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DYNAMICS OF KIRCHHOFF TYPE PLATE
EQUATIONS WITH NONLINEAR DAMPING
DRIVEN BY MULTIPLICATIVE NOISE*

Xiaobin Yaol !

Abstract This paper investigates mainly the long term behavior of the kirch-
hoff type stochastic plate equations with multiplicative noise and nonlinear
damping on unbounded domains. Due to the noncompactness of Sobolev em-
beddings on unbounded domains, pullback asymptotic compactness of random
dynamical system associated with such random plate equation is proved by the
tail-estimates method. This paper is an extension of [23].
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1. Introduction

In this paper, we study the asymptotic behavior of solutions for the following non-
autonomous kirchhoff type stochastic plate equation with multiplicative noise and
nonlinear damping defined on the unbounded domain R™:

d
wgr + A%+ h(ug) + Mu— M(||Vul|®)Au + f(z,u) = g(x,t) + cuo di; (1.1)

with the initial value conditions
u(z, ) = ug(x), w(x,7)=ui(x), (1.2)

where x € R™, ¢t > 7 with 7 € R, A > 0 and ¢ are constants, h(u;) is a nonlinear
damping term, f is a given interaction term, g is a given function satisfying g €
L} (R,H*(R")), and w is a two-sided real-valued Wiener process on a probability
space. The stochastic equation (1.1) is understood in the sense of Stratonovich’s
integration.

As for deterministic plate equations, there are a lot of works were researched
to show the existence of global attractors, see [2,6-9,12,14,20,21,27,28,30]. The
existence of random attractors for stochastic plate equations with additive noise or

linear multiplicative noise has been investigated in [11,15,16] on bounded domains.
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Moreover, there are results about the existence of random attractors and asymptotic
compactness for stochastic plate equations on unbounded domains in [22-26,29].

For the case M(s) =0 in (1.1), we have investigated the existence of a random
attractor for the stochastic plate equations with multiplicative noise and nonlinear
damping defined in the entire space, see [23]. However, when equation (1.1) is
kirchhoff type, the problem is not yet considered by any predecessors.

Since equation (1.1) has not only random term, but also non-autonomous deter-
ministic term, thus in order to study random attractor of (1.1), we need adapt the
concept of random attractor which was introduced in [18]. On the other hand, the
noncompactness of Sobolev embeddings on unbounded domains gives rise to diffi-
culty in showing the pullback asymptotic compactness of solutions. To get through
of it, we conquer the difficulty by using the uniform estimates on the tails of solu-
tions outside a bounded ball in R™ and the splitting technique( [19]), as well as the
compactness methods introduced in [10].

The organizational structure of this paper is as follows. In the next section,
we present some notations and proposition about random dynamical systems. In
Section 3, we establish a continuous cocycle for Eq.(1.1) in H?(R") x L?(R"). In
Section 4, we obtain all necessary uniform estimates of solutions. In Section 5, we
show the existence and uniqueness of a random attractor for (1.1) defined R™.

Throughout the paper, we use || - || and (-,+) to denote the norm and the inner
product of L?(R"), respectively. The norms of LP(R") and a Banach space X are
generally written as || - ||, and || - ||x, respectively. The letters cand ¢; (i =1,2,...)
are generic positive constants which may change their values from line to line or
even in the same line and do not depend on e.

2. Preliminaries

In this section, we first recall some notations and proposition on non-autonomous
random dynamical systems which is can be found in [4,5,18,31], and then introduce
some assumptions.

Let (X,] - ||x) be a complete separable metric space, and (2, F, P, {0; }+er) an
ergodic metric dynamical system, where Q = {w € C(R,R) : w(0) = 0}, F is the
Borel o-algebra induced by the compact open topology of €2, and P is the Wiener
measure on (€, F). There is a classical group {6;}:cr acting on (Q, F,P) which is
defined by

Oiw(-) =w(-+1t) —w(t), forallwe, teR,

then (9, F,P,{0:}ter) is a parametric dynamical system, see [1].

Proposition 2.1. Let D be an inclusion closed collection of some families of
nonempty subsets of X, and ® be a continuous cocycle on X over (Q, F, P, {0 }1er)-
Then ® has a unique D-pullback random attractor A in D if ® is D-pullback asymp-
totically compact in X and ® has a closed measurable D-pullback absorbing set K
m D.

We introduce the following hypotheses to complete the uniform estimates.

Assumption I. Assume that the functions h, f, M satisfy the following conditions:
(1) Let F(z,u) = [, f(z,s)ds for x € R™ and u € R, there exist positive
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constants ¢;(i = 1,2,3,4), such that

)] < erlul? +1(2), o € P(EY) )
f(xau)u - CZF('Tvu) > ¢2(x)7 ¢2 € Ll (Rn)v (22)
F(x,u) > CB‘U|V+1 - ¢3(.’£), ¢3 € Ll(Rn)a (23)
Sl <s 1wl <o), 6 2@, (2.4

where B> 0, 1 <~ < 2. Note that (2.1) and (2.2) imply
F(z,u) < e(|ul® + [u] 7" + 6] + ¢2). (2.5)
(2) There exist two constants 81, By such that
h(0)=0, 0< B <h(v)<pBy<o0. (2.6)
(3) Assume M(-) € C*(R), denote M(z) = Jo M(r)dr, for¥ z >0,
M(z)z > M(z) >0, (2.7)
My < M(s) < Ms, (2.8)

where My and My are some positive real constants.

Assumption II. We assume that 0,d,e and g(z,t) satisfy the following conditions:

)
o = min{4, %}, (2.9)
. B2
§ > 0 satisfies A+ 0% — 26 > 1, f1 > 50+ ————, 2.10
satisies A+ 67— a3 > L By > 50+ s b (210)
-2V 46 2 )
| < min{ Vo(y2vs +71) + V45 (213 +11)? + 720,
Yo/
—2v6(271 + 1) + /40 (y2ya + 1)2 + 775’720} (2.11)
Yo/ ’ '

_ cicy! _ 1 _ M3 354 1 _ 3
where "1 = maX{27 2 }a Y2 = )\+527625773 - 2 +1+ 26+ 2627 Y4 = 26+
182+ 2f46.

Moreover,
0
/ e”lg(-, 7+ 8)||3ds < 00, VT ER, (2.12)
and
0
lim / e"s/ lg(z,7 4 8)|*deds =0, V 7 € R, (2.13)
k—o0 — 0 ‘:Elzk

where | - | denotes the absolute value of real number in R.
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3. Cocycles for stochastic plate equation

In this section, we show that (1.1)-(1.2) generates a continuous cocycle in H?(R™) x
L2(R™).

Let —A denote the Laplace operator in R", A = A? with the domain D(A) =
H*(R™). We can also define the powers A” of A for v € R. The space V,, = D(A%)
is a Hilbert space with the following inner product and norm

(u,v), = (A%u, A%v), -1l =A% - ||.

For brevity, the notation (-, -) for L2-inner product will also be used for the notation
of duality pairing between dual spaces, || - || denotes the L2-norm.
Let E = H? x L?, with the Sobolev norm

1
gl 2z = (ol + [lull® + [ Au|®)2, for y=(u,v)" € E. (3.1)

Let £ = uy + du, where § is a small positive constant whose value will be deter-
mined later. Substituting u; = £ — du into (1.1) we find

du
d
d—i — 0+ (52 + Nu+ A%y + h(§ — du) — M(||Vu||2)Au + flz,u)
dw
=g(x,t — .
g(z,t)+euo 7 (3.3)
with the initial value conditions
u(z, 7) = ug(x), &(z, 1) = 2z(x), (3.4)

where & (z) = ui(x) + dug(z), © € R™.
Consider Ornstein-Uhlenbeck equation dz + dzdt = dw, z(—o0) = 0, and
Ornstein-Uhlenbeck process

0
z(0w) = z(t,w) = —(5/_ %% (0,w)(s)ds. (3.5)

From [1], it is known that the random variable |z(w)| is a stationary, ergodic and
tempered stochastic process, and there is a #;-invariant set Q C Q of full P measure
such that z(6,w) is continuous in ¢ for every w € Q. For convenience, we shall simply
write Q) as Q.

