Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 14, Number 3, June 2024, 1434-1466 DOI:10.11948/20230248

TRANSMISSION DYNAMICS AND OPTIMAL
CONTROL OF AN AGE-STRUCTURED
TUBERCULOSIS MODEL*

Zhong-Kai Guo!, Hai-Feng Huo'! and Hong Xiang?

Abstract Tuberculosis (TB) is still a serious threat to global public health,
approximately 2 billion people worldwide are infected with TB. It is urgent
to develop an optimal control strategy for TB. In this study, we propose an
age-structured TB model taking into account vaccination, treatment, and re-
lapse. We define the basic reproduction number Ro of the proposed model.
Mathematical analyses show that the disease-free equilibrium state is globally
asymptotically stable if Ro < 1, and the endemic equilibrium state is globally
asymptotically stable if Rop > 1. We combined TB data in China between
2007 and 2020 and the Markov-chain Monte-Carlo method to obtain the pa-
rameters and initial values of the model. Through the partial rank correlation
coefficient method, we find the most sensitive parameters to Ro. In light of
the actual controllability, the transmission coefficient of TB and the treatment
rate of the infectious population are chosen as controlled parameters to study
the least cost-deviation problem. By using Pontryagin’s maximum principle,
we obtain the necessary conditions for optimal control. We also perform nu-
merical simulations based on the forward-backward sweep method. Finally, we
present optimal strategies that may help China achieve the End Tuberculosis
Strategy by 2035 proposed by World Health Organization (WHO).

Keywords Tuberculosis, age structure, global stability, optimal control, nu-
merical simulation.
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1. Introduction

TB is an ancient and persistent chronic infectious disease caused by a bacterium
called Mycobacterium tuberculosis, the bacillus is spread from one person to another
through the air, it can attack any part of the body. Pulmonary TB can be infectious,
TB in other parts of the body is usually not infectious. Therefore, TB mentioned
in our study refers to pulmonary TB. Although about 2 billion people are infected

TThe corresponding author.

ISchool of Traffic and Transportation, Lanzhou Jiaotong University, Lanzhou
730070, China

2Department of Applied Mathematics, Lanzhou University of Technology,
Lanzhou 730050, China

*The authors were supported by the NNSF of China (12361101), the “Double-
First Class” Major Research Programs, Educational Department of Gansu
Province, China (No. GSSYLXM-04), and the Science and Technology of
Gansu Province Fund Project, China (No. 22JR5RA350).
Email: guozhonkai@lzjtu.edu.cn(Z.-K. Guo), hthuo@lut.edu.cn,
hfhuo@lzjtu.edu.cn(H.-F. Huo), xiangh1969@163.com(H. Xiang)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20230248

Transmission dynamics and optimal control 1435

with TB bacillus, only a relatively small proportion (5-10%) of them will show
symptoms of TB. As a result, we divide TB infection into two stages: latent TB
infection (noninfectious stage) and TB disease (infectious stage). In general, the
length of the latent period can range from weeks to several years. TB is a curable
and preventable communicable disease. According to the TB Report 2021 of the
World Health Organization, around 9.9 million new TB cases and about 1.5 million
deaths are estimated to occur in the world in 2020 [1,5]. It shows that the TB
pandemic is one of the greatest challenges in the field of global public health. China
has the third-highest TB burden worldwide, and in 2021, there were an estimated
780,000 new TB cases and 32,000 TB-related deaths [5]. Therefore, it is imperative
to address the urgent issue of controlling the spread of tuberculosis in China.

Important means of preventing and controlling the spread of TB mainly include
vaccination of young children and treatment of TB disease. Trollfors et al. [35]
showed that the vaccine has a significant effect on latent TB infection, the estimate
of vaccine effectiveness was 59 %. Without treatment, the mortality rate from TB
disease is high. As a result, it is very important to treat people with TB disease,
about 85 % of people with TB disease can be successfully treated. Meanwhile,
treatment of latent TB infection is also essential to control the spread of TB because
it substantially reduces the risk that latent TB infection progress to TB disease [1,5].
In addition, the pathogenesis of TB is complex. Burman et al. [9] believed that there
was still the possibility of relapse after some TB patients were completely cured.

Theoretical analysis of mathematical models combined with numerical exper-
iments gives us a better understanding of the characteristics of epidemic disease
transmission and can help us find feasible and effective control strategies for some
diseases. White et al. [38] argued that researchers don’t fully understand the trans-
mission dynamics of TB, this can be seen from the differences in mathematical mod-
els of TB [10,12,17,22,25,27,32,33,40], various factors are considered in these mod-
els, such as relapse, vaccination, treatment, drug resistance, and so on. Differences
in these models in turn produce differences in the predicted impacts of interventions.
This attracted researchers to develop mathematical models that are more consistent
with the characteristics of TB transmission to gain insight into the transmission dy-
namics of TB. In 1962, Waaler et al. [37] established no-linear ordinary differential
equations dividing the population into three compartments: susceptible, exposed,
and infective. Based on the proposed model, they studied the spread of TB. In [40],
Zhang analyzed a four-dimensional in-host TB model and obtained the analytical
formula for the basic reproduction number and the threshold for forward and back-
ward bifurcations. In recent years, many researchers have begun to combine data
to characterize the spread of many real-world diseases [11,14,19,24,26,29,36]. Li et
al. [26] proposed an SVEITR model with vaccination, fast and slow progression, in-
complete treatment, and relapse to study TB control strategies based on case data
in the United States. They believed that TB prevention and control education,
timely treatment, and enhanced efficacy could effectively curb the spread of TB in
the United States. A large number of TB models are applied to understand the
dynamics of TB transmission, but there are few studies on infection cases and cost
optimization control by age-structured tuberculosis model. Iannelli and Milner [23]
believed that the age structure factor should be taken into account when modeling
chronic infectious diseases such as TB and AIDS. Therefore, in this study, we will
propose an age-structured TB transmission model with vaccination, relapse, and
treatment of latent TB infection and TB disease. Further, the model is applied to
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curb the spread of TB in China. Our objective is that the control cost is as low
as possible and the final size of new TB cases falls to the given target as much as
possible. Based on the findings of our study, we develop mitigation measures that
may help to achieve the WHO target, that is, the incidence of tuberculosis was
reduced to 10% or less by 2035 compared to 2015.

The rest of the paper is organized as follows. In the next section, we propose an
age-structured TB transmission model and discuss the fundamental properties of
the solution of the model. In Sections 3 and 4, we study the local and global stability
of steady states respectively. In Section 5, to find the significant parameters relative
to the basic reproductive number, we present numerical simulations and sensitivity
analysis. In Section 6, we study the least cost-deviation optimal control problem
and derive the necessary condition of optimal control. Then we perform numerical
simulations based on the forward-backward sweep method. A brief conclusion is
given in the last section.

2. The example of inserting a figure

The population at time ¢ is divided into five distinct subclasses, including susceptible
class (S(t)), vaccinated class (V(t)), latent class (e(t,a)), infectious class (I(¢)),
and recovered class (R(t)), the a in e(t, a) represents the latent age of the exposed
individuals, e(t, a) is the density of the latent class at time ¢ with latent age a, then
the total number of latent individuals at time ¢ is f0+oo e(t,a)da. The flow among
these subclasses is visualized in the following flowchart (Figure 1).

e url +~(1—n)I

Figure 1. Flowchart of the spread of TB.

According to the above flowchart (Figure 1), we construct the following TB
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transmission model:

%S):A—,BSI—MS—pS,
dV (t
%ZPS—pBVI—uV,

Oe(t,a) n Oe(t,a)

ot 9a — W) +ala)e(t a),

Foo 2.1
dI(t) = / ala)e(t,a)da + wR — prl —~I, @1)
dt 0
dR(t oo
% =nl + / d(a)e(t,a)da — uR — wR,
0

e(t,0) = BSI + pBVI,
e(0,a) = eg(a), S(0) = s0,V(0) =g, I(0) =g, R(0) = 7o,

here eg(a) € L} (0,+00), and sg,vo, @0, 70 € Ry. We summarize the list of parame-
ters used in model (2.1) in Table 1.

