
Journal of Applied Analysis and Computation Website:http://www.jaac-online.com

Volume 14, Number 3, June 2024, 1467–1484 DOI:10.11948/20230256

GLOBAL EXISTENCE AND BLOW-UP
PHENOMENA FOR THE DOUBLY

NONLINEAR DIFFUSION EQUATION WITH
NONLINEAR NEUMANN BOUNDARY

CONDITIONS

Na Chen1,†, Peihe Wang1 and Fushan Li1

Abstract Under the nonlinear Neumann boundary conditions, an initial
boundary value problem for doubly nonlinear diffusion equation is considered
in this paper. We establish the new sufficient conditions on nonlinear func-
tions to guarantee that the positive solution u(xxx, t) exists globally. Under the
conditions to guarantee that the positive solution blows up, by establishing
the Sobolev inequality in multidimensional space, we obtain upper and lower
bounds of the blow-up time T .
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1. Introduction

In this paper, we consider the problem
ut = div(|∇um|p−2∇um) + k(t)f(u), (xxx, t) ∈ Ω× (0, T ),

|∇um|p−2 ∂u
∂ννν = g(u), (xxx, t) ∈ ∂Ω× (0, T ),

u(xxx, 0) = u0(xxx) > 0, xxx ∈ Ω,

(1.1)

where Ω ⊂ Rn is a bounded star-shaped domain with a smooth boundary ∂Ω, p ≥ 2
and m ≥ 1, T is the blow-up time if blow-up occurs, or else T = ∞. We assume
that k(t) is a nonnegative differential function, f is locally Lipschitz continuous on
R, f(0) = 0, g(u) is a nonnegative continuous function.

Definition 1.1. A function u ∈ L∞(Ω× (0, T )) ∩ Lp(0, T ; W 1,p(Ω)) is said to be
a weak solution for (1.1) if∫ T

0

∫
Ω

uφτdxxxdτ +m

∫ T

0

∫
∂Ω

φum−1g(u)dSdτ −
∫ T

0

∫
Ω

|∇um|p−2∇um · ∇φdxxxdτ
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+

∫ T

0

∫
Ω

k(τ)fφdxxxdτ

=

∫
Ω

u(xxx, T )φ(xxx, T )dxxx−
∫

Ω

u(xxx, 0)φ(xxx, 0)dxxx,

for any φ ∈ C∞(Ω̄)× (0, T ).
One of the important examples of the doubly nonlinear diffusion equation is

the porous medium equation, which describes widely processes involving fluid flow,
heat transfer or diffusion, and its other applications in different fields such as math-
ematical biology, lubrication, boundary layer theory, and etc. At present, many
articles are known for the study of blow-up phenomena for the parabolic equations
(for instance, [4–7, 16–18]). Recently, some new developments have been made in
the study of the blow-up time estimates for parabolic equations under nonlinear
boundary conditions. We refer to [6,19,20,25]. In order to investigate the blow-up
problems of (1.1), we focus on the papers [6,19,20,25]. In [25], Zhang and Li studied
the following problems

ut −
n∑

i,j=1

(aij(xxx)uxi)xj = k(t)f(u), (xxx, t) ∈ Ω× (0, t∗),

n∑
i,j=1

aij(xxx)uxiνj = g(u), (xxx, t) ∈ ∂Ω× (0, t∗),

u(xxx, 0) = u0(xxx) > 0, xxx ∈ Ω,

where Ω is a bounded star-shaped domain in Rn(n ≥ 3) with smooth boundary
∂Ω. Under certain conditions on data, they showed that the solution blows up or
remain global for Ω ∈ Rn(n ≥ 3), and by establishing the Sobolev inequality in
multidimensional space and constructing the unified functionals, they obtain upper
and lower bounds of the blow-up time t∗. Payne, Philippin and Vernier Piro [19]
investigate the blow-up phenomenon of the classical solution u(xxx, t) of the following
initial-boundary value problem