Now, let v(z,t) = &(z,t) — eu(x,t)z(f;w), we obtain the equivalent system of
(3.2)-(3.4),

% + du — v = euz(brw), (3.6)
dv 9 9
g — v+ (68 + A+ Au— M(|Vu||*)Au + f(z,u)

=g(z,t) — h(v + euz(fiw) — du) — e(v — 3du + euz(biw))z(Orw) (3.7)
with the initial value conditions

u(z, ) = up(x), v(x,T) = vo(x), (3.8)
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where wvg(z) = &o(x) — ez(0iw)up(x), x € R™.

The well-posedness of local weak solutions for the problem of the random PDE
(3.6)-(3.8) in E = H?(R") x H(R™) can be shown by Galerkin approximation and
compactness method as in [3,13,17,29]. Under conditions (2.1)-(2.4) and (2.6)-(2.8),
for every w € Q,7 € R and (ug,vg) € E, we can prove the problem (3.6)-(3.8) has
a unique global solution (u(-,7,w,uq),v(:,T,w,vg)) € C([7,00), E). Moreover, for
t> 71, (ut,T,w,ug),v(t,7,w,v9)) is (F, B(H*(R™)) x B(L?(R™)))-measurable in w
and continuous in (ug, vg) with respect to the E-norm.

Thus the solution mapping can be used to define a continuous cocycle for (3.2)-
(3.4). Let ® : RT x R x 2 x E — F be a mapping given by

(I)(t7 T, W, (Uo, UO)) = (u(t +7,7, 9_7—(4], uO)a U(t + 7,7, Q—va UO))v (39)

where v(t + 7, 7,0_,w,v9) =t + T, 7, 0_rw, &) — ez(Opw)u(t + 7,7, 0_rw, ug) with
vg = & — ez(w)ug(x). Then P is a continuous cocycle over R and (2, F, P, {0; }ter)
on E. Foreacht e RY, 71 e R,w e Q,

O(t, 7 —t,0_1w, (ug, vo))
(r,7—t,0_rw,ug),v(T, 7 — t,0_,w, 1))
(1,7 —t,0_rw,u0), E(T, 7 — t,0_,w, &) + ez(w)u(r, 7 — t,0_,w,up)). (3.10)

(u

(u
Given a bounded nonempty subset B of E, we write |B|| = sup ||¢||g. Let
$€B

D ={D(r,w) : 7 € R,w € Q} be a family of bounded nonempty subsets of E such
that for every 7 € R,w € Q,

Er_n e”*||D(1 + s,0,w)||% = 0. (3.11)

Let D be the collection of all such families, that is,

D={D={D(r,w): 7 € R,w € 0} : D satisfies (3.11)}. (3.12)

4. Uniform estimates of solutions

In this section, we impose the uniform estimates for solutions of (3.6)-(3.8) and get
the absorbing set.
We define a new norm || - ||z by

V115 = ([0l + A+ 6> = Bod) [ull* + [Aul®)2, for ¥ = (u,v) € B (4.1)

It is easy to check that || - || g is equivalent to the usual norm || - ||gzxr2 in (3.1).
First we show that the cocycle ® has a pullback D-absorbing set in D.

Lemma 4.1. Under Assumptions I and 11, for every 7 € R,w € Q, D = {D(7,w) :
T € Rw e Q} € D, there exists T = T(1,w, D) > 0 such that for all t > T the
solution of problem (3.6)-(3.8) satisfies

Y (1,7 —t,0_rw,D(T —t,0_,w))||% < Ri(7,w),
and Ry (T,w) is given by

1

0
Ru(r,w) :M+M/ 2 Ji [o=mlellz(0r0)1 =72 (3212(6r0) 2 +sel|2(6:)1) | ar
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x (lgC, s +)1? + lellz(Osw)]) ds (4.2)

where M is a positive constant independent of T,w, D and €.

Proof. Taking the inner product of (3.7) with v in L?(R™), we obtain

5 dt” vll* = (8 = ez(@uw)[0ll* + (A + 6%)(u, v) + (Au, v)
= (M(|Vul*)Au,v) + (f(z,u),v)
=ez(0:w) (30 — ez(Orw)) (u,v) — (h(v + euz(Orw) — du),v) + (g(z,t),v).  (4.3)

Next, we estimate some terms in (4.3).
By (3.6), we have

v = u — euz(fw) + du. (4.4)
By (2.6) and Lagrange’s mean value theorem, we have
— (h(v + euz(Ow) — du),v)
— (h(v + euz(biw) — du) — h(0),v)
— (W' (9) (v + euz(bw) — du),v)
< = Buloll? — (W (9) (cuz(0,) — du),v)
< = Bullolf* + Balelz(0w)[lull v + 1’ (9)d(u, v), (4.5)

where o is between 0 and v + euz(f:w) — du.
By (2.6) and (4.4), we get

B (9)d(u,v)
=h'(9)8(u, uy — euz(Ow) + du)

<Pad - §%HUIIQ + Bad?|ull* + B20lel|2(0uw) | [lull. (4.6)

Substituting (4.4) into the third and fourth terms on the left-hand side of (4.3), we
find that

(u,v) =(u, us — euz(fiw) + du)

el =+ dlful® — [ef|2(8) [, (4.7)

&.‘g‘

>1
2
and
(Au,v) = (Au, Av)
= (Au Auy — ez(0rw)Au + 6Au)

> 2 LNl + 5Aul? ~ ellz@)llAul (43)

For the first term on the right-hand side of (4.3), by (4.5), using the Cauchy-Schwarz
inequality and Young’s inequality, we have

e2(0w)(36 — e2(01w)) (u, v) + Balel|z(Orew)] [[ull[|v]]
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=(30c2(0uw) — €222 (01w)) (u, v) + Balel|2(Or)|ull ] v]]
<(30fell2(0ww)| + *|2(Bw) ) [ulll[v]l + Balel|2 (@) [l [l]
=((30 + Ba)[el|2(0ew)| + £2|2(B2w)[*) |l [[v]

<(

(30 + B2)ellz(6:w)] + %52|Z(0tw)|2)(”u”2 +lvl*), (4.9)

and for the last term on the right-hand side of (4.3),

ol Bi=5,
R L

Let F(z,u) = [gn F(z,u)dz. Then for the last term on the left-hand side of (4.3)
we have

(g,v) < llgllllv]l < (4.10)

(P, ), ) = (F(2 ), g — e2(0u)u + 5u)
_ %ﬁ(x, ) + 3(f (), 1) — £2(0,0) ([ (. ), w). (4.11)
By condition (2.1) and (2.3), we have
(0 (0},

1
S01\€\|z(9tw)|/ [ul "z + Zlellz(0w) 611 + [ell2(0w) ull®

<cicz ' [el|2(Bew) I/ (w,u) + ¢3)de + 3 |€|| Ol @11 + lellz(Bow)lul*
<erey fell=(Buw) | F (, u) + cle]|2(8:w)] + el | 2(Bew0) ]| * (4.12)

By (2.7) and (2.8) we have

— (M(|Vul[*)Au, v)
= — (M(IIVull*)Au, ug + 6u — cuz(fw))
%di (IVull®) + sMIVul*) [ Vull* = e2(0r) (M ([Vul[*) Au, u)
Z%di (IVull?) + SM(|Vul*)[Vul]® = Male| - |2(6:w)| - |(Au, u)]
zédi (IV72ul®) + M ([ Vul|) — [e] - |2(Bu0) | Au* Afle\ |2(0)ull*.