Table 1. The meanings of parameters of the model (2.1).

Notations Definitions

A the recruitment number of the susceptible population per unit of time
m the constant natural death rate of individuals in every compartment
15} the contagion rate of tuberculosis
P the vaccination rate of the susceptible population
p the reduction coefficient of contagion rate

ala) the rate distribution of latent individuals entering infectious subclass

d(a) the rate distribution of latent individuals entering recovered subclass
07 the rate of treatment
1y the death rate of the infectious individuals
n the proportion of effective treatment
w the relapse rate

To study the actual situation of TB transmission, some assumptions and nota-
tions are given:

(1):NvﬁvpanvvvpvﬂlvwaA>0; B
(2) : 6(a), a(a) € LL(0,+00), their essential upper bounds are 6 > 0 and & > 0,

respectively;
For a > 0, we let

N +oo +oo
k(a) = e Jo'(nto@)talsDds o / ala)k(a)da, o= / d(a)k(a)da,
0 0
Z =R3 x L1 (0,+00) x RZ, its norm is

+oo
H (xl,I2,$3,$4,$5) ||5K: Z | T ‘ +/ ‘ JI3(S) | ds.
0

i=1,2,4,5
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Remark 2.1. (1) k(a) denotes the probability of still being noninfectious stage
at latent age a after becoming infected. #] represents the number of infectious
individuals produced by an infected person. .#5 represents the number of recovered
individuals produced by an infected person.

(2) L (0,400) = {u is nonnegative and measurable in (0,+o0); 0+°° | u(a)
da < oo}. L$(0,+00) = {u is nonnegative and measurable in (0, +00);|u(a)| <
K a. e.in (0,400)}, where K is a constant. Ry = [0, 4+00).

2.1. Well-posedness

Using a similar analysis of Subsection 2.2 in [19], we can show that the system (2.1)
has a unique nonnegative solution. The following proposition is immediate.

Proposition 2.1. Forxzg € &, the system (2.1) has a unique continuous semi-flow
U(t,zg) : Ry x £ — 27, and ¥(0,z0) = z9. In addition, the following set T is
positively invariant for system (2.1):

T ={z=(51),V(t)et,a),I(t),R(t)) € Z": ||z [la< %}-

Using simple calculations, we arrive at the following proposition.

Proposition 2.2. (1) For system (2.1), the semi-flow ¥(t,-) is point dissipative
and T can attract all points in the set Z;

(2) If C C Z is bounded, then V(t,C) is also bounded;

(3) For xg € 2 with || o ||la< r, S(t), V(t), I(t), R(t), || et ) |z

max{r, %}

L <
!

Proof. | U(t,zo) ||lo= S(t)—i—V(t)—i—I(t)—ﬁ—R(t)—f—fJoo e(t, a)da, the time derivative
of || W(t, o) || 2 is satisfied with the following differential inequality.

d
7 12 z0) lr< A — || @(t,z0) [|2 -

It follows from the comparison principle that

A LA
[ W(t,20) |2 < e “t(;— 2o ||2), (2.2)

namely
A
19t 20) | < maz{ -0, [l o [} (2.3)
From inequality (2.2), we know that conclusions (1) and (2) of Proposition 2.2 hold.
From inequality (2.3), we know that conclusion (3) of Proposition 2.2 holds. O

2.2. Asymptotic smoothness

Along characteristic line ¢ — a=const., we integrate the third equation of system
(2.1), and derive that

e(t,a) = k(a —t) (2.4)
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The following lemmas [34] will be used to prove that the semi-flow {¥(¢,-)}i>0 is
asymptotically smooth.

Lemma 2.1. For any bounded closed set B C Z that satisfies V(t,B) C B,
when the following two conditions hold, the semi-flow ¥(t,x) = K; (t,x) + Ks(t, x) :
Ry X & — Z is asymptotically smooth.

(1) tiigrnoo diamKs(t, #B) = 0;

(2) for some tg >0, Ki(t, %) has compact closure for eacht > tg.

For space L}%(O,—i—oo)7 the precompactness cannot be deduced from bounded-
ness. Thus, we need to use the following lemma to deduce the precompactness of
L% (0, +00):

Lemma 2.2. For bounded set &/ C L}r(O,—i-oo), if the following four conditions
hold, then <f is compact closure.

(1) sup fo+oo | g(s) | ds < 4o00;

geA

. +o0 _ . . .

(2) QETOO Jo 1 9(s) | ds =0 uniformly in g € o ;
(8) lim 0+°° | g(s +0) —g(s) | ds = 0 uniformly in g € o7 ;

6—0+
(4) lim f09 | g(s) | ds = 0 uniformly in g € <.

0—0t
According to the above two lemmas, we can arrive at the following theorem:

Theorem 2.1. The continuous semi-flow {¥(t,-)}1>0 generated by model (2.1) is
asymptotically smooth.

Proof. Define the following two semi-flows:
Ki(t,z) = (S(t),V(t),elt,-), I(t),R(t)), Kat,x)=(0,0,0¢.(t,-),0,0),

where

k
eola —t) @ g<i<a 0, 0<t<a,
be(t,a) = k(a —1) e(t,a) =
0, 0<a<t, e(t —a,0)k(a), 0 <a<t,

for x = (5(0),V(0),e0(a),I(0),R(0)) € £, we can state U(t,z) = Ki(t,z) +
Kg(t, J})

Let 8 C 2 be bounded, that is, there exists a positive number ¢ > % such that
| z || - < c for each x € %, then we have

“+o0
| Kot 2) || = / eolf - %{Z@w v
B +o<>6 y k(u+t) N

+o0 .
=/ eo(u)e” L (ura+8(D)dl gy,
0
<e x|l ce .

Thus, . ligrn diam Ky(t,#) = 0. Next, we will discuss that K;(t, %) is compact
—+o00

closure for each ¢t > 0.
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It follows from Proposition 2.2 that S(t), V(t), I(¢), R(t) remain in the compact
set [0, ¢] for each ¢ > 0. In the following part, we will try to prove that (¢, a) remain
in a precompact subset of L} (0, +o0c) which is not dependent on z. It follows from

N 0, 0<t<a,
0<e(t,a) =
e(t—a,0)k(a),0 <a<t,

and system (2.1) that
0 <e(t,a) < B(1+p)cPe e,

Consequently, conditions (1),(2) and (4) of Lemma 2.2 hold. Now, we need to show

+oo
li et,a+0)—é(t,a) | da =0,
Jim [ @t et 0) — 2t a) | da

+oo
/ | &(ta+0) — &(t,a) | da
0
t—0 t
:/ |g(t,a+o)—’é(t,a)|da+/ | 8(t,a) | da
0 t—0

t—60 t
:/ le(t—a—0,0)k(a+0) — e(t — a,0)k(a) | da+/ | et — a,0)k(a) | da
0 t

—0

t—6
g/o |e(t—a—0,0) || k(a+6)—k(a)|da

t—0

+/ le(t—a—6,0)]e(t—a—0,0)—e(t—a,0)]|| k(a)|da
0

+ B(1 4 p)c?0,

where
t—0
/0 |e(t—a—6,0) || k(a+6)—k(a)]|da
t—0
<B(1 + p)CQ(/O k(a) — k(a + 0)da)

=B(1+ p)cQ(/t_a k(a)da — /t k(s)ds)
=B(1 4 p)c /k da—/ k(s)ds)

<B(1+ p)c?