ut = ∆u− f(u), (xxx, t) ∈ Ω× (0, t∗),

∂u
∂ννν = g(u), (xxx, t) ∈ ∂Ω× (0, t∗),

u(xxx, 0) = u0(xxx), xxx ∈ Ω̄,

where Ω is a bounded star-shaped domain in Rn(n ≥ 2) with smooth boundary
∂Ω. They establish conditions on nonlinearities sufficient to guarantee that u(xxx, t)
exist for all time t > 0 as well as conditions on data forcing the solution u(xxx, t) to
blow up at finite time t∗. Moreover, under somewhat more restrictive conditions,
upper and lower bounds for t∗ are derived. Ding and Shen [6] consider the blow-up
problem 

ut = ∆(um) + k(t)f(u), (xxx, t) ∈ Ω× (0, t∗),

∂u
∂ννν = g(u), (xxx, t) ∈ ∂Ω× (0, t∗),

u(xxx, 0) = u0(xxx), xxx ∈ Ω̄,

where m > 1, Ω ⊂ Rn(n ≥ 2) is a bounded convex domain with smooth boundary.
Under appropriate assumptions, the sufficient condition is given to guarantee that
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solution u blows up at finite time. Moreover, upper and lower bounds for blow-
up time are derived. Sabitbek and Torebek [20] investigate a global existence and
blow-up of the positive solutions to a nonlinear porous medium problem

ut = div(|∇um|p−2∇um) + f(u), (xxx, t) ∈ Ω× (0,+∞),

u(xxx, t) = 0, (xxx, t) ∈ ∂Ω× (0,+∞),

u(xxx, 0) = u0(xxx), xxx ∈ Ω.

By using the concavity method and constructing auxiliary functions, they obtain
the sufficient conditions of the existence of global solution and blow up solution and
the upper bound on blow-up time.

In this paper, the more generate problems (1.1) are studied. It seems that the
auxiliary functions defined in [6,19,20,25] are not applicable for the problem (1.1).
By defining completely different auxiliary functions from those in [6,19,20,25] and
using a first-order differential inequality technical, we obtain conditions sufficient
to ensure the solution exists for all time or blows up at some finite time. The upper
and lower bounds on blow-up time are also given.

We process as follows. In section 2, we establish the conditions on the nonlinear-
ities to guarantee that u(xxx, t) exists globally. In section 3, we show the conditions
on the nonlinearities which ensure that the solution blows up at some finite time
and obtain an upper bound of the blow-up time. Section 4 is devoted to showing a
lower bound of blow-up time under some assumptions.

2. Global existence

In this section, we show the global existence of the positive solution to problem
(1.1). Firstly, we give the following general lemma [25].

Lemma 2.1. [25] Let Ω ⊂ Rn(n ≥ 2) be a bounded star-shaped domain assumed
to be convex in n − 1 orthogonal directions. Then, for any nonnegative increasing
C1 function h(w), we have∫

∂Ω

h(w)dS ≤ n

ρ0

∫
Ω

h(w)dxxx+
d

ρ0

∫
Ω

h′(w)|∇w|dxxx,

where

ρ0 := min
xxx∈∂Ω

(xxx · ννν), d := max
xxx∈∂Ω

|xxx|.

Theorem 2.1. Let Ω ⊂ Rn(n ≥ 2) is a bounded star-shaped domain with a smooth
boundary ∂Ω, p ≥ 2, m ≥ 1. Let the functions f , g and k(t) satisfy

f(s) ≤ −c1sr1 , g(s) ≤ c2sr2 , k(t) ≥ c3, (2.1)

where c1, c2, c3 > 0, r2 > (p− 2)m+ 1, r1 > r2 +m− 1, (p− 1)r1 − pr2 > m− p,
s > 0. Then the positive solution u(xxx, t) of problem (1.1) is bounded for all time
t > 0.
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Proof. Multiplying the equation of (1.1) by um(xxx, t) and integrating by parts, we
have∫

Ω

umutdxxx−
∫

Ω

[
umdiv(|∇um|p−2∇um) + k(t)umf(u)

]
dxxx

=
1

m+ 1

d

dt

∫
Ω

um+1dxxx−
∫
∂Ω

mu2m−1g(u)dS +

∫
Ω

|∇um|pdxxx−
∫

Ω

k(t)umf(u)dxxx

=0. (2.2)

