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PAINLEVE INTEGRABLE PROPERTY,
BILINEAR FORM, BACKLUND
TRANSFORMATION, KINK AND SOLITON
SOLUTIONS OF A (2+1)-DIMENSIONAL
VARIABLE-COEFFICIENT GENERAL
COMBINED FOURTH-ORDER SOLITON
EQUATION IN A FLUID OR PLASMA
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Abstract In this paper, we focus our attention on a (241)-dimensional
variable-coefficient general combined fourth-order soliton equation in a fluid
or plasma. Under certain coefficient constraints, we get the Painlevé inte-
grable property. We obtain the bilinear form and bilinear auto-Backlund
transformation. By virtue of the truncated Painlevé expansion, we derive
an auto-Béacklund transformation. Under certain coefficient constraints, we
graphically analyse the one-kink waves, one soliton, two-kink waves and two
solitons. We get the expressions of the amplitude and velocity of the one soli-
ton and analyse the types of the two solitons and two-kink waves before and
after the interactions.
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1. Introduction

Fluid dynamics has been considered as the basic mechanism of studying the liquids,
gases and plasmas and the forces they are subjected to [7,17,24]. Plasma physics
has been used to study the interactions of charged particles and fluids with the self-
consistent electromagnetic fields [2]. Researchers have investigated the nonlinear
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evolution equations (NLEEs) to describe some phenomena in fiber optics, plasma
physics and fluid mechanics [1,5,7,8,19, 23, 24,26-29,31-34, 38,39]. Methods have
been found to get some analytic solutions for the NLEEs, including the Backlund
transformations and Hirota method [6,18,21,41,43]. Soliton and kink solutions
have been associated with the wave phenomena in the plasmas and fluids [4,9,12].

Since the variable-coefficient NLEEs have shown us more information than their
constant-coefficient counterparts in, e.g., the optical fibers [35], fluids [13] and so on,
we will consider a (2+1)-dimensional variable-coefficient general combined fourth-
order soliton equation in a fluid or plasma,

+ 61 (t)uyt —+ 52(t)u£@ + 53(t)uxt =+ 54(t)u@y + 55(t)uyy =+ 56(t)utt = O, (11)

where u is a differentiable function of the variables x, y and t, the real constants «,
B and 7 cannot be zero simultaneously, d;(t)’s (1 <4 < 6) are the real differentiable
functions of ¢, and the subscripts represent the partial derivatives.

Some special cases of Eq. (1.1) have been discussed in types of the fluids or
plasmas:

o When oo = 8 = 62(t) = d6(t) = 0 and v = 1, Eq. (1.1) has been reduced to the
(2+1)-dimensional variable-coefficient Boiti-Leon-Manna-Pempinelli equation,

Ugazy + 3(Ugly) g + 01 (E) Uy + I3(E)Ugt + 0a(t)Uszy + 05(F)uy, =0,  (1.2)

to describe an incompressible fluid [14, 25, 30].

o When 01(t) = (1, 02(t) = (o, 03(t) = (3, 04(t) = (4, 05(t) = (5 and 6(t) = G,
Eq. (1.1) has become a general combined fourth-order soliton equation,

+ Cluyt + Cquz + C3uxt + <4uxy + <5uyy + Cﬁutt =0, (13)

for the shallow-water waves, where (;’s are the constants [40,42].

e When ﬂ = 51(t) = (56(t) = 0, (52(t) = CQ, 53(t) = 1, 54(t) = <4 and 65(t) =
(s, Eq. (1.1) has become a (2+1)-dimensional generalized Bogoyavlensky-
Konopelchenko equation,

o (6Uz ey + Ugaas) + 7 [3 (Ugtly) , + Usgay]
+ <2u$7; + Uzt + <4uzy + <5uyy =0, (14)

for the shallow-water waves, stratified internal waves in a fluid or ion-acoustic
waves in a plasma [3,20,22].

