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THE FIRST THREE ORDER MELNIKOV
FUNCTIONS FOR GENERAL PIECEWISE
HAMILTONIAN SYSTEMS WITH A
NON-REGULAR SEPARATION LINE

Peixing Yang'' and Jiang Yu!

Abstract This paper focuses on the first three order Melnikov functions of
general planar piecewise Hamiltonian systems under the piecewise perturba-
tions with a non-regular separation line. By using the first three order Mel-
nikov functions, we obtain the exact upper bounds of the number of limit cycles
bifurcated from two different piecewise linear near-Hamiltonian systems.
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1. Introduction

In recent years, the qualitative theory of piecewise smooth systems has received a
large amount of attention due to its application in real life. The problem of the
number and distribution of limit cycles of piecewise smooth differential systems is
one of the important issues, which is closely related to the weak Hilbert’s 16th
problem. For a piecewise system, the separation line plays a significant role in
determining the number of limit cycles. Braga and Mello in [2] proposed that
“Given n € N, there is a piecewise linear system with two zones in the plane with
exactly n limit cycles.”

In the present paper, we would like to focus on the higher order Melnikov theory
for planar piecewise differential systems, which is one of the important tools to deal
with the weak Hilbert’s 16th problem aiming at finding more limit cycles. The algo-
rithm of higher order Melnikov functions for smooth differential systems is proposed
by Frangoise [7]. In recent decades, researchers extended the Melnikov theory into
the non-smooth case. But due to the complex calculations and iterations, there are
fewer articles related to higher order Melnikov functions. When the separation line
is a straight line, the authors in [15] derived the first order Melnikov function for
piecewise Hamiltonian systems, and [14, 18] gave the second order Melnikov func-
tion for piecewise Hamiltonian systems in different forms. When the separation line
is non-regular, we proposed in [19] the first and second order Melnikov functions
for piecewise Hamiltonian systems. Recently, [11] considered the third order Mel-
nikov function of a special piecewise Hamiltonian system and gave an application
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of the first and second order Melnikov functions. The authors in [4] also calculated
the higher order Melnikov functions of an elementary center under piecewise linear
perturbations. Some other papers also consider Melnikov or averaging functions for
different cases of piecewise differential systems, see references [1,3,6,8,12,13,16,17].
Inspired by the above articles, we derive the explicit formula of the first three
order Melnikov functions for the general piecewise Hamiltonian systems when the
separation line is formed by two semi-straight lines starting from the origin forming
an angle 6 € (0, 7]. And as applications, we consider the linear perturbations of two
concrete different piecewise linear systems where 6 € (0, ) and 6 = , respectively.
More specificly, we consider the perturbed system as follows,

dH + ew +EQOJ2+63(A)3 =0 (11)
where
H* (2, y), (z,y) € X7,
H({Z}, y) -
H™(z,y), (z,y) €X7,
and

L _ Jei =@ y)dy — g (@, y)da, (2, y) €TV,

wi =p; (2, y)dy — q; (z, y)d, (v, y) €,

with H*(z, y), p(z, y), ¢F (=, y), i = 1,2, 3 being polynomials of degree n in
2 and y. YT are the sectors separated by the two semi-straight lines, and %+
corresponds to the angle 6 € (0, w]. Without loss of generality, the separation lines
are denoted by y = kox and y = kyz. The unperturbed system (1.1) with e = 0 is
a piecewise Hamiltonian system.

AY y = kox
5= a =
0 T
-
l +
' Lh‘r
B
B,
B
y=kx

Figure 1. The perturbed system (1.1).

Assume that system (1.1)|.—o has a family of period orbits around the origin
denoted by L, = L UL; for h € («, (), here L (resp. L; ) represents the arc
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orbit beginning from A(h)(resp. B(h)) and ending at B(h)(resp. (A(h))) on (z, y) €
Yt (resp.(z, y) € 7). This implies, there exist two points A(h) = (a(h), koa(h))
and B(h) = (bo(h), k1bo(h)), denoted simply by A and B, such that

HY(A)=H*(B)=h, H (A)=H (B). (1.2)

Without loss of generality, suppose that L, has a clockwise orientation, see Figure 1.
Let L+ c(resp. L; ) be the solution of system (1.1) defined in ¥+ which starts from
A(h)(resp. B- (h)) and ends at BF (h)(resp. A(h)), here BX(h) = (bX(h), k1bE(h)),
denoted simply by BE. Expand bF(h) at € = 0 and let bF(h) = bF (k) + b (h) +

%eszi (h) + -+ . Naturally we can define the displacement function as
bF(h) —b_ (h) = eMy(h) + €My(h) + -+, (1.3)
where 1
My(h) = 2 (0F () — b (B), K= 1, (1.4)

which is called the k—th order Melnikov function. Such assumptions and definitions
see also in [18,19], etc.

This paper is organized as follows. The main results and related definitions are
presented in Section 2. The expressions of the first three order Melnikov functions
for the general piecewise Hamiltonian systems are derived in Section 3. The formula
is applied to consider piecewise linear perturbations of two different Hamiltonian
systems in Section 4. Some comments and open problems are proposed in Section
5.

2. The main results

In this section, we shall give our main results.

Definition 2.1 (Corresponding function). Let @i be a flow of the vector field y&
defined by system (1.1)|.—¢ starting from (9:8:, ySE), we denote the corresponding
multiple-valued function as follows, df =—1, and

T (z,y)
E (. y) = / div(oE) o (o (i, yi))dt,

+ T y) L4 +, 4+ o+
WE (. y) = / div(xE) o (pF (. ) )dt,

0

Where the vector fields xT = (P, QF), x§ = (P;7 Q7) correspond to the 1—forms
—f wl = PEdy — Qfdz and QOF = —¢iwt —¢ifwy = Pidy — QFdz, here
(:v D) = $H Tz, ), o, 1)

According to Definition 2.1, we have the following decomposition:

Lemma 2.1 (1—form decomposition). According to the definitions of Qli, QQi and
VE(x, ), i (x, y), there ewist multiple-valued analytic functions Ri(x,y) and

R3 (z, y) satisfying
OF =5 (v, y)dH* (z, y) + dR5 (v, y), Q5 =95 (2, y)dH* (z, y) + dR; (v, y).