Notice that

dS( )

d
| |< A4 Bc + (u+p)e, %IS(eru)chpﬁcz,

df( )

i |< (@ +pr+w+9)c

then

|e(t—a—6,0)—e(t—a,0) |
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<B|St—a—-0)I(t—a—0)—St—a)l(t—a)]|
+Bp|V(it—a—0)I(t—a—0)—V(Et—a)l(t—a)|
=B St—a—-0)[| I(t—a—0)—I(t—a) |
It —a) || S(t—a—0)—S(t—a) )
P Vit —a—0) || I(t—a—0)—I(t—a) |
T It=a)||V({t—a—-0)-V(t—a)])
<=0,

1]

t—6 t—0
/ \e(t—a—G,O)—e(t—a,O)||k(a)\dagEﬂ/ e Mds < =0.
0 0

=

Hence,
+o0 =
/ | &(t,a+0) —&(t,a) | da < (26(1 + p)c? + e

0

which means that condition (3) of Lemma 2.2 holds, then we can state that €(t,a)
satisfies all conditions of Lemma 2.2 . As a consequence, we know that K; (¢, %)
has compact closure for all ¢ > 0. It follows from Lemma 2.1 that the continuous
semi-flow {U(¢,-)}1>0 is asymptotically smooth. O

By using Proposition 2.2, Theorem 2.1, and Theorem 2.6 in [30], we have the
following theorem.

Theorem 2.2. For the continuous semi-flow {¥(t,-)}+>0, there exists a global at-
tractor B in 2 that can attract any bounded set in Z .

3. Equilibrium states and their local stability

3.1. Existence of equilibrium states

The dynamic system characterized by (2.1) has a disease-free equilibrium state
)

Ey = (S°, VO, 071(0,400)50,0), where S0 = ﬁ, Vo = % Define the mathematical

expression of the basic reproduction number by

_ nw + (BSY + pBVO) (A (p + w) + How)

Ho (i -7t + @)

. (3.1)

o measures the expected number of secondary infectious individuals that a primary
infectious individual may produce during the entire infection period in a completely
susceptible population. Ref. [16] provides a detailed derivation of %.

The endemic equilibrium state (S*,V*,e*(a), I*, R*) of system (2.1) should sat-
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isfy the following equations:
AN —pBS*TI* — puS* —pS* =0,
pS* — BpV*I* — uV* =0,

LD (ut 8(0) + ala))e’ (a)

¢*(0) = BS*T* + pBV*T*,
e*(0)f — pI* — I + wR* =0,
ynl* 4+ €*(0) 45 — (u +w)R* = 0.

By doing a simple calculation, we find that I* is the root of the following equation

(1 +7) (1 +w)
In this equation, S* = m, Ve = (ﬂI*+u+zj)\(ﬁpI*+u) and e*(a) = e*(0)k(a).
Clearly, we have g(0) = %y and g(4+o00) = % < n <1, and it is not
difficult to find ¢’(I*) < 0. Hence, g(I*) = 1 has only a positive real root if
Xy > 1, namely, if Zy > 1, system (2.1) has only a endemic equilibrium state

E* = (8*,V*,e*(a), I*, R*). For the system (2.1), we arrive at the following result.

Theorem 3.1. The disease-free equilibrium state Eq of the system (2.1) is always
feasible. In addition, the endemic equilibrium state E* of the system (2.1) is also
feasible if %9 > 1.

3.2. Local stability of the equilibria

At equilibrium state E = (S,V,&(a), I, R), the linearized system of system (2.1)
can be written as the following equations:

dz(t“ = —BSi(t) - BIs(t) — ps(t) — ps(t),
Q%Q:p(ﬂ_ﬁﬁm@_pmww—umm

Ol ) | o) (4 6(a) + afa)elt,a), -

i oo

dT(f) - / a(a)e(t,a)da — (ur +7)i(t) +wr(t),
T e

dd(tt) _ ,Yni(t) Jr/o 5(a)e(t, a)da — (,LL + w)r(t),

e(t,0) = BSi(t) + BIs(t) + BpVi(t) + Bplv(t),

where s(t) = S(t)—S, v =V()=V, e(t,a) =e(t,a)—¢€(a), i(t)=1(1)—1, , r(t) =
R(t) — R.
Let

+oo
k1(A) :/ ala)e” foa()‘+ﬂ+a(s)+6(s))dsda,
0

+oo
ka(A) = / d(a)e” Jo Otpta(s)+8(s))ds g,
0
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In system (3.3), we set s(t) = Sper, v(t) = Voer, e(t,a) = ega)e?, i(t) =
Ioe™, r(t) = Roe and derive the following equations:

ASy = —BSIy — BISy — (11 + p)So,
AV = pSo — BpV Iy — BpIVy — uVo,
éo(a) = —(A+ p+8(a) + a(a))eo(a),

+oo
AN+pr+v) = /0 a(a)eg(a)da + wRy, (3.4)

+o00
A+ p+w)Ro = ynly + / d(a)eg(a)da,
0

e0(0) = BSIy + BISo + BpV Iy + BpI V.

By solving the system (3.4), we have

o =BSI . pSe=pBVI Ll + eo(0)ka(N)
A+ BI+p+p A+p+pBL A p+w

)\+’u1+/7_)\4‘:11w
60(0)2 ()
k(N + 53

)

0-

Combined the above expressions with the last equation of system (3.4), we get the
following equation

- ,ng _ 7 w
BG+T—L5 | 7 4 pf Ot8utn) pﬁv)] _ O ) s

P R WY S fey(N) + 22

A ptw

The implies that, at equilibrium state E , the characteristic equation of system (3.3)
can be written in the following form:

where
) = —— A+ ,
A+ BI+ p+p)(A+ Bpl + p) (A + p+ w)(A+ pr +7)
A=A+ w)[BSA+ Bpl + pu+p) + BoV (A + BT + i + p)]
X [N+ 1+ w)ks () + wka(N)],
B = wyn(A+ BT + p+p)(A+ Bpl + p).

Next, we will give the local stability results of the equilibria. Rigorous proof of
local stability require more thorough spectral analysis, which be referred to in [28].
[28] formulated an age-structured model as an abstract non-densely defined Cauchy
problem, and Lemma 3.4 in [28] shows that point spectrum and spectrum are equal.
Thus, the growth rate of solutions is given by the point spectrum, so we only need
to study the eigenvalues of the characteristic equation of system (2.1).

Theorem 3.2. (i) The disease-free equilibrium state Ey is locally asymptotically
stable (unstable) for %oy < 1 (for %o > 1).

(i) If the endemic equilibrium state E* exists, then it is locally asymptotically
stable.
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Proof. First, let us prove the local stability of the equilibrium state Ej.

FA) = 18345 + Br5 5l + o+ w)ki (V) + wha (V)] + wyn

A+ p+w)A+pr+7)

It is easy to find f'(\) < 0, f(0) = % and )\lirf f(A) = 0. Hence, for Zy > 1,
—+0o0

the equation f(\) = 1 exists positive real root. In other words, for %y > 1, the
equilibrium state Ej is unstable.
For %y < 1, if Ao = ag + ibg is a root of f(A) = 1 with ag > 0. However

| f(ag +ibo) |< %o < 1.

As a consequence, for Zy < 1, the real parts of all the eigenvalues of f(\) =1 are
negative. That is, Fy is locally asymptotically stable for 2y < 1.

Now, we are going to prove the endemic equilibrium state E* is locally asymp-
totically stable.

c
A+ B + p+p)(A+ Bpl* + p)(A+ p+ w)(A+ pr +7)
N wyn
A+ p+w)AN+pr+7)’

) =

where
C = (M) [BS*(A+BpI* +p4p)+ BpV ™ (A4 B + pu+p) [[( A+ p+w) ky (A) +wka (X))

The equilibrium state E* exists when %y > 1, if A* = a* 440" is a root of f(A) =1
with a* > 0. By calculating the characteristic equation f(A) = 1, we have

| fla™ +ib") [< g(I") = 1.
From this, we might conclude that the real parts of all the eigenvalues of f(A) =1
are negative if Zy > 1. That is, E* is locally asymptotically stable for Z, > 1. 0O
4. Uniform persistence and global stability

4.1. Uniform persistence

In this section of the paper, we are going to analyze the uniform persistence of the
system (2.1). Let us define

+oo
I ={(z1, 22,23, 24,25) € Z'|F t1,t2 € Ry : / ala +t1)zs(a)da
0
+oo
+/ 0(a+ta)zs(a)da + x4 + x5 > 0},
0

and OI' = Z°\T'. We know & =T UJTI.