However, to our knowledge, Painlevé integrable property, bilinear form, auto-
Bécklund transformation, kink and soliton solutions of Eq. (1.1) have not been
studied. In Section 2, we will get the Painlevé integrable property of Eq. (1.1).
In Section 3, we will derive the bilinear form of Eq. (1.1). In Section 4, bilinear
Bécklund transformation and one-kink solutions of Eq. (1.1) will be given. In Sec-
tion 5, one- and two-soliton solutions of Eq. (1.1) will be constructed. In Section 6,
two-kink solutions of Eq. (1.1) will be obtained. Section 7 will be our conclusions.
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2. Painlevé integrable property of Eq. (1.1)
According to Refs. [7,15,16], we suppose that
u = ugp?, (2.1)

where ug and ¢ are the real differentiable functions of x, y and ¢, p is a non-positive
integer. Substituting Expression (2.1) into Eq. (1.1), we find that the leading-order
analysis yields p = —1, let the coefficient of ¢~ equal to zero and get ug = 2.
Next, we rewrite u as

u=ujo" T fugpTt (2.2)

where u; is a real differentiable function of x, y and ¢ and j is an integer. Substi-
tuting Expression (2.2) into Eq. (1.1) and making the coefficient of p~5%7 equal to
zero, we find that j = —1,1,4,6. We set

6
uw=0""Y e, (2.3)
=0

take Expression (2.3) into Eq. (1.1) and sort out the coefficients of p=7’s (=1 < j <
5). Afterwards, we find the coefficient of =% is zero, which means that u; is an
arbitrary function. Next, we let the coefficient of ¢ =3 equal to zero and obtain the
expression of uy. Taking us into Eq. (1.1) and letting the coefficient of =2 equal
to zero, we get the the expression of uz. We substitute uz into Eq. (1.1) and obtain
the coefficient of ¢ ~! is zero, which means that u, is an arbitrary function. Then,
in order to simplify the verification of the remaining resonant condition j = 6, we
adopt Kruskal’s simplified expressions as [37]

p=n+ ¢(t)7 U = “j(ﬂat% n=z+y. (24)

Based on Expression (2.4), we let the coefficient of ©° equal to zero and obtain the
expression of us. Taking us into Eq. (1.1), we find that ug is an arbitrary function
when

03(t) = C1 — 01(t),  02(t) = (o — da(t) = d5(t),  J6(t) = Ce- (2.5)

Thus, we derive the Painlevé integrable property of Eq. (1.1).

3. Bilinear form of Eq. (1.1)
Motivated by Ref. [40], we assume that
u=2(nf),, (3.1)

where f is the real function of z, y and t. We take Expression (3.1) into Eq. (1.1)
and get the bilinear form of Eq. (1.1)

[aD} + BD3 Dy + vD2D,, + 61(t) Dy Dy + 65(t) D2

+ 03(t) Dy Dy + 64(t) Dy Dy + 65(t) D, + 66(t) D] F - F =0, (3.2)
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where D,, D, and D, are the Hirota bilinear derivative operators [10], defined as

DI Dy DY (- o)

(o aoN"[o oN"[o o\
= %—% @_@ ﬁ_% 77($7?Jat)0(xayat)

with 2/, ¥’ and ¢’ being the formal variables, m, n and k being the non-negative
integers, 1 being the differentiable function of z, y, z and t, while o being the
differentiable function of z’, ¥/, 2’ and ¢'.

b)
x'=x,y =y, t' =t

4. Bilinear Backlund transformation and one-kink
solutions of Eq. (1.1)

Based on Bilinear Form (3.2), we consider the following equation:
0 =g*[aD; + D3 D +vD3 Dy + 61 (t) Dy Dy + 62(t) D3
+03() Dy Dy + 04(t) Do Dy + 35(t) Dy + d6(H) Dyl f - f
— f}laD} + BD3 D, + D3 D, + §,(t) D, D; + 62(t) D?
+ 63(t) Dy Dy + 64(t) Dy Dy + 65(t) D + 86(t) D3)g - g, (4.1)

where ¢ is another solution of Bilinear Form (3.2). According to the exchange
identities [10]:

9> (D3Duf - f) = 2 (D3Dig - 9) = 2 [Di (D3 f - 9) - (f9)]

+6[Dy (DaDef - 9) - (Dag - f)],
9° (DiDyf - f) = f*(DiDyg - g) = 2[D, (D3f - g) - (f9)]

+6[Dy (DaDyf - g) - (Dag- )],
9 (D3f - f) = f*(D3g-9) =2 [Ds (Dif - 9) - (f9)]

+6[D; (D3f-9) - (Dag- f)]

9° (DyDif - f) = f2(DyDig - 9) = 2Dy (Dyf - 9) - 9] (4.2)
9° (DyDyf - f) = 2 (DyDyg - 9) = 2[Dy (Dy f - g) - 9f].
9> (DyDif - f) = 2 (D2Dig - g) = 2[Dy (Do f - 9) - 9],
9° (DaDyf - f) = f2(DuDyg - g) = 2[Dy (Dsf - 9) - 9f],
9> (DeDif - f) = f2(DiDig - g) = 2Dy (D1 f - 9) - 9],

G (D2f-f) = f*(Dig-g) =2[Dy (Daf - 9) - 9f],
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we obtain the bilinear Béacklund transformation of Eq. (1.1) as follows:
2aD;f g+ 202(t)Daf - g+ 203(t) Def - g = Mg,
6aD3f g +68DyDef - g+6yDyeDyf - g+ XaDyf - g =0,
28D3f - g+ 06(t)Def - g = Asgf, (4.3)
66(t)gf = AaDrg - f,
2YD3f - g+ 204(t) D f - g +205(t) Dy f - g +201(1) Do f - g = Asgf,

where \;’s, kK = 1,2,3,4,5, are the constants.

We take g = 1 as a solution of Bilinear Form (3.2) and f = exp[b(t)y + c(t)t +
d(t)z] + 1, and substitute them into Bilinear Backlund Transformation (4.3), where
b(t), c(t) and d(t) are the functions about t. We choose the coefficient constraints
as follows:

v =a
51(t) = 65(t),
8a(t) = 0a(t) + 05(t).

Via Coefficient Constraints (4.4), we take A\ = A3 = Ay = A5 =0, b(t) =d(t) =1
and A2 = —12a, then obtain the one-kink solutions of Eq. (1.1) as
2exple(t)t + z + y]

YT exple®)t+z+y]+10 (45)

So(t)+a
S 2w dt

where ¢(t) = 2

-8 t -8 t

(a1) (a2)

Figure 1. One kink wave via Solutions (4.5) under Coefficient Constraints (4.4), (a1 —c1) y=0; (a2 —c2)
2=0. Parameters are (a1) and (a2): d2(t)=t — 1, d3(t)=—t, d4(t)=-1 and a=1.

Figs. 1 and 2 present the propagation of the one kink waves via Solutions (4.5)
on the z-t and y-t planes when the coefficient d5(t) varies but d5(t) and d4(¢) keep
unchanged. According to Figs. 1 and 2, we find that the amplitudes of the one
kink waves keep unchanged during the propagation. This behavior shows that the
amplitudes of one kink waves are not related to the coefficient Jo(t).

Figs. 1 and 3 present the propagation of the one kink waves via Solutions (4.5)
on the z-t and y-t planes when the coefficient d3(t) varies but da(¢t) and d4(¢t) keep
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Figure 2. The same as Figs. 1 (a1) and (a2) except that (b1) and (b2): d2(t)=2t% — 1; (c1) and (c2):

S2(t)=t(sint + tcost) — 1.
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Figure 3. The same as Figs. 1 (a1) and (a2) except that (b1) and (b2): 83(t)=—0.5; (c1) and (c2):

— t
63(t)7_ sint+tcost”

unchanged. According to Figs. 1 and 3, we find that the amplitudes of the one
kink waves keep unchanged during the propagation. This behavior shows that the

amplitudes of one kink waves are not related to the coefficient d3(t).