(4.13)
Substitute (4.5)-(4.13) into (4.3), we get

d . -
22 Ul + A+ 0% = Bo0) [[ull® + [ Aul® + M(|[Vul|*) + 2F (z, u))

+ (07 + A+ 6% = Bad)l[ul® + [|Aul® + M(|Vul|*)) + dea F(z, u)

<o+ (;@,5 T B)lell= (0] + ;s%(ew) (Ilall® + lo]?)

l\DM—l

M2
+ 2[e|2(0i0) | ([[ol|* + (A + 62 + B28) [[ul]* + [|Aul?) + (72 + 1)ell2(8ew)][ful|?
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+ 2By (ﬁg'é) + 16 el () | F e, ) + clel 2(600)
< <2<35 + Ba)ell(0) + 52100 ) (lul? + 1)
el @) (ol + (At 82 + Bad)full® + 1 Aul® + 25z, w)
B ) el + (1 + ] + ell=(0).
By (2.9), we get
1 d 2 2 2 2 ) 2 -
m(nvn T O+~ Bad)lulP + [ AulP + N(|Vul?) + 2F(z, u))
~ [0~ lellz(O)] — 12(321=(0)F + alell2(Bro))]
< (02 + O+ 8 — Bod) [ul® + | Aul® + NE(IVal2) + 25 (2, 0)
o1+ gl + el (0. (4.14)
Let us denote
or.) = 0 — lell20)| — 1o (S2OW)? + lell=6)). (415

Using the Gronwall’s inequality to integrate (4.14) over (7 —t,7) with ¢ > 0, we get
llo(T, 7 — t,w,v0)||? + (A + 6% — Bod)||u(T, T — t,w, up)]||?
+ ||AU(T, T —1,w, UO)H2 + M(HVU(T, T —t,w, uO)”Q) + 2ﬁ(1‘, U(T, T—tw, UO))
<(llvoll® + (A + 6% = B2d)||uoll* + | Auo > + M (|| Vuol[?)
+ Qﬁ(x,UO))GQI:_t o(s,w)ds + C/ €2f.,.s Q(T,w)dr(l + ||g(,s)||2 + \5||z(93w)|)ds
T—1

(4.16)
Replacing w by _,w in the above we obtain, for every t € R*, 7 € R, and w € Q,
llo(r, 7 —t,0_rw,v0)||> + (A4 62 = Bad) |Ju(r, T — t,0_rw,up)||?

+ [|Au(r, T —t,0_rw,u)||* + ]\ZI'(HVu(T7 T —1,0_rw,up)|?)
+ 2ﬁ(m, u(r, T —t,0_;w, uo))

<(llvoll® + (A + 6% = Bad)l[uoll> + | Auo > + M (|| Vuol|)
+ Zf'(x, uo))62 JT7" els—mw)ds
do [ @I (1 gl o) + el ds, (4.17)
T—t
then
o(T, 7 —t,0_rw,v0)||* + (A + 6% = B2d) |Ju(r, T — t,0_rw,up)||?

+ [[Au(r, T —t,0_rw,up)||* + M(HVu(T, T —t,0_rw,uo)|?)
+ Qf(x, w(r, T —t,0_;w, uo))
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<(l[voll? + (A + 62 = B28) o I* + | Auol® + M ([[Vuo||?) + 2F (, ug)) e>Jo " el)s

0 g
+ c/ e2 /o Q(T"*’)d”(l +11g(, s+ 7)|1* + |e]|2(Osw)]) ds. (4.18)
—t

Since |z(0;w)| is stationary and ergodic, from (3.5) and the ergodic theorem we can
get

1 /0 1
1imf/ z(Orw)|dr = E(|z(0,w)|) = —, 4.19
Jim 3 [ a6l = B(=(00) = <= (4.19)
tim [ 26,0 = B(=(6,0)) = 2 (4.20)
m - = = —. .
Jim 42 w)|dr 2(0,w 55
By (4.19)-(4.20), there exists T3 (w) > 0 such that for all t > T3 (w),
0|(0 )|dr < 2 t 0|(0 )|?d <1t (4.21)
2(0,w)ldr < — t, z(0,w)|7dr < = t. .
—t \/71'6 —t 6
Next we show that for any s < —T)
leOS o(r,w)dr < €75, (422)
By using the two inequalities in (4.21), we have
s 1
[ o= mllla 0l =22 (G210 +ulelz(0r) | ar
0
271 1,1 2
>0s8 — |e s — —&° < + El——=|s
2
= %525 ~ 75 [1372 + 1] lels + os. (4.23)

In order to have the inequality in (4.22) valid, we need

s 1 o
[ o= 0] = 22 (G210 + ulelz(0) | ar < G
0

Since s < —T1, then it requires that

Y2 o 2 g
—= — - —<0.
25 ° + m[%ﬂz + 71] lel 5
Solving this quadratic inequality, € needs to satisfy (4.21) as we have assumed in
Assumption II.

Since |z(6;w)| is tempered, by (2.12) and (4.22), we see that the following integral
is convergent,

0
R%(T, w) = c/ 2o Q(T"")d’"(l +lg(-ys + 7')”2 + |5||z(05w)|)d5. (4.24)

— 00

Note that (2.5) implies

/’ F(a,uo)dz < c(1+ Juol® + lluo 5. (4.25)
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Since D € D and (ug,vp) € D(7 — t,0_4w), for all t > Ty, we get from (2.7) and
(4.24)-(4.25) that

(lwoll® + (A + 6 = B26)[|uoll* + || Aug||* + M (|| Vuo|?)
+2F (z,u0) e 2 [y " e(sw)ds
<ce™ (14 Jlvoll® + lluolF2 + [luoll =)
<ce™ " (1+ | D(1 = t,0_w)||* + | D(1 = t,0_w)[|"*') =0, as t — +oo. (4.26)

From (4.1), (4.18), (4.24) and (4.26), there exists Tp = T(7,w, D) > T; such for all
that t > Ty,

1Y (7,7 = t,0_rw, Yo(0_rw)) [T < c(1 + R3(,w)).
O
Similar to the proof of Lemma 4.1, we have the following result:

Lemma 4.2. Under Assumptions 1 and 11, for every 7 € Riw € Q, D = {D(1,w) :
T € Rw e Q} € D, there exists T = T(r,w, D) > 0 such that for allt > T, s €
[—t,0], the solution of problem (3.6)-(3.8) satisfies

HY(T + S5, T — tv G—va D(T - t» 0—tw))H2E § M + R3(7_a w)e2fso g(r,w)dr’
where (ug,v9) € D(T—1t,0_w), M is a positive constant independent of T,w, D and
g, and Rs(T,w) is a specific random variable.

Lemma 4.3. Under Assumptions I and 11, for every 7 € Ryw € Q, D = {D(7,w) :
T € Ryw € Q} € D, there exists T = T(1,w,D) > 0 such that for all t > T the
solution of problem (3.6)-(3.8) satisfies

|ATY (1,7 — ,6_,w, D(T — t,6_w))||% < Ra(r,w),
and Ry(7,w) is given by

R4(T, w)

=R2(1,w) + ce (|| ATvo|? + [[ATuo||® + | ATuo||? + M (||Vuo|?) | A2 uo |?),
(4.27)

where (ug,vo) € D(T —t,0_1w), ¢ is a positive constant independent of T,w, D and
€, and Rs(t,w) is a specific random variable.

