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UPPER SEMI-CONTINUITY AND
REGULARITY OF RANDOM ATTRACTORS
FOR STOCHASTIC FRACTIONAL POWER
DISSIPATIVE EQUATIONS

Hong Lu! and Mingji Zhang®?

Abstract This paper is devoted to the study of the asymptotic dynamics of
stochastic fractional power dissipative equations with additive noise. A priori
estimates for solutions are derived under certain growth conditions for the
nonlinearity. We then prove that the random dynamical system has a unique
(L?, LP)-random attractor with p > 2, and furthermore, the family of random
attractors is upper semi-continuous and regular at any point in [0, 00) under
the topology of p-norms.
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1. Introduction

Fractional differential equations have a wide range of applications in physics, biol-
ogy, chemistry and other fields of science (see [5,24,27,28,30,35-37] for example).
Recently, some of the classical equations from physics have been postulated with
fractional derivatives to better describe complex phenomena (e.g., [11,14,29,32]).

Our main interest in this work is to investigate the limiting behavior of random
attractors of the following stochastic fractional power dissipative equation with
additive noise defined in the entire space R™:

du+ (D) u+ M) dt = (f(w,u) + glw))dt + chd W (2), (1.1)

where € > 0, a € (1/2,1) and A are positive constants, g € LP(R™) N H*(R™), h €
H?(R™")NW?2P(R™) for some p > 2, and W is a two-sided real-valued Wiener process
on a complete probability space that results from the fact that small irregularity has
to be taken into account in some circumstances. In the various lemmas that follow
we assume the nonlinear function f(-,-) satisfies some of the following conditions:

f(z,8)s < =PB1|s|P + 7 (x), (1.2)
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(0,5)| < ol + 2 (2), (13)
@) < (1.4
3 ()| < (o), (1)

where p > 1,3; (i = 1,2,3) are positive constants, v1(z) € L'(R™) N L*>°(R"), and
y2(z) € LA(R™) N LY(R™) with 1/p+ 1/q = 1, and v3(x) € L*(R").

Stochastic differential equations of this type arise naturally from physical sys-
tems when random forcing is considered. These random perturbations, such as
molecular collisions in gases and liquids and electric fluctuations in resistors [13],
very often are neglected during the derivation of these ideal models. On the other
hand, to build a more realistic model, one should include the perturbations, and
this will further help better understand the dynamical behavior of the model. One
way to characterize the micro effects by random perturbations in the dynamics of
the macro observable is through additive or multiplicative noise in the governing
equation. A crucial step to study stochastic partial differential equation is to ex-
amine the asymptotic behavior of the random dynamical systems generated by its
solutions. Some nice works along these lines have been done (see [2,4,6,8-10,12,16]
for example). In particular, in [18-23], the authors studied stochastic fractional
PDEs, and proved that the corresponding random dynamical system has a random
attractor in L2. Furthermore, when the state space is a Hilbert space, the upper
semi-continuity of attractors for PDEs or stochastic PDEs is discussed, such as [15]
for deterministic case and [26] for stochastic case.

However, to the authors’ best knowledge, there are no such results for stochastic
fractional PDEs while the state space is a Banach space. The purpose of the present
paper is to close this gap and study the upper semi-continuity of random attractors
in the Banach space LP for stochastic fractional power dissipative equation.

The paper is organized as follows. In Section 2, some preliminaries, notations
and random attractor theories for random dynamical systems are introduced. A
continuous random dynamical system for the stochastic fractional power dissipative
equation is defined in Section 3. In Section 4, we derive uniform estimates for
solutions in L?. Uniform estimates for solutions in LP are established in Section 5,
while the upper semi-continuity and regularity of random attractors are investigated
in Section 6.

2. Preliminaries and notations

For convenience, we first recall some concepts related to random attractors for
stochastic dynamical systems (see [2,3,9] for more details).

Given two state spaces L?(R"™) and LP(R™) (p > 2) equipped with norms || - ||
and ||- ||, respectively. Let ® : RT x Qx L? — L2, (t,w,u) — ®(t,w,u) be a random
dynamical system (RDS) over a measurable dynamical system (2, F,P, (6;):er) on
L?. The RDS @ is always assumed to satisfy

®(t,w, L?) C LP for every t > 0, P-a.s. w € Q. (2.1)

Definition 2.1. (2, F,P, (0:)cr) is called a measurable dynamical system, if 6 :
R x Q — Qis (B(R) x F, F)-measurable, 8y =1, 0;,s = 6; 0§, for all t,s € R, and
0;A=Aforallte R and A € F.
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Definition 2.2. A stochastic process ®(¢,w) is called a continuous random dy-
namical system (RDS) over (Q,F,P, (6;)cr) if @ is (B(RT) x F x B(X),B(X))-
measurable, and for all w € €,

(i) the mapping ® : RT x Q x X — X is continuous;

(ii) ®(0,w) =T on X;

(iii) ®(t+ s,w, x) = P(¢, Osw, P(s,w, x)) for all t,s > 0 and x € X (cocycle prop-

erty).

Definition 2.3. A set-valued mapping B :  — S(L?) is said to be a random
set if the mapping w ~ d(u, B(w)) is F-measurable for each u € L?, where S(L?)

denotes the class of all subsets in L2. A set-valued mapping B :  — S(L?) is called
tempered with respect to (6;)¢er if for P-a.s. w € Q and all € > 0,

lim e~ “'d(B(0_w)) = 0,

t—o0
where d(B) = sup,cp |-

Let ®(¢,w) be a continuous random dynamical system over (Q, F,P, (6¢)icr),
and let D be the collection of all tempered random set in L2.

Definition 2.4. Let D be a collection of random subsets of X and {K (w)}weq € D.
Then {K(w)}weq is called an absorbing set of ® in D if for all B € D and P-a.s.
w € ), there exists tp(w) > 0 such that

D(t,0_w, B(6_w)) C K(w), t>tp(w).
Definition 2.5. A set-valued mapping A : Q — S(L? N LP) is called a (L2, LP)-
random attractor for a RDS @ if the following conditions are satisfied,

(i) A is tempered and random set in L2, and A(w) is compact in LP for P-a.s.
w € Q;

(ii) A is invariant under @, that is,
D (t, w, Aw)) = A(f:w), for all ¢ > 0 and for a.s. w € Q;
(iii) A attracts every element B € D under the topology of L?, that is,
thj{.lo dp(®(t, 04w, B(f_4w)), A(w)) =0,

where d), is the Hausdorff semi-metric given by d,(Y, Z) = sup,cy infiez ||u — v||p.

We show some concepts of convergence and uniform asymptotic compactness for
a family of RDS @ as follows.

Definition 2.6. A family ®. with ¢ € (0,a] of RDS is said to be convergent on
(0, a] under the topology of L? if ||®.(t,w,u) — ®.,(t,w,u)|| — 0 when & — gy and
lu—wuo|| = 0 for all eg € (0,a], t > 0 and w € Q. A family &, with ¢ € (0, a] of RDS
is said to converges to a deterministic DS ®q in L? if || ®. (¢, w, u) — P, (t,w, uo)|| — 0
when € | €9 and ||u — ug|| — 0 for all g € (0,a], ¢ > 0 and w € Q.

Definition 2.7. A family ®.(¢ € I, an indexed set) of RDS is said to be uniformly
asymptotically compact in L? (resp. LP) if the sequence {®. (t,,0_; w,uy,)} is
precompact in L? (resp. LP) whenever ¢, € I, t, — +oo and u, — +oo and
un € B(0_¢, w) with B € D.
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From [38], the following statement holds:

Uy, € L2 NV LP, |Juy — uol| = 0 and |Jup, — upll, — 0, = ug = ufy € L*> N LP.

By [16], we have the following result.
Theorem 2.1. Let ®.(¢ € (0,a]) be a family of continuous RDS on L? over
(Q,F,P,(0¢)ter) and ®9 a DS on L% Both ®. and ®¢ take their values in LP

in the sense of 2.5. Assume the following four statements hold.

(i) ®. is convergent on (0,a] and ®. converges to ®g as e | 0 in L?;
(i) every ®. has a closed and random absorbing set E.(w) in L? such that E :=
{Ucc(0,0)E=(w)} is a tempered set and, for a deterministic positive constant c,

limsup || B (w)]| < ¢;
0

(iii) the family ®. is uniformly asymptotically compact in L?;
(iv) the family ®. is uniformly asymptotically compact in LP.