Figs. 1 and 4 present the propagation of the one kink waves via Solutions (4.5)
on the z-t and y-t planes when the coefficient d4(t) varies but d2(¢) and d3(t) keep
unchanged. According to Figs. 1 and 4, we find that the amplitudes of the one
kink waves keep unchanged during the propagation. This behavior shows that the

amplitudes of one kink waves are not related to the coefficient d4(t).
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Figure 4. The same as Figs. 1 (a1) and (az2) except that (b1) and (b2): 64(t)=2t> — 1 ; (c1) and (c2):
04(t)=t(sint + tcost) — 1.

5. One- and two-soliton solutions of Eq. (1.1)
Motivated by Ref. [11], we assume that

B dy (t) explb1(t)y + c1(8)t + dy ()]
J=exp { explbi (t)y + 1 ()t + di (8)z] + 1 } ’

(5.1)

where by (t), ¢1(¢) and dy (t) are the real functions of t. Then we take Expression (5.1)
into Bilinear Form (3.2) and get the coefficient constraints as

d6(t) = =0,
a+y=0,

d1(t) +d3(t) = 0,

54(t) + 52(t) + (55(t) =0.

(5.2)

Based on Coefficient Constraints (5.2), we take b1(t) = d1(t) = 1 and ¢ (t) = 61 (¢),
then give the one-soliton solutions of Eq. (1.1) as

5 exp(d1 (t)t + x + y] exp(261 ()t + 2z + 2y]
w— - 50 (5.3)
exp[dr1(t)t +a+yl+1  {exp[i(t)t 4+ z +y] + 1}

Meanwhile, the amplitude B and velocity V = (v, v,)T of One-Soliton Solu-
tions (5.3) can be given, respectively

B= 3 (5.4a)
vy = —{t[01 ()]s + 61 ()}, (5.4b)

vy = —{t[61 (V)] +61(8)}, (5.4c)
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Figure 5. One soliton via Solutions (5.3) under Coefficient Constraints (5.2), (a1 —c1) y = 0; (a2 —c2)
x = 0. Parameters are (a1) and (a2): d2(t)=t, §1(t)=1, d4(¢t)=1 and a=1.
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Figure 6. The same as Figs. 5 (a1) and (a2) except that (b1) and (b2): d1(t)=t; (c1) and (c2):
61 (t)=sint.

where T represents the transpose of a vector.

Figs. 5 and 6 present the propagation of the one soliton via Solutions (5.3)
on the z-t and y-t planes when the coefficient 61(¢) is a constant or a function
of t. According to Eq. (5.4a), the amplitudes of one soliton are not related to
the coefficient d1(t), which is consistent with the amplitudes of one soliton keep
unchanged in Figs. 5 and 6. Based on Egs. (5.4b) and (5.4¢), the velocities of one
soliton are related to the coefficient 01 (¢).

At the same time, we take c¢;(t) = d2(t).

We take ¢ (t) = d4(2).

Through Figs. 5, 6, 7 and 8, we keep any two of the §1(t), d2(t) and d4(¢)
unchanged, the propagation of one soliton is similar. It can be found that the
coefficients d2(t) and d4(¢) have the similar effects on the one soliton. With the
coefficients 1(t), d2(t) and d4(¢) taking the constants, we observe that the one
soliton presents the linear type. With the coefficients d;(t), d2(t) and d4(¢) taking
the linear functions, we observe that the one soliton presents the parabolic type.
With the coefficients 01 (t), d2(t) and d4(t) taking the periodic functions, we observe
that the one soliton presents the periodic type.
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Figure 7. The same as Figs. 5 (a1) and (a2) except that (b1) and (b2): d2(t)=1; (c1) and (c2):
d2(t)=sint.
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Figure 8. The same as Figs. 5 (a1) and (a2) except that (b1) and (bz2): d4(t)=t; (c1) and (c2):
d4(t)=sint.