Define the auxiliary functional

Φ(t) :=
1

m+ 1

∫
Ω

um+1dxxx, (2.3)

then we have

Φ′(t) =

∫
∂Ω

mu2m−1g(u)dS −
∫

Ω

|∇um|pdxxx+

∫
Ω

k(t)umf(u)dxxx

≤mc2
∫
∂Ω

u2m+r2−1dS −
∫

Ω

|∇um|pdxxx− c1c3
∫

Ω

um+r1dxxx. (2.4)

Application of Lemma 2.1 leads to the inequality∫
∂Ω

u2m+r2−1dS ≤ n

ρ0

∫
Ω

u2m+r2−1dxxx+
d(2m+ r2 − 1)

ρ0

∫
Ω

u2m+r2−2|∇u|dxxx.

(2.5)

Using Young’s inequality with ε > 0, we have∫
Ω

u2m+r2−2|∇u|dxxx =
1

m

∫
Ω

um+r2−1|∇um|dxxx

≤ ε

m

∫
Ω

|∇um|pdxxx+
c(ε)

m

∫
Ω

u
p(m+r2−1)

p−1 dxxx, (2.6)

where c(ε) = p−1
p (εp)−

1
p−1 .

Inserting (2.5) and (2.6) into (2.4) and choosing ε = ρ0

c2d(2m+r2−1) > 0, we have

Φ′(t) ≤nmc2
ρ0

∫
Ω

u2m+r2−1dxxx+
c2c(ε)d(2m+ r2 − 1)

ρ0

∫
Ω

u
p(m+r2−1)

p−1 dxxx (2.7)

− c1c3
∫

Ω

um+r1dxxx.

Now let’s estimate
∫

Ω
u
p(m+r2−1)

p−1 dxxx. To this end we make use of Hölder’s inequality
to write ∫

Ω

u
p(m+r2−1)

p−1 dxxx ≤
(∫

Ω

u2m+r2−1dxxx

)1−σ (∫
Ω

um+r1dxxx

)σ
(2.8)

with

σ :=
r2 − (p− 2)m− 1

(p− 1)(r1 − r2 −m+ 1)
. (2.9)
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Note that σ ∈ (0, 1) in view of r1 > r2 > (p− 2)m+ 1, (p− 1)r1 − pr2 > m− p.
From (2.8), we obtain∫

Ω

u
p(m+r2−1)

p−1 dxxx ≤
(
δ

σ
σ−1

∫
Ω

u2m+r2−1dxxx

)1−σ (
δ

∫
Ω

um+r1dxxx

)σ
≤(1− σ)δ

σ
σ−1

∫
Ω

u2m+r2−1dxxx+ σδ

∫
Ω

um+r1dxxx, (2.10)

for arbitrary δ > 0. By inserting (2.10) in (2.7), we obtain

Φ′(t) ≤M1

∫
Ω

u2m+r2−1dxxx−M2

∫
Ω

um+r1dxxx (2.11)

with

M1 :=
nmc2
ρ0

+
(1− σ)δ

σ
σ−1 c2c(ε)d(2m+ r2 − 1)

ρ0
> 0,

M2 :=c1c3 −
σδc2c(ε)d(2m+ r2 − 1)

ρ0
, (2.12)

and choose δ small enough to have M2 > 0. From Hölder’s inequality, we have∫
Ω

u2m+r2−1dxxx ≤
(∫

Ω

um+r1dxxx

) 2m+r2−1
m+r1

|Ω|
r1−r2−m+1

m+r1 , (2.13)

where |Ω| :=
∫

Ω
dxxx. Combining (2.11) and (2.13), we obtain

Φ′(t)

≤M1

(∫
Ω

um+r1dxxx

) 2m+r2−1
m+r1

[
|Ω|

r1−r2−m+1
m+r1 − M2

M1

(∫
Ω

um+r1dxxx

) r1−r2−m+1
m+r1

]
.