Proof. Taking the inner product of (3.7) with A2v in L2(R™), we find that

S IARIP = (5~ ex(Ba)) [ Aol + (A 4+ 67) (o, A¥o) + (Au, Ad0)

— (M(|Vul®)Au, A20) + (f(z,u), A% v)

—e2(0,w) (36 — e2(B,w)) (u, AZv) — (h(v + cuz(fw) — du), AZv) + (g(x,t), AZv).

Similar to the proof of 4.1, we have the following estimates:

— <h(v + cuz(Ow) — du), A%)
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- (h(v + cuz(Buw) — du) — h(0), A%)
= — <h’(19) (v + cuz(Buw) — 5u)7A§v)

< — By Adv|? — <h’(19) (cuz(f,w) — du), A%)

< — Bil| AT 0|2 + Balel|z(Brw) | | AT ul[[| AT v + B (9)5(u, A2 v),
W (9)5(u, AZv)
:h'(ﬁ)(S(u Azuy — ez(w)A%u) + 5A%u)
<6 - f—HA‘*uIIQ+/3262||A4u||2+526|€\| (Gw)|[|ATul?,
(u, A% )
=(u A%ut—sz(ﬁtw)A%u—i—éA%u)
1d 1
_gd—I\AWIIZ+5I\A4ull2 lel|2(Bew) ||| AT ul|?,
(Au,Afv)
:(Au Az, — EZ(Q[»W)A%U + 5A%u)
3
> SlARul? + gl - |ellz@) 4],
£2(0:0) (36 — 2(0iw)) (u, A20) + Bale||2(Buw) ||| AT ul|| ATo]|
(30e2(Biw) — £22%(0,w)) (u, A20) + Bale||2(0uw)||| A% ul|| AT ]|
< (36el|2(0iw)| + €% 2(0iw) P | AT ull || AT ]| + Bale]|2(Brw) [ AT ul[[| A% v

(9. 4%v) < |lglhllA%o]l < [lg]7 +

- (f(
a 1 a 1 1
=— — - Atvdr — — <Ay - ATod
/Rn p (z,u) vdx / f(z,u) u vdx

)
=( (30 + Ba)lel|2(Bw)| + *[2(B1w))| )||Aiu|||AiU||

(3 + Ba)lel|=(6u)]| + is%(ew) (1A% ul® + [ ATo]%),
,6’1

1
2
||A“U||2
m,u),A%v)

n OU
< [ sl atoidr + 5 [ 4t 1ablde

R

S/ Ina| - |AToldz + 8 | |ATu|-|ATo|de
R™ R”

<[nallll ATl + Bl A ul|[| AT o]
8? b2 s
25(X + 0% — B30) | Aol +
— (M(||Vul|?)Au, A2v)

<cpp + (5 + <A+62 Bad)|| A ul|?,

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)
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_1d
T 2dt

— (M(|Vul?)Au, —e2(0,w) Az w).
From (2.7) and 4.1, there exists Cy > 0, such that

M'(||Vul?*) < Co, YV t>0.
Consequently,
M (| Vu]?)(Vu, Vag) - | A2 ul?
<CollAzul?|| A% ul|(|A%v|| + 8| AT ull + |e] - |2(6iw)| | AT ul)

B1—10

4

<

AT v||? + ¢|2(6,w)] + c.

Substituting (4.29)-(4.37) into (4.28) to obtain

1d
2dt

(M([|Vul®)|AZu|?) + M (|| Vul?)[|AZu|? — M'([|Va|?)(Vu, Vi) - [|AZu])?

(4.36)

(4.37)

(14Tl + (A + 6> = Bo0) [ AT ul|* + | ATul® + M(|Vul*)| A2 ul|)

1 1 3 1
+ o (ATl + (A + 6% = Bo8) | ATul|* + At ul* + M(|Vul]*)| A2 ul?)

1 1 1 1
<009+ Blella(0)] + 5210 ) (143 + Aol

+ el|2(0ew)| (JJAT V)12 + (A + 62 + Bod) || ATul|® + [[ATu|?)

(4.38)

+e(1+ llgllf + [2(0w)]).
Then
1d i 5 .
M(HMHQ + (A 402 = Bad) | ATl + || A ul® + M(|Vul®)| AZul?)
1
— [0~ lellz(B:0)] =72 (5% (0 + valel|(6:0)])]

x (J[AT0]1% + (A + 6% — B26) | ATu|® + ATl
+ M|Vl )| AZu|?) + c(1 + |lg]|? + |2(6w)]).

Let us denote

1
01(r,w) = o — [el]2(0iw)] = 12(58°12(0i) [ + yale]|=(6u)]).

(4.39)

(4.40)

Using the Gronwall’s inequality to integrate (4.39) over (7 —¢,7) with ¢ > 0, we get

|ATv(r, 7 — t,w,v0)||2 + (A + 62 — Ba8) || ATu(r, T — t,w, uo) ||
AT u(r, 7 — t,w,uo)[|? + M(||Vul|?)| A% ul®

<(|A% w12 + (A + 62 — Ba6) || A% o) + || Ao )?
o+ M (| Vug|[*) | A g |?)e? I er(os

N C/ 27 err@)dr (1 4 (- 8)|12 + |2(05w) ) ds.
T—t

(4.41)
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Replacing w by 0_,w in (4.41), for every t € RT, 7 € R, and w € Q,
|AT (T, T — t,0_rw, )| + (A + 6% — B28) [ ATu(r, T — t,0_rw, uo) >
+ A u(r, T — t, 0w, ug)|?
+ M(|Vu(r, 7 —t,0_,w, u0)|\2)||A%u(T, T—1t,0_rw, uo)H2
< (AT w01 + (A + 62 — Bad) || AT w2
+ | AT ug||? + M(|[Vuol|?) | AZ ug||2)e2 /7" ex(s=mw)ds
o[ @LeTmOr (g gl )l + [+(6-rw)ds, (4.42)
T—1
then
|ATv(r, 7 — t,0_rw,v0) || + (A + 6% — Ba8) || ATu(r, T — t,0_rw, ug)||
T | AT u(r, T — t,0_rw,uo)|?
+ M(|Vulr, 7 — t,0_ 0, uo)|?) | A2 u(r, T — t,0_rw, up) |
<(|A%vo]|? + (A + 82 — Bad) || ATuo||? + | Ao
+ M(||VU0H2)||A%UOH2)€2 fO*‘ 01 (s,w)ds

0
bo [ @B gls 4 DI +12(6.0) s, (4.43)

—t
Next we show that for any s < —T7
62 Iy e1(rw)dr < %5, (444)

In fact, using the two inequalities in (4.21), we have

s 1
[ o = el = Gt + k.0 | ar
0
2 . [1521 L]S
vV %5 Vv
= — —c“85 — 7[’}/4’}/2 —+ 1]|E|S+(5S

>os — e + Yale]

In order to have the inequality in (4.44) valid, we need

s 1 o
[ o= ellt001 - G100 + el | ar < 5.
0
Since s < —T7, then it requires that

Y2 2 2 o
P2y 2 1lel- 2 <o.
2° +\/ﬁh‘m+ Jlel = 5 <0

Solving this quadratic inequality, € needs to satisfy (2.11).
By (2.12) and (4.44), we see that the following integral is convergent,

0
R¥(r,w) = ¢ / I a1 g5 )2 4 2(0uw))ds.  (4.45)



Dynamics of kirchhoff type plate equations 1161

For all ¢t > Ty, we get from (4.44) that
(AT wp]12 + (A + 8% — Bad)[| ATugl|? + || AT o[
+ M (|| Vuo||?) | A2 ug|[?)e2 o " e1(sw)ds
<ce (|| AT + | ATuol|? + [ AT uo||® + M(||Vuo?)[|AZuo|?). (4.46)

From (4.1), (4.43), (4.45) and (4.46), there exists Ty = Tu(7,w, D) > T; such for all
that t > Ty,

IATY (1,7 — £, 0w, Yo (0_,w)) | %
<R (7,w) + ce (|| AT | + AT uo||? + [ AT uo|? + M(||Vuol®) || AZ uol|?).