We suppose that

fe { klda(t) + e(t)] explba(t)y + ca(t)t + da(t)x + e(t)z + f(L)y + g(t)1]
=exp 1

N da(t) exp[ba(t)y + ca(t)t + da(t)x] + e(t) exple(t)z + f(t)y + g(t)t] }, (5.5)

A

where e(t), f(t), g(t), ba(t), ca(t) and dy(t) are the real functions of ¢, k is a real
constant and A = exp[ba(t)y+ ca(t)t+do(t)x+e(t)x+ f(t)y+ g(t)t]k +exp[ba(t)y +
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ca(t)t+da(t)z] +exple(t)x + f(£)y+g(t)t] + 1. Taking Expression (5.5) into Bilinear
Form (3.2), we get the coefficient constraints as

d(t) =B =0,

a+vy=0,

d1(t) + d3(t) = 0,

04(t) + 02(t) + 65(t) = 0.

(5.6)

According to Coefficient Constraints (5.6), we take k = 3, e(t) = f(t) = ba(t) =
do(t) = 1 and co(t) = 61(t),g(t) = 02(t), then give the two-soliton solutions of
Eq. (1.1) as

" { 12exp[d1 ()t + 62 ()t + 2z + 2y] + exp[01(t)t + = + y] + exp[d2(¢)t + = + ]
3exp[d1(t)t + 62(8)t + 2z + 2y] + exp[d1 ()t + = + y] + exp[d2(t)t +x +y] + 1

{6.exp[01 (1)t + 8 (£)t + 22 + 2y] + exp[01 ()t + = + 3] + exp[S2(t)t + z + 3]} }

 {3exp[01(t)t + 02(t)t + 22 + 2] + exp[01(£)t + = + y] + exp[d2(t)t + = + y] + 1}°
(5.7)

-8 t -8 t

(a1) (a2)

Figure 9. Two solitons via Solutions (5.7) under Coefficient Constraints (5.6), (a1 —c1) y = 0; (a2 —c2)
z = 0. Parameters are (a1) and (a2): 84(t)=1, a=1, 61(¢t)=2 and J§2(t)=t.

We assume that co(t) = §1(¢) and g(t) = d4(t).

We assume that ca(t) = d2(t) and g(t) = d4(t).

Figs. 9 and 10 present the propagation of the two solitons via Solutions (5.7) on
the x-t and y-t planes. According to Figs. 9 and 10, we find that the two solitons
are composed of two one solitons which are similar to those in Figs. 5-8. Figs. 9
and 11 present the coefficient d4(¢) has the similar effects on the two solitons with
d2(t). Figs. 9 and 12 present the coefficient d5(¢) has the similar effects on the two
solitons with d1(¢).

From Figs. 9, 10, 11 and 12, we observe three types of the two solitons, i.e., two
solitons composed of linear-type one soliton and parabolic-type one soliton, two
solitons composed of two parabolic-type one solitons and two solitons composed
of periodic-type one soliton and parabolic-type one soliton. For the two solitons
composed of linear-type one soliton and parabolic-type one soliton, we find that
the linear-type one soliton keeps linear type and parabolic-type one soliton keeps
parabolic type after the interaction. For the two solitons composed of two parabolic-
type one solitons, we find that the two parabolic-type one solitons keep parabolic
type after the interaction. For the two solitons composed of periodic-type one
soliton and parabolic-type one soliton, we find that the periodic-type one soliton
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Figure 10. The same as Figs. 9 (a1) and (a2) except that (b1) and (b2): d1(t)=t and d2(¢)=2¢; (c1)
and (c2): d1(t)=t and d2(t)=cost.