Then every ®. has a unique (L2, LP)-random attractor A. such that A(w)
Uee(0,a) B (w) is precompact in L2NLP and the family A, is upper semi-continuous

at any point g € (0,al, i.e.,
lim (AL @), Auy () = lim dp(Ac(w). Aey () = 0.

Moreover, if the DS ®q has a (L2, LP)-attracting set Ao, then A. converges to Ay

under the p-norm
liﬁ)l dp(As(w), Ap) = 0.
In [16], a condition (iv)’ is given to replace the condition (iv), which is stated as

(iv)’ For any nn > 0 and B € D, there exist two positive random variables T and M
(independent of ¢) such that P-a.s.

/ | D (t, 0w, up)|Pdx < n forallt>T,
D(|®:|>M)

sup sup
0<e<augeB(0_iw)

where D(|®.| > M) := {z € D|(®(¢,0_1w,up))(z) > M}.
We next briefly recall some notations that are related to the fractional derivative

and fractional Sobolev space. To get started, we present the definition and the
properties of (—A)® by Fourier series ( [29]). The negative powers (—A)g (that is

(—A)’g, Ref > 0), can be represented by Riesz potentials

T = =5 [ eyl ey,

where 7(8) = "/22°0(2)/T(2 — 5). Using the Fourier transform

) = | ola,t)e " d,
Rn
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B
2

one can define (—A)z as

F{(-0)5 ) = Ko,

:] 1
2

(2m)"

Let H2*(R™) denote the complete Sobolev space of order a under the norm:

(—2)zp=F HklPe} =

/ |k|PDelr® dk.
]Rn

ey = [ 1+ )Pt
By the definition of (—A)®, the following formula for integration by parts can be
easily established.
Lemma 2.1. For f,g € H**(R"), one has

[ orsgdn= [ (ays (-)gda, (22

where oy, ag are nonnegative constants with oy + as = a.

By [7], we have the following lemmas. Let CZ(R") denote the functions in
C?(R™) with compact support and C?(T") = {u : T" — R|u is twice continuously
differentiable}.

Lemma 2.2. If0 < a < 2, 2 € R*, T" and 0 € CZ(R™), C*(T"). Then the
following inequality holds:

20(—N)20(x) > (=A)*20%(x). (2.3)
Lemma 2.3. If0 < a <2, and § € CZ(R™)(C?(T")), it follows that

p—2pn(__ a/2 T 1 _ a/dpp/2|2 T
[1r26(-2) 9<>zp/|< INRRr e (2.4)

where p =27 and j is a positive integer.

We now recall the Gagliardo-Nirenberg’s inequality ( [25]), which is used very
often in our analysis.

Lemma 2.4. Let u belong to L4(R™) and its derivatives of order m, D™u, belong to
L"(R"), 1 < q,r < 0. For the derivatives Diu, 0 < j < m, the following inequality
holds

[D7u] < el D™l Null1". (2:5)

1 ] 1 1 ]
:J+0<—m)+(1—9), for all 0 in the interval ig@gl
ron q m

(the constant ¢ depending only onn,m, j,q,r,0), with the following exceptional cases
(i) If j = 0,rm < n and ¢ = oo, then we make the additional assumption that
either u tends to zero at infinite or u € L1 for some finite G > 0.
(i) If 1 < r < oo and m — j — n/r is a nonnegative integer, then (2.5) holds
only for 0 satisfying j/m <0 < 1.
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To end this section, we comment that, in our following discussions, we denote
by || || and (-, ) the norm and the inner product in L*(R™) and use || - ||, to denote
the norm in LP(R™). The letters ¢,¢;(j = 1,2,---) are generic positive constants
which may change their values from line to line or even in the same line.

3. Stochastic semilinear fractional power dissipa-
tive equation

In the sequel, we consider the probability space (2, F,P) where
Q={we CR,R):w(0)=0}.

F is the Borel o-algebra induced by the compact-open topology of €2, and P the
corresponding Wiener measure on (€2, ). Define a shift on w by

Ow(’) =w(-+1t) —w(t), weQ, tek.

Then (Q,F,P, (6;)icr) is a metric dynamical system.

In this section, we discuss the existence of a continuous random dynamical sys-
tem for the stochastic semilinear fractional power equation perturbed by additive
noise. Thanks to the special linear additive noise, the stochastic semilinear frac-
tional power equation can be reduced to an equation with random coefficients by

a suitable change of variable. Let z(w) = h¢(w) where ¢(w) = —A fi)oo eMw(r)dr
such that t — ¢(f:w) is a pathwise continuous solution of the stochastic equation:

dp + Apdt = dW (t). (3.1)

Note that the random variable |¢(w)| is tempered and ¢(6w) is P-a.e. continuous.
Therefore, from Proposition 4.3.3 in [1], there exists a tempered function r(w) > 0
such that

|p(W)]* + ()" < r(w), (3-2)

where r(w) satisfies, for P-a.s. w € Q,
r(fw) < eémr(w), teR. (3.3)
From (3.2) and (3.3), we obtain that, for P-a.s. w € Q,
[6(0u)” + [B(6r)|P < e2r(w), ¢ R, (34)

We rewrite the unknown v(t) as v(t) = u(t) — ez(6iw) to obtain the following
random differential equation

v+ (—A) v+ A = f(z, v+ e2(bw)) + g — e(—=A)*2(bw) (3.5)
with the initial data
v(0,w,v9) =vo =up — e2(w), x€R™ (3.6)

It has been shown in [19] that, for any initial L?-valued random element ug = uo(w)
and for P-a.s. w € ), there is a unique solution

v(-,w,v0) € C([0,00), L*) N L*((0,T), H) N LP((0,T), L*) for any T > 0. (3.7)
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Next, we construct a random dynamical system modeling the stochastic frac-
tional power dissipative equation. The existence and uniqueness of the solution
for the problem (3.5)—(3.6) can be obtained (see [17]), which defines a stochastic
dynamical system (®(¢));>o over (Q, F,P, (6:)ier) by

(t,w,vo) = v(t,w,vp), for vy € L*(R™), t >0 and for all w € Q.

Therefore the stochastic process u(t,w,ug) = v(t,w,ug — ez(w)) + ez(biw) is a
solution of (1.1) such that w(0,w) = ug(w).

The measurable mapping W, : RT x Q2 x L?(R") — L?(R"™) for every € > 0 given
by

\I]s(tawau()) = U(ta%uo) = ’U(tvwfuo - 62(‘*})) + 52(015‘*})

forms a continuous RDS over (€2, F,P, (6;);cr) on the state space L2. It is obvious
from (3.7) that the system W. take its values in L in the sense of (2.1). When
¢ = 0, equation (1.1) defines an operator semigroup ¥, in L? with a global (L2, LP)-
attractor Ag.

4. Uniform estimates of solutions in L*(R")

In this section, we deduce uniform estimates on the solutions with respect to the
small parameter € in L?(R"™). From now on, we always suppose that D is the
collection of all tempered random subsets of L*(R™). And we assume that the
stochastic process u. (sometimes we write w if no confusion) and v. are the solutions
of equations (1.1) and (3.5) respectively.

Lemma 4.1. For every 0 < € < 1 and B € D, there exist a random time T =
T(B) > 0 and a positive constant ¢ (independent of €) such that P-a.s. for all
t>T

sup  Jjue(t, G,tw,uo)H2 <c(l+er(w)) (4.1)
ug€EB(0_tw)
and
¢
sup / AT ug (1, 0_yw, UO)deT <c(l+er(w)) (4.2)
uoEB(O_1w) JO p

where r(w) is a tempered random variable such that T — 7(0,;w) is continuous.

