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OF MULTIPLIER TRANSFORMATIONS*
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Abstract The purpose of the present paper is to obtain some implications
of subordinations by univalent functions in the open unit disk associated with
a family of multiplier transformations. Moreover, applications for integral
operators are also considered.
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1. Introduction
Let H = H(U) denote the class of analytic functions in the open unit disk
U={zeC:|z| <1}
Forae Cand n e N={1,2,---}, let
Hla,n) ={f €H: f(2) =a+anz" +an12"T +--- ]

Let f and F' be members of H. The function f is said to be subordinate to F',
or F' is said to be superordinate to f, if there exists a function w analytic in U, with
w(0) =0 and |w(z)| < 1 for z € U, such that

f(z) = F(w(z)) (2€0).
In such a case, we write
f=<F or f(z)<F(z2) (z€U).
If the function F is univalent in U, then we have (cf. [23])

f<F <« f0)=F(0) and f(U)c F(U).
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Let Q be the class of functions f that are analytic and injective on U\E(f),
where

5(7) = {c e v tim ) = oo}

and are such that f/(¢) # 0 for ¢ € U\ E(f).
We also denote Mj by the class of univalent functions ¢ € H with q(0) =1
satisfying the following condition:

() (2)
%{(1 e (” /)

Then we also note that M7 is the class of convex (not necessarily normalized)
functions in U.
Let A, denote the class of all analytic functions of the form

)} >0 (BeR; z€U).

2) :z”+2ak+pzk+p (n,p e N;z € U). (1.1)

For any complex number «, we define the multiplier transformations I§ of functions

I €Ay by
k+p+A jan
R zp+;( P+ ) s
(AeC\Zy; Zy :=={-p,—p+1,---}). (1.2)
The operator I}, was introduced and studied by Srivastava and Attiya [36],

which was called as the Srivastava-Attiya operator [34]. Several interesting opera-
tors as special cases of the Srivastava-Attiya operator have been widely studied by

(for examples) Attiya and Yassen [4], Cho and Srivastava [4], Deniz et al. [13], Jung
et al. [14], Mostafa et al. [25], Owa and Srivastava [30], Salagean [35], Uralegaddi
and Somanatha [37].

Let

(r€C; AeC\Zg; Zg =={-p,—p+1,--})
and let fy" be defined such that

2P

Iip(2) * ff,’,ﬁ‘(Z) = A —zetr (u>—p; z€ ), (1.3)

where the symbol  stands for the Hadamard product(or convolution). Then, moti-
vated essentially by the Choi-Sagio-Srivastava operator [9] (see, also [20], [21], [27]
and [28]), we now introduce the operator Iy"" : A, — A,, which are defined here
by

I, f(z) = (ff,’ﬁ * f) (2), (1.4)
(fe Ay neC; u>—p).
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In view of (1.3) and (1.4), we obtain the following relations:

(L5 = Ok DI FE) - AL f(2), (L5)
and
2 (I507(2)) = (4 DA () — nISE 1) (16)

By using the principle of subordination, various subordination theorems involv-
ing certain integral operators for analytic functions in D were investigated Bul-
boaca [6]- [8], Miller et al. [24] and Owa and Srivastava [31]. Also Kumar et al. [18]
gave an unified approach to study the properties of all these linear operators by con-
sidering the aspect that these operators satisfy recurrence relation of some common
forms. They studied properties of integral transforms in a similar way. Further-
more, the study of the subordinaton properties for various operators is a important
role in pure and applied mathematics. For some recent developments one may refer
to [3], [11] and [12] (see, also [1], [2], [14], [26], [29] and [34]).

The aim of the present paper, motivated by the works mentioned above, is
to investigate some subordination properties for multivalent functions associated
with the multiplier transformation I3/ defined by (1.1). Also we consider some
applications to the integral operator.

The following lemmas will be required in our present investigation.