(2.14)

Using again Hölder inequality, we have

Φ(t) :=
1

m+ 1

∫
Ω

um+1dxxx ≤ 1

m+ 1

(∫
Ω

um+r1dxxx

) m+1
m+r1

|Ω|
r1−1
m+r1 . (2.15)

It follows from (2.14), (2.15) that

Φ′(t) (2.16)

≤M1

(∫
Ω

um+r1dxxx

) 2m+r2−1
m+r1

×
[
|Ω|

r1−r2−m+1
m+r1 − M2

M1
(m+ 1)

r1−r2−m+1
m+1 |Ω|

(1−r1)(r1−r2−m+1)

(m+1)(m+r1) Φ(t)
r1−r2−m+1

m+1

]
.

(2.17)

From the inequality (2.16), we can conclude that Φ(t) remains bounded for all
time under the conditions in Theorem 2.1. In fact, if u(xxx, t) blows up at finite time
T , then Φ(t) is unbounded near T which forces Φ′(t) ≤ 0 in some interval [t0, T ).
So we have Φ(t) ≤ Φ(t0) in [t0, T ) which implies that Φ(t) is unbounded in [t0, T ),
this is a contradiction.

The proof of Theorem 2.1 is completed.
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Remark 2.1. If there is no heat source and the boundary is adiabatic, that is,
k(t) ≡ 0 and g ≡ 0, from (2.2)-(2.4) in the proof process, we conclude that the
nonnegative solution exists globally.

Remark 2.2. If k(t) = 1, p = 2,m = 1 is taken in this problem, then this problem
is the model in reference [19], which is consistent with the results in reference [19].
In this case, r1 = 2 and r2 = 1 can satisfy all the conditions in Theorem 2.1.

Remark 2.3. If we choose f(s) = −c1sr1 , g(s) = c2s
r2 , k = c3, where c1, c2, c3 > 0

and r1 = (p2+1)m
p−1 , r2 = pm, then all the conditions in Theorem 2.1 are satisfied.

3. Blow-up and upper bound estimation of T

In this section, we determine a condition sufficient to ensure the solution blows up
at some finite time and obtain an upper bound on blow-up time. From the physical
background and characteristics of the heat equation, we known that if the function
f , g and k(t) are nonnegative, then the solution to (1.1) is nonnegative and smooth.

Lemma 3.1. [13, 14] If the function ω(t) > 0 is twice-differentiable and for the
constant θ > 0 and any t > 0 which satisfies

ω′′(t)ω(t)− (1 + θ) (ω′(t))
2 ≥ 0

and ω′(0) > 0, then there exists 0 < t1 ≤ ω(0)
θω′(0) such that ω(t) tends to infinity as

t→ t1.

Theorem 3.1. Let Ω ⊂ Rn(n ≥ 1) is a bounded domain with a smooth boundary
∂Ω. The heat source coefficient k(t) is a nonnegative nondecreasing differentiable
function, and the nonnegative integrable functions f , g satisfy the conditions for
some constant α > m+ 1:

umf(u) ≥ αF (u), u2m−1g(u) ≥ αG(u), u ≥ 0 (3.1)

with

F (u) =
pm

m+ 1

∫ u

0

ξm−1f(ξ)dξ, G(u) =
pm2

m+ 1

∫ u

0

ξ2(m−1)g(ξ)dξ, u ≥ 0. (3.2)

Moreover, we assume Θ(0) > 0 with

Θ(t) :=

∫
∂Ω

G(u)dS − 1

m+ 1

∫
Ω

|∇um|pdxxx+ k(t)

∫
Ω

F (u)dxxx. (3.3)

Then the nonnegative classical solution u(xxx, t) blows up at some finite time T ≤ TU
with

TU :=
(1 + 1

σ )2
∫

Ω
um+1

0 dxxx

α(m+ 1)Θ(0)
, (3.4)

where σ =
√
αpm

m+1 − 1 > 0.