Proof. Taking the inner product in L? of (3.5) with v, we obtain

1d, o s 2 2
3 II” +I(=2)Zvl” + All]
:/n f(x,v + 52(0tw))vdm + (9 — e(=L)*2(bw), v). (4.3)

Now we estimate the two terms on the right-hand side of (4.3). For the first term,
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applying conditions (1.2) and (1.3), together with Young’s inequality, we obtain
/ f(z,v+ez(bw))vdx

= /n flz,v+ez(bw)) (v+ez(w))de —e [ f(z,v+ez(bw))z(bw)da

RW,
< —ﬁl/ |u|pdm—|—/ 'yl(x)dx—s/ f(z,u)z(fw)da (4.4)
Rn n n
< -0 /]Rn |ulPdx + /n ~y1(x)dx + a/n (ﬁz\uy)—l + 72(;3)) |z(9tw)’d:c
1
< = SBullulp +eca ([l2(0)lIf + 12(8:) (1) + e,

where ¢o and c3 do not depend on ¢, and we have used the fact 0 < e < 1. For the
second one, integrating by parts and applying Young’s inequality, we have

(9 —e(=0)%z (9tw) v)
= (g, ) (e(=2) 2 2(Bw), (—L) 2 v)
o 1 A
< el|(-2) 20|+ SNl + ol + S0l (45)
Substituting (4.4) and (4.5) into (4.3), we get

d (o3
P2 Fol P+ Al + Bl

X , (4.6)
<ees ([0} + 12(0:) P+ | (= 2)F 2(0)]*) +e5.

With z(6,w) = hé(6,w) and h € H*(R™) N W2P(R™), the right-hand side of (4.6) is
bounded by

50406(‘¢(9tw)’p + ‘¢(9tw)’2) +er & ecym (Oyw) + 7. (4.7)
It follows from (4.6) and (4.7) that, for all ¢t > 0,

d a 2
allvH2+H(—A) 20 X[v[IP+ 81 |ullh < ecam (Gw) + c7. (4.8)

Multiplying (4.8) by e and then integrating the inequality, we deduce that, for all
t>0,

lo(t, w, vo(w )|| + B / Als— t)”u (s, w, up(w || ds

t
< e Mjvo(w) || + 664/ A=y, (Osw)ds + f (4.9)
0

By (3.4), we obtain that for P-a.s. w € Q,
m (fsw) < CGe%’\‘Slr(w), VseR. (4.10)

Replacing w by 6_;w in (4.9) and using (4.10), we have, for all ¢ > 0,

t
[o(t, 01, v0(0_w))||* + B / A [u(s, 0w, uo(6_1)) " ds
0
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0
< B_MH’U()(G_tUJ)HQ +EC4C6/ eI (w)dr + & T
—t

< eiAtHvo(G_tw)HQ + ecgr(w) + C—; (4.11)
Note that
u(t,w, up(w)) = v(t, w,vo(w)) + e2(Bw).
It follows from (4.11) that, for all ¢ > 0,
||u (t,0_1w,up(0 H
=||v(t, 04w, vo(ﬁ ) +ez(w H
<2||v(t, O_yw, vo (0 H + 2¢[z(w)]I? (4.12)

c
<2 M||ug (0 4w) — 52(940})” + ecgr(w) + X? + 2¢||2(w)]|?

_ 2 2 c
<4e™ (Jluo(O-s)[|* + [[2(6-1)|*) + ecsr(@) + 5 + 2¢]2(w) |2
By the assumption, {B(w)}weo € D is tempered. On the other hand, by Definition
2.3, ||z(w)|]? is also tempered. Therefore, if ug(f_w) € B(f_,w) and vo(f_,w) €
B(0_;w), then there exists T = T(B,w) > 0 such that for all t > T,

e M Hvo(ﬁ_tw)

’2 < 4e M (Huo(e—tw)HQ + Hz(ﬁ_tw)H2> st

It follows from (4.11) and (4.12) that, for all ¢t > T,

t
/ e,\(sft)Hu(s7 H_tw,uo(Q_tw))Hst <c(l+er(w)),
0

|u(t, 9_tw,u0(9_tw))H2 < c(l+er(w)).
This completes the proof. O

Lemma 4.2. For every 0 < e <1 and B € D. Then, for every T1 > 0 and P-a.s.
w € Q, one has, for allt > Ti,

t
/ eA(Sft)H(—A)%v(s, G_tw,vo(ﬁ_tw))Hst < ef)‘tHUo(G_tw)HZ + c(er(w) + 1)
T
(4.13)
and
t
61/ ) Hu(s,e_tw, uo(e_tw))Hgds < e_MHvo(Q_tw)HQ + c(er(w) +1).
T:
(4.14)

Proof. Replacing t by T} and then replacing w by 6_;w in (4.9), we have

Th
[|v(Ty, 04w, UO(G—tUJ))Hz <e M Hvo(ﬁ_tw)Hz + 6(}4/ AT (0,_yw)ds + c.
0

ATy —t)

Multiplying the above inequality by e and using (4.10), we obtain

M Do (T, 04w, vo (0—yw)) H2
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T
< e_’\tHvo(G,tw)H2 + 504/ A (0 w)ds + ce 1)
0
9 T —t )
< e Mg (0-1w)||” + ecacer(w) / e22ds 4 ceM 1Y)
—t

2 1
< e M|luo(0_w)||* + Xscwﬁr(w)ef*m‘” + M=), (4.15)

By (4.8), one has, for all ¢t > T7,

t
”v(tawva(w))”2+/ A0 |(=2) (s, w, vo(w))||*ds
T

¢
+ﬂ1/ e’\(s_t)Hu(&w,uo(w))Hgds (4.16)
Ty

t t

A, (Dw)ds + c/ A0,

<MDy ( T4, w, 0 ()2 +gc4/
T

T

Dropping the first term on the left-hand side of (4.16), replacing w by _,w in (4.16)
and using (4.10), we obtain, for all ¢ > T,

t
./GA(S_t)H(—A)%v(s,&tw,vo(aftw))nzds
Ty

t
8 [ A (s, 00,000 s
Ty

t t
<eMTi—t) ||U(T1, G_tw,vo(ﬁ_tw))HQ + 664/ A=t (fs—w)ds + c/ M=t s
T1 Tl

0
<M O lo(Ty, 9ftw7vo(97tw>)H2 + 50406T(W)/ e\ dr + ;
T —t
<eMT1—t) ||U(T1, 0_;w, vo(ﬁ_tw))Hz + c(sr(w) + 1).

(4.17)
Combining (4.15) and (4.17), we have
¢
/e’\(s_t)H(—A)%v(s,H,tw,vo(ﬁ,tw))szs
Ty
t
+ B / M=t Hu(s, 0_iw, u0(9_tw))’|£ds
T
§e_’\t’|vo(9,tw)”2 + c(er(w) +1).
This completes the proof. O

Lemma 4.3. For every 0 <e <1, B € D and ug(w) € B(w). Then, for w € Q,
there exists T = T(B,w) > 0 such that for allt > T,

(i) the solution u(t,w,up(w)) of problem (1.1) satisfies

t+1
Bl/t l|u(s, 0—i—1w, vo(0—1—1w)) ||£ds <c(er(w) +1), (4.18)

[ e

Ns)

u(s, 0_4—1w, up(f_1—1w)) H2d8 < cler(w) +1). (4.19)
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(i) the solution v(t,w,vo(w)) of problem (3.5)—(3.6) satisfies
t4+1 . )
/ |’(_A)5v(s, O_t—1w,v0(0—4—1w))||"ds < c(er(w) +1). (4.20)
t
Proof. Replacing t by ¢ 4+ 1 and then replacing T} by ¢ in (4.13), we have

t+1
/t e>\(s—t—1)H(_A)%U(&H_t_lw,Uo(e—t—lw))HQdS (4.21)
<e D up(B—1w) |2 + e(er(w) +1).

For all s € [t,t + 1], we know e*(s7t=1) > ¢=* S0, (4.21) can be rewritten as

t+1 . )
e*/\/ (=)= v(s,0_—1w,v0(0——1w))||"ds
¢

Seik(tﬂ)ﬂvo(@_t_lw)HQ + c(er(w) + 1)
<26 (Jlug(O 1) + 20— 10)]12) + e(er(w) + 1),

(4.22)

Since [Jug(w)||* and ||z(w)||* are tempered, there exists T = T(B,w) > 0 such that
forall t > T,
2e M) (Jup (- —1)|* + [12(0--10)|*) < 1.