, \ \
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Figure 11. The same as Figs. 9 (a1) and (a2) except that (b1) and (b2): §1(t)=t and d4(¢t)=2¢; (c1)
and (c2): 81(t)=t and d4(t)=cost.

keeps periodic type and parabolic-type one soliton keeps parabolic type after the
interaction.

6. Two-kink waves of Eq. (1.1)

Motivated by Ref. [36], we take

u=¢p ! (2 + urp), (6.1)
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Figure 12. The same as Figs. 9 (a1) and (a2) except that (b1) and (b2): d4(t)=2t; (c1) and (c2):

d4(t)=cost.

where ¢ and u; are the functions about z, y and ¢. Substituting Expression (6.1) into
Eq. (1.1), we equate ¢~ **1’s to zero and sort out the Painlevé-Bicklund equations

gofs TUY = 204,
et 0,

™% 1 86(t)p7 + 01(t)prpy + 05(t)pn + 05(8) e pa + 0a(t)pypa + 62(t) 2

+ 3Bu1p2 + 3yury 2 + 3ButsPrpr + 3120y Pr + 60t 02

(6.2¢)

© 7 05(E)Pyy s + 205(t) 0r Pzt + 68Uz 0Pzt + 06(F) (Preps + 201 Pt)

+ 3Bu1292 + 265(1) @y Puy + 204(1) PuPuy + 6VULL P2 Py

+01(t) (yip + PyPut + Pruy) + 3VUay s + 03(H) Pt Par + 0a(t) Py Pua

+ 3YU12 Py Pz + 180U 01 Pzr + BBULLe PPz + 3VULLe Py Pz + 6OULLL P2

=0, (6.2d)

"2 : 0g (t)tht + 1 (t)@xyt +J5 (t)QOacyy + 3ﬂu1xt§0mx + 37u1xy§0xx + 35“13636‘()03%

+ 3’7”130&6%011/ + 60U 30 Pra T+ 3ﬂu1x¢mxt + 63(t)@$xt + 37u1x<;0xxy

+ APz + 5<waa;wt + VPzxrry = Oa

(6.2¢)
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@° 36 (t)uree + 61 (t)uryr + 05 () uiyy + 03(D)U1gt + 3BU1 U1zt + 04 () Uiy
+ S’quflxulry + 52 (t)ulzr + 35ultulzm + 3’}/ulyu1xz + Gaulmulmm
+ QUigpee + ﬂulxmxt + YUiz2ay = 0. (62f)

Egs. (6.1) and (6.2) are the auto-Bécklund transformations of Eq. (1.1). For
Eq. (1.1), we select a seed solution and obtain another solution via Auto-Bécklund
Transformations (6.1) and (6.2).
We suppose that u; = 0 and
p(@,y,t) =ki exp[ds(t)z + b3(t)y + c3(t)t + er(t)z + fL(D)y + g1(2)Y]
+ explds (t)x + b3 (t)y + c3(t)t] + expler () + f1(t)y + g1 (t)t] + 1,
(6.3)

where e (), f1(t), g1(t), b3(t), c3(t) and d3(t) are all the real functions of ¢, and k;
is a real constant. Substituting Expression (6.3) into Painlevé-Bécklund Egs. (6.2),
we obtain that

d6(t) = B =0,
a+v=0,

61(t) +ds(t) =0,

84(t) + 02(t) + 65(t) = 0.

(6.4)

Via Coefficient Constraints (6.4), we take k1 = 3, e1(t) = f1(t) = bs(t) = ds(t) =1
and c3(t) = d1(t), g1(t) = d2(t), then get the two-kink solutions of Eq. (1.1) as

~ 2{2exp[01 ()t + 62 (1)t + 22 4 2y] + exp[d1 (£)t + = + y] + exp[d2(t)t + x + y]}

‘= 3exp[d1(t)t + do(t)t + 22 + 2y] + exp[d1 ()t + x + y] + exp[da(t)t +z +y] + 1"
(6.5)

3 3
3u cu
8 8 8 8

_8 t _8 t

(a1) (a2)

Figure 13. Two kink waves via Solutions (6.5) under Coefficient Constraints (6.4), (a1 — c¢1) y = 0;
(a2 — c2) © = 0. Parameters are (a1) and (az2): d4(t)=1, a=1, §1(¢)=1 and d2(t)=3.