O

Lemma 4.4. Under Assumptions 1 and 11, for everyn > 0,7 € Riw € Q, D =
{D(r,w) : 7 € R,w € Q} € D, there exists T =T (r,w,D,n) > 0,K = K(1,w,n) >
1 such that for allt > T, k > K, the solution of problem (3.6)-(3.8) satisfies

Y (7,7 —t,0_rw,D(T —t, H_tw))HQE(Rn\Bk) <, (4.47)

where for k > 1, By = {x € R" : |z| < k} and R™ \ By, is the complement of By,.

Proof. Choose a smooth function p, such that 0 < p <1 for s € R, and

0, if 0<|s| <1,
p(s) = (4.48)
1, if |s|>2,

)

and there exist constants p1, o, ps, pa such that [p'(s)| < pi, |p”(s)| < pa, [0 (s)]

< pz, |p""(s)| < pq for s € R. Taking the inner product of (3.7) with p(li—f)v in
L?(R™), we obtain

|z

Pl Pdr — (5 — e2(0w)) / s

J/?

+ (A +6?) /]Rn p(ﬁ)uvdx—&—/ﬂ{n(flu)p(%)vdm

ld
2dt Jon

[ v swae + [ o s e
R K R K 7
=e2(0w) (30 — e2(6sw)) / p(%)uvdm
_ /Rn p(%)(h(v + euz(biw) — du)vdx +/ p(%)g(m,t)vdw. (4.49)

n

Similar to (4.5), we have

212
_ / p(%)(h(v + euz(brw) — du)vde
R'ﬂ

=— / P(%)(h(v + euz(0w) — du) — h(0))vdx
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2 2
o [ p<ﬂ)|v|2da:+h'w>6 [ o s

+ Balel|(610) |/ B ol de. (4.50)

Taking (4.50) into (4.49), we have

1d z|?
5%/]1%" p(|k|2 YoPde — (6 — e2(Biw) — / |v|2dx

|z

+(>\+527h’(19)5)/wﬂ( = )uvdH/ (Au)p (| ‘ Jude
[ o) dwee s [ o2 o

|

<ez(6iw)(36 — 82(9tw))/ p(%)uvdm + /Rn p(%)g(axt)vdw

+ Bale||z(0yw) |/ |u||v|dx (4.51)

Next, we estimate some terms in (4.51).
]

(A + 6% — 1/ (9)9) /n p(— 12 Juvdx

lz|?.  du

=(A+ 0% — 1 (0)5) /]R p(?)u( = + 0u — euz(yw)) dx

=(A+ 6% — W (9)J) / p( |;z|2 )<; iuQ + (6 — sz(Gtw))uQ)dx

S04 8% — 55)(2dt/ (‘“""'2 |dm+6/ |u|da:>

— (A4 62 — Bad)el|2(6iw) |/ 21 w2 de, (4.52)

Jaf2
(Au)p( Ty Joda

(Au)p (@2 )(% + ou — euz(fyw))dx

I

(A2u)p( |i‘2 )(E + 0u — ez(w)u)dx

:/W(Au)A(p(lif)(dt + du — ez(Orw)u ))dm

B o2, 422, |z*.  du
—/Rn(Au)<(k o (== 12 )—&—ﬁp (F))(E—kéu—sz(ﬁtw) u)
2x| , |x]? du |2 du

+2- ﬁp( 12 )v(dt + du — ez(Bw)u) + p(—- 12 )A(E—i—éu—ez(etw) )>da:

201 4psx? 4/1 x
s [ B e [ T @
k<z<v2k k<az<v2k

—i—li (W)Au|2dx+(5/ (@)|Au|2dﬂc—£z(9 w)/ (=
2dt Jou P R2 e PV k2 ) P
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> [ H(Q‘”k#nmu)vux - [ A

2dt
S M +4M2
- k2

2
)\Au| dx+(5/ kl)|Au|2dx—€z(9tw)/R p(%)|Au|2daz
4\[/11

d x
(I3ul? + ) = 2 a0l + 55 [ o 8w

wo [ oy A — cx0) [ o) Aupd
,0 k2 ez\biw Rn’p 2 u X

> %%ﬂm 17+ lloll®) - M’“(HA 17+ 1Vol?)
d 2 2
g [ AR = (el - ) [ oliiauPa, (4.53)
[ oo vu) duve
Rn
/ M(||Vul?) (m — Vudx—/ M(||[Vul|?)p ‘ |22)V0Vudm
<E (ol + 0] + | Vu? ) (4.54)
jaf?
[ o weds
Rn
= [ oDy s i (G 4 b0 - ce0a
= Rnp k2 T, U dt U ez\biw)u)axr
d 2 2
=a |.. (‘2'2) F(z,u)dz + 6 . (|k|2 ) f(x, w)udx
2
—62(0tw)/n p(|:]z|2 ) (2, u)udz. (4.55)

By (2.2), we get

le2

| ? |z[2

n

o )¢a(x)dx.  (4.56)

On the other hand, by (2.1) and (2.3),

j?

e2(01w) / p(%)f(m wyuda

<clel|z(0:w) |/ F(z,u)dz + cle||z(6w) |/ )|u|2dac
‘l"| 2
+ clef|2(61w) | )(|@1]” + |¢a])dz (4.57)
Similar to (4.9) and (4.10) in Lemma 4.1, we get
|z jz/?
2(0)(3 — e2(0)) | o yuvde + Bolel=0) | p(ZD) ol
n R'ﬂ

<5036+ Blel(01) + %10 [ o) uf? + of?)d (4.58)
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s 2
el S

| ot ute <c [ oElgte o

(4.59)
Assemble together (4.51)-(4.59) to obtain
1d @ 2 2 2 2
531 | PR (o + O 82 = Bab)af® + |AuP) + 2P @.)) o
wo [ o 1ol 4 (48— sl + 1A+ bes [ p(EE )P, upda
e DU R 2 2 Jon PR

<2 (1Al + o + [Vol?)

el p<@>\g<x7t>|2dx+c|a||z<etw>| | P

+ cle||z(Brw) |/ k:2 |u| dx
|z

+ellle) [ oo+ toshde+ e [ D youtir
Jef?