It follows from (4.22) that, for all t > T,
t41 . )
/ [(=2)2v(s,0_4—1w,v0(0—¢—1w)) || ds < c(er(w) + 1). (4.23)
t

Using (4.14) and repeating the above process, we have, for all ¢t > T,

t+1
ﬂl/t [|lu(s, 0—i—1w, vo(0—1—1w)) ||§ds < c(er(w) +1). (4.24)

By (4.23), one has

t+1 . 2
/ (=2 % u(s,0-1 10, uo(0—¢— 1)) ||"ds
t

t+1

t+1
§2/ ||(—A)%u(s,Q,t,lw,vo(G,t,lw))Hst + 25/ ||(—A)%z(957t,1w)Hst
t t
1
<c(er(w) +1) + ca/ e2 =9 (w)ds < c(er(w) + 1).
t
(4.25)

We complete the proof. O

Lemma 4.4. For every 0 < e <1 and B € D. Then for P-a.e. w € (2, there exist
a random time T = T(B) > 0 and a positive constant ¢ (independent of €) such
that P-a.s. for allt > T the solution u(t,w,ug(w)) of problem (1.1) satisfies,

[(=A)2u(t +1,0_1_1w, ug(0—¢—1w))||* < c(er(w) + 1).



Dynamics of stochastic fractional power dissipative equations 827

Proof. Taking the inner product in L? of (3.5) with (—=A)%v , we obtain
Ld
2dt

= [ F (=) udn + (g — e(—~2)2(0w), (—A)w).
RW,

[(=2) 2 0] + A(=2) 0] + [I(=2)*0|?
(4.26)

Now, we estimate the first term on the right-hand side of (4.26). Integrating by
parts, using (1.4) and (1.5), then using Young’s inequality and Gagliardo-Nirenberg
inequality, we infer that

flz,u)(—A)*vdx
R’VL

<[ |2

- d
ox v /Rn
1

(Isll? + B2 (V02 + €1V 2(0.) I12) + (= 2)*o]?)

of

%(x, u) dx

Vul [(-a)~ o

(z, u)

[CTSRER

IN

INA
N el I O

(II%II2 + B3I V2(0w) P + B3] (=) ull = ol "= + el (=)0 75 ||v||5>

IN

I(=2)v )1+ e(llysll* + [[ul?) + e ([2(0w)]* + [V2(6:0) %)
(4.27)

and

(9 = e(=2)%2(0w), (=8)0) < LN(=2)*]* + e= ([ A2(0) |* + [[2(0w0) [*) +c.
(4.28)

Substituting (4.27) and (4.28) into (4.26), we infer that
d o [=4 o
N2 F0l +2X1(=2) F0l* + [[(=2) ]| < eljull® + ez (i) + ¢, (4.29)

where 72 (0iw) = || Az(0iw)||* +[|V2(0w)[|? + | 2(6:w) ||*. Note that z(fw) = he(Gw)
and h € H*(R™) N W2P(R™), together with (3.3), we obtain

N2 (8,w) < c|o(Bw)|* < ce%‘tlr(w), for all t € R. (4.30)

Let T' be the positive constant in Lemma 4.3, take t > T and s € (¢,t + 1).
Integrating (4.29) over (s,t + 1), one has

[N)

H(_A) U(t + 1,(,0,’[}0((4)))”2

t+1 t+1
< (=) 2 (s, w, vo(w))||? + c/ (T, w, up(w)||*dr —|—/ (cene(Orw) + ¢)dr

[N)

t+1 t+1
< I(=2)Fv(s,w, vo(w)) | + C/ lu(r, w, uo(w)|*dr +/ (cenz(0-w) + c)dr.
t t

Now integrating the above inequality with respect to s over (¢,¢+ 1), we infer that

(=) Fv(t +1,w,vo(w))|®
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t+1 t+1
< / 1(=2) F (s, 0, v0(w))|2ds + / (cema(Brw) + )

t+1
—|—c/ (T, w, uo(w)||*dr.
t
Replacing w by 0_;_ 1w, we deduce that
I(=2) B0t + 10— 10, v0(0—1-10))

t+1
< / (=) F (s, By 100, v0(B—r—10)) |2
t

t+1 t+1
+c/ (T, 0_¢ 1w, up(0_s_1w)||%dr + / (cema(Or—t—1w) + c)dr.
¢ ¢

It follows from (4.2) and (4.20) that, for all t > T,

H(=0) Bt +1,0_, 10,000 10))]?
0

<c(er(w)+1)+ CE/ n2(0rw)dr (4.31)

0 B N
<c(er(w) +1) —|—/ cee” 2T r(w)dr < c(er(w) +1).

-1

By (3.3) and (4.31), we obtain that, for all t > T

(=) Fut + 1,610, ug(——1w)) ||
(=) F ot + 1,010, v0(0—-10)) — £(=A) F 2(w)|?
<2(|[(=L)Fo(t + 1,010, v0(0—r—1w))||* + e[| (=) F 2(w)]?)
<c(er(w) +1),
which completes the proof. O

Following from Lemma 4.4, we obtain

Lemma 4.5. For every 0 < e <1 and B € D. Then for P-a.e. w € 2, there exist
a random time T = T(B) > 0 and a positive constant ¢ (independent of €) such
that P-a.s. for allt > T + 1,

t+1
/t ”(—A)O‘u(s,ﬁ_t_lw,uo(@_t_lw)) Hgds < c(gr(w) + 1)
and
t+1 )
/t [(=2)*v(s, 01w, v0(0——1w))||"ds < c(er(w) + 1).

Proof. From (4.29), one has

d
7 (M=) F0]?) + M I(=2)0]* < ce™[lul]® + cee™na(0rw) + ce™, (4.32)

Integrating (4.32) over (s,t) (t > s > T + 1), then multiplying e~*!, we obtain

I(=2)F o(t,w, vo(w))II?
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¢
Seh(s_t)H(—A)%v(s,w,vo(w))||2 + c/ e)‘(T_t)Hu(T,w,uo(w)||2d7

t g
Jrcee/ e)‘(T*t)ng(GTw)dT+c/ ATV dr,
Replacing ¢ by T3 and w by 6_,w, we deduce that

1(=23)% (T2, 60, w0 (0-))
< AET|[(ZA) S (s, 0w, vo(0_sw)) |2

Ts
te / ATy (1, 0w, g (0 w)||2dr

T T
—l—cs/ AT, (0, sw)dr + c/ AT g, (4.33)
From (4.31), we have for s > T + 1,
AR ||(—A) (s, B gw, vo(0_w))||? < cler(w) + 1). (4.34)

Now we estimate the second term on the right-hand side of (4.33). From (4.9), we
deduce that

lo(T, 6_sw, 1}0(9,Sw)||2

AT 2 T A(m—T) “r
<e Mlvg(O—sw)|| +C€/0 e M (O —sw)dm + 2 (4.35)

<e™M (||uo(9—SuJ)H2 + ||z(9_sw)||2) + cs/ A=) 0 (O sw)dm + %7
0

Applying (4.10), up(f_tw) € B(0_4w) and 7 € (s,Tz), we infer that there exists
T =T(B,w) > 0 such that for all s > T,

llo(7,0_sw,vo(0_w)||> < c (Er(w)eA(T_%s) + 1) .
Then we obtain
(7, 00, 00 (0 0)|[* < & (2r(@)eXTE) 4 2r(w) + 1)

Then, the second term on the right-hand side of (4.33) can be bounded by

Ty
/ M) |lu(7, 0w, vo (0 sw) || *dr
S

T
<c/ A1) (6’/‘((.0)6)\(77%8) +er(w) + 1) dr

<c(er(w) + 1) (1 - eA(S_T”) + cer(w) (e)‘T"’_%AS - e%’\S_ATQ) < cler(w) +1).
(4.36)

Applying (4.30), the third term on the right-hand side of (4.33) can be bounded by

T2 T2
/ ATy (6, w)dr < / eMT_TQ)(ce%lT_SI +o)dr < 2725 4o (4.37)

S S



830 H. Lu & M. Zhang

Substituting (4.34), (4.36) and (4.37) into (4.33), we obtain

2

(=) F 0(Ty, O, v0(B_sw)) || < ¢ <€r(w) TR 1) : (4.38)