Lemma 1.1. [22] Let p € Q with p(0) = a and let
o) = atan 4o

be analytic in U with
q(z) 2a and neN.

If q is not subordinate to p, then there exist points
20 =70 €U and (¢ € dU\E(f),
for which
q(Ur,) C p(U), q(20) = p(Co) and  20q'(20) = mlop'(Co) (m > n).

Lemma 1.2. [23] Let k be convex (univalent) and let A > 0. Suppose that M >
4/k'(0) and that B(z) and D(z) are analytic with D(0) = 0 and satisfy

R{B(z)} > A+ M|D(z)| (z€0).
If p € H, with p(0) = k(0) satisfies
AZ%p"(2) + B(2)2p'(2) +p(2) + D(2) < k(2) (2 € U),

then
p(z) < k(z) (z€l).

A function L(z,t) defined on U X [0,00) is said to be the subordination chain
(or Lowner chain) if L(-,¢) is analytic and univalent in U for all ¢ € [0, 00), L(z,-)
is continuously differentiable on [0, 00) for all z € U and

L(z,8) < L(z,t) (2€TU; 0<s<t).
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Lemma 1.3. [32] The function
Lz, t) =a1(t)z+ - -

with
a1(t) #0 and lim |a1(t)] = cc.
t—o0

Suppose that L(+, t) ia analytic in U for allt > 0, L(z,-) is continuously differentiable
on [0,00) for all z € U. If L(z,t) satisfies

OL(zt)

2z0L(z,t)
9%{ Oz }>O (z€U; 0<t <o)
ot

and

|L(z,t)| < Kola1(t)] (Jz] <ro<1; 0>t < 00))

for some positive constants Ko and ro, then L(z,t) is a subordination chain.

2. Main results

Firstly, we begin by proving the following subordination theorem involving the
multiplier transformation I3/ defined by (1.1).

Theorem 2.1. Let f,g € A, with

I$g(2)
R+ p)y—=2""_ 50 (yeC; zel), (2.1)
{ IS g ()

and suppose also that k € ./\/lg Then the following subordination relation:
K yq1-8 K, Kk+1, v—1 B
I/\)';l’“f(z) I,\,;; (2) I,\;l . (2) k 99
TeALa T"7g(z) \ 7ot < k(2), (2.2)
\,p g(Z) A,pg A,p g(Z)
(veC; 0<p<1; 2€l)

implies that
()
I g(2)

) < k(2) (2€0).

Proof. Let us define the function ¢ by
IVRSIOAR
q(2) = <¥i1u : (2.3)
I)\,p g(z)
(f,g€ Ap; 7€C; ze ).

By using the equation (1.5) to (2.3) and also, by a simple calculation, we have

LfG) (BE N )
10 g(2) (I,'\q’;;l’“g(z)> =q(2) + Ot pH() (2.4)
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where o
ap9(2)
+1

I, " a(2)

H(z) = (z € ).

We note that the assumption (2.1) implies that

H(z)#0 (z€U).

Hence, combining (2.3) and (2.4), we obtain

s\ (s (g (25
I”+1’” 9(2) f}’fg(z) 1*’”“’“ 9(2) '
_ zq'(2) 1 ’
=al= )(” 1) (/\+p)vH(2)> '

Thus, from (2.5), we need to prove the following subordination implication:

2q'(2) 1 s
q(z) <1 + ) O +p)'yH(z)> <k(z) (€ U) = qz)<k(2) (z€ TL(I) |
2.6

For the particular case 8 = 1, the implication (2.6) becomes

1

mzq’(z) <k(z) (z€U) = q(z) <k(z) (z€U). (2.7)

q(z) +
According to Lemma 1,2 for A = 0 and D = 0 and by using the inequality (2.1),
we deduce that the above implication (2.7) holds true.