+ le||z(0ww) |/ |k ([v]* + (A4 0% + Bad)|ul® + |Aul*) dz + cle]| - |2(Ow)].
(4.60)
Since that ¢; € L?(R"), ¢2, ¢3 € LY(R™), for given n > 0, there exists Ky =
Koy(n) > 1 such that for all k> Ky,
@ 2 d
¢l p( 2 Y117 + |d2] + [¢a])dz
— @ 2 d
[ Ty 61 + 6]+ fou)ae
|z|>k

<c / (611% + 2] + |63])da
|z| >k

<. (4.61)
We conclude from (4.15) and (4.60) that

1d |37| 2 2 2 2
st |, (k2 J([v]? + (A4 6% = B2d)|ul® + |Aul? 4+ 2F (z, u))dx

2
< —o(t,w) /]Rn p(%)(\v\g + (A + 6% = Bod)|ul® + |Aul? + 2F (z,u) ) dz
f 2 2 @ 2
+ 2 (1Auf + o” + [Vu]?) + (S )lg(, D) da + (1 + |e||=(6:w)])-
R'n/
(4.62)

Integrating (4.62) over (1 —t,7) for t € R* and 7 € R, we get
2

/ p(%)(h}(ﬂ T—tw, vo)|2 + AN+ 0% = Bod)|u(r, T — t,w, u0)|2)dac
R’!L
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2
+ / p(%) <|Au(7',7' —t,w,u0)* + M(||Vu(r, ™ — t,w, uo)||?)
Rn

+ 2F (@, u(r, 7 — t,w, uo))) dz
2

r—t T
<e2J7 " elnw)dp / p(%)(\vop (A + 6% — B26)|uo|?) dz
Rn

+e2f:“g(u,w>d“/R p(|9;z| )<|Auo|2+M(||Vuo| )+2F(x’u°)>d$
B 2

+c/ egffg(”"“)d“/ (| E ) g(a, o) Pdsdo
T—t

N 77/ Q208 Q(#,w)d,u(l + le]|2(Bsw)]) ds
T—t

c [T s
+ %/ e 7 e Db (| Au(s, T — t,w,u0)[* + [0(s, 7 — t,w,v0)
T—1

+|Vu(s, T — t,w,vp)|?)ds. (4.63)
Replacing w by 6_,w in (4.63), we obtain, for every t € RT, 7 € R, and w € Q,

2
x
/Rn p(|k—|2) (|U(T, T—t0_,w, 110)|2 + A+ 5% — Bad)|u(r, T —t,0_rw, u0)|2)dm

2
+ / ( ‘zL ) <Au(7’, T —t,0_,w,u0)|?) + 2F(5177 u(r, 7 —t,0_;w, uO)))‘iz

|z

—t 2
<27 Q(#*T,w)d#/ P(?L)(WO‘Q + (A + 6% — Ba2d)|uo|?)dz
]R’n

|z

4+ 2 ST elp=rw)dn / P e ) (Auo|2 + 2F(J; uo)>da:
- , 2
n C/ 62 I g(;LfT,w)dll/ (‘ | )|g(,7; S)| dsdx
T—t

+n/ e2 7 eln=r@)dir (1 1 || |2(0,_,w)|)ds
T—t

4 Togqs
n %/ 2 7 elu=rdin (| Au(s, 7 — t, 0w, up)||?
T—1

+ [[o(s, 7 — t,0_rw,v9)||*)ds
24/2 T s
+ % / leT g(“_TW)d“(HAU(&T —t, H,Tw,uo)HQ
T—1
+ [IVu(s, 7 = t,0_rw,v0)||?)ds

<e s a4+ (367 = ) ol + | Suol? + 2F (e, 00) )
0
H/ ezfosgm,w)du/ (| 21 5 4+ 1) Pdsde
—t

0
b [ e (14 20,0
—t
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+ % / e2Ir Q(“fT"")d“(||Au(s,7' —t,0_,w,uo)||* + [[v(s, T —t,0_rw,v)|?
T—1
+|[Vo(s, 7 — t,0_,w, v0)|*)ds. (4.64)

Similar to (4.26), for an arbitrarily given n > 0, there exists T = T'(7,w, D, n) such
that for all t > T,

€2f071/ g(“7w)dM (||'U()2 —+ ()\ + 52 — ﬂ25)||u0H2 —+ HA’U,()Hz + 2?(%,1140))61.% S n.
(4.65)

By Lemma 4.1 and Lemma 4.3, for all ¢ > max{Ts, T4},

% / e2 )7 9(“_7’“’)d“(||Au(s,T —t,0_ w,u)|* + |Jv(s, T —t, 977w7v0)||2)ds
T—1

+ |[Vo(s, 7 — t,0_rw,v0)||*)ds
<n(R}(r,w) + R2(1,w)). (4.66)

By (4.22), we get

0 2 [ o(p,w)dp |.’L'|2 2
2l i [ o By 0 oy o) dsda

-y
§/ 2l Q(,U«WJ)dN/ g(z, s + 7)|2dsdz
lz|>k

— 00

0
—|—/ e2lo 9(“"")61”/ lg(z, s+ 7)|*dsdx
|| >k

-T

1
-1 _ 0
S/ e‘”/ lg(z, s + 7)*dsdx + e° / egs/ lg(z, s + 7)|*dsdx,
—0o0 |z|>k -1 |z|>k
(4.67)

where ¢* > 0 is a random variable independent of 7 € R and D € D, i.e.

c* :<; +le| max  |z(0,w)]|

—T1<p<0
1, 2
oyt 0,0 + ] [20,)) )T

Therefore, by (2.13) there exists Ka(7,w) > K; such that for all kK > Ks, we obtain

0 2 [ o(p,w)d |z 2
c e Jo elwiap p(=)|g(z, s + 7)|*dsdz
R"n,

e k2

0
§ec/ e”/ lg(x, s+ 7)|*dsdx

—o0 lz| >k
<n. (4.68)

Let
0 S

Re(1,w) = / e Jo el)dr (1 4 |e]|2(0,w)|)ds, (4.69)
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by (4.22), we know that the integral of (4.69) is convergent.
Together with (4.64)-(4.69), we have

2
xr
/n ,0(‘k—|2)(|v(7'7 T—t0_,w, v0)|2 + A+ 52— Bad)|u(r, T —t,0_rw, u0)|2)dx
2
4 [ o180t — 100, u0) )+ 2F 07 = 1,00, )
RTI,
<2n(1 + Ri(r,w) + R2(T,w) + Re(T,w)). (4.70)

It follows from (2.8), (4.25) and (4.70) that there exists K3 = K5(7,w) > Ka, such
for all k Z Kg, t Z maX{Tg, T4},

2
/ oy o7 — 1,0 00,00)
l|>vak K

+ A+ 0% = Bad)|ulT, T — t,0_rw,up)|?)dx

2
x
+ [ oD autr - 0w o) Pia

<3n(1+ R3(1,w) + R2(7,w) + Re(7,w)),

which implies (4.47). O
We now derive uniform estimates of solutions in bounded domains. Let p=1—p
with p given by (4.48). Fix k > 1, and set
T 2
U(t, T,W, UO) = P(%)u(t T, W, UO),
(4.71)

B(t, 7w, 5) = PR )u(t, 7w, v0).

By (3.6)-(3.8) we find that & and U satisfy the following system in Boy, = {z € R":
|z < 2k}:

fiit‘ — 54 ez (Ow) — o0, (4.72)
d@ o~ 2 o~ 2 ~ -~ |1:|2
i 0+ (6% + A+ A)u — M(||Vu||*) AT + p(ﬁ)f(x,u)
- |z[? _z]? o gcm o
:p(ﬁ)g(a:, t) — p(?)h(v + euz(Byw) — du) — (v — 30U + etz (w))z(6w)
=]? _f? |=]? 2o |7]?
+ 4AV,0(?)VU + 6Ap(?)Au + 4Vp(ﬁ)AVu + uA p(?), (4.73)
with boundary conditions
u=0v=0 for z € OBy (4.74)

Let {e,}5%, be an orthonormal basis of L?(Byy) such that Ae, = A\, e, with zero
boundary condition in Bo. Given n, let X,, = span{ey,--- ,e,}and P, : L?(Bas,) —
X,, be the projection operator.