Integrating (4.32) over (1%,t), one has

II(—A)%v(t,wvo(W))IIQJr/T A (=) (s, w, vo(w))[[Pds

t
<MD (= A) 2 0(Ty, w, vo(w))||* + C/ D Ju(s,w, vo(w))|IPds  (4.39)
Ts

t t
+ c&/ A, (Paw)ds + c/ e s,
Tz T2

Dropping the first term on the left-side hand of (4.39), and replacing w by 6_;w,
one has

t
/8A(S_t>||(—A)av(s,H_twwo(e—tw))HQdS

T>
AT (=) Fo(Ty, 0, o0

t t
+ c/ A ||u(s, 0w, vo(0_,w))||%ds + c/ e (eny (0s_yw) + 1)ds

<c(er(w) +e*™2 +1) +cler(w) + 1) +¢ (1 - e%(TT“) < cler(w) +1).
(4.40)

Replacing t by ¢t + 1 and then replacing T by ¢ in (4.40), we have
t+1
/ ATV (—A) (s, 01w, v0(0_i_1w))||?ds < c(er(w) +1).  (4.41)
¢
For all s € [t,t + 1], note that e*®>~*=1) > e~*. One can rewrite (4.41) as
t+1
/ (=) (s, 0_s 1w, v0(0_1_1w))||2ds < ce(er(w) + 1) < ¢(r(ew) +1).
t
Then we infer
t+1 )
/ H(—A)au(s,G,t,lw,uo(ﬂ,t,lw)) H ds
¢
t+1 ) t+1 )
§2/ (=) (s, 01w, vo(0—1—1w)) || ds + 25/ [(=2)*2(0s—t—1w)||"ds
¢ ¢
1o
<c(er(w) +1) + ce/ ez (tH1=9)p () ds
¢

<c(er(w) +1).

We will also need the following result.
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Lemma 4.6. For every 0 < e <1 and B € D. Then for P-a.e. w € Q, there exist
a random time T = T(B) > 0 and a positive constant ¢ (independent of €) such
that P-a.s. for allt >T 41,

HVU(S, 9_t_1w,v0(9_t_1w)) H2 < c(er(w) + 1).

Proof. Taking the inner product in L? of (3.5) with —Aw, one has

ld 2 2 el 2
- —N\)2
3 VoI + ATl + (-2) ]
=— f(z,u)Avde + (g — e(=A)*2(0w), —Av). (4.42)
RW,

Now, we estimate the first term on the right-hand side of (4.42). Integrating by
parts and using (1.3)—(1.5), then by Young’s inequality, we obtain

— f(z,u)Avdz
Rﬂ.
= f(.T, u)Ade +e f($7 U)AZ(Qtw)dx
R Rn
= g(% u)Vudz + g|Vu|2dx +¢ f(z,u)Az(0w)dx (4.43)
R™ 0z R ou R™

<IsllIVal + B Tul® + ¢ / (BalulP™* + pya(@)]) | Az (Br) |
<e (IVul]? + ul2) + ce(| Az(B)P + [ A2(0w) ) +c.

For the second term on the right-hand side of (4.42), integrating by parts, then
using Gagliardo-Nirenberg’s inequality and Young’s inequality, one has

(9 —e(=D)*z(Ow), —Av)

= €/n’(7A)QTHZ(9tw)(*A)QTHvdI+/ (—A) 52 g(—A)*F vda

n

< (=) "F 0|2 + ce (| 220012 + |2(8:w) 1) + c. (4.44)

N | =

Substituting (4.43) and (4.44) into (4.42) gives
Do+ 2T + (-2 0l < e ([Tl + [ulf) + emBs) + o, (445
where n3(0;w) = ¢([| Az(0:w)[1* + | Az(0w)||5 + [|2(6:w)]|?). It implies that
L1190l < e (Il + ul) + ens(@iw) + c. (4.46)

Let T be the positive constant in Lemma 4.4, take ¢ > T and s € (¢t + 1).
Integrating (4.46) over (s,t + 1), one has

IVo(t + 1, @, vo(w))]”

t+1
SIIVv(s,w,vo(w))ll2+/ (IVu(r, w, vo(w) | * +[lu(r,w, vo(w)[3) dr
t
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t+1
—I—/ (ens(0rw) + c) dr.
t

Now integrating the above with respect to s over (t,t + 1), we infer that
t+1 t+1
Vot + 1,w, vo(w))||* < / HV’U(S,W7UQ(W))”2d5+/ (ens(0,w) + ¢) dr
t t
t+1
+ c/ (||Vu(7',w,v0(w)\|2 + ||u(7’,w,v0(w)H£) dr.
t

Replacing w by 6_;_jw, and applying Gagliardo-Nirenberg inequality and Young’s
inequality, we obtain, for all ¢ > T + 1,

Vot +1,0_ 1w, vo(0——1w))]?

t+1 t+1
S/ IGZAYROIES G,t,lw,vo(ﬁ,t,lw))Hst + / (ens(0r—t—1w) + c)dr
t t
t+1
+ C/ (H(=2)*u(r, 011w, v0(0—1—10)[|* + [Ju(T, 010, vo (0 —1w)[|}) dr
t

t41
+ c/ (||u(7’, 0_i_1w, vo(e,t,lw)Hz + |lv(r, 0—¢t—1w, vo(Q,t,lw)HQ) dr
t

0

<c(er(w)+1) + /_1 (enz(Or—¢—1w) +c)dr

<c(er(w) +1).

(4.47)
By (4.47) and (3.3), one has, for all t > T+ 1,
IVu(t 41,01 1w, ug(0——1w))||?
§2(||Vv(t + 1,0 1w, v0(0_s_1w))|* + 5||Vz(w)||2)
<c(er(w) +1).
L]

Next, we deduce uniform estimates of solutions for large space and time vari-
ables. Particularly, we show how these estimates depend on the small parameter
€.

Lemma 4.7. For every 0 < ¢ <1 and B € D, suppose that (1.2)-(1.5) hold. Let
B = {B(w)} € D and vo(w) € B(w). Then, for every n > 0 and P-a.s. w € §,
there exist T* = Th(w,n) > 0 and R* = R*(w,n) > 0 such that for all t > T} (w),
the solution u(t,w,uo(w)) of problem (1.1) satisfies

/ [u(t, 0_sw, vo(0_sw))|2da < n. (4.48)
|z|>R*
Proof. Take a smooth x such that 0 < x(s) <1 for all s > 0 and

0, if0<s<1,
x(s) = (4.49)
1, if s> 2.
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Then there exists a positive constant ¢ such that |x/(s)| < ¢ for all s > 0. Taking
2
the inner product in L? of (3.5) with X(l%)v, we obtain

1d 22| 2 Jzf? LS
5% Rnx(m)|v| dx+/n( A) vxX k2 'Udm+>\\/RnX F |'U‘ dl'

= | flz,u)x ('kf) vdz + / (g —e(—A)*2(Bw))x ('“Z'j) vdz.

R"L
(4.50)

Now, we estimate every term in (4.50) as follows. For the second term on the left-side
hand, integrating by parts and applying Holder’s inequality, Gagliardo-Nirenberg’s
inequality and Young’s inequality, we have

_/n( A ’UX('kl;)’Udl‘
< [ bl (x (B ) ol + v (5) 2ol ao

Ivell + | [~y |x
E<|z|<V2k

IN
0
b
2

[

<

a1 2v/2 a1 x|?
< -2y iwop + 22 [CISE I (,J) [o]da
k<|z|<V2k
a—1 ¢ a—1
<|artofiver+ g [ |at bl
k<|z|<V2k

Cc
<c(loll* + 1IVel?) + 2 (IVel* + [lo]%) -

For the first term on the right-hand side of (4.50), applying (1.2) and (1.3), one has

|z[?
flx,u)x 12 vdx
R’!L
|z[? |=[?

= - flx,u)x (;) udxr — € - flx,u)x (;) 2(0;w)dx

o [t (BE Yoo [ (K1) 1s0tas
+ [ (',jf) o+e [ o (B) towlas
<77ﬂ/ ulPx ( )da:+/n71(fﬂ)x<|k|;>dw

+§/ﬂz< X ('k;)dﬂc&/n (Iz<9tw)l2+|z<atw>p)x<']jf> da.

