini:17,,,7n{’;—z} and M = maxizl)m’n{%}.
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On the other hand, letting p = —1 in Theorem 2.3, we have the following bounds
for the difference between the geometric and harmonic means.

Corollary 2.6. For i = 1,2,...,n, let ©; > 0 and {p1,...,un}t < (0,1) and
{71,...,7n} € (0,1) be such that > ", p; = > i, 7 = 1. Then for A >0,

n m n —Am
Ti a1
=) = {2
i=1 i=1

where m = min,-:17.__,n{‘;—;} and M = maxi:L_“’n{‘;—;}.

2.3. The special case n =2

In this part of the paper, we present the special case n = 2. This was treated in [26].
Here, we have the more general result than (1.12), as follows.

Theorem 2.4. Let f : [0,1] — [0,00) be convex and ¢ be a strictly increasing
convez function defined on R and let T, u be real numbers with 0 < p < 7 < 1. Then

o(Er)+a-nfop) -o(L5)
<¢(uf(1) + (1= p)f(0)) = ¢o fn)
<o(3 L)+ (1= 7(0) — 6L ).
This entails the following result for log-convex functions.
Corollary 2.7. Let f : [0,1] — [0,00) be log-convex and let T, and A be real
numbers with A >0 and 0 < u <7 < 1. Then

Ap
=

(Frwr—To) -r#m
<(Frsr) - £

A(1—p
atow) A1 —p)

<(rafTe) T - @,
We refer the reader to [26] to see the significance of the case n = 2, where then
the reader can apply Theorem 2.4 to obtain some applications. It is important to
notice that the motivation of [26] is to complement the study of [4,19]. In [28] it

was noted that the result of [4] is better than the main result in [2]. Therefore, the
results in this paper extend in a more general setting the results in these references.

2.4. Matrix norm inequalities

Let M, be the algebra of all complex matrices of order n x n. The positive semi-
definite matrix A € M, written as A > 0, is a Hermitian matrix with (Az,z) > 0
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for all x € C". If A € M, is a Hermitian matrix with (Ax,z) > 0 for all nonzero
x € C™, then A is called a positive definite matrix, written as A > 0. The set of all
positive semi-definite matrices is denoted by Mt and the set of all positive definite
matrices in M, is denoted by M;f*. The singular values of a matrix A € M, are the
eigenvalues of the positive semi-definite matrix |A| = (4*A4)Y/2, denoted by s;(A)
for i = 1,2,3,...,n. A matrix norm ||| - ||| on M,, is called unitarily invariant if
[[|TUAV]|| = |||A]|| for all A € M, and all unitary matrices U,V € M,,. The trace
norm is given by ||A||; = tr|A| = Y ;_; sk(A), where tr is the usual trace. This
norm is unitarily invariant. An important example of unitarily invariant norms is
the Hilbert-Schmidt norm || - || defined by

1

4]l = (tr(a* )% = (Y laigP?)", (A= ().

4,J
Let A,B € M}, X € M, and 7 € [0,1]. The celebrated Holder’s inequality
asserts that [15]
1ATXBT||| < [[JAX ||| || X BII[* " (2.7)
In particular
trlATBYT| < (trA)T(trB)' 7. (2.8)

It is known that when A, BEM} and X € M,,, the function f(u)=|||A*X B'~#|||
is log-convex on [0, 1], (see [27]) for any unitarily invariant norm ||| - ||| on M,,. Ap-
plying Corollary 2.7, we obtain the following new refinement and reverse of the
Holder’s inequality.

Theorem 2.5. Let A,B € M, X € M,, and let 7, and X be real numbers with
A>0and0< p <7<l Then
An A
(A X BIT) = ATX B
<|IAX ([ X B[|*~* — || A* X B ]|

A(A—p)
T—r

A(1—p)

<(NAXIFNXBIET) 7 = ATX BT

In particular,

Ap

(tr()7er(B)'=7) T —ar(laBI T
<tr(A)tr(B)'F —tr(|A*BH)

A(1—p)
1—7

A(1—p)

<(tr(Ay(B) ) T —ar(ATB )

It is known that when A, B € M} and X € M, the function f(u) = |||A*X B*~#
+A=r X BH||| is convex on [0, 1], (see [5, Theorem 1X.4.8]) for any unitarily invariant
norm ||| - ||| on M,,. Then by using the Theorem 2.4 we have the following result.

Theorem 2.6. Let ¢ be a strictly increasing conver function defined on R and let
7, b be real numbers with 0 < p <7 < 1. Then

o(Ellax + XBI|l) - o(BlllaX B~ + A X B
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<o(l1AX + XB|ll) - ¢(||| A" X B'~* + A X B||)
1_:u l_nu T —T —T T
<o(72NAX + XBI||) - 6(7=2IATX B + A7 X B

The next lemma provides a technical result which we will need in the next result.

Lemma 2.1 ( [26]). Let A,B € M} and X € M,, and let f(z) = ||[AXB'=® +
A= X B®||y. Then f is log-convex on [0, 1].

Using this lemma, together with Theorem 2.4, we have the following Theorem.