Limit cycles of piecewise Hamiltonian systems 1377

Finally, we give the explicit expressions of the first three order Melnikov func-
tions:

Theorem 2.1. For system (1.1) with § € (0, ), if My1(h) = Ma(h) = 0, then the
third order Melnikov function Ms(h) is given as

1

M;(h) = KT (B)

1
([ it + v +uted) - @B + 5055

IR~ (K5 (B)b b5 +

1
)

1
3!

1
(] w5er +v7us +o7e) + Un @ + 505 (Bl

KT Bw)

B + (K5 (B)orby + 5Ky (B)y™)).
(2.1)

.Heri Igli?()%,y) ; (?)%—l-kla%)i}[i(x, y), and ini(m, y) = (2 "‘kla ) R (z, y) for
1= ) ) 7] = ) *

Remark 2.1. It is worth mentioning that the first and second order Melnikov
functions for system (1.1) have been given in [19], here their more symmetrical
expressions are presented in the following.

(i) The first order Melnikov function M (h) is given as

1 1 _
M) = 05 ) / e | e

(ii) If M1(h) =0, then the second order Melnikov function My (h) is given as

1 1 1 2
Molh) = gy Ot 0) — s GBI + SR B
1 _ _ _ _ 1 2
+K1®/Lh(1/’2 wy +Prwy )+ m(‘JQI(B)bI +§K2 (B)by 7).

Corollary 2.1. For system (1.1) with 8 = 7, the following statements hold.
(i) The first order Melnikov function Mi(h) is given as

1 1 _
M) =5 ) / | e

(i1) If M1(h) =0, then the second order Melnikov function Ms(h) is given as

Ma(h) = H?;"l(B) /LI( Foi +yfwd) - Hjl(B)(R;y(B)b;r + %H;L(B)be)
1 T
+ i (B)/ (Vg wi +YTwy) + m(RQy(B)bl +§Hyy(B)b1 ).

(15i) If My(h) = Ma(h) = 0, then the third order Melnikov function Ms(h) is
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given as
Ms(h)
1 + TR e +2
:m(/ (ws Wl +1/J2 W2 +1/’1 Ws) [RBy(B)bl +§(Rzy(B)b2 +R2yu(B)b1 )]
Yy
1 1 _ _ _
- (§H;;(B)bj'b2 + 31 H;yy(B)bTSD + H, (B) (/L; (Y3 w1 + 3wy +1hywy)

 [R3y (BT + 5 (Ray (B)bs + Rayy (B )]+ 5 Hyy (BYOr b3 + 1 Hiy (B ).

3. The Algorithm for higher order Melnikov func-
tions

In this section, we give the proof of main theorems.

Proof of Lemma 2.1. For k =1, 2, noting that d’k—s-l( , y) are the integrals of the
functlons dw(xk ) along the trajectories of Xo Hence, it is straightforward to obtain
Xo o (1/)k+1) = dw(Xk ) from the derivatives of wk+1(x y) along the trajectories of
the vector field Xo , which implies

At NdHE = x§ o (Wif,)dx A dy = div(xi)dx A dy.
It is easy to get div(xi)dx A dy = dQif. Therefore we have
dif  NAHE = d(¢if, dH*) = dQff,

and the 1-forms Qf — 1/f+1dH * are closed. The domain on which it is defined is
connected, so there exist unique functions R,fﬂ(x, y) satisfying

QO = dHT + de+1

Then we completed the proof. O

Proof of Theorem 2.1. By expanding H*(B}) in variable € at the point B, we
obtain

H*(B.) — H*(A)

) P )
— H*(B) — HE(A) + (Abia— n klAbia—)Hi(B) - (Abi -

oo 5 5 (3.1)
+k1Aba—y) H*(B) + 5 (Abia YN ay) HE(B) + O((Ab)%)
= elf + €2l + 815 + O(e*),
where Ab* = ebT + %62b§t + %63b3i + O(e*) and
Ii = K1 (B)by,
5 = lKﬁng + o KF B (32)

1 3
= L KEBE 4 LKF BT ¢ KB

3! 3!
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In the following, we will restrict ourselves to Ms(h). We first focus on the following
equation
(—9f — ey — P (dH + e + Ewy + wi) = 0.

It can be rewritten as
—pFdHE —epFdH* — Y dHE +eQF 43205 = EWFwi +vFwd +yifud)+0(h).
Taking the decomposition in Theorem 2.1 into consideration, we have

dH? + edRf + €2dRy = E(Wwi + vfws +vifwd) + O(eh).