For the second term on the right-side hand of (4.50), applying Young’s inequality,
we have

(4.52)

S%)‘/w X <|:,:|22) lv|2dz + % /Rn(g2 Fel(— )2 (0,0) ) x (|,z‘|22> . (4.53)
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By (4.51)-(4.53), one can rewrite (4.50) as

d 22 | 2 2 | 2 |z

<c(lloll* + Ivol®) + % (Ivoll* + [lol?)

e (4.54)
+ /Rn (2m(@)] + Prz(@)? +¢%) x <|k2> dx

b
By Lemmas 4.1 and 4.6, there exists T} = T1(B,w) > 0 such that for all ¢ > 77,

||v(t,H,tw,vo(ﬂ,tw))nzl(w) <c(r(w) +1). (4.55)

Integrating (4.54) over (T1,t), then replacing w by 6_;w, we infer that, for all ¢t > T3,

2
/ X (ZL) |0(t, 04, v0(0-1w)) |” dv
R"L

<MT1—t) @ 2
<e x| 7z [0(Th, 0, vo(0—yw)) | da

t 2
[0 [ @+ el + ) x () dods
R”L

T

tee [0 [ (=00 + (0,
' (4.56)

||
+ |2(0s—w)[?) x =3 dzds
t
+ c/ ers—t) (HU(S,H,M,UO(@,M)) H2 + HVU(S,G,tw,vO(H,tw))H2) ds
T

t
L / N0 || T, 00, vo(0_1w)) | ds
k Jp,

t
+E/ e ||”(3’9—twwo(9—t“))||2d5'
k Jr,

In what follows, we estimate each term on the right-hand side of (4.56). For the
first term, replacing ¢ by T} and replacing w by 6_;w in (4.9), we infer that

ATy —t) || 2
e X\ %2 |v(T1, 0_w, vo(e_tw))| dx
Rn

T
<M=t (6_)‘T1 [vo (6—ew)||*dz + 504/ AT (0, w)ds + C7>
0

(4.57)
T —t

<e Mo (0_w)|2dz 4 ce* =Y 4 eeyeqr(w) / e2 \dr
—t

2
<e Mug(0—w) | *dw + ceX T 4 X60406?"(w)€%A(T17t)-
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Therefore, given n > 0, there exists To = T5(B,w,n) > T1 such that for all ¢ > Ty,
_ z/? 2
MT t)/ X (|k2> ‘U(Tl,Q_tw,vo(Q_tw))‘ dx < g (4.58)

For the second term, note that g € H*(R"), v1(z) € L'(R") and y2(z) € L*(R"),
there exists Ry = R1(e) such that for all k£ > Ry, we have

|z

[, el b+ ) () e < on (1.59)

For the second term, one has

/t A=) /Rn(2|71(:c)| + 2 (2)*)x ('i;) dads

T
t
< / st / (@) + ha@)?) dods < . (4.60)
|z| >k

T

Note that z(0;w) = h¢(6yw) and h € H2(R™) N W2P(R"). There exists Ry =
Rs(w,n) such that for all k > Ry,

/I|>k (|¢>|2+ |¢|P) dr < 6lcmin{4:\(z),27j(7w}, (4.61)

where r(w) is the tempered function in (3.2). By (4.61) and (3.2)—(3.3), for the
third term, we have
|z

/ R [ (12020 + [2(00-)P + (0P )x (k) duds

T

t
< [ [ (180l O] P+ [2(Bumsi) )
i) |z >k

T

t
Sc/ eA(Sft)/ (|q§(93_tw)\2 + \¢(93_tw)|p)dmds
|z|>k

t
§126:\(7L)/T1 e)\(sft)<|¢(93_tw)|2+|¢)(05—tw)|p>d8

Ay " -
s 0s_w)d
~12r(w) /Tle r(0s—w)ds

C>\77 0 As
<
T2 w) /Tlt e™r(fsw)ds

A O
cn/ e r(w)ds

2r(w) T —t

IA

IN

1
n
.
(4.62)

For the fourth term, by Lemmas 4.1 and 4.6, there exists T3 = T5(B,w,n) > T1
such that

t
c/ N0 (HU(S,Q—tWaUO(G—tw))HQ + ||VU(3a9—twvvo(9—tw))|’2) ds < g (4.63)
Th
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for all ¢ > Ts.
By Lemma 4.6, there exists Ty = Ty(B,w) > T such that the fifth term on the
right-side hand of (4.56) satisfies

t
%/ st HVU(S,H_tw,vo(H_tw))Hst < %(ET(&)) +1).
T,

Then, there is Ry = Ra(w,n) such that for all ¢ > T, and k > Ra,

¢
M=) | Vo (s, 0—w, vo(0_w)) ||2 ds < g (4.64)

c

k
For the last term, first replacing ¢ by 7 and then replacing w by #_,w in (4.9), we
deduce that

e [t
f/ M=) H 7' 0_sw, vo(0— )H ds
k T
t t T
SE/ e_)‘tHvo(G_tw)HQdT—l—E/ e)‘(T_t)/ e’\(S_T)m(Hs_tw)dsdT
k Jr, k Jr, 0

e [t
+ - / AT dr
k Jr,

t T
<Se Mt —T)|wo_w)|P+ = [ e (T_t)/ A6 (0, w)dsdr + =
k k: 0 k
c 9 t T—1 . c
<z Mt = Th)Joo(0-w)||” + —%T(w)/ eMT—t)/ e2*dsdr + —
K K - » K
<Ee*)‘t(t7T1)H’Uo LW || + c6r( )+E.
“k )\2k: k

This implies that there exist T5 = T5(B,w,n) > 11 and Rs = Rs(w,n) such that
for all ¢ > T5 and k > Rs,

t
%/ M=) Hv(s,9_tw,vo(9_tw))”2dsS ) (4.65)
Ty

Let T* = T*(B,w,n) = max{T1, Ty, T3, Ty, T5}. By (4.58), (4.60), (4.62), (4.63),
(4.64) and (4.65), for all t > T* and k > R* = max{R1, Ra, R3}, one has

22
/Rn X <k2> [u(t, 0_sw, vo(0_ew))[Pdx < 7.

It implies that for all ¢t > T and k > R*, one has

2
[t 0- o < [ () 000000 Pae <
z|>k R

|3

which implies (4.48). O

5. Uniform estimates of solutions in L?(R")

In this section, we derive uniform estimates of solutions in LP(R™). In what follows,
the letter C' = C(w) is a positive random variable which may change their values
everywhere but keeping continuous of t — C(f;w).
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Lemma 5.1. For any 0 < € < 1 and B € D, there exist two random variables
T =T(B) and C = C(B) such that P-a.s. for allt > T

sup sup  JJue(T, H,tw7u0)Hg < C(w). (5.1)
0<e<lugeB(0_;w)

Proof. Taking the inner product in L? of (3.5) with |v|P~2v, we obtain
L el + Allell + (=), ol )
D dt p P ’
= / f(x, v+ sz(@m)) [P 2odz + (g — e(—L)*2(Ow), [v[P~?v) . (5.2)
For the third term on the left-hand side of (5.2), we have

(~2)%, [ofr~20) < 1

< g ol + ell (= 2) ] . (5-3)

Now we estimate the two terms on the right-hand side of (5.2). For the first term,
applying conditions (1.2) and (1.3), together with Young’s inequality, we obtain

f oz, v+ ez(w)) v|v[P~2dx
]R'n.