Lemma 4.5. Under Assumptions 1 and 11, for everyn > 0,7 € R,w € Q, D =
{D(1,w) : 7 € R,w € Q} € D, there exists T = T(1,w,D,n) >0, K = K(r,w,n) >
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1 and N = N(1,w,n) > 1 such that for allt > T, k > K and n > N, the solution
of problem (4.72)-(4.74) satisfies

(I—-P,)Y(r,7 —t,0_;w,D(T —t, H_Tw))HQE(BZk) <.

Proof. Let Uy, = Ppl, Up2 = (I—Py)u, Up1 = Py0, Up2 = (I—P,)v. Applying
I — P, to (4.74), we obtain

Upo = diin.3

n,2 — dt

e2(0:w) i . (4.75)

Then applying I — P, to (4.73) and taking the inner product with 9y, » in L?*(Bay),

we have
1d
2.dt

— (M([[Vul*) A2, 00 2) + (I = Pa)p(—5

(1 - Pl

— T 2l? = (6 = e2(0:0))l[Tn 2ll” + (A + 6% + A) (Gin, 2, Tn,2)

|z

]{,‘2 )f(m,u),ﬁmg)

)g(x,t),Vn2) + £2(0w) (30 — €2(01w)) (Un,2, Un,2)

— ) (h(v + ez(Byw) — du), Uy 2)

|z |

2
5 JAVu + uAZA( ]

—VquGA( 12

) Au 44V ( )s Un,2)-

(4.76)
Next, we estimate some terms of (4.76).

(an,% i)\n 2)

~ dun 2
:(un727 di

1 d 4q
_2 dt
(Aun,27an,2)

+ (5un 2 — (Gtw)ﬂmg)

+ 021 = lell2(O) | n 21, (4.77)

-+ 5Un 2 — 62(0150.})@\”72))

23 dfllAun o[ + 01| ATt 2|1* — [ell2(Oee) [ Atin 21, (4.78)
j/?

((I P) ( kz )f(x’u)vb\nﬂ)

|z[? diuns = o .
=((T = PR ) 1 (0,0), T2 4 5100 — 22(0,)n,2)

— 41— P ), ) — (1 = PO 0w )
dt kQ ) n,2 kQ u ) ty Un,2

|z
k2

— (I = Pp)p(—5)(h(v+ez(bw) — du),Up 2)

+ (6 = ez(0:w))((I = Po)p(557) f (2, 1), Un,2), (4.79)

= — (I = P)p( ) (h(v 4 e2(01) — 8u) = h(0), By2)
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BBl + (05 25 2) + Balel|(Beo) [T 2 [Pl (4:80)
ez(fyw) (30 — 62(9tw))(an,27 Un,2) + Balel|2(6w) | |tn 2| [|Un 2|
=(30e2(0iw) — €222 (01w)) (Un,2, Un.2) + Balel|2(0w)] |0
<(33lel|2(w)| + £2|2(0s0) [P [En 2l |Tn 2| + Balel|2(@ew)|[[dn,2[|[Tn,2
((36 + Ba2) el |2(0w)| + £2|2(010) [*) [[TEn, 2l [T 2|
<(

1 1 ~ ~
L 36+ B2 ell=(0)] + S (O i o + [, (1.81)
(@2 <'x'22>g<x7t>,an,2>
k
5 xf?
0= PG gt ) P (1.52)
2
X ~
(4AV ('kL) Vu + 6A (‘kL) Au + 4V ('kL) AVu + uA? (|k|2 ), Bn2)
12|z, |z|? 8lz|? . x|? 2, |z|?
—(awu - (B0 S ) s (BT
4z __, |z 8|z 2 12_,, |z 4822 _,, |z|?
A5+ S avu (BT a2 B B 2
16',1; ~ 1" ‘ml

4 X5 5,0

_16v2(3p2 + 4pis)
< =

8[#1

12(pq + 4p2)
k?
4(3p1g + 243 + 16414)
i [lull -
4(12p1 + 48#2)
(81— 5)

IVl - [[on,2]| + [Aul] - [[on o

1Tl - B2 +
8(48H2 + 64pu3)?
S—
(B1 — 6)kO
4(12p9 + 9613 + 64#4) || H2

(B — 0)k®
2

. ~ Pi—d,
— (M| Vul) AT 2,502) 2 —mnAun,QHQ - Pl @8y

Assemble together (4.76)-(4.84) to obtain

1d
2.dt

IVull* + | Aulf* +

512 3
ﬁnA ]

6A

(4.83)

— Tn2l? + (A + 6% = B20) [ 2]* + Aty 2|

|z

21— P ), )]+ (6 [elle0) )12l
CE2
O+ 82— B0l 4 Aol + (T~ PR ) 1), )

1 1 _ _
<(5(38 + B2 + 4B20) el |2(w)| + §€2|Z(9tw)l2)(|\vn,2||2 + [tn,2|%)
2 A0+ 64/13)* 2(12411 + 48y12)*
Bi—0 6 =

2(12u2 + 963 + 64#4)2
+ L Jull + 21— PG

30 — B 5
2 )

256u1

IVul* + 1Au]* + | A% ul”
j?

)9 O))

||2

+ +((I P) ( 2 )f'[;,(x7u)utuan,2)+

2 ~
m||Aun,2H2~
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It follows that
d ~
& 1Bl + 2 - a0l

18T, 2l 4+ 2((7 = PR 0,0, 500)|

<2 = 5+ [ell=0)] + 10 (5(30 + Ba-+ 48D l|:0)| + 3e21=(0)P) )

x [nmn? A48 Bod) [

|z

+ ||A’L/ln72||2 + 2((I Pn) ( k2 )f(z7u)va”72):|

2(1241 + 48412)?

4 [A(48p2 + 64p3) 2 2
\Y A
gy (R e 22Ty
256u s 2(12415 + 96413 + 64414)?
+ 2000 a4 o Jul?
of? of?

+ 310 = PG

ot )12 +2((1 = PR e w1 )
28 = ell(Bu)] ~ 12 (5(30-+ B2 + 4820)el(00)] + 3201 P) )

x|? . 2 ~
< (1= PP ) 00) ) + | ATl

<~ 20(r.w) [uan,z? A+ = Bad) a2 + | AT
o7 - Pl >f<x,u>,an,z)} +2[5+o<m+w1>|s||z<0tw>]

x [n@n,zn? (A 8% — Bad)finall?

2
‘r ~

+ IIAun2||2] +2((I - Py)p (|k|2 ) fo (@, w)ug, T2 )

4 4(481 + 64p3)> 5 2(12p1 + 48u2)? 2 256#1 -

—A Al
+515( kG IVl + A [Aul]” + [ A%l
2(12p9 + 9643 + 64p14)? 1 |z|?

SRl + G = P (3 ot 0) P

|z

wato = 50)- (1= PR ) 0z) 4] = Tellz(0)

3 (5150 + 190+ 40 )00 )

jz/?

< (0= PopEE 100,502 ) (1.85)
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Let 6 = 4(3_&)) Since 1 < v < Z—fi, we find that 0 < @ < 1. Then by (2.1) and

interpolation inequalities, the last term on the right hand of (4.85) is bounded by

4 [ - %|6||z(9tw) - %2 (;Eaz(etw)p + (%(35 ¥ Bo + 4520 + 4)|5||z(9tw)|))]

(= PORCEE) a0,z )

IN

<ct+1:0)) e [ A P alte+ [ 5D 0@ l]
<c(1+ 12(0:w)?) (ea|lull2 +1||un2||’y+1 + [|o1 ][, 2]l)
<e(1+2(8w) ) ( A b AT 2)

( )

o1+ 2(0) P [ Th AT ol (ARl +||¢1||>)}

1
<50 — o)l AU, 2l|? + Ay (L4 [2(00w) ¥ + X ull o ) (4.86)

Similarly we have

j/?