Next we only consider the right subsystem, and the left subsystem is similar to
follow. By integrating the above equations along L;{ ., we have

A% at [ E:édRLl—lA+ Yl +vful +uied) + (), (3:3)

h,e 1=1 h,e
which implies

H*(Bf) — HY(A) +)_ € (R}, (Bf) — Rf,(A))

=1

= [ (it + vt +vfud) + O (3.4)

h

Expand R/, ,(BJ) in variable € at B(bg(h), k1bo(h)) as follows,

d d d
iy (BY) = R, (B) + (A6 o + ki AV ) R, (B) + Q(Abi

Oy ox
0 7 0
+ + + + +
+ k1 AD 3y ) R/ (B )+3,(Ab 5, TRLAb By ) Bi1(B) (3.5
+O0((Av)h)
=R/ (B) +eRf, ((B) + -+ ¢"RE, ,(B) +O("),

where Ab* = ebf + Leby + +eb3 + O(e*) and
R;FHJ( ) = Ji%l 1(B)b1+7
R}, 5(B) = 2J:H (B + ] T 2(B)
Ria(B) = 50T (B + 3 o (BIO0F + 5T (B

Taking derivative three times in succession with respect to €, we can obtain the
following equation

1+ REa(B)+ R (B) = [ (et +ufu + o),

h

which displays

/(wgwl Gtet +uvted) — (RE,(B)+RE,(B).  (3.6)
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According to the formula (3.2), we can derive

3!
([ it + vt + i) - (7] 2(8) + R{,(B))

e

K7 (B)
1.1 . e, Loy +3

- 5(5[(2 (B)by by + ng (B)by ).

Similarly, when we consider the left subsystem, by integrating the above equations

along —L;  from A to B_, we have

(3.7)

_ 3! _ _ _ _ _
by = ﬁ(/f —(Y3wy + Py wy + Py wy) — (Ry o(B) + R3,1(B))>
r(B)M g (3.8)
1.1 _,_ 1 ___ _3
- §(§K2 (B)by by + §K3 (B)b1 ).
Finally, it is easy to obtain that Mz(h) = (b — b3 ), hence we completed the
proof. O

Proof of Corollary 2.1. The proof of Corollary 2.1 is analogous to that of Theorem

iprt 9t RE
2.1. Tt is worth noticing that K (z, y) = aHaiy(f’y) and ini(ac7 y) = dRéiy(f’y) for
0=m.

4. Applications

In this section, we shall consider two piecewise Hamiltonian systems with different
separation lines, that is, the non-regular separation line with 6 € (0, 7) and the
straight line with 6 = 7.

4.1. An application for 6 € (0, 7)

As an application, we consider a linear perturbation of a piecewise linear Hamilto-
nian system. One of the subsystems is a linear center and the other is a constant
differential system, and the corresponding Hamiltonian functions are H(z, y) =
ax? + by? + cry + dx + ey with —c? + 4ab > 0 and H(z, y) = px + qy. This system
has been studied in [19] by using the first two order Melnikov functions. Here we
shall consider the same system by using the third order Melnikov function and the
aim is to find if there are more limit cycles or not by considering linear perturbations
up to higher order in e.
More specificly, consider the perturbed system as follows:

dH + ewy + 2wy + €3ws =0 (4.1)
where H(x, y) is defined by:

H™ (2, y) = az® + by* + cxy + de +ey (z,y) € X7,
H(xz,y) =
HY(z,y) =px+qy (z,y) € X7,

and
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with the condition of —c? +4ab > 0 and the definition of ©* are the same as system
(1.1). Herei =1, 2, 3 and fii(x, Y), gf‘t(x7 y) are linear polynomials. Assume that
the unperturbed system (4.1) with € = 0 has a family of period orbits.

Theorem 4.1. For system (4.1), when My(h) = Ms(h) = 0 and Ms(h) #£ 0, the
upper bound of the number of limit cycles bifurcated from the period orbits is 5
(taking into account their multiplicities) by using the third order Melnikov function,
and the upper bound can be reached.

Corollary 4.1. For system (4.1) with wi = wi = 0, when My(h) = My(h) =0
and M3(h) # 0, the upper bound of the number of limit cycles bifurcated from the
period orbits is 2 (taking into account their multiplicities) by using the third order
Melnikov function and the upper bound can be reached.

Before proving Theorem 4.1, we first give a theorem of the normal form of system
(4.1), which is proved in [19].

Theorem 4.2. [19] The unperturbed system (4.1)|c=o can be written as a normal-
1zed canonical form as

&= H,,
(4.2)
y = _H1‘7

where
H (z,y) = (z+ 1> +y*=h> (z,y) €7,

Hf(z,y)=x =0 (z,y) € XT.

H($5y> =

Here % are the same as system (1.1), but it is worth mentioning that in system
(4.2), k1 = —ko, and we replace ko and ki by k and —k, see Figure 2.

Figure 2. Unperturbed system (4.2).

Naturally, the perturbed system (4.1) can be transformed into the following
system:

3 .
T = H’L/ + Z Etfi($7y)a
= (4.3)
y = _Ha: + _Zlgzgi(xvy)a

K2
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where
H (z,y)=(z+1)> +y>=h> (z,y) €T,
H(z,y) =
H+($,y) =T =20 (J?,y) € Z+7
i (z,y) =a;x+apy+a, (x,y) X,
[ (@,y) = afiz + ahy +afy (2,y) e BT,
and
g; (x,y) =brx+byy+by (z,y)eX,
gi(z,y) =

g (2, y) :b+m+b by +bh (z,y) € X

The first and second order Melnikov functions have been considered in [19]. In order
to successfully introduce the calculation of the third order Melnikov function, we
briefly display the associated results of the first two order Melnikov functions.