Theorem 2.7. Let A, B € M} and X € M,, and T, and X\ be real numbers with
A>0and 0 < pu <7 <1. Then

Ap Ap
|AX + XB|ly — ||[ATXB'" + A" XB||,
<||AX + XB||3 — ||A*XB'"* + AY"r X B*||5

A(1—p) A(1—p)

<||[AX + XB|l,"" —||[ATXB"T +A"TXBT|, T .

These inequalities are interesting refinement and reversal of the well known Heinz
inequality (see [5, Theorem IX.4.8])

|JATXB™" + A" TXB7||; < ||AX 4+ X B||.

3. Log-convexity results

3.1. Inequalities for log-convex functions

In this part of the paper, we prove (1.14) to complement our analysis for log-convex
functions. The main result of this section reads as follows.

Theorem 3.1. Let f : I — (0,00) be log-convex, {x1,...,xn} C I, {t1,.. ., tn} C
(0,1) and {r1,..., 7} C (0,1) be such that > p; = > iy 7 = 1. Then for all

positive integers m,

[ (Zn: um) + min { MT’:n } (Zn: " (@) = [ ( Zz: Ti-%‘))

i=1 i=1

< (Z Mf(%)) .

Proof. We claim that
(Seren) o () (S0 ()
i=1 v i=1 i=1
>fm (Z /M%’) .
i=1

Indeed, by Lemma 1.2, we have the following equality

(i /Mf(m)) ’ - l:I{HHn { ,uT;:l } (i Tif" () — f ( i Tﬂz))

i=1

(3.1)
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o] (1 In=2) ig—ir i—i im—1—in pio—i
= Z (z)(z)(l )Mlo 1/1421 2.._M’1nn,71 nf() 1(1,1)
i1, in_—1)EA 1 2 n—1
X [T ()L finmi i ()
Z:I?,ln,n{ T (; Tif (gjl) f ;szz .

Let B be a subset of A such that

10\ (11 in—2\ ig—is i1—iz i 1—in
S () (e
- 11 12 in—1

(7;1) ln— 1)6A

x flo~ “(xl)f“ 2(@z) .. f T (@)

(
) (e
(

(711) i I)EB

Xflo 11( )fh 2 $2) fln 1— Zn( )

+§:MT "
i=1

Hence, by the log-convexity of the function f™* it follows that.
n m n
(Z mf(a:i)) - min {%°} (Z " (i)~ f (Zlfixi)>

-2 ()

(i1,..sin—1)EB
,ullo 71,u121 12 uin—l_in fio—il (m )fil—iz (x2) f7fln71_7;n (l’ )

3 (= i, (£ s+ i, P ()

,,,,, i yeeey

Z.0 il In—2 i0—1%1 , 41 —1 i i m( Zk—l B ik )
> . 0—%1,,41—12 n—1—"tn T
= E , (“> (12> <2n1>ﬂl Ha H E m k

(i17 ln— 1)€B k=1

m

S i e s g ()n(S ). e

yeees TV

E io i1 in—2 i0—1%1 ,,41—12 fp—1—1
(')(')”'(' )”1 fo e
- 4] 12 In—1

We have

n m ,um
7 7
+ 2;('”1 B z:ql,l}.l,n { T })Ti + 1:I{1Hl,n { T; }
=

Thus (3.2) is a convex combination of positive numbers. Therefore, by the Jensen’s

inequality and Lemma 1.2, we get
<Zl ulf(zz)> - Z_:I?m { } <Z T ™ () (Z szl)>
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20\ (11 T2\ io—iy i1—i T
> m( . 10— ,, 1112 . In—1"1n
>f . Z (h) (22> (in_1>ul Mo My

(’Ll,...,ln_l)EB

k—1 — 'k m . 7 . 3 i L
() + e = in (S b+ win {513 i)
k=1 =1 i=1
n
= (o)
i=1
This completes the proof. O

3.2. Scalar inequalities

When = > 0 and p € (—00,0) the function f(z) = zv is log-convex. Applying
Theorems 3.1, we obtain the following new bounds for the difference between the
arithmetic and power means.

Corollary 3.1. Let n be a positive integer and p € (—00,0). Fori = 1,2,...,n,
let 2, > 0, {p1,...., 1} C (0,1) and {r1,..., 7} C (0,1) be such that Y ;| p; =
St 7 = 1. Then for all positive integers m,

(Z WOZ’ e {17 (Z e (Zﬂ n? ) < <§;M>m
(3.3)

On the other hand, letting p = —1 in Corollary 3.1, we have the following bounds
for the difference between the arithmetic and harmonic means.

Corollary 3.2. Let n be a positive integer and p € (—00,0). Fori = 1,2,...,n,
let z; > 0, {p1,..., 10} C (0,1) and {r1,..., 70} C (0,1) be such that > ;| j; =
S, 7i = 1. Then for all positive integers m,

(Bpee) o ) (B () ) = ()

(3.4)

If we let p — 0 in Corollary 3.1, we get the following bounds for the difference
between the arithmetic and geometric means.

Corollary 3.3. Let n be a positive integer and p € (—00,0). Fori = 1,2,...,n,
let z; > 0, {p1,...,pn} C (0,1) and {71,..., 7} C (0,1) be such that Y | p; =
S, 7i = 1. Then for all positive integers m,

(Hm”) +. mln {l:%m} (zn:nx;” — (ﬁx:)m> < <Zn:/izfcz>m (3.5)
’ i=1 i=1 i=1
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