(o = 30) (1 = PORCED) e, B2 )
Sé( _U)HAU’VI?I|2+C/\n+1( +/\0+1”uHH?(R")) (4.87)

On the other hand, by (2.4), using Hélder inequality and Young’s inequality, we
obtain

|z

I ST ST

1
<50 = AT + ey [lu]®
1
<50 = AT |* + ey ([[ull® + Il + llul* + |2(0w)[). (4.88)
Then by (4.85)-(4.88), we obtain

O+ 8 = 530)[Tnall? + | AT
2
+2(( = PRI ), )
<~ 20(r,)[[Fall® + O+ 8 = B20)[ > + | AT o]

j?

+2( = Ba)p(75) f (2, w), tn.2)]
C C
+ A [LH 01" + A+ A )l ey + 12000)] ] + 5 Vull* + 7l Au]®

F oAbl Sl + el — P (U g ) 12 (1.50)

d
dt

Note that A, = oo when n — oco. Therefore, given n > 0, by Lemma 4.1 and 4.3,
we know there exist Ny = Ny(n) > 1 and K4 = K4(n) > 1 such for all n > N; and
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k2K47

77 [[Bn2ll” + (A + 6% = B20) [ 2|

x ~
|]€|2 )f(xau)vun,2)
< = 20(7, ){[[Pn 2|* + (A + 6% — B26) [ 2|

21~ P £, ), )

+ | Alin 2| +2((I — Po)p(

(1 ol By + 120 ™) + €l = P (g 0) 2. (2.90)

Integrating (4.90) over (7 —t,7) with t > 0, we get for all n > Ny and k > Ky,
[n2(7, 7 = £, ) * + (A + 6% = B20) [t 2 (7, 7 — t,w)||> + || Al 2 (7, 7 — 1, 0) ||
2
#2(( = PaUE o (o — ) )

<ee [T ) (1 g |2 + [luol| 32y )

+ 77/ 27 9(“’“)d“(\|u(s,7' — t,w,uo)H}frz(Rn) + |lv(s, T — t,w,v0)||18)ds
T—1

+ ,7/ 2 )2 9(/«w)du(1 + \z(@sw)|18)ds
T—1

T . " L 2
ve [0 @ ) (gt ) s

Replacing w by #_,w in the above we obtain, for every t € RT, 7 € R, w € 0,
n > Ny and k > Ky,

On2(7, T — t,0_r)||* + (A + 6% — Bad)||[Un 2 (7, T — t,0_,w)||?

ik )f (@ w), T 2 (7, 7 — 1, H_Tw))

8Tl 7 = 16|+ 2( (1 - PR

gcle:_t Q(“_T’w)d“(l + [Jvol + ||“0||¥1t}w))
T
M/ e2 7 emm @i (s, 7 — t,0_rw, u0) | 12 )
T—1
+ (s, T = t,0_rw,v0)||*®)ds

+ 77/ e2 )7 e(p—rw)dp (1 + |Z(93_7—w)|18)d8
T—1

wo [ esarony @ g (e, ) P

<ce? Jo " e (1 4 g |2 + o B gy

0
+77/ €2 I b (|l 47,7 — 1,000, u0) || Ke )
—t

0
+ (s + 7,7 =, 0_rw, v0)[|*¥)ds + 1 / e o el)din(q 4 |2(0,w)|"®)ds
—t
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0 2
b [t a1 P (T g s 4+ ) s (4.91)
—t

We now estimate every term on the right-hand side of (4.91), we find that there
exists T = T(7,w, D,n) > 0 such for all ¢t > T,
ce? Jo e (1 g2 4 o375 (gny) < 1 (4.92)

For the second term on the right-hand side of (4.91), by Lemma 4.2 we have

0
77/ e Jo eb)di (|l (s 477 —t,0_,w, o) || iz ()
—t

+ Ju(s + 7,7 —t,0_;w, ,UO)”18)dS
’ 0
SnC/ 62 f(; Q(HWJ)des + nRg(T, w) / 6_16 fos g(ﬂvw)duds
—t

—t

0
§nc/ 2o elwwldngg 4 ERg(T, w), (4.93)
o 8o

where R3(7,w) is the random variable given in Lemma 4.2. Note that by (4.22) the
above integral is well defined, and so is the following one

0
/ e Jo el)di (1 4 |2(0,w)|*8)ds < oo (4.94)
—0o0

For the last term on the right-hand side of (4.91), by (2.13) and (4.22), since
g € L*(R"), there exists Ny = No(7,w,n) > Ny, such that for all n > Ny,

0 (,C2
/_ 215 (1 = ) (gl s+ ) s < . (4.95)

According to (4.91)-(4.95) we find that, for every 7 € R, w € Q, t > T, n> Ny
and k Z K4,

[On,2(T, 7 — ¢, 6‘,Tw)||2 + A+ 6% — B20) |t 2 (T, T — ¢, Q,TQJ)H2
2
AT (.7~ 10-) 2+ 20— PO f (w0, Balr 7~ .6_,)

SnR7(Ta w)v (496)

where R(7,w) is a positive random variable. The proof is completed by (2.1) and
(4.96). 0

5. Random attractors

In this section, we prove existence and uniqueness of D- pullback attractors for the
stochastic system (3.6)-(3.8). First we apply the Lemmas shown in Section 4 to
prove the asymptotic compactness of solutions of (3.6)-(3.8) in E.

Lemma 5.1. Under Assumptions 1 and 11, for every 7 € R, w € Q, the sequence of
weak solutions of (3.6)-(3.8), {Y (7,7 —tm, 0_rw, Yo(0_,, w))}55_1 has a convergent
subsequence in E whenever t,, — oo and Yy(0_i,,w) € D(T — ty,0_¢,,w) with
DeD.
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Proof. Let t,, — oo and Yp(0_;, w) € D(T —ty,0_,w) with D € D. By Lemma
4.1, there exists mq = m(7,w, D) > 0 such for all m > m;, we have

Y (7,7 = tm, 0—rw, Yo (0-¢,,0)) | < Ra(r,w). (5.1)

By Lemma 4.4, for every n > 0, there exist kg = ko(r,w,n) > 1 and my =
ma(7,w, D,n) > my such for all m > ma,

1Y (7,7 —t,0_rw, D(T —t, eftw))”?s(u&n\mo) <. (5.2)

By Lemma 4.5, there exist k; = ki (7,w,n) > ko and mg = m3(7,w, D,n) > mg and
ny = n1(7,w,n) > 0 such for all m > ms,

(I = P)Y (1,7 = t,6—r0, D(T = ,0_0)) | s,y < - (5.3)
Using (4.71) and (5.1), we get
|P.Y (1,7 — t,6_rw, D(1 —t, 0—))IB, payy,) < CroR1(T,0), (5.4)

which together with (5.3) implies that {Y (7,7 — t;,0_,w,Yo(0_4, w))} is pre-
2

compact in E(Bax, ). Note that ﬁ(‘%) = 1 for |z| < ky. Therefore, {Y(r,7 —
1

tm, 0_rw,Yy(0_t, w))} is precompact in E(By, ), which along with (5.2) shows the

precompactness of this sequence in F. O

Theorem 5.1. Under Assumptions 1 and 11, the random dynamical system ® gen-
erated by the stochastic plate equation (3.6)-(3.8) has a unique pullback D-attractor
A={A(T,w): 7 €R, we Q} €D in the space E.

Proof. This is an immediate consequence of Proposition 2.1, Lemma 4.1 and
Lemma 5.1. O
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