Noting that the unperturbed system (4.3) with ¢ = 0 has a family of period
orbits, we have

(14+k%)h%2 —k2 -1 B .k
21 and « = arcsin( W ).

o =
In [19] we have given the first order Melnikov function as follows,

Ag(m — a) + Arzo + Agxd + Azxd
2(zo + 1) + 2k2x0

with
Ao = apy + by,
Ay = dkaiy + 2m(ay; + byy) + k(a7 + by — 2a7),
Ay = m(1+ k%) (ajy +biy) + 4k(afok® + afy +afy) — ajyk + biok,
Az = 4k(k* + 1)af,

and when M (zg) = 0, the second order Melnikov function is given as follows,

_ Buxg + Box? + Baxd + Byxy — Bo(k?*x3 + 22 4 220 + 1) (7 — @)

M =
2(5E0) 6(1€2$0+1‘0—|—1)

(4.5)
where
By = 3(az; + by),
By = —3k(4afobiy — 2a{obyg + 4azy — 2a50 + ag; + byy),
By = (12ajya); — 12a],b), — 6afyar, — 12a30)k> + (—12a),b)y — 12a],b1;
+ 6aybyy — 12a3, — 12a3;, + 3ay, — 3by, )k,
By = 4k(3afyaiyk* + 3afyalk® — 3afybfi k2 — afybluk? — 3ad k? — 3aib), — 3ad,),

By = —dafybL k3 (k% + 1).
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If Ml(fﬂo) = MQ(I’O) = 0, then AO = A1 = A2 = A3 = B() = Bl = BQ = Bg =
B4 = 0. Consequently, we have

Case 21. {af;, = 0,ayy = 2afy, aj; = —b, = (2k* + 2)ay, afy = 0, a21 =
—afobiy, az = 2afbly — a1ob1o + 203, ay; = —by = 2apbiok? + afoapk? +

2a50k* + 2aibly — ajpbyy + 2a5,};

Case 22. {af, = 0, ajy = 2ajy, aj; = —bp, = (2k% + 2)61107 a;'l = a10a12k

ajobiy, biy =0, azy = 2aibiy — ajobiy +2a3y, ag; = —byy = 2 biok? + afyak? +

2a5,k* + 2af0b10 atobly +2a3y}-

Lemma 4.1. For system (4.3), when Mi(xo) = Ma(zg) =0, and M3(xo) # 0, the
third order Melnikov function has at most b isolated zeros, multiplicity taken into
account, and the upper bound can be reached.

Proof. Since the first two order Melnikov functions have already been calculated
in detail in [19], here we just display the related results which will be used in the
proof. The expressions of b and by are

bl = 2kaf,xd + 2kafyzo,
1

b = s (i — ) — (2 + D(ag, + 0 — )t
+2(k(ayg — agy — byy) — (ag; + b)) (7 — @))zo — (ag; + b)) (7 — ),
2
by = 3a12bf2k3x0 — 2k(aroa12k® — aiob}y — agy)xd + 2k(afZk + aj by + ago)xo,
and
1
by = [(k(4a{3k® — 2af,a1,k? + 4ai Pk + 2af,b1, + ag; — byy)

2+ 2x0(k2 + 1)
+ (k(4aiik + 2afobyy + 2a3 — az;b35) — 2(ag; + byy) (T — a))xo
- (k2 + 1)(“21 + b22)(7T - a))x% - (a21 + bzg)(ﬂ' —a)].

The corresponding functions Z/JQi are also needed and have been presented as follows:
U3 (z,y) = bl(kao —y), Wy (z,y) =0.
Then we have
R$,(B) = —bfykxo — b o — by, R;y(B) = —afkzo + ajy,
and
R;,(B) = bjykzo — bjxzo — big, Rg_y(B) = —akxo + a0 + aly.
In the following, we shall show the calculation of the third order Melnikov func-

tion. Firstly, by the definition of corresponding function and the conditions of
My (o) = Ma(x0) = 0, we get

T (z,y)
vy (2, y) = / div(xz) o (o7 (o, yo))dt =0, (4.6)
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and

T (wy)
i) = [ i) o (o oo, o))t
O
- b12(a11+2b )y — (bhbhe — afbhkzo — bi2kxo + bibs, (47

1
+ a21 + b22)y + kxo(b11b12m 2“11b ko + b b + a21 + b22)

Secondly, from M (xg) = Ma(zp) = 0 and the decompositions of
OF = ¢y (z, y)dH* (z, y) + dRy (z, y), QU =3 (z, y)dH*(z, y) + dR5 (z, y),
we have

R2zz( ) = bua R;yy(B) = afzv R2xy( ) =0,

Ropp(B) = =by, Ry, (B) = app, Ry, (B) =0,

R1,(B) = 2af,b,k%af + (—2a3,k — b,k — b )zo — by, (4.8)
R;y( ) = (a12k aﬁ)bwkxg + (_QGTObTQk a22k‘ + C‘21)950 + %Oa

R5,(B) = byykxo — byyzo — by, Rg_y(B) = —aykxo + ay o + ayg.

Finally, we consider the third order Melnikov function for Case 21 and Case 22,
respectively.

For Case 21, by substituting the above equations into the explicit expression of
the third order Melnikov function (2.1), we have

éo + élxo + CQ(E% + 631'(3) + é4$3 + Csf{,

M. =
3(1'0) k2xg + a9 + 1

(4.9)

where

Co = 12af,bfs — 6aiobiobio + 12ai3bdy — 6aiobag + 12a30bi, — 6adobro + 12ad,
— 6agg + 3az; + 3bsz,

C1 = 12a{2k* + (1243 — 12a3bT, + 12ab17 + 6aiyblpars — 12aiyady + 12a,bg,
+ 6alpan, + 12adbiy + 6agpaly + 12ad0) k> + 127,075 + 12a,bTobT, — 6ai,biobi
+12a b3y + 12aTbd; — 6aioby; + 12ad0bTy + 12ad,b], — 6adob; + 12ady + 12ad;
— 3az; + 3bsy + Co(1+ k? )s

Cy = —12afy(afobls + ady)k* + 4(—=3ais iy + 3aiobiobly + afobiy — 3aiyads + 3aiobd;

+ 3a3obiy + azsbly + 3ad )k + 12(a10b bii + aiobdy + adobiy + ady) + Ci(1+ k),

Cy = (14 k) (4K, (afobly + a3) + Ca), Cy = C3(1+K?),

&
|

1, _ _
= 5(‘131 + b32), fs = (K°23 + o + 220 + 1) (7 — a).