Global existence and blow-up phenomena 1473

Proof. By the definition of Θ(t) and the condition (3.1), and in view of k′(t) ≥ 0,
we deduce

Θ′(t) =
pm2

m+ 1

∫
∂Ω

u2(m−1)utg(u)dS − p

m+ 1

∫
Ω

|∇um|p−2∇um · ∇(um)tdxxx

+
pm

m+ 1
k(t)

∫
Ω

um−1utf(u)dxxx+
pm

m+ 1
k
′
(t)

∫
Ω

∫ u

0

ξm−1f(ξ)dξ

≥ p

m+ 1

[
m

∫
∂Ω

um−1(um)tg(u)dS −
∫

Ω

|∇um|p−2∇um · ∇(um)tdxxx

+k(t)

∫
Ω

(um)tf(u)dxxx

]
=

p

m+ 1

[∫
Ω

(um)t|∇um|p−2∆umdxxx+

∫
Ω

(um)t∇(|∇um|p−2) · ∇umdxxx

+k(t)

∫
Ω

(um)tf(u)dxxx

]
=

p

m+ 1

[∫
Ω

(um)tdiv(|∇um|p−2∇um)dxxx+ k(t)

∫
Ω

(um)tf(u)dxxx

]
=

p

m+ 1

∫
Ω

(um)tutdxxx

=
pm

m+ 1

∫
Ω

um−1u2
tdxxx

≥0, (3.5)

which with Θ(0) > 0 imply Θ(t) > 0 for all t ∈ (0, T ). And we can see that

Θ(t) = Θ(0) +

∫ t

0

d

dτ
Θ(τ)dτ ≥ Θ(0) +

∫ t

0

∫
Ω

pm

m+ 1
um−1u2

τdxxxdτ. (3.6)

Now, we introduce a new function

Φ(t) =

∫ t

0

∫
Ω

um+1dxxxdt+M, (3.7)

where M > 0 is a constant to be determined later. Then it is easy to see that

Φ′(t) =

∫
Ω

um+1dxxx = (m+ 1)

∫
Ω

∫ t

0

umuτdτdxxx+

∫
Ω

um+1
0 dxxx. (3.8)

Use integration by parts, the condition (3.1) and (3.6) in turn to obtain

Φ′′(t) =(m+ 1)

∫
Ω

umutdxxx

=(m+ 1)

∫
Ω

[
umdiv(|∇um|p−2∇um) + k(t)umf(u)

]
dxxx

=(m+ 1)

∫
∂Ω

mu2m−1g(u)dS − (m+ 1)

∫
Ω

|∇um|pdxxx

+ (m+ 1)

∫
Ω

k(t)umf(u)dxxx
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≥αm(m+ 1)

∫
∂Ω

G(u)dS − (m+ 1)

∫
Ω

|∇um|pdxxx

+ α(m+ 1)k(t)

∫
Ω

F (u)dxxx

≥α(m+ 1)

∫
∂Ω

G(u)dS − (m+ 1)

∫
Ω

|∇um|pdxxx+ α(m+ 1)k(t)

∫
Ω

F (u)dxxx

=α(m+ 1)

[∫
∂Ω

G(u)dS − 1

m+ 1

∫
Ω

|∇um|pdxxx+ k(t)

∫
Ω

F (u)dxxx

]
+ (α−m− 1)

∫
Ω

|∇um|pdxxx

>α(m+ 1)

[∫
∂Ω

G(u)dS − 1

m+ 1

∫
Ω

|∇um|pdxxx+ k(t)

∫
Ω

F (u)dxxx

]
=α(m+ 1)Θ(t)

≥α(m+ 1)

[
Θ(0) +

∫ t

0

∫
Ω

pm

m+ 1
um−1u2

τdxxxdτ

]
. (3.9)

Using the Schwarz inequality, we obtain

Φ′(t)2 =

(
(m+ 1)

∫
Ω

∫ t

0

umuτdτdx+

∫
Ω

um+1
0 dx

)2

=

(
(m+ 1)

∫
Ω

∫ t

0

umuτdτdx

)2

+

(∫
Ω

um+1
0 dx

)2

+ 2(m+ 1)(

∫
Ω

∫ t

0

umuτdτdx)(

∫
Ω

um+1
0 dx)