Now we will prove that our result for the case 3 # 1. Without loss of generality,
we can assume that k satisfies the conditions of Theorem 2.1 on the closed disk U
and

K'(C)#0 (¢eal).
If it does not hold the generality stated above, then we replace f, g,k and H by
fr(z) = f(r2), 9,(2) = g(rz), k;(2) = k(r2) and H,(2) = H(rz),

respectively, where 0 < r < 1 and then k, is univalent on U. Since

2q,(2) 1 ’
qr(7) (1—1— @) ()\+p)’yHr(z)) < kr(2) (z € 1),

where
qr(z) =q(rz) (0<r<1; zeU),

we would then prove that
q-(z) < k-(2) (0<r<1; z€0),
and by letting » — 17, we obtain

q(z) < k(z) (z€0).
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If we suppose that the implication (2.6) is not true, that is,

q9(z) A k(z) (z€0),
then, from Lemma 1.1, there exist points

20 €U and (p€dU
such that

q(z0) = k(C) and  20q'(20) = m(ok'(Co) (m > 1). (2.8)

To prove the implication (2.6), we define the function

L:Ux[0,00) — C
by

2k’ (2) 1 g
k(z) (A+p)vH (20)
:al(t)z+... ,

L(z,t) =k(z) |1+t

and we will show that L(z,t) is a subordination chain. At first, we note that L(z,t)
is analytic in |z| < r < 1, for sufficient small » > 0 and for all ¢ > 0. We also have
that L(z,t) is continuously differentiable on [0,00) for each |z| < r < 1. A simple
calculation shows that

0L(0,t)

aq (t) = 92 = ]{7/(0> |:1 +

t3
(A +p)vH (20)

From the assumptions &'(0) # 0 and (2.1) with 0 < 8 < 1, we deduce

18]
4 {1 - (A +p)vH (20)

}z1>0 (t>0). (2.9)

Hence we obtain
ai(t) #0 (t=0)

and also we can see that
lim |aq(t)] = oo.
t—o0

While, by a direct computation of L(z,t), we have

N L))

ot

(2.10)
+ %%{(A P H(x0).

By using the fact that & € M} and the assumption (2.1) to (2.10), we obtain

z0L(z,t)
m{af(t)} >0 (2€U; 0<t<o0),

ot
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which completes the proof of the first condition of Lemma 1.2. Moreover, we have

Lz, t)|'*

al(t)

k(2)
k'(0)

2k’ (2) 1
k(z) (A+p)vH(z0)
1/B

1/8 ‘1+t

17¢)
’1 T v EGY)

1/8

2k’ (2)
"B T k()

zk'(2)
k(z)

1

1/8-1

Bt
’1 T O P (o)

K [T ) 4 SR () !

Bt
‘1 T BFpHG)

1/p-1"

Bt
‘1 T BFpHG)

Bt
’1 T O P H(z0)
(2.11)

Since k € M, the function k may be written by
k(z) = k(0) + K" (0)K(2) (2 €U), (2.12)

where K is a normalized univalent function in U. We also note that for function
K, we have the following sharp growth and distortion results (cf. [16] and [32])

(EE < |K(2)] < TEnE (Jz| =r <1) (2.13)
and
(114::)3 < |K'(2)] < (11 +:)3 (Jz2| =r < 1). (2.14)

Hence, by applying the equations (2.9), (2.12), (2.13) and (2.14) to (2.11), we can
find easily an upper bound for the right-hand side of (2.11). Thus the function
L(z,t) satisfies the second condition of Lemma 1.2, which proves that L(z,t) is a
subordination chain. In particular, we note from the definition of subordination
chain that

k(z) = L(2,0) < L(z,t) (2€U; t>0). (2.15)

Now, by using the equality (2.5) and the relation (2.8), we obtain

_ 118
KIWH B (f:,zl’“ﬂzw)‘ 1

IS g(20) Nrg(z0) \ I g(z)

_ zq'(20) 1 ’
=q(20) <1 + a(z0) (3 +p)’YH(Zo)>

_ Cok/(CO) L ’
=k(¢o) (1 MG OF p)vH(Zo)>
=L(Co,m) (m =1).