Similarly, for Case 22, the third order Melnikov function M3z(zg) is

(jo + Cleo + C’zx(z) + C~'3938 + C~4$3 + C~'5f5
k2x0 + 20 + 1
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where

Co = 12aiybis — 6aiobiobio + 12aib3y — 6aiyboy + 12adybiy — 6adobry + 12ad,
— 6agg + 3az; + 3bs,

Cy = 12473k + (12413 — 12ayalybly + 124,017 + 6aiobioars — 12a7,ads + 12a),b3,
+ 6aipasm — 12a1,a3y + 1203001 + 6adoars + 12a3)k° + 12a1,b1s + 12ai,biobT;
- 6a10b10b11 + 12a10b + 12a10b 6a10b21 + 12a20b + 12a20b 6a20b11
+ 12ady + 1203, — 3a3; + 3b3 + Co(1 + k?),

C~Y2 (401005 12aloa12b 12“10“22 12“12(120)]‘€4 + (—12af0af2b+ - 4a1+0a1+2bl+1
+12a 501001, — 120503, + 124,03, — 1200y + 4alL05, + 120,01, + 12a31)k2
+ 12aiobiobty + 12a7,b3, + 12a30b1, + 1203, + C1(1 + k?),

Cs = (1 + k*)(4atyals k* — dafyalbf B2 + 4a b5k + C),
. .
Ci=Cs(14 k%), Cs = 5(‘1314'(732)7 fs = (kx5 + 2§ + 220 + 1) (7 — ).
It is obvious that Ms(xo) has the same generators with My (zp), hence according to

Theorem 2.4 in [19], the third order Melnikov function has at most 5 isolated zeros,
taking into account their multiplicities. By straightly calculation, we have

9(Co, Cy, Cs, 037 Cy, 05)) _ 6 mnk( 0(Co, Cy, Cy, C3, Cy, 05)) — 6,

rcmk(
+ F 2+ 3+ -
a(azov b127 b11» azzv asy, k) Iazg, aiys big, by, azys k)

which means that with proper parameters, the upper bound can be reached. Hence
the proof has been finished. O

The proof of Theorem 4.1 and Corollary 4.1. The proof of Theorem 4.1 can
be obtained according to Lemma 4.1, Theorem 1.1 [9] and Theorem 3.3 [10], namely,
the upper bound of the number of limit cycles bifurcated from the period orbits is
5 (taking into account their multiplicities) for system (4.3).

Corollary 4.1 can be proved similarly by substituting alo = alil = aZiQ = bt
bt =bL5 =0,i=2,3 into (4.6)-(4.8). When M, () = May(z0) = 0, we have

N _ _ — .
Case 21a. {ajy = ajy = af; = a;; = by, = a12 = 0};

Case 21b. {af; = b]; = af, =0, ajy = 24y, ay; = (2k% + 2)aj,, by, = —(2k% +
Q)Q;ro’ by = 26?_07 by = 2bT0k2 +apk? + Qb;ro
Case 22a. {aj, = af, = af; = aj; = by, = b}, = 0};
Caie 23b. iaf% = b, = 0, at :Jr2a;r07 an = (2k2++ 2)ajy, by = —(2k* +
2)afy, by = afxk?, by = 2bjy, by = 2b7k” + aj,k® + 2by,

For Case 2la and Case 22a, Ms(zg) = 0. For Case 22b, we have Ms(z¢) =

3 +3
%(W It has no isolated zero for zg > 0.

For Case 21b, we have

Mg(wo)
_2 k*agaty (bi (K + g — b (3aipk® + 3ady — biy)zo + 3afy(afohk® + afy — bly))
"3 1+ (k2 + 1)zo ’
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It is obvious that for system (4.3) with wi = wi = 0, M3(zo) has at most 2 isolated
zeros taking into account their multiplicities, and the upper bound can be reached
with proper parameters. Hence Corollary 4.1 has been proved. O

4.2. An application for 6§ =«

In this subsection, we consider another piecewise linear differential system which is
a perturbation of a linear center-center type Hamiltonian system, namely,

dH + ewy + 62&}2 + e3w3 =0, (4.11)

where

H*(z,y) = (- 1) +y* =h* 2 >0,
H(z,y) = (z+1)*+ ¢ = <0,

and for i =1, 2, 3,

wh = P (o, y)dy — QF (2, y)do, 2 0,
w; =
w; =P (z, y)dy — Q; (z, y)dz, z < 0,

with

Pij:(a:7 y) = a% + aﬁ:z: + aij;y,
QF (z, y) = bjg + bz + bisy.

This system has been studied in [5] by using the first order Melnikov function.
Here we shall consider the same system by using the first three order Melnikov func-
tions and the aim is also to find if there are more limit cycles or not by considering
linear perturbations up to higher order in e.

Obviously, system (4.11)|c—¢ has a family of period orbits when A > 1. In the
following, we give the main theorem about the limit cycles for system (4.11). It is
worth mentioning that the number of zeros for the k—th order Melnikov function is
obtained when the first £ — 1 order Melnikov functions vanish and the k—th order
Melnikov function is not zero identically.

Theorem 4.3. For system (4.11), the upper bound of the number of limit cycles
bifurcated from the period orbits is 2, 2, 2 (taking into account their multiplicities)
by using the first three order Melnikov functions, respectively, and two limit cycles
can appear with proper parameters.

Lemma 4.2. For system (4.11), if the first order Melnikov function My(h) is not
zero identically, then Mi(h) has at most 2 isolated zeros, taking into account their
multiplicities, and 2 can be reached.