Theorem 4.1. For semi-flow U(t,-), T' and O are both positively invariant sets.
In addition, on set O, the equilibrium state Ey is globally asymptotically stable.
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Proof. Let ¥(0,z¢) € T, if I(0) > 0 or R(0) > 0, based on the system (2.1), it is
easy to verify that I(t) > I(0)e=(Fr0)t > 0 or R(t) > R(0)e~@+#t > 0, then T is
positively invariant set of the semi-flow ¥(¢,-). If I(0) = 0 and R(0) = 0, without
loss of generality, we assume 3 ¢; € Ry such that f0+°° ala+t1)e(0,a)da > 0, then
vt € [0,t1], s =t; —t > 0 such that

+oo +oo
/0 ala+ s)e(t,a)da > / ala+ s)e(t,a)da

t+oo

= ala+t+s)e(t,a+t)da
) O+Ooaa S(0.a k(a+1) . (4.1)
_/0 ( +t1+)00(0, T

> g~ (nta+o) / a(a+t1)e(0,a)da
0

> 0.

If 3¢5 € (0,t1] such that I(t2) > 0, then I(t) > 0 for V¢ > t5. Otherwise, according
to (4.1), we have

dI(t Hoe

LAGY) > / a(a)e(ti,a)da > 0,

dt 0
then I(t) > 0 for V¢ > ¢1. It means that ¥(¢,I") C T for all ¢ > 0. That is to say, I’
is positively invariant set of the semi-flow W(t,-).
Let (0, ) € OI', we construct the following model

Oelloa)  0) _ (14 5(a) + afa))e(t. ),
“+o0
T = [ ettt wr— o+ a1
DO~ [ starett.ayda+ i () - (n+ )R,
e(t,0) = BSI + BpV I,
e(0,a) =eg(a), I(0) =0, R(0)=0.
Since S(t),V (t) < C, where C = max{|| z¢ || 2, %}, it is easy to verify that
I(t) < I(t), R(t) <T), | e(t,s) [l <]l ét,s) |1, (4.3)
where 0é(t,a) 0t a) )
5 + S0 —(p+9(a) + ala))é(t,a),
. o A A
%(tt) = /0 a(a)é(t,a)da + wR — (v + pr)(t),
> +00 R . (44)
B0 = [ saett.arda+ i) - u+ )0,
é(t,0) = C(BI + Bpl),
é(0,a) = eg(a), 1(0) =0, R(0)=0.
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Similar to the formulation (2.4), we derive

k(a
é(t,a) = eO(G_t)k(a—)’ - ’ (4.5)

é(t—a,0)k(a), 0<a<t.

We substitute (4.5) into the second and third equations of (4.4) and obtain the
following equations

d;sf) :/ a(a)é(t — a,0)k(a)da + Gy (t) + wR — (v + un) (1),
d";ﬁ — i) / 5(a)elt — a, 0)k(a)da + Ga(t) — (u+ w)(), O
1(0) =0,
where
“+o00 a too a
Gilt) = [ ala)enta ) Psda, Galt) = [ da)enta - ) s

Since

+oo +oo
Gi(t) < /t a(a)eg(a —t)da = /0 ala + t)ep(a)da,

+oo +oo
Ga(t) < /t d(a)eg(a —t)da = /0 d(a + t)ep(a)da.

Based on ¥(0,x0) € 9T, we know G1(t), Ga2(t) = 0 for ¢t > 0, then the system (4.6)
can be rewritten in the following equations:

%(tt):/ a(a)k(a)C(B + Bp)I(t — a)da + wR — (v + pr)I(t),
S =i+ / Sk + I o) — ()0
1(0) =0, R(0)=

It is easy to conclude that the system (4.6) exists a unique solution I(t) = 0, R(t) =
for t > 0. Depending on (4.4),(4.5), we know that é(¢,s) = 0 for 0 < s < ¢, thus,

+oo a
| afa+welta) oy :/t a(a + u)eo(a - t)k(]:z(—)t) da
<|| a(t +u+s)eo(s) ||, =0,
+oo a
O t)mi(_)t)da

<11t 4w+ 9)e0(s) 3= 0.
According to (4.3), we can conclude that I(t) =0, R(t) =0,

| a(a+t1)e(t, a) ||L1+: 0,] 6(a + t2)e(t, a) HL1+: 0, for all ¢,t1,t2 > 0.
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Thus, OT is positively invariant set of the semi-flow ¥(¢,-).
On set OT, system (2.1) reduces to the following system:

ds(t
95U _ 5 — us(e) - ps,
dt (4.7)
dL@ =nS — V(t)
a p H .
We can easily find that lim S(t) = ﬁ and lim (S( )+ V() = % Hence,
75_l)i_~_mOO V(t) = (# +p) In other words, on set JI, the equlhbrlum state Fj is globally
asymptotically stable. O

Theorem 4.2. the semi-flow {¥(¢,)}i>0 is uniformly persistent with respect to
(T, OI') when %y > 1. Apart from this, there is a global attractor By C I' for

{W(t,)}ezo-
Proof. Theorem 4 has proved that 4.1 that Ey is globally stable on set oT'. It
follows from Theorem 4.2 in [21] that we need only to verify

ws(EO) Nr= 07

where wy(Ep) = {z € & |t1i? U(t,z) = Ep}. Assume that there is a zo €
— o0
' Nws(Fy), then there exists a sequence {x,} C I' such that

1
I (t ) = Eo [l < —,t > 0.

Let us define W (¢, ) = (Sp(t), Va(t), en(t, ), In(t), Rn(t)). Then

A 1 A 1 A 1 A
—— == <G < —+ S 7<Vn(t)<7p+77
p+p n p+p n o op(p+p) n p(p+p)  n
and U(t,z,) C T, for all ¢ > 0. Similar to the analysis that I is positively invariant
set in Theorem 4.1, we know that there exists to > 0 such that I(t) > 0 or R(t) >0
for all t > tg, we may as well let to = 0 and I(0) > 0. If n is sufficiently large, we

A 1 Ap 1
can assume that u+p > n, wutn) = and

yiw + (B(SY — 2) 4+ pB(VO — D)) (A (p + w) + How)
(1 +7) (0 +w)

f(n) = >1 (4.8)

when Ry > 1.
Next, we build the following system

0é(t,a)  0é(t,a)

ot o = —(+d(a) +ala)é(ta),
dizit) B /om a(@)e(t,a)da+wR = (v +pn)I(1),
digt) = /OJm §(a)é(t, a)da +ynI(t) — (1 + w)R(t), (4.9)
é(1,0) = (ﬁ(ﬁ Z)+ Bl m ﬁp) ~ )i,

é(0,a) = eg(a), 1(0) =iy, R(0)=rg.
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Similar to the analysis in Subsection 2.2, we know that the system (4.9) has a unique
nonnegative solution. It follows from the comparison principle that

I(t) > 1(t), R(t)> R(t),e(t,s) > é(t,s). (4.10)

Similar to the formulation (2.4), we can obtian

orla K@ .
é(t,0) — D R (4.11)

é(t—a,0)k(a), 0<a<t.

We substitute (4.11) into the second and third equations of (4.9) and obtain the
following inequations

Tz [a@HOB = D)+ Bpl = 1) a)da

= (ur + (1) + wR(t),

T 2 ni(0)+ [ S@h@B( = 1)+ Bl = )i~ ada
— (p+w)R(t),
f(O) = io, ]‘?(0) =T0. (4 )
12

If I(t) and R(t) are bounded, we take the Laplace transform of both sides of (4.12)
and obtain the following inequations

{ =10+ AW 2 Ll VNN = G+ 0 LHN) +OLBN), o

= R(0) + AL[R](A) = ynLI](A) + Lluz (A LIEIA) — (1 + w)L[R](A),

where

LA = /O N LRI = / M R()dt,

0

Llur) (V) = / " a(apk(a) (B — Ly g
Clus) (V) = / T k@B~ L + Bl -

From inequations (4.13), we can derive

(A+u+w)(k+m+v)[1
w A+ p+w) N+ pr+7)

N by ~
>R(0) + 2 F Y F0) > 0.