≤(m+ 1)2

(∫
Ω

∫ t

0

umuτdτdx

)2

+

(∫
Ω

um+1
0 dx

)2

+ 2

[
ε(m+ 1)2

2

(∫
Ω

∫ t

0

umuτdτdx

)2

+
1

2ε

(∫
Ω

um+1
0 dx

)2
]

=(m+ 1)2(1 + ε)

(∫
Ω

∫ t

0

umuτdτdx

)2

+ (1 +
1

ε
)

(∫
Ω

um+1
0 dx

)2

≤(m+ 1)2(1 + ε)

[∫
Ω

(

∫ t

0

um−1u2
τdτ)

1
2 (

∫ t

0

um+1dτ)
1
2 dx

]2

+ (1 +
1

ε
)

(∫
Ω

um+1
0 dx

)2

≤(m+ 1)2(1 + ε)

(∫
Ω

∫ t

0

um−1u2
τdτdx

)(∫
Ω

∫ t

0

um+1dτdx

)
+ (1 +

1

ε
)

(∫
Ω

um+1
0 dx

)2

, (3.10)

where ε > 0 is arbitrary. Combining the above estimates (3.8), (3.9) and (3.10), we

obtain that for σ = ε =
√
αpm

m+1 − 1 > 0,

Φ′′(t)Φ(t)− (1 + σ)Φ′(t)2
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>α

[
(m+ 1)Θ(0) + pm

∫ t

0

∫
Ω

um−1u2
τdxdτ

] [∫ t

0

∫
Ω

um+1dxdτ +M

]
− (m+ 1)2(1 + σ)(1 + ε)

(∫
Ω

∫ t

0

um−1u2
τdτdx

)(∫
Ω

∫ t

0

um+1dτdx

)
− (1 + σ)(1 +

1

ε
)

(∫
Ω

um+1
0 dx

)2

=αM(m+ 1)Θ(0) + α(m+ 1)Θ(0)

∫ t

0

∫
Ω

um+1dxdτ + αMpm

∫ t

0

∫
Ω

um−1u2
τdxdτ

+
[
αpm− (m+ 1)2(1 + σ)(1 + ε)

](∫
Ω

∫ t

0

um−1u2
τdτdx

)(∫
Ω

∫ t

0

um+1dτdx

)
− (1 + σ)(1 +

1

ε
)

(∫
Ω

um+1
0 dx

)2

≥αM(m+ 1)Θ(0)− (1 + σ)(1 +
1

ε
)

(∫
Ω

um+1
0 dx

)2

. (3.11)

Since Θ(0) > 0 by the assumption, we can choose

M =
(1 + σ)(1 + 1

σ )
(∫

Ω
um+1

0 dx
)2

α(m+ 1)Θ(0)
> 0, (3.12)

that gives

Φ′′(t)Φ(t)− (1 + σ)Φ′(t)2 > 0. (3.13)

Then by the Lemma 3.1, we have derived the conclusion.

Remark 3.1. From the above proof process, it is not difficult to find that when
α = m+ 1, pm = m+ 1, it holds that

Φ(t) ≥ Φ(0)e
Φ′(0)
Φ(0)

t,

then we deduce

lim
t→+∞

Φ(t) = +∞.

Remark 3.2. If we choose F (u) = u
αpm
m+1 f1(u), G(u) = u

αpm2

m+1 g1(u), where f1(u)
and g1(u) is nonnegative nondecreasing function on (0,+∞), u0(xxx) = constant > 0,
then all the conditions in Theorem 3.1 are satisfied.

Remark 3.3. The proof of Theorem 3.1 has not required that Ω is a star-shape
domain.

4. Lower bound estimation of T

In this section, under assumption that Ω ⊂ Rn(n ≥ 2) is a bounded star-sharped
domain assumed to be convex in n − 1 orthogonal directions, we give the lower
bound estimation of blow-up time under occurrence of blow-up phenomena.
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Lemma 4.1. [1] For any function u ∈W 1,p
0 (Ω), we have the inequality

‖u‖r ≤ C∗‖u‖W 1,p ,

for all 1 ≤ r ≤ p∗, where p∗ = np
n−p if n > p and p∗ =∞ if n ≤ p. The best constant

C∗ depends only on Ω, n, p and r.