Proof. For system (4.11), we make different coordinate transformations as = =
—hcos@® — 1,y = hsinf, and x = hcosf + 1, y = hsin6, respectively for the left
and right subsystems. Noting that the unperturbed system (4.11) with e = 0 has
a family of period orbits, we have o = arctan(vh? — 1), see Figure 3. It is easy
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Figure 3. Unperturbed system (4.11)

to calculate the first order Melnikov function. Here we just give the expression of
M;i(h) as follows,

2

(m — ), (4.12)
where

~ _ 1, _ _ 1
Ay =ag, —afy — 5(‘111 +bpo) — 5(“?1 + biy),

- 1, _ _ 1
A = *5(‘111 +b1p) — 5(“?1 + b;r2)~

Let t = v/h2? — 1, and taking derivative twice in succession leads to

t?(m — arctant) — (7 — arctant) — ¢

M{(t) = ‘41 : +2 ’

- t}(r —arctant) + (7 — arctant) + ¢

MY (t) = 24, - .
1 () ! 32 + 1)

Noting that m# — « > 0, it is apparent from M7’ (t) > 0 for t € (0, +o0) that M;(¢)

has at most 2 isolated zeros, taking into account their multiplicities, and it can be

reached with proper parameters. O
If M, (h) = 0, then we have Ay = A; = 0, namely,

{at = afy, a7y + b1y + afy + b, = 0} (4.13)

Lemma 4.3. For system (4.11), when My(h) =0 and Ma(h) £ 0, the second order
Melnikov function My(h) has at most 2 isolated zeros, taking into account their
multiplicities, and 2 can be reached.

Proof. When M;(h) = 0, we have to consider the second order Melnikov function.
The first step is calculating the corresponding functions 1b2i(h7 0) as follows,

T+ (h,0) 1
v = [ dinid) o (it =~ + )0 — 7+ a),
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where 0 € [a — 7, T — @], and

T (h,0)
&5 (h, ) = / div(x7) o (¢)dt = (a3, +b5)(0 — 7+ 0)

with 0 € [a — 7, 7 — a].
The second step focuses on the decomposition aiming at Rzy( ), and it gives to

R3,(B) = P{" (B) — ¢y H; (B)
=P (a =7, h) =3 (o — m)HS (B)

= afo — afzv h2—1+ 2(af1 + bfz)\/ h? —1(r — a),

and
, H, (B)

Ry, (B) = Py (B) =4,
=P (a ) =y (a—m)H, (B)

=ajy—apVh?—1—-2(a; +b5)Vh%—1(1—a).

Thirdly, according to Corollary 2.1, we have

2 a-r 2
= gL e e - R - B
and
_ 2 e _ S 2
by = w(/ﬂ_a Py wy —wy _Rzy( )by — ) yy(B)bl )-

The first part in above formula can be calculated as follows

a—T
+, .+ +
/ Py wi —wsy
T

—x

bﬂ bE - 46‘;1 - 4b;2)h

1
= 1(77 - oz)(—aflaﬁ a11bf1 a12b1k2
1 1
- 5(@1 + bf2)2(7" - a)2h2 - 5( a)(a12 2bf0 bii_l)(ai_l + b;rz)
b+ (b 1a11 + bJr bJr 5)

1
+ (= 4aii_1a12 + b 0a11 + a21 + b22 + 26‘20 4a12
O‘)(aii_l + bE)(QafO + ‘ﬁl + b12) Vh? -1,

+bibh) VA2 — 1 — %(ﬁ

a—T
/ Py wy —wy
m—x
a)(ayagy +agybyy + ajabiy + bypbiy + dagy +4bgy)h

and

1
= —(r
P 9,2, 1 - e Nf— o p—
§(a11+b12) (m—a)”h +§(w—a)(a12+2b10—b11)(a11 + b12)
1 _ _ 1 _ o 3., _ _ _ _ _
+ (1%1“12 + Za12b12 + bigagy — < bii(agy + bip) + 2a50 — agy — by
bR - L

L 1 _ _ _ _
+b19b1p) VA? — 1+ 5(” —a)(aj; +b1,)(2a79 — agy
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Finally, let t = v/h% — 1, a routine computation gives rise to

Ma(t) = %(b; —by) = —l(Blfl + B f2 + Bsf3),

8t
where
fi=t, fo=(r—a), f3=(r—a)?
and
By = —4atyaq, + 3ajya7; + 3afby, — 4bfyar, — 4bjbi, — 3bi a7, — 361,07,

+4ajgar, — 3agyagy — 4ay by + 3ag;byy — 3agyb1, — 4bygby,
+3b11 012 + 8‘13_0 + 4“31 + 4b;2 — 8ayy + dagy; + 4byy,

By = (ay; + b1_2)(3af2 - 4bi|r0 - 36?1 —3aj, —4bjy + 3b11)
+ 4ad; + 4b3, + day, + 4bsy,

Bs = (ay; + be)(aTQ - b—li_l —ap, +by) + 4“3_1 + 4b;2 + 4ag; + 4by,.