_ ot wLlua ) + LN+ i+ @) o

. (4.14)

Applying the Dominated Convergence Theorem, we know L[u;](A) = L[u;](0), (i =
1,2) as A — 0. Since

A+p+w)(A+pr+7) fOaL + wLuz](A) + Llua](AN) (A + p 4 w)

w A+ pu+w) N+ pr+7) Ha=o
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Mﬂ(l — f(n)) <0,

which means that there exists a positive number ¢ such that

A+ p+w)A+pr+9) - wyn + wLlug](A) + L[ua](A)(A +u+w)] <0

w A+ p+w)AN+pr+7) ’
for each A € [0,¢). It follows from (4.14) that L[I](\) < 0 for each A € (0,¢). But
there is a contradiction with the nonnegative of I(¢)(t > 0). that is to say, I(t)
and R(t) cannot both be bounded. It follows from I(t) > I(t) and R(t) > R(t)
that I(¢), R(t) cannot both be bounded. It is a contradiction with Proposition 2.2.
Thus, ws(Fg) NT = () holds. With Theorem 4.2 [21], it is easy to show that semi-
flow {¥(¢t,-)}1>0 of system (2.1) is uniformly persistent. With Theorem 3.7 [30], we
know that there is a global attractor By C T for {¥(¢,-)}i>0. O

4.2. Global stability

Theorem 4.3. For system (2.1), if Ro < 1, the disease-free equilibrium state Ey
18 globally asymptotically stable.

Proof. Let us define h(z) = x—Inz—1. It is easy to conclude that h(x) achieves a
global minimum at z = 1 and h(1) = 0. Thus h(z) > 0 for all z > 0 and = # 1. By
following the same reasoning as Lemma 4.2 [8], we can verify that any solution of
system (2.1) on B is satisfied that S(t), V(¢) > 0 for any ¢t € R. Next, we define the
Lyapunov function W = Wy + W7 + W5+ W3 on B, It follows from the compactness
of B that W is bounded on B, where

S A w
H)SOh(=), = —— Wy =1, W5 = R,
+w 2) (SO) p+p YT i tw

w

Wo = (4 +
I

+00 Foo
Wy = / F(a)e(t,a)da, F(a) = / (ce(u) + d §(u))e Ja (ntals)+o(s)ds gy
0 a Bt w

The derivatives of Wy, Wi, Wy, W3 along solutions of system (2.1) are calculated
as

w _ g0y2
W = (8 + = ta) e+ ) S — a5 - 50,
. +oo e
Wy = — ; F(a)((p + afa) + d(a))e(t,a) + %)da

+o0 w
= F(0)e(t,0) — /0 (a(a) + mcs(a))e(t,a)da

w Feo 1
— (i + A (GST+ pBVI) - / (ala) + —E—5(@))e(t,a)da.

. +oo
W2:/0 aa)e(t, a)da — (v + ur)I(t) + wR,

. w +OO
R (/O 5(a)e(t, a)da + I — (4 +w)R).
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Further, we can obtian

aw w 0 ~
a = Wt s AR (BSPT 4 pBV) — (ur )] ]
w (S_SO)Q
_(%+m%)(u +p)T~
Thus (S SO)Q
dw o -
o S Wat ) ntp) o+ (v +ul(Ro — 1)

H( A+ g Ae)pB(V = VO)L

Notice that V(¢) < V° on B. As a consequence, if Ry < 1, then 4% < 0 holds.
Let T is the largest invariant subset of {d—VtV|(2.1) = 0}, the equality holds only if
St)=8%I=0,V=VoInT, St = Sg,I =0,V = VO for all t € R, then we
have e(t,a) = 0, Combining this with system (2.1), it follows that R(t) = 0, for
all t € R. Hence, T = {FEp}. It follows from the LaSalle invariance principle and
Theorem 3.2 that Ej is globally asymptotically stable. O

When Ry > 1, the system (2.1) has a global attractor By C T'. Let x € By, then
there exists a total trajectory {¥(t,x)}ier in Byp. By following the same reasoning
as Subsection 3.2 in [8], the system (2.1) reduces to the following total trajectory
system:

%}Et) =A— 85I —uS —pS,
W) _ ps— sovi—av.
elt,a) = k(@) (BS(t — a) (I(t — @) + BpV(t — a)I(t — a),
aw (4.15)
Tl | ettt wr = G+ ),
+oo
%}Et) =ynl(t) + /0 d(a)e(t,a)da — (u+ w)R(),
(5(0), V(0), e(0,a), I(0), R(0)) € By.

To prove that E* is globally stable, it is mandatory to prove that
S(), V(1), e(t,a), 1(t), R(t) > 0.

Lemma 4.1. All solutions of system (2.1) or (4.15) on By satisfy the following
inequalities:

e <S(t), V(t), I(t), R(t) <M, (B+ Bp)e’k(a) < e(t, a) < (B+ Bp)M?k(a),

forallt € R, a € Ry, where € and M are positive constants.

Proof. Let U(t,z) = (S(t),V(t),e(t,a),I(t), R(t)) C Bp.
Now, we are going to prove that S(t) > 0 for all ¢t € R. We assume S(tp) = 0

dS(to)
dt

for some ty € R. Clearly, > A > 0, we can know from here, S(tog —19) < 0
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for some 19 > 0. This is a contradiction with By C I'. Hence, S(t) > 0 for all ¢t € R.
Similarly, we can also derive V' (t) > 0 for any t € R.

Next, we are going to prove that I(¢) > 0, R(t) > 0 for any t € R. We assume
I(tg) = 0 and R(tg) = 0 for some ¢, € R. From (4.15), it is easy to derive that
I(t) = 0, R(t) = 0 when t < 3. Furthermore, we have f0+°o e(t,a)da = 0 for all
t < tp. This is a contradiction with (¢, z) C By. Further, we assume that I(tp) =

dI(t
0, R(to) > 0 for some to € R. It follows from (4.15) that c(ltO) > wR(ty) > 0, we

can know from here, I(tg — 1) < 0 for some n; > 0. This is a contradiction with
By C . Similarly, the assumption that I(¢g) > 0, R(tp) = 0 for some ¢y € R is not
true. Hence, I(t) > 0, R(t) > 0 for any ¢t € R. Furthermore, it follows from (4.15)
that e(t,a) > 0 for any (¢,a) € (R, R;). Then it follows from the compactness of
By that the conclusions of Lemma 4.1 hold. O

Theorem 4.4. For system (2.1) or (4.15) in T, if Ro > 1, the equilibrium state
E* is globally asymptotically stable.

Proof. Let us define the Lyapunov function G(t) = G1 + G2 + G3 + G4 + G5 on
By. It follows from Lemma 4.1 that G(t) is bounded, where

wr s S w iV
H2)S h(?% Go = (1 + m%)v h(V*)’

W

G1=(%/1+u+w

oo
Gy = /0 Fla)e* (a)h(

and

w
U+ w

h(z) =z —Inx—1, F(a) §(u))e™ Ja rtals)+0(s))ds gy

/ (ot +

Along any solution in By, we take the derivative versus time of G.
. w S* S
Gy =— () + —% S (=4 =——-2
1 (1+u+w D+p)S" (g + g —2)
R
S*I* s I*
S S*
Ey (2
=)= h(5)

w * Tk B
+(%+m%)ﬁs (1

w

:(%—i-quw

) [(1+ p)S™(=Nh(

85 I (h() —

S
S
s

G =(S + ——AH)pS™ (o — 1 —

w+w S*

V*

— (o) v %

u+w

w * Tk
+ (VA + m«%)ﬁpv I"(1

w
ot w

S*

) = h(

+V*

5)pS* (W) + I

SI
ol
Vs n v
vVse TV

v

)

_ 2)
Vi
VT

V*

Vv

v

v
Vs

) = hlgr)) + V" (=h(
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Ly _wZ

+pBV I (h(3) — h(7) — TaLE

)}

S+ e*(0) VI e (0)
- o ala w a e* a e(tva) a
| @+ sane @i
:F(O)BS*I*(h(Sg*) - (eggﬁfl*))