= /n (f(z,u)u — e f(x,u)2(Ow)) [v[P~2dx

(5.4)
_é P 0,00)|? 0,w)|P 2 p—2
< op [V + c([2(0w) " + 12(0:w)[7) + Il + 72 ) ol da
1 - _
< — oo I3 S 4+ Allellz + e (100 13573 + 120l +1)
The second term on the right-hand side of (5.2) is controlled by
lgllllvl, 2 + e I (=2)*2(0u)ll 015, 655
B B ) 5.9
<osllvl3 s +c (I(=2)2(0w) > +1).
Substituting (5.3)-(5.5) into (5.2), we infer
d p a, 112
vl < ell(=2)%v]|" + C(6w), (5.6)

where
COw) =c (|¢(9tw)|2p_2 + [p(0:w)|P + |p(Osw) |* + 1) i

Let t(> T) be fixed, where T is the same random time as given in Lemma 4.1.
Integrating (5.6) at the sample §_,_jw over the interval (s,t+1) with s € (¢,t+1),
we deduce

t+1
[v(t+1,0_1—1w,v0)[; < [v(s, O—t—1w,v0)} + / COr——1w)dr

t+1
—|—c/ [[(=2)Yv(T, G_t_lw,vo)HQdT. (5.7)
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Note that (4.2) and continuous of 7 +— ¢(6w) imply that
t4+1
[ 1o w)lzar
¢

t+1 t+1
<P |w(T, 6—t—1w,uo)||BdT + 2P 12(0;—¢—q1w)||Edr
p p
¢ t (5.8)

t+1 0
SC/ e,\(f—t—l)“u(q—7 9—t—1W,U0)H§d7’ + c/ |p(0,w)|PdT
t

—1

<c(l+erw))+Cw) < C(w).
Integrating (5.7) with respect to s over (¢,t + 1), then using (5.8), we deduce that
||U(t + 1,0t qw, U0(97t71w))||§ < C(”)?

which implies easily (5.1) holding for ¢ > T + 1. O
To prove the uniformly asymptotical compactness of the system in LP, we give
the following auxiliary results.

Lemma 5.2. Let 7 be a small positive constant. Then for each 0 < ¢ < 1 and
B € D there are two positive random variables T = T'(B) and M = M (n, B) such
that P-a.s. for all s € [t,t+ 1] witht > T

sup sup M(R" (|ve(s,0—_t—1w,v9)| = M)) <
e€(0,1] upeB(O_t_1w)

(5.9)

;>

where M is the Lebesgue measure.

Proof. By (4.1) and the continuity of r(6,w), there exists a random time T =
T(B) such that for all s € [t,t + 1] with ¢ > T,

(s, 01100, 00)| = 05, 08y —o-100,00) | < (1 + er(B—1-1)) < C(w)

with s —¢ —1 € [—1,0]. Then we obtain that the following estimates about the
Lebesgue measure:

M2S)JT(R"(|UE(S7 0__1w,vp)|

§/ [u(s,0__1w,v0)[2dx < ||u(s,0_t_1w,v0)||* < C(w).
R™ (Jv|>M)

Choosing M > /C/7, then applying (4.14), we obtain

sup sup M(R™ (Jve(s, 0—t—1w,v0)| > M)) < 4.
e€(0,1] up€B(O—t—1w)

This completes the proof. O

Lemma 5.3. Let 77 be a small positive constant. Then for each 0 < ¢ < 1 and
B € D there are two positive random variables Ty = T1(B) and My = M;(7, B)
such that P-a.s. for allt > T}

sup sup / [uc (t, 01w, uo)*dz < 7 (5.10)
e€(0,1] up€B(O0_t—1w) JR™(Ju|>M1)

and

sup sup / [ve (¢, 01w, vo)|*dz < 4. (5.11)
£€(0,1] uo€B(O_1_1w) JR™ (Ju]|>M;)
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Proof. Define a subset of L?(R") :
Nr(w) = Us>1 Uee(0,1) YugeB(o_,_yw) 1Ue (t, 011w, u0) }- (5.12)

Applying Lemma 4.7 at the sample 6_jw, we obtain that there exists two positive
numbers T and R (independent of €) such that

/ Y2 (z)dx < % for all ¢ € Np(w). (5.13)
j2[>R

Let D = {z € R"; |z| < R}. Define the restricted set of Ny (w) on L?(Dg) by
Nrg(w) = {¢p € L*(Dg); 391 € Nr(w), s.t. ¥(z) = ¥y (z) for x € Dr}.
By Lemma 4.6, there exists a large T" such that
[VY||? < e(1+7(0_1w)) = C(w) for all ¥ € N g(w).

Then, applying the Sobolev compact embedding, we obtain that the restricted set
Nr r(w) of Nr(w) is pre-compact in L?(Dg) and thus Np g(w) has a finite 7/4-
net in L?(Dg). Then by (5.13) Np(w) has a finite 7/2-net with the centers v;,
(j=1,2,---,m) in L2(R™). We choose a § > 0 such that for any set E € R" with
M(E) < 0,
2 7
sup /’(/Jj (x)dx < =. (5.14)
1<j<m JE 4

Applying Lemma 5.2, there is a M > 0 such that M(R" (]| > M)) < ¢ for all
1 € Np(w) if T is large enough. But for every ¢» € Np(w) there is a center ¢; such
that || — ;|| < //2. Therefore

/ W (2)dz < / (6 — o2 + [o,P)de < 72, (5.15)
R (|¢]|>M) R (|| >M)

which implies that the inequality (5.10) holds.
To prove the inequality (5.11), let

ri(w) = [|2(0-1@)llee = [[Alloo|@(0-1w)], (5.16)

which implies ry(w) is P-a.s. finite. By Lemma 5.2, we can choose T3 > T and
M > M (where both T' and M are as given above) such that for all ¢ > 77,

MR™(|0(t, 0100, v)| > M)) < ——1

T (5.17)

Let My = M + r,. Because of w(t,0_i—1w,up) = v(t,0_4_1w,vo) + €z(f_1w) and
0 < e <1, it follows

R"™(|Jv| > M) € R™(|u| > M). (5.18)
From (5.10), (5.17) and (5.18), we obtain that for ¢ > T7,

/ ot 0t 100, v0) Pl
R™ (Jv|>My)

gz/ A |u(t,9_t_1w,u0)|2dx+25/ 20-w)Pdr  (5.19)
R (Ju|>M) R (Jv|>M7)

<2 + 2rfM(R"(|v| > M)
<47,
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which implies the inequality (5.11) holding. O
Suppose the function f satisfies (1.2). Choosing M > 0 such that —(; MY +
l71(2)]|so < 0, then we obtain that there exists a My > 0 such that for all z € R™,

flx,8) <0 ifs>My; and f(x,s) >0 if s <—Ms. (5.20)

The following results show that the system is uniformly asymptotically compact
on any finite interval under the p-norm.

Lemma 5.4. Let /) be a small positive constant. Then for each 0 < e < 1 and
B € D there are two positive random variables T = T'(i, B) and M = M(7), B) such
that P-a.s. for allt > T}

sup sup / |ue (t, 0_tw, ug)|Pda < 7). (5.21)
e€(0,1] ug€B(0—w) JR™ (|uc|>M)

Proof. The considered functions are integrable, so one can take a small constant
0 > 0 such that, for any set E C R™ with 9M(E) < §,

/ (62 4 1g” + 52 + B + [(— ) + | +~2)ds < 4. (5.22)
E

By Lemma 5.2, we can choose two random variables T' > Ty and M3 > max{M;, My}
such that for all s € [t,¢ + 1] with ¢t > T

sup sup MR (|Jv(s,0_¢—1w,vp)| = M3)) < min{7,d}. (5.23)
s€ft,t+1] up€EB(0_tw)

Let

2= _max [z(0rw)ec = l[hllc _max |o(6rw)] (5.24)

—1<7<0

and M = M3 + Z. Then both Z and M are finite for P-a.e. w € Q because the
Ornstein-Uhlenbeck process ¢(6,;w) is pathwise continuous. Let ¢ > T be fixed.
Replacing the sample w by the sample 6_;_jw in (3.5), we know that the process

v=uv(s) =v(s,0_11w,vo(0_4_1w)), s€ [t t+1]
is a solution of the following random differential equation
v+ (—A) v+ A = f(2, v+ e2(s—1—1w)) + g — e(—A)*2(0s—4—1w). (5.25)
Taking the inner product of (5.25) with (v — M) = max{v — M, 0}, we obtain

3w = M)+ (=), (0 = M)) + Ao, (0 = M)4)

=(f(z,v+ez(Os—1-1w)), (v = M) ) +(g—e(=L)*2(0s—s—1w), (v — M) 4)).