Subordinations for certain multivalent functions 785

Then, according to (2.15), we deduce that
B

If;l’uf(zo) y71-8 I;:;l; (ZO) I;;l’“f(zo) y—1
If,—;l’ug(Zo) ~9(20) If;l’“g(zo) (2.16)
=L(¢o,m) ¢ k(U).

But, the last relation (2.16) contradicts the assumption (2.2), and hence we finally
conclude that

q(z) < k(z) (z€0).

Therefore we complete the proof of Theorem 2.1. O
If we take g(z) = 2P in Theorem 2.1, we have the following result.

Corollary 2.1. Let f € A, and k € M. Then the following subordination rela-

tion: 5
Kk+1, 1-p K, K41, -1
[(I;; %)ﬂ UNEIO (f;: “f<z>>” B

2P 2P 2P

(veC R{(A+pn}>0,0<p<1; 2€0)
implies that
I/-H—l,y P Y
(“’Zj()) < k(z) (z€U).

If welet vy =1 and 8 =1 in Theorem 2.1, we have the following result.

Corollary 2.2. Let f,g € A,

13,9(2)
R ()\+p)’;\m7 >0 (zel).
{ IA:;LHQ(z)
Suppose also that k € M7. Then the following subordination relation:
I3, f(2)
= < k(z zelU
gz <M e

implies that
K41,
L f(2)
Kk+1,
I ,\; 9(2)
By using (1.6) and a similar method given in the proof of Theorem 2.1, we have
the following theorem below.

Theorem 2.2. Let f,g € A, with

<k(z) (z€0).

I&M‘H
R (u+p)'yA’fH79<Z) >0 (yeC; zel). (2.17)
IA:p 9(2)

Suppose also that k € Mj. Then the following subordination relation:

— 1318
e re\ T ey (e
(o) | | () | o e
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(veC; 0<p3<1; 2€U)

<W> <k(z) (z€U).

Iorg(z)
Theorem 2.3. Let f,g € A,

implies that

I$"g(z
m{()\-Fp)’YM} >0 (yeC; zel).
IA,p g(2)

Suppose also that k € M7. Then the following subordination relation:

K+1,p R Ky K1, v—1
(1-5) <W> +ﬂ1“’ ) (I“’ (Z)> < k(z),

L e(2) I, 9(2) \ 15 g(2)

(veC; B>0; z€ )
implies that
(Ifﬁ,;l’”ﬂz)
I g(2)

Proof. Let us define the function ¢ as in the proof of Theorem 2.1 by

) < k(z2) (2€0).

f;‘“*“ﬂz))”
q(z) == | Z2=— (f,9 € Ap; v €C; z €.
<I,\,—;17#9(Z) !

Then, by using the equations (2.3) and (2.4), we obtain

0o (I;";l’“f(z))” LRI (If,;l’“ﬂz))”‘l
R

I';:;l’“g(z) )\)pg(z) If:;l’“g(z)

ol 2q'(2) 5
=al )(1+ q(z) (/\+p)7Ho(z)>'

The remaining part of the proof in Theorem 2.3 is similar to that of Theorem 2.1
and so we omit the detailed proof. O
If we take v = 1 in Theorem 2.3, we have the following result.

Corollary 2.3. Let f,g € A,

%{(A+p)ﬁi(z))} >0 (zel).

Ap o 9 (2
Suppose also that k € M7. Then the following subordination relation:

Kk+1,p0 P Kyl P
<1—/3><Im fU)””” EL k) (3202

1 1
I g(2) 15 g(2)

implies that
Kk+1,
" f(2)

W <k(z) (z€U).
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Also, by using (1.3) and a similar method given in the proof of Theorem 2.3, we
have the following Theorem below.