We suppose that functions f , g and k satisfy

f(ξ) ≤ aξr1 , g(ξ) ≤ bξr2 , k(t) ≤M, t > 0, (4.1)

where a, b, r1, r2, M are some positive constants and

pr2 − (p− 1)r1 > p−m, r2 > 1 +m(p− 2). (4.2)

The auxiliary function is defined as follows

Φ(t) =

∫
Ω

uβdxxx

with

β > max

{
1,
p∗p [r2 −m(p− 2)− 1]

(p∗ − p)(p− 1)

}
. (4.3)

Theorem 4.1. Let Ω ⊂ Rn(n ≥ 2) is a bounded star-sharped domain assumed to
be convex in n − 1 orthogonal directions. Assume that (4.1)-(4.3) hold. Then, the
nonnegative classical solution u(xxx, t) ∈ L∞(Ω× (0, T ))∩Lp(0, T ; W 1,p

0 (Ω)) to (1.1)
blows up at finite time, and the blow-up time

T ≥
∫ +∞

Φ(0)

dτ

C1 + C2τ
p(1−σ1)

p−p∗σ1

,

where C1, C2 and σ1 are certain positive constants, we will provide them later.

Proof. Using (4.1), (4.3), and the divergence theorem, we have

Φ′(t) =β

∫
Ω

uβ−1utdxxx

=β

∫
Ω

uβ−1
[
div(|∇um|p−2∇um) + k(t)f(u)

]
dxxx

=β

∫
Ω

uβ−1∇(|∇um|p−2) · ∇umdxxx+ β

∫
Ω

uβ−1|∇um|p−2∆umdxxx

+ β

∫
Ω

k(t)uβ−1f(u)dxxx

=βm

∫
∂Ω

uβ+m−2g(u)dS − β
∫

Ω

|∇um|p−2∇uβ−1 · ∇umdxxx

+ β

∫
Ω

k(t)uβ−1f(u)dxxx

=βm

∫
∂Ω

uβ+m−2g(u)dS − β(β − 1)m

∫
Ω

uβ+m−3|∇um|p−2|∇u|2dxxx

+ β

∫
Ω

k(t)uβ−1f(u)dxxx. (4.4)
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We note

muβ+m−3|∇um|p−2|∇u|2 =
1

m
uβ−m−1|∇um|p−2|∇um|2

=
1

m

(
mp

β + (p− 1)m− 1

)p
|∇
(
u
β+(p−1)m−1

p

)
|p. (4.5)

Inserting (4.5) into (4.4), we get

Φ′(t) ≤βmb
∫
∂Ω

uβ+m+r2−2dS

− β(β − 1)

m

(
mp

β + (p− 1)m− 1

)p ∫
Ω

|∇
(
u
β+(p−1)m−1

p

)
|pdxxx

+ βaM

∫
Ω

uβ+r1−1dxxx. (4.6)

To the first term of right side of (4.6), we apply the Lemma 2.1 to obtain∫
∂Ω

uβ+m+r2−2dS

≤ n

ρ0

∫
Ω

uβ+m+r2−2dxxx+
d(β +m+ r2 − 2)

ρ0

∫
Ω

uβ+m+r2−3|∇u|dxxx, (4.7)

where ρ0 := min
xxx∈∂Ω

(xxx · ννν) and d := max
xxx∈∂Ω

|xxx|. By (4.5), the Hölder inequality, and

Young inequality, we derive∫
Ω

uβ+m+r2−3|∇u|dxxx

≤
(∫

Ω

uβ+(p−1)m−p−1|∇u|pdxxx
) 1
p
(∫

Ω

uβ+
p(r2−2)+m+1

p−1 dxxx

) p−1
p

=

(
ε1

∫
Ω

uβ+(p−1)m−p−1|∇u|pdxxx
) 1
p

(
1

εp−1
1

∫
Ω

uβ+
p(r2−2)+m+1

p−1 dxxx

) p−1
p

≤ε1
p

∫
Ω

uβ+(p−1)m−p−1|∇u|pdxxx+
p− 1

pεp−1
1

∫
Ω

uβ+
p(r2−2)+m+1

p−1 dxxx

=
ε1
p

(
p

β + (p− 1)m− 1

)p ∫
Ω

|∇
(
u
β+(p−1)m−1

p

)
|pdxxx+

p− 1

pεp−1
1

∫
Ω

uβ+
p(r2−2)+m+1

p−1 dxxx,

(4.8)