G :/0+OO a(a)e*(a)(e(t’a) - Lo e(i’a)l* +1)datwrr (L - LRy

e*(a)l
R () = 152 = W)

Tptw (@) " Ma) TR
w * I R IR*
ol () = ) = W)

Where, we use

1 Foo 1 +o0
v+ pr = F(/ ala)e*(a)da + wR"), p+w= E(/ §(a)e*(a)da + ynI*).
0 0

Further, we can get

w . . S* w wr s S
=—(J+ M+w%)((u+p)5 + BS*I )h(g) (S + u+w%§)u5 h(g)
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V*S 1% e*(0)ST

S*V) + MV*h(W)] - F(O)ﬁs*f*h(m)

— i+ S

6* +oo e a * *
F(O)pBV*I*MW)/O a(a)e*(a)h(g’(a))‘;)dawR*h(;ﬁ)

w +oo e(t,a)R* w *
/0 saye (@SB gy @ e

Cptw e*(a)R w4+ w I*R
<0.
It follows from the analysis of Theorem 4.3 [16] that By = {E*}. Therefore, the
global asymptotic stability of E* is derived. O

5. Parameters estimation and sensitivity analysis

5.1. Parameters estimation

In this subsection of the paper, based on the annual tuberculosis patients’ data
of China from 2007 to 2020, we will estimate the parameters of the system (2.1).
Based on the data from the National Bureau of Statistics of China (NBSC) [4],
we can deduce that between 2007 and 2020, the average newborn population in
China is 16,289,670 persons year—!, and the average life expectancy in China is
76.34 years old. Thus, we take A = 16,289,670 and p = 1/76.34. The World
Health Organization estimates about a quarter of the world’s population has been
infected with TB and about 85 % of people who develop TB disease can be suc-
cessfully treated with a 6-month drug regimen. Thus, we take S(0) = 0.75 x
1,314,480, 000 persons, f0+oo e(0,a)da = 0.25 * 1,314, 480,000 persons,n = 0.85.
Trollfors et al. [35] suggested that the BCG vaccine has a significant effect on LTBI.
The effectiveness was 59%. Thus, parameter p = 0.41. Guo et al. [19] suggested that
the death rate due to TB was 0.056 year—!,thus parameter p; = 1 +0.0056 year—'.
The initial infectious population I(0) = 5011912 persons, and the initial recovered
population R(0) = 7493719 persons. The annual tuberculosis patients’ data (Table
2) came from the Chinese Center for Disease Control and Prevention [2].

Table 2. The data of TB cases in China (persons).

Year 2007 2008 2009 2010 2011 2012 2013
Cases 1,163,959 1,169,540 1,076,938 991,350 953,275 951,508 904,434
Year 2014 2015 2016 2017 2018 2019 2020

Cases 889,381 864,015 836,236 835,193 823,342 775,764 670,538

After being infected with TB, some infected people will soon show symptoms of
TB (about a few weeks) because of a lack of immunity to the bacillus. Over time,
the immune system of infected people can fight off the bacillus, they are less and
less likely to show symptoms of TB and more and more likely to recover [1,5]. We
use the year as the unit and the time length of a few weeks is negligible. Thus, we
create the following monotone functions to represent a(a) and d(a), respectively

ala) = a1e™2%, §(a) = 61(1 — e~%29),
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We also assume that eg(a) = e(0)ueH.
Next, we simulate the following parameters and initial condition of system (2.1)

é = (0417042751752;p7B7P7W7V(0>)'

We use P(?, @) to represent the number of new tuberculosis patients at the t*" year,
then P(t,©) can be expressed as follows:

P(t,0)=X(t)— X(t—1),

here X (t) denotes the cumulative number of patients with TB disease by the t'"
year. We can derive the expression for X (¢) as:

dX (t)
dt

—+00
= /0 a(a)e(t,a)da + wR(t).

Next, we will use P(t, é) to simulate the annual tuberculosis patients data of
China. We use MATLAB 2018b software to estimate ©. In this study, we employ
the Delayed Rejection and Adaptive Metropolis (DRAM) algorithm to carry out the
Markov chain Monte Carlo (MCMC) procedure [20]. We estimate the convergence
of the Markov chain by using Geweke’s Z-scores [3]. The expectations, standard
deviations, and confidence intervals of the parameters and initial values are listed
in Table 3. Based on the expectations of parameters in Table 3, we find that China
will not achieve the WHO target of 2035 without a new control strategy (see Figure
2).

Table 3. The parameters values and initial values of the system (1).

Parameters Mean Std 95% CI Gewekes Z-score Source

A 16289670 - - - [4]

s 1/76.34 - - - [4]
S(0) 0.75%1314480000 - - R 14]
e(0) 0.25%1314480000 - - - [4]
1(0) 5011912 - - - [19]
R(0) 7493719 - - - [19]
ur 0.015599 - - - [19]

n 0.85 - - - [35]

p 0.41 - - - [5]
ag 0.021253299 0.002457035 [0.02124, 0.02126] 0.99532217 MCMC
as 0.060170011 0.006924137 [0.0601, 0.0602] 0.988589519 MCMC
51 0.367737936 0.042197186 [0.3675, 0.3679] 0.993649912 MCMC
59 0.052697579 0.006082301 [0.0526, 0.0527] 0.998609138 MCMC

p 0.092698114 0.010674527 [0.0926, 0.0927] 0.997274947 MCMC

B 1.70853x 102 1.97 x 10—10 [1.707 x 107 9,1.709 x 107 9] 0.997600778 MCMC

w 0.000358884 4.127x10° [0.000358, 0.000359] 0.997742014 MCMC

5 0.195569335 0.022714474 [0.1954, 0.1956] 0.998434275 MCMC
vV (0) 1917110131 x 108 22247154.49 [1.916 x 108,1.918 x 108] 0.995765272 MCMC

5.2. Sensitivity analysis

Sensitivity analysis (SA) is to find the most sensitive parameter relative to Ry.
We are going to use the partial rank correlation coefficient (PRCC) to analyze
sensitivity, which is based on Latin hypercube sampling(LHS). For the parameters
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Figure 2. The comparison chart of the data of new TB cases in the China and simulation results by
system (2.1).

in Table 3, we let V(0) take the expectation value, and we assume that other
parameters are normal distributions, the expectations and standard deviations are
the estimated values in Table 3. Figure 3 shows the values of PRCC for Ry. It
follows from the values of PRCC that 8, a(a), d(a), v have significant influence on
Ro-

6. Optimal control analysis

China is a country with a high TB burden. Although the treatment coverage in
China is very high in recent years, according to the analysis above in this paper, it
is difficult for China to achieve the WHO target of 2035. To do this, we should ex-
plore more mitigation measures that may curb the spread of TB. In the sensitivity
analysis, we found that 8, a(a), d(a), v have important influence on TB trans-
mission. Based on the actual controllability, we choose the transmission coefficient
of TB 8 and the treatment rate of infectious population v as controlled parame-
ters. Apart from that, the rate a(a) of latent class entering infectious class and the
rate d(a) of latent individuals entering recovered class are very sensitive. But we
think it difficult to take control measures on these two parameters in China’s public
health at present. Now we consider the following two mitigation measures: one
is TB prevention and control education and the other is the treatment of patients
with TB disease. These two mitigation measures are implemented in system (2.1)
by decreasing 5 and increasing . Our goal is one that the control cost is as low
as possible and the final number of infectious individuals falls to the given goal as
much as possible.

Therefore, after considering the above two mitigation measures, the system (2.1)
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Figure 3. The PRCC values.

is rewritten as the following system:

%ﬁ’f) — A~ B(1 — w (£)SI — uS — pS,
%(t) — pS — pB(L — w(V)VI — iV,
5{9 a) n 66271;@) = —(u+d(a) + ala)e(t,a),
o (6.1)

A
o /0 ala)e(t,a)da + wR — url — (1 + ua(t))1,

dR(t)

A
T =2kl + [ et a)da ~ uR ~ R
0

)
e(t,0) = B(1 —w(t))ST + pB(1 —ui(t)V1,
e(0,a) = eg(a), S(0) = s0,V(0) = vy, I(0)=1ig, R(0)=ry,

where (t,a) € Q@ = (0,T) x (0, A), A is the maximum latent age and T is the length
of the control period. uj(t), us(t) are the control variables and belong to

U = {(u1(t), ua(t)) € (LT(0,T))%: 0 < ug(t) <y < 1,0 < up(t) < W},

a.e. in (0,7).