Theorem 2.4. Let f.g € A,
I g(z)

R {(u +p)y L

7 >0 (y€C; z€l).
I/\:;‘g(z)} ( )

Suppose also that k € M3. Then the following subordination relation:

Ky lb v K,pu+1 Kyt y—1
(1-9) (I“’ (@) +pe T (I“’ (Z)) < k(z),

IYhg(2) N g(2) IYlg(2)

(veC; B>0; z€ )
implies that

< Ii’gf(Z))) < k(z) (ze).

L *g(e
Next, we consider the integral operator F,, (R{v} > —p) defined by (cf. [5], [15]
and [19])

R =28 [ (e A R0 > -p). (210

ZV

Now, we obtain the following subordination property involving the integral op-
erator defined by (2.19).

Theorem 2.5. Let f,g € A,

IHg(z
93{(V+p)7%,f’1§ug((g))(z)} >0 (R{v}>-p; 7€C; z€U),

where F,, is the integral operator defined by (2.16). Suppose also that k € M.
Then the following subordination relation:

mrr e\ (e (renne ™" .
L E(9)() Le() \ Iy Fu(9)(2) o
(yeC; 0<p<1; z€l)
implies that
LEF () ()
Proof. Let us define the function ¢ by
IK,,[LFV P H
q(z) = (W) (f,g€ Ap; peC; z€). (2.20)
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From the definition of the integral operator F, defined by (2.19), we obtain
2(I5, B () (2)) = (v + p) I, f(2) = vIT, F(f)(2). (2.21)

By using the equation (2.21) and also, by a simple calculation, we have

IR f(2) (IEEF(f)(2) H_ )
ap9(2) <I§,’,‘,‘Fu(g)(z)> =a(z) + o HG) (2.22)
where » .
O
H(z) = If”]’jFl,(g)(z) (z € U).

We also note that from the assumption,
H(z)#0 (ze€0).
Hence, combining (2.20) and (2.22), we obtain

grENE\ ] [ (e
I3V F,(9)(2) wr9(2) \ 1NN EL(9)(2)

_ 2q'(z) 1 7
=a(z) (“ . <u+p>7H<z>> '

The remaining part of the proof is similar to that of Theorem 2.1 and so we may
omit for the proof involved. [
If we let vy =1 and 8 =1 in Theorem 2.5, we have the following result.

B

Corollary 2.4. Let f,g € A,

I3, 9(2)
RS v+ p) e ¢ >0 (R{v} > —p; 2€ 1),
{ I E(9)(2)
where F, is the integral operator defined by (2.19). Suppose also that k € M;.
Then the following subordination relation:

I f(2)
7}5’%9(’2) <k(z) (2€U)
implies that .
IV E(f)(2)
71.;’%1?,”(9)(2) <k(z) (z€0).

The proof of Theorem 2.6 below is much akin to that of Theorem 2.3 and so the
details may be omitted.

Theorem 2.6. Let f,g € A,

Iy g(2)
" {(” TP (0))

}>0 R{v} > —-p; y€C; z€).
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Suppose also that k € M7. Then the following subordination relation:
K K % —1
(1-B) Lo B (D) ! +51A,’5f(z) IVVE,(£)(2) < k)
Ly 9)(@) Lpo() \ Iy F(9)(2) ’

R{v}>-p; y€C; >0, z€ )
implies that

IVEE(f)(2)
IV Fu(9)(2)

If we take v = 1 in Theorem 2.6, we have the following result.

) < k(z) (2€0).

Corollary 2.5. Let f,g € A,

ITHg(2
9%{(1/+p)1/\,.€:’:€;i?i(g()z)}>0 (R{v} > —p; z€U).

Suppose also that k € M7. Then the following subordination relation:

Bn B () Lyl (2) ,
s (If;gn(g)(z)) PPy “HE) 202€D)
implies that
ITPE () (2
Iif;'F((géz)) < k(z) (z€U).
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