Figs. 13 and 14 present the propagation of the two kink waves via Solutions (6.5)
on the z-t and y-t planes. According to Figs. 13 and 14, we find that the two kink
waves are composed of two one kink waves which are similar to those in Figs. 1-4.

We take Cg(t) = 51 (t) and g1 (t) = 54(t)

We take c3(t) = d2(t) and g1 () = 04(¢).
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Figure 14. The same as Figs. 13 (a1) and (a2) except that (b1) and (b2): d1(¢t)=t and d2(¢)=2; (c1)
and (c2): 1(t)=t and d2(t)=sint.
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Figure 15. The same as Figs. 13 (a1) and (as2) except that (b1) and (b2): 61(¢t)=t and d4(t)=2; (c1)
and (c2): §1(t)=t and d4(¢)=sint.

Figs. 13 and 15 present the coefficient d4(¢) has the similar effects on the two
kink waves with da(¢). Figs. 13 and 16 present the coefficient d2(¢) has the similar
effects on the two kink waves with d;(¢).

Though the analysis of one- and two-kink waves, we find one- and two-kink waves
present linear, parabolic and periodic types when the coefficients §; (), d2(¢) and
04(t) take constants, linear functions and periodic functions. For the two-kink waves
composed of linear-type one-kink wave and parabolic-type one-kink wave, we find
that the linear-type one-kink wave keeps linear type and parabolic-type one-kink
wave keeps parabolic type after the interaction. For the two-kink waves composed
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Figure 16. The same as Figs. 13 (a1) and (a2) except that (b1) and (b2): d2(¢t)=t and d4(¢)=2; (c1)
and (c2): d2(t)=t and d4(¢t)=sint.

of two parabolic-type one-kink waves, we find that the two parabolic-type one-kink
waves keep parabolic type after the interaction. For the two-kink waves composed
of periodic-type one-kink wave and parabolic-type one-kink wave, we find that the
periodic-type one-kink wave keeps periodic type and parabolic-type one-kink wave
keeps parabolic type after the interaction.

7. Conclusions

In this paper, we have investigated a (2+1)-dimensional variable-coefficient general
combined fourth-order soliton equation in a fluid or plasma. The Painlevé integrable
property has been derived under Coefficient Constraints (2.5). We have obtained
Bilinear Form (3.2) to get Bilinear Béicklund Transformation (4.3). By virtue of
Truncated Painlevé Expansion (6.1), we have gotten Auto-Bécklund Transforma-
tions (6.1) and (6.2).

Though the analysis of one- and two-kink waves, we have found that one- and
two-kink waves present linear, parabolic and periodic types when the coefficients
91(¢), 02(t) and d4(t) take constants, linear functions and periodic functions. For
the two-kink waves composed of linear-type one-kink wave and parabolic-type one-
kink wave, we have found that the linear-type one-kink wave keeps linear type
and parabolic-type one-kink wave keeps parabolic type after the interaction. For
the two-kink waves composed of two parabolic-type one-kink waves, we have found
that the two parabolic-type one-kink waves keep parabolic type after the interaction.
For the two-kink waves composed of periodic-type one-kink wave and parabolic-type
one-kink wave, we have found that the periodic-type one-kink wave keeps periodic
type and parabolic-type one-kink wave keeps parabolic type after the interaction.
Based on Egs. (5.4a) and (5.4c), we have gotten that the amplitudes of one soliton
keep unchanged but the velocities of one soliton change with the coefficient dy(t).
We have also observed that the behavior of two solitons is similar to the two-kink
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waves.
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