The control variable u; (¢) implies the effort of preventing susceptible population
from becoming TB latent population, including paying attention to personal protec-
tion, accepting TB treatment and prevention education, avoiding unhealthy living
habits, and so on. The control variable us(t) represents the effort of treatment of
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patients with TB disease. The objective function is defined as:

1 A
J(ug(t),ua(t)) :f(/o a(a)e(T,a)da + wR(T) — 11(T))2

min
(uy(t),u2(t))eU 2

o T (6.2)
+ 22w @2dt+ 2 [ u(t)?dt,
2 0 2 0

subject to the system (6.1). Here p; and ps are positive weights that balance the
relative importance of the terms in J. fOA a(a)e(T,a)da + wR(T) represents the
number of new tuberculosis patients at the T*" year, a(T) is a specified-in-advance
pra(t)? o paua(t)?

target value. denote costs of disease prevention and treat-

ment programs. Prevention and treatment are considered nonlinear functions since
any public health intervention does not have a linear cost, but rather, implemen-
tation costs increase with reaching higher population fractions [7]. In this paper, a
quadratic function is taken by reference to many papers on epidemic control [13,39].
Hence, our goal is one that the control cost is as low as possible and the number of
infectious individuals at the T*" year is close to the target value @(7) as much as
possible.

Remark 6.1. Similar to the method in [18], we can prove the well-posedness of the
system (6.1), including non-negativity, existence, and uniqueness of the solution as
well as the continuous dependence of system state variables S(t), V(t),e(t, a), I(t),
R(t) concerning control variables (uq(t),u2(t)).

6.1. The solution of the optimal control problem

The sensitivity equations of system (6.1) can be derived from the following theorem:

Theorem 6.1. For each u = (u1(t),uz(t)) € U and v = (l(t)éh(t)) € (L>=(0,7))?

such that u +ev € U for sufficiently small € > 0, we have < — 2z, ase —

€
0", where ¢ and x are the solutions of system (6.1) corresponding to u + ev and
u, respectively. And sensitivity functions z € (L°°(0,T))% x L>(0,T; L' (0, A)) x
(L*°(0,T))? satisfy

dzclT(t) = BU)ST = B(1 — ur(t)z1 ()] — BL — ua(£)2a(t)S — (u+ P2 (8),
dz;t(t) = pz1(t) + pBU)VI— pB(L — us(t))z2(t) ] — pB(L — ur(t))za(t)V — pz2(t),

0z3(t,a) n 0z3(t,a)

ot 5a = (rtala)+da)z(ta)

A
dz;t(t) = / a(a)zs(t,a)da — prza(t) — yh(E) I — (1 + uz(t))z4(t) + wzs (1),
0
A
dzst(t) = / d(a)z3(t,a)da — (p+ w)zs(t) +nyh(t) L 4+ ny(1 4+ ua(t))za(t),
0

z3(t,0) = =BUt)ST + B(1 — ur ()21 ()] + B(1 — ui(t))za(t)S
= pBIOVI + pB(1 — wi(t))z2(t)] + pB(1 — ui(t))za(t)V,
23(0,a) =0, 21(0) =0, 22(0) =0, 24(¢t) =0, 25(0)=0¢t€(0,7), ac(0,A).
(6.3)
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Proof. Since the map (uq(t),u2(t)) € U — (S(t),V(t),e(t,a),I(t), R(t)) is Lips-
chitz in L>°, we have the existence of the Gateaux derivatives z by Barbu [6] and
Fister et al. [15]. Passing to the limit in the representation of the quotients, the
sensitivity functions z = (21 (¢), 22(¢, @), z3(t, 0), z4(t)) satisfy system (6.3), where

Se -8 Ve -V e(t — et
z1(t) = lim ,  2(t) = lim . z(t,a) = lim M’
e—0t 5 e—0t 5 e—0+ £
IF-1 RE—R
Z4(t) B al—lgl‘*' e “ (t) - al—l>r(I)1+ €
O

To derive an adjoint system, we define a Lagrangian £ as follows:
E(S, ‘/7 €, Ia Ra )‘17 )‘27 )\37 )\41 )\5)

=J (ua(t), ua(t))

—/0 Al(t)(%z(f)—A+ﬂ(1—ul(t))SI+(u+p)S)dt

T
= [ 2O = b5+ 080 - VT + V)

T A
7/0 /0 Ag(t,a)(aeg£ 9, 8e(at;a) + (1 + 8(a) + a(a))e(t, a))dadt

T A

—/0 A4(t)(‘“;(tt)—/0 a(a)e(t, a)da — wR + T + (1 + us(£))T)dt
T A

—/ )\5(t)(d%@—v(l+ug(t))n[—/ 5(a)e(t, a)da + (1 + w)R)dt
0 0
T

_ / Ns(£,0)(e(t, 0) — B — ur (H)ST — pB(1 — uy (1) VT)dt.

0

The adjoint system can be got by solving % =0, % =0, % =0, %—f =0, and
9% = 0. That is

d(Aq(t
IO (g0 ()] — o pDha () phale) Aol 0B~ (D),

_ d(/\jt(t)) = (—pB(1 —uy () — p)Xa(t) + A3(t,0)Bp(1 — uy ()1,

_ aAS(taa) _ 8A3(t7a)

ot 9a —(pu+ ala) + 5(a)A3(t, a) + ala) A (t) + 6(a)As(t),
- dASt(t) = —B(1 —ur () SA(t) — Bp(1 — ur () V(1)

— (pr + v+ ua(t)))Aa(t) + (1 + ua(t))nAs(t
B — un(£)SAa(£,0) + pBL — ua(£))V As(£,0),
S ) = (et ) (),

dt
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with transversality conditions
)\1(T) = 07 AQ(T) = 07 >‘4(T) = Oa )‘3(t7A) = 07

A
N(T0) = (| al@e(T a)da+wR(T) - a(T))ala)
AO
A (T) = ( /0 a(a)e(T, a)da + wR(T) — a(T))w,

Similar to the proof of Theorem 3.4 of [31], we can prove the existence of solutions
to the adjoint equations (6.4). Similar results for the adjoint equations can also be
seen in [6].

Next, we present the optimality conditions of the control problem (6.2).

Theorem 6.2. Assume there is an optimal control pair (uj(t),us(t)) € U which
minimizes (6.2), and the corresponding optimal state solution is (S*(t), V*(t),
e*(t,a), I*(t), R*(t)), and (A1(t), A2(t), As(t,a), Aa(t), As5(t)) is the solution of ad-
joint system (6.4) corresponding to (S*(t), V*(t),e*(¢,a), I*(t), R*(t)), then the op-
timal control pair (ui(t),us(t)) can be written in the following expressions:

(=M(B)BST" — Ao (1) BpV ™ I™ + A3(t, 0)pBV*I" + A3(t,0)85I7)

U*t =F )
1(t) = Fi( o )
M ()T — A5(t)ynI*
i) = B2 - SOy e in (0,7,
(6.6)
where
0,z <0,
Fl(l‘): l’,OS.’[Sﬁl, 121,2
Uiy T 2> Uy

Proof. Using the sensitivity equations (6.3), adjoint system (6.4), transversality
condition (6.5), and integration by parts, we get

T A
/ Oozl(t)+0~22(t)+/ 0-z3(t,a)da+0-z4(t) +0- z5(t)dt
0 0

T
= [ a0 % (-1 5w 0) - - )
0

—pA2(t) = As(£,0)B(1 — uq (1)) I }dt

T
+f 0022 (B0 - ()~ i)Aslt) — Ma(.0)Bp(1 — ()T

ot Oa

T A a a
s [0 [ aa- 2 - BB L ) + st
—afa)A(t) — 0(a)X5(¢t) }dadt

T
+ /0 24(t){—d)\;ft) +B(1 = us(£)SA(8) + Bp(1 — uy (£))V Aa(t)