(5.26)

We estimate every term of (5.26). For the second term and third term on the
left-hand side, we have

(=2)%, (v = M)1) + v, (v = M)1) > 0+ A[(v = M) = Al|(v — M) [|*.
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By (5.22) and (5.23), the last term on the right-hand side of (5.26) can be bounded,
for s € [t,t + 1],

(9—e(=2)2(0s—1—1w), (v — M)4))

< All(v - M)+H2+0/ (9° (= 2)*2(Os—t-1w)[*)dw
R™(v>M)
<A = M) |* + e+ max |¢(6-w)|? - / |(=2)*h[*dz
—1=7<0 R™ (v M)

< Al(w = M) + Ci.
Then (5.26) can be written as

d

Slw=dpP-z [ fe e - M <O (1)
R (v>M)

for all s € [t,t+1].
Integrating (5.27) with respect to s € [t,t + 1] and applying Lemma 5.3, we
obtain

t+1
—/ / flzyv+ez(0s—t—1w)) (v — M)dx
t n(v>M)
1
< |(w(t) = M)4]? + Ch < / v?(t)dz + Ch) < C. (5.28)
2 R (v> M)

Then we prove the first term of (5.28) is positive. In fact, if s € [t,¢ + 1], then
|2(0s—t—1w)||0o < Z. Hence, if v > M, then we have v + ez(05_t—1w) > M — Z >
My, which together with (5.20) implies

—f(z,v+ez(0s_4—qw)) >0, forallz e R", s € [t,t+1]. (5.29)

Since v — M > v/2 on R"(v > 2M), it follows from (5.4) and (5.29) that for
x € R"(v > 2M),

—flx,v+ez(0s_t—1w))(v — M)
> —%f(m,v—&-sz(@s_t_lw))v

> DLt (120 r)P o+ |2 ea)? bl +23)
> oor e (0 4 WP ol +43). (5:30)

Therefore, it follows from (5.22), (5.23), (5.28) and (5.30) that there exists a random
number C, independent of 7, such that

t+1
/ / vP(s)dxds < Cy  for all ¢ > T. (5.31)
t n(v>2M)
Next, taking the inner product of (5.25) with (v — 2M)ffl, we obtain
1d o _ -
Lo — 220+ (=200, (0 = 2007") M 0 — 220

=(f(z,v+ez(fs—i—1w)), (v — 2M)ﬁ_1) +(g—e(=D)*2(Os—t—1w), (v — 2M)1j__1)).
(5.32)
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We estimate every term of (5.32) as follows. Applying (5.22) and (5.22), the last
term on the right-hand side of (5.32) can be bounded, for s € [t,t + 1],

(g_E(—A)az(957t71w)7 (v— QM)ifl))

gAMv—2An+M+c/’ (g7 4] (— ) 2(0s—r—10)P)
R (v>2M)
sMvaQAn+n5+c/“ glPdz

Rn (v>2M)

—1<7<0

Fe max |p(B.w)?- / (= A)R[2dx
R7 (v>2M)
<A A v(v —2M)% " da + C.
By (5.29), the nonlinear term of (5.32) is negative. It is easy to deduce that
2
((—A)%, (v — QM){”;l) > / ’(fA)‘”‘/Q(v —oM)P2| dz > 0.
R7 (v>2M)
Therefore, (5.32) can be rewritten as
d . .
o [(v—2M)|p <Cn, forseltt+1] witht>T. (5.33)

Integrating (5.33) from s to t + 1, we infer
[(o(t +1) = 2M) 4 [[5 < [[((v(s) = 2M) 1 [[§ + C). (5.34)

Then integrating (5.34) with respect to s from ¢ to ¢t + 1 and applying (5.31), we
obtain that

t+1
(ot + V=224 < [ (ols)-2M0) 3+
t
t+1
g/ / vP(s)dxds+Cn < C1).
t n(v>2M)
It is obvious that v — 2M > v/2 on R™(v > 4M). Then we get
/ ot + 1)dx < 2| (v(t + 1) — 2M) 4 |2 < C4.
R™(v>4M)
That is, for a random number C' (independent of 7)), we have
/ VP (t, 01w, vo(0_sw))dx < C7, forallt > T + 1. (5.35)
R" (v>4M)

Finally, because of u(t, 0_;w, ug) = v(t,0_tw, v9) +£z(w), we have R™ (v > 4M +
Z) C R™(v > 4M). Therefore, it follows from (5.35) that for ¢ > T + 1,

/ uP (t,0_yw, vo(0_w))dx
R7 (u>4M+Z)
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< [ e bl )R (02 4M) i
R™ (>4 M)

This implies the inequality (5.21) is true for the non-negative parts. Similarly,
taking (v 4 M)_(resp. (v + 2M)*™") to replace (v — M)_(resp. (v —2M)P" ') and
repeating the above procedure, we can obtain that for all t > T 4 1,

/ |u(t, O_tw, vo(0_w))|Pdx < C9).
R7 (u<—4M —Z)

Then we deduce the inequality (5.21) holding. O

6. Upper semi-continuity and regularity of (L?, L?)-
random attractor

In this section, we prove the upper semi-continuous and regularity of (L2, LP)-
random attractor generated by RDS W, with equation (1.1) applying Theorem 2.1.

From Lemma 4.1, we have that ¥, has a closed and random absorbing set in
L?. Applying the uniform estimates of Section 4, we obtain the uniform asymptotic
compactness in L? (similarly to Lemma 6.1 of [34]). From Lemma 5.4, we obtain
that the system is uniformly asymptotically compact in LP on any finite interval.
For the convergence of the system, we firstly prove the convergence at zero point.

We further assume that the nonlinear function f satisfies, for all x € R™ and
s € R,

‘af < BalslP™? + qa(x), (6.1)

%(x,s)

where 84 > 0, v4 € L®(R") if p =2, and 74 € L7 2 (R") if p > 2. Under condition
(6.1), we will show that, as ¢ — 0, the solution of the stochastic equation (1.1)
converges to the limiting deterministic equation:

d
d%‘ (A %u+ = f(z,u) +g(z), x€R", t>0. (6.2)

Similarly to the proof of Lemma 6.2 in [34], we obtain the following lemma.

Lemma 6.1. Suppose that (1.2)~(1.5) and (6.1) hold. Given 0 < e <1, let u® and
u be the solutions of (1.1) and (6.2) with the initial data uf and ug, respectively.
Then for P-a.e. w € Q and t > 0, we have

[ (¢, w, ug) — u(t, uo)|[* < ce™[luf — uol|* + ece™ (r(w) + [[ug|* + lluoll?) ,

where ¢ is a positive deterministic constant independent of €, and r(w) is the tem-
pered function in (3.2).
Applying Lemma 4.1 and Lemma 6.1, we obtain

Lemma 6.2. Suppose that (1.2)—=(1.5) and (6.1) hold. Given 0 < e <1, let g €
H*(R™). Then for P-a.s. w € Q, we have

lim ||ue (¢, w, wg e) — u(t, w, up)|| = 0.
e—0
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Next, we prove the convergence of the systems at nonzero point.

Lemma 6.3. Suppose that (1.2)—(1.5) hold. Let u. be the solution of (1.1) with
the initial data up . Suppose ||ug,e — Uo,e|| — 0 as € = e¢ for eg. Then for every
fixed T > 0, we have P-a.s.

slm ||UE(T W, U, E) Ueg (vaauo,so)” =0.

Proof. Applying (3.5), it is easy to obtain that V. = v, —v,, satisfies the following
energy equation

%dinvn (= 0) BV AV
= (20, Vo HE—20) (27 2(0,). V).

Then by (1.4) we infer
(f(:l? ua)ff(xv qu)? ‘/E)
0
~(F - v.)
<B3[[V=ll? + Ble — coll(2(0ww), Vo).

Let 7} be a small constant. Then, applying the Young’s inequality, we obtain that
there exists a & > 0 such that for all € € (g9 — d,e9 + d) and t € (0,77,

d .
SV < eVl + 4

Then, applying Gronwall’s inequality, we obtain the desired result. O
Therefore, applying Theorem 2.1, we obtain our main result.

Theorem 6.1. Assume that (1.2)-(1.5) and (6.1) hold. Then the associated RDS
U with (1.1) has a unique (L?, LP)-random attractor A. such that the union A(w)
over (0, 1] is precompact in L?> N LP and the family A. is upper semi-continuous at
any point g9 € [0, +00) under the topology of L?> N LP. More precisely

lim d(A:(w), Aey(w)) = lim dp(Ae(w), Aey(w)) =0,  for alleg >0

E—EQ E—EQ

and

limd(A.(w), Ag) = lim d,(A:(w), Ag) =0

el0 e—€qQ
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