In the following, rewrite My(t) as Ma(t) = —%(g—; + g—zP(t) +Q(t)), where P(t) =
=% and Q(t) = (m — a)t. The zeros of M(t) can be obtained by considering
the zeros of g—; + %P(t) +Q) =0. Let X = {(P, Q)(t)|t € (0, +0)}, and L =
{(P, Q) g—; + %P—i—@ = 0}, then the problem is equivalent to finding the number of
intersection points of ¥ and L in P—Q@ plane, taking into account their multiplicities.
We claim that X is convex strictly. The proof of this claim is postponed until
Appendix A. Based on the claim, L can have at most two intersection points with
3, namely, M5 () has at most two zeros, taking into account their multiplicities.
On the other hand, it gives by calculating

a(Bla BZ7 B3) ) —
d(ayg, by, bfo)

Thus Ms(t) can have at least 2 simple zeros, taking into account their multiplicities,

rank(

and the upper bound can be reached. O
If M;(h) = Ma(h) =0, then we have

+ _ - 4+ _ a4+ 4+ o= 1 - — 1 — 4+ 4+ _ g4+
Case a. {aj, = ajg, af; = —bfy, azy = agy— 31015+ 3410012, Qg = —byy —ay; —
baas a1; = —bia};

+ - 4+ g = = 4+ o1t a4 = L op— - 4 _
Case b. {210 —1‘1107 311 = _b12_a111 —b1as a}rz = 2bllojr'bu +a112+2b10—bln,+a20 =
g0 + aq0b1g + 3a10011 + a19big — 53a10b11, Az = —5bipar; — 3a11019 — 3biobin —

3010012035 — az1 — by}
Lemma 4.4. For system (4.11), when My(h) = Ma(h) = 0 and Ms(h) # 0, the

third order Melnikov function Ms(h) has at most 2 isolated zeros for Case a and
Case b, taking into account their multiplicities, and the upper bound can be reached.

Proof. Because of tedious expressions, we omit the first and second steps for
calculating i (h, 6), Rziyy(B) and R3iy(B), and put them in Appendix B. Hence
we obtain Mj(t) straightly for Case a:

M;(t) = —é(cmﬁ + Caafa + Csafs), (4.14)
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where
Cha = 2a7pa72(aty — ary) — 4afhagy + 3athaz; + 3aisbyy — dajgazs — 4bfyaz; — 4bba
- Sbﬁai - 3b1~_1b2_2 + 4a10as2 + 4612030 — 3612021 — 3012035 — 4a31b1 + a1 011
— dbyobay + 3b11byy + 8ago + dagy + 4by — 8age + 4az; + 4bsy,
Caa = (a2_1 + 62_2)(3(11"2 - 4b1’—0 - 3b1F1 —3ay5 — 4byy + 3171_1) + 4“;1 + 4b;2 + 4azy + 4bs,

Csa = (a1 + byy)(ajy — by — ayy + biy) + dagy + 4bd, + daz; + 4bs,.

Similarly, the third order Melnikov function for Case b is calculated as follows,

1
M;(t) = —T&(Cwﬁ + Capfa + Cspf3), (4.15)
where
Cup = 73[)?02@1*1 - 3bf02bf2 - 6bILObIL1a11 6b10b 1b12 + 8b10a10a12 - 6b10a11a12

— 10bfpay;big + 6bigaiybyy — 6bfpaiabis — 10b,b10b1s + 6b70bi; b1y — 3biiar,
— 3b{ by, + 4bfasear, — 3bfiariaty — 6bi1ai;big + 3bfia1; by — 3bi1aiabi,

— 6b71b10b1s + 3b11b1b1n — 3biar; — 3015 b1y + 4bjzar0a1; + 4bfhaebi

— 3bfhaiy — 6biya bisy — 3biably + dalyaiibls + 8alyaiably — 4alyaiab;
+4dajobrs — 3aiy by — 6aiiasbiy + 3ajasbyy — Tan by + 6aiibigbn; — 3a;bis
— 6a15b1obiz + 3a15b11 bz — Thigbiz + Gbiobybiz — 8agpary + Gagzary + Gagzbiy
— 16biaz, + 4bipaz; + 4biobyy — 8bi1azy — 8bzoar; — 8bagbro — 6b31a1; — 6by1by,
+ 8aigagz — 6ay1ags — 8a11byg + 6ay1byy — 16ag0b1g + 8agebyy + 4as1big — 6agbia

+ dbiobyy — 8b1sbyg + 6b1aba; + 16a3, + 8ad; + 8biy — 1630 + 8az; + 8bay,

Cop = — (a7 + bia) (3bi5 + 6b7,bT, + 6bToars + 10b7,by — 6bTobyy + 3b1:2 + 3bian
+ 6b1b1o — 3bT1b71 + 362 — bfpaty + 3bipar; + 3biabis — datobis + 3aibi
+6a12b10 — Baisbyy + Thig — 6biobiy) + 6aszar; + 6azzbiy + 4bjoaz, + 4biba
— 8b3gat; — 8bggbiy — 6b3ay; — 6bsi by — 6at;az, — 8ty by + 6ar by + 4az by
— 6a5,b1s + 4bioboy — 8biabag + 6b1obyy + 8agz; + 8bis + 8az; + 8bas,

Cap = —(agy + bia) (b5 + 2b0by + 2bioars + 2bf5bio — 2bb1y + b7 + biian, + 2611610
b11b11 + b + b12a11 + b 2b12 + a11b12 + 2a15010 — agaby + blO 2b1_0b1_1)
+ 2a22a11 + 2“221712 + 4bloflm + 4b10b22 - 2bzﬂlu - 217211712 — 2a11095 + 2a11 by
+dag brg — 235015 + Abiobay + 2b12byy + 8agy + 8b3; + 8ag; + 8bsy.
Noting that the generators of M;(t) are the same with Ms(t), it follows that

M;(t) has at most 2 zeros in Case a and Case b .
On the other hand, it gives by calculating

9(Ca, Coa; Cisa)> _3, mnk<a(01f, Ca, O;%)) _3
d(ayg, by, b3s) d(ayg, big; b3s)

Thus M3(t) can have at least 2 isolated zeros, and 2 can be reached. O

rank(

The proof of Theorem 4.3. The proof of Theorem 4.3 can be obtained according
to Lemma 4.2, Lemma 4.3, Lemma 4.4, Theorem 1.1 [9] and Theorem 3.3 [10]. O
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5. Conclusion

Compared with the results in [3] and [4], we can clearly observe the differences
between them by Table 1. When the unperturbed system is an elementary center,
Buzzi et al. [3] found one limit cycle by the first and second order Melnikov functions.
When considering the center-center type system (4.11), we find two limit cycles by
M (h). On the other hand, Cardin and Torregrosa [4] obtained 4 and 5 limit cycles
by Ms(h) and Mg(h), respectively. Compared with the results in [4], we obtain
4, 5, 5 limit cycles by the first three order Melnikov functions, respectively.