+ (1 + (1 +u2(t)))Aa(t) = (1 + ua(t))nAs(t) — B(1 — ua(t))SAs(t,0)
= pB(1 —ui(t))VA3(t,0)}dt



1460 Z.-K. Guo, H.-F. Huo & H. Xiang

+/O e {= 250 a0+ (it w) s (8) )t

T -
= [ O~ (50 - (O} - = pa) + 50 - w()Sa )

T
+ [ a1 — (o0 = ) - p)a(t) — par(0
+ pB(1 = ui (1)) Vza(t) }dt

/ / At 8z3 £ a) 8”3;2’“) 4 (j+ ala) + 6(a))z5(t, a) ydadt

A
+/0 Aq(t ){d ;t(t) + (pr +y(1 4+ ua(t))za(t) — /0 afa)zs(t,a)da — wzs(t) }dt

dZ5 (t

T A
+ /0 )\5(t){7) + (p+w)zs(t) — /0 d(a)zs(t,a)da — yn(1 + ua(t))z4(t) }dt

T
- / As(t,0)(BL = w1 (£)21 ()] + B(L — us () 24(t)S + pB(L — ws (1)) 22 (1)1
+pB(L— wr (1) 24 ()V)dt

A T

7/ )\3(T,CL)23(T, a)da—)\5(T)z5(T)+/ Ag(t,O)Zg(t,O)dt

TO T 0 A
_ / M (B STdt + / No(8)Bpl()V It — / Ns(T, a)2s(T, a)da — As(T)z5(T)

0 0 0
T T T

- / Na(E)yh(E)Td + / s ()b ()Tt — / Na(t, 0)pBI(E)V It
0 0 0
T

_ / Ns(t,0)BU(8) STdt.
0

Since (uj(t),u5(t)) € U is an optimal control strategy that minimizes the control
problem (6.2), and we omit the asterisks for simplicity in subsequent calculations,
then we have

J(ui +el,uy +eh) — J(uf,ub)

0< lir(r)l+ .
T A
:(/O a(a)e(T,a)da +wR(T) — ﬂ(T))(/O afa)z3(T, a)da + wzs(T))
T T
o1 [ OO+ [ (o
A A
:(/O a(a)e(T,a)da +wR(T) — E(T))(/O a(a)z3(T, a)da 4+ wzs(T))
T T
o [ g [ u@n

T A
—l—/o 0'21(t)+0~22(t)—|—/0 0-z3(t,a)da+0-z4(t) +0- z5(t)dt

T
Z/ L(t)(prur + AL (B)BST + Xa2(t)BpV I — A3(t,0)pBV I — A3(t, 0)BST)dt
0
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T
+/0 h(t)(p2u2(t) — Aa(t)vL + As(t)ynl)dt.

By standard optimality arguments, we get the expressions in (6.6). O

6.2. Numerical simulations

We use the algorithm in [18], which is based on finite-difference schemes for ordinary
differential equations and partial differential equations. Next, we present numerical
experiments of optimal control. The optimal control measures were taken from 2023
to 2035. In addition, we take A = 100,7 = 13,u; = 0.3, and @y = 3, and use the
expectation values in Table 3 as parameter values in the system (6.1).

In Figure 4, we depict the optimal control and the corresponding optimal solu-
tion for new tuberculosis cases. It follows from Figure 4 that the number of new
tuberculosis patients was reduced to 30% by 2035 compared to 2015 in the case
of optimal control. Without control, the number of new tuberculosis patients was
reduced to 44%. Therefore, it is easy to conclude that optimal control is essential
for curbing TB in China. When this control strategy is applied, the effort of treat-
ment of people with TB disease decreases gradually from 2023 to 2035 and has not
reached the upper limit of the effort. The effort of preventing susceptible population
from becoming TB latent population increases gradually and almost full effort is
applied between 2032 and 2035.

The assignment of weight coefficients p; and ps are directly related to the budget
for TB control. Regrettably, this relation is not specific, but it is easy to know
that the weights p; and ps should decrease if the available budget is plentiful, and
the weights p; and ps should increase if the available budget is scarce. It can be
observed from Figure 5 that when the weight p; and ps are reduced, which implies
that there is a sufficient budget for TB control, a full effort of treatment of people
with TB disease is applied from 2023 and 2035. The effort of preventing susceptible
population from becoming TB latent population decreases gradually from 2023 to
2026 then increases gradually. The final number of new tuberculosis patients is also
reduced compared with Figure 4. This shows that the available budget is important
to TB control. Table 4 provides a summary of the two different control schemes.
Through this table, we can also find that the control effectiveness of the second
group of weight coefficients is more satisfactory.

In fact, in both control schemes, at the beginning of the simulated time, the effort
of treatment of people with TB disease us is staying at a high level to isolate as
many patients as possible with TB disease (I) to prevent the increase of the number
of the infected individuals. In the case of insufficient budget shown in Figure 4,
the steady decrease of us is determined by the balance between the number of new
tuberculosis patients and the cost of treatment programs.

Remark 6.2. The weight coefficients p; and ps are very hard to obtain in practice.
It needs a lot of work on data mining, analyzing, and fitting. Hence, the acquisition
of appropriate practical weights is a difficult problem and it remains for further
investigation. It should be pointed out that the weights in the simulations here
are of only theoretical interest to illustrate the control strategies proposed in this

paper.



1462

Z.-K. Guo, H.-F. Huo & H. Xiang

The reported TB infected cases
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Figure 4. Optimal controls of the system (6.1) with the weight coefficients p; = 1010, ps = 101°. (a)
The number of new tuberculosis patients with and without control. (b),(c) Diagrams of time-varying
control variables. (d) The number of iterations for the forward-backward sweep method
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Figure 5. Optimal controls of the system (6.1) with the weight coefficients p; = 2 x 10%, p2 = 1.1 x 107.

(a) The number of new tuberculosis patients with and without control from 2023 to 2035.
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f time-varying control variables.

sweep method

7. Conclusion

(b),(c)

(d) The number of iterations for the forward-backward

In this paper, based on the characteristics of TB transmission, we proposed and an-
alyzed an age-structured TB infection mathematical model for understanding the
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Table 4. Summary of the two different control schemes.

. . The new TB The value of
weight coefficients cases in 2035 | objective functional
p1 = 1010 without control | 3.8934 x 10° 4.5887 x 1010
p2 = 1010 control 2.5968 x 10° 2.0739 x 10'°
p1 =2 x 10° without control | 3.8934 x 105 4.5887 x 1010

p2 = 1.1 x 107 control 1.4713 x 10° 2.5195 x 10°

spread of TB in China. The goal of our research was to propose control strategies
for mitigating the risk of TB. We defined the basic reproduction number R and
showed that Ry completely determines the global dynamics of the proposed model.
Based on the annual data of TB in China from 2007 to 2020, we estimated model
parameters by the MCMC method and concluded that, by using the current TB
control measures, it is difficult for China to achieve the WHO target of 2035. To do
this, we should explore more mitigation measures that may help to curb the spread
of TB. We calculated the PRCC between the parameters and the basic reproduction
number Rg. From the PRCC values, we can know that 8, «a(a), d(a), « have the
most important influence on Rg. In light of the actual controllability, we chose the
transmission coefficient of TB and the treatment rate of infectious population as
controlled parameters to study the least cost-deviation problem. Using Pontrya-
gin’s maximum principle, we got the necessary conditions for optimal control. To
demonstrate the effectiveness of the control strategies, we used forward-backward
finite difference approximation and iterative methods to solve the optimality system
numerically. We assigned different values to the weight coefficients to indicate the
different budget levels. Our study provides guidance for public health authorities
on how to utilize limited resources effectively to mitigate the spread of TB.

TB is still spreading in many developing countries, and the characteristics of
TB transmission in these countries are the same, so our model and the research
framework will also be of value to the mitigation of the risk of TB in other developing
countries.
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