Table 1. The comparison of the upper bounds for different systems

Unpers My (h) Moy (h) M3z (h) My (h) M;g (h) Mg (h) Mz (h)
urbeq System
Elementary center [3], 6 = = ‘ 1 1 2 3 3 3 3
System (4.11)|¢—q, 0 = ™ ‘ 2 2 2 — — — —
Elementary center [4], 6 € (0, «) ‘ 1 2 2 3 4 5 -
System (4.1)|c—g, 0 € (0, ™) ‘ 4 5 5 — — - -

It is worth mentioning that for system (4.11), we guess the maximum number
of zeros for any order Melnikov function My (h) is two. This conjecture is based
on the following two facts. On the one hand, we try to calculate the fourth order
Melnikov function and get the same generators with Ms(h) and Mjz(h). Due to the
complex calculation for higher order Melnikov functions, we omit the expression
of My(h). On the other hand, in other work, we also consider the piecewise linear
perturbation of linear center-center type system which the centers of two subsystems
are not symmetry. We obtain the maximum number of zeros for any order Melnikov
function My (h) is also two for such system. Hence we propose a conjecture: for
the piecewise linear perturbation of a symmetric linear center-center type system
(4.11), the maximum number of zeros is 2 by any order Melnikov function My (k).

Similarly, for system (4.1) with 6 € (0, 7), we also calculate the fourth order
Melnikov function and obtain the same generators with My(h) and M;5(h). Hence
we guess that the maximum number of zeros is 5 by any order Melnikov function
M. (h). These are both open problems which need us to explore in the future.

Appendix A

In the proof of Lemma 4.3, we give a claim that ¥ is convex strictly. Here ¥ =
{(P, Q)(t)|t € (0, 400)}, where a = arctant, P(t) = 7% and Q(t) = (7 — a)t. We
are now in a position to show that this claim holds.

Claim. ¥ is convex strictly.

2 3
Proof. A routine computation gives rise to % = ((ﬂ7a§§§+ti)fa)+t)3 S(t) where

S(t) = (r—a)* (> +1)* + (r — a)t® — (7 — a)t — 2t°.



1392 P. Yang & J. Yu

In view of the fact that § < 7—a < mand ¢ > 0, it is easy to obtain that S(t) > s(t)
where

s(t) = %(z@ F1)2 4 2 5 — ot — 242,

The first two derivatives of s(t) are s'(t) = (t* + 1)7t + 3at> — 7 — 4t and
s"(t) = 37%t? + 3wt + 72 — 4. Obviously, s”(t) > 0 and s'(t) has one simple
zero to ~ 0.3567304312, which implies, s(t) has a minimum value at ¢ = to. It
is straightforward to obtain that S(t) > s(t) > s(to) ~ 1.828792213. It is apparent

from 5 PQ2 > 0 that X is convex strictly, hence we completed the proof. O

Appendix B
The expressions of ¥ (6, h), 2yy( ) and Rg,fy(B) are given as follows:
1
V3 (0, h) = _g(ﬂ —a—0)((af; +b2)*(r — a — 0) + afiafy — afibf; + aobl

1 .
— bi1bly —daz; — 452+2) -3 C05(6’)(al+1 + bE)(COS(Q)aE +afy sin(6)

. 1
+ by sin() — cos(0)by) — Th —(af; + b)) (ajy cos(0) + cos(0)af;
. . 1
+ by sin(6) + b, sin(6)) — 32 (aiy + b2) (Vh? — 1(afy — 2b, — b))
+ 2“?0 +afy +biy),
b3 (0, h) = (7T —a—0)((a1; + b1_2)2(7" —a—0) —apa, + a; by — agabis

_ _ _ 1 _ _ . _ _ .
+b11b15 + 4agy + 4by,) + 3 cos(0)(ar; + biz)(sin(f)ar, + by sin(6)
1, _ _ _ _
—(ayy + b13)(—ajq cos(0) + cos(0)ary

— aqq cos(0) + cos(0)br,) — 4h
(a11 + b12)(Vh? — 1(agz + 2b1p — b1y)

+ bigsin(f) — by sin(0)) + 8h2

+2a3p —ayy — ba),

vh% -1

R;yy(B) = —2(m — a)(af; +b1) + afs + (ai; + bl+2)T»
_ _ _ _ _ _ h? —1
R3,y(B) = 2(7 — &) (ayy +b12) +apz — (ay + le)T’

_ _ _ 1 _ _ _
R3,(B) = — (7 — a)(ay + b)’Vh? —1— 5(77 —a)((ag1a12 + aj1by + agabyn
_ _ _ _ _ 1, _ _ _
+b11b1a +4ag; + 4byy) VR — 1 — 2a59a7; — 2a30b13) + 5(“12 + 2b1o — b11)

(a1 +b13) +azp —azpVhr—1—

1 _ _ _ _ _
ﬁ(alz + 2b1 — b11)(at; + b12),

and
R;'y(B) =—(m— oz) al, + b5)°Vh —|— (m —a)((aaly + af b + abhbl, + bibT,
+ 4ad, + 4b22)\/i1271 — 2a10a11 2ai,0) — ;
+aly —abvVh2 -1+ 2h2 (aty — 2bfy — b)) (af; + by).

(afy — 2bf — i) (afy + bi)
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