where

ε1 =
(β − 1)ρ0m

p−2

bd(β +m+ r2 − 2)
> 0. (4.9)

Substituting (4.7)-(4.9) into (4.6), we deduce

Φ′(t) ≤βmb
(
n

ρ0

∫
Ω

uβ+m+r2−2dxxx+
d(β +m+ r2 − 2)

ρ0

∫
Ω

uβ+m+r2−3|∇u|dxxx
)

− β(β − 1)

m

(
mp

β + (p− 1)m− 1

)p ∫
Ω

|∇
(
u
β+(p−1)m−1

p

)
|pdxxx
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+ βaM

∫
Ω

uβ+r1−1dxxx

≤βmbn
ρ0

∫
Ω

uβ+m+r2−2dxxx+
dβmb(β +m+ r2 − 2)

ρ0

×
(
ε1
p

(
p

β + (p− 1)m− 1

)p ∫
Ω

|∇
(
u
β+(p−1)m−1

p

)
|pdxxx

+
p− 1

pεp−1
1

∫
Ω

uβ+
p(r2−2)+m+1

p−1 dxxx

)

− β(β − 1)

m

(
mp

β + (p− 1)m− 1

)p ∫
Ω

|∇
(
u
β+(p−1)m−1

p

)
|pdxxx

+ βaM

∫
Ω

uβ+r1−1dxxx

=
βmbn

ρ0

∫
Ω

uβ+m+r2−2dxxx

+
dβmb(p− 1)(β +m+ r2 − 2)

ρ0pε
p−1
1

∫
Ω

uβ+
p(r2−2)+m+1

p−1 dxxx

+

(
dβmb(β +m+ r2 − 2)

ρ0p

(
p

β + (p− 1)m− 1

)p
ε1

−β(β − 1)

m

(
mp

β + (p− 1)m− 1

)p)∫
Ω

|∇
(
u
β+(p−1)m−1

p

)
|pdxxx

+ βaM

∫
Ω

uβ+r1−1dxxx

=
βmbn

ρ0

∫
Ω

uβ+m+r2−2dxxx

+
dβmb(p− 1)(β +m+ r2 − 2)

ρ0pε
p−1
1

∫
Ω

uβ+
p(r2−2)+m+1

p−1 dxxx

+
β(β − 1)(mp)p−1(1− p)

(β + (p− 1)m− 1)p

∫
Ω

|∇
(
u
β+(p−1)m−1

p

)
|pdxxx+ βaM

∫
Ω

uβ+r1−1dxxx.

(4.10)

We use the Hölder inequality and the Young inequality to the first and fourth terms
of right side of (4.10) to obtain

∫
Ω

uβ+m+r2−2dxxx ≤
(∫

Ω

uβ+
p(r2−2)+m+1

p−1 dxxx

) (p−1)(β+m+r2−2)

(p−1)β+p(r2−2)+m+1

|Ω|
r2−(p−2)m−1

(p−1)β+p(r2−2)+m+1

≤ (p− 1)(β +m+ r2 − 2)

(p− 1)β + p(r2 − 2) +m+ 1

∫
Ω

uβ+
p(r2−2)+m+1

p−1 dxxx

+
r2 − (p− 2)m− 1

(p− 1)β + p(r2 − 2) +m+ 1
|Ω| (4.11)

and

∫
Ω

uβ+r1−1dxxx ≤
(∫

Ω

uβ+
p(r2−2)+m+1

p−1 dxxx

) (p−1)(β+r1−1)

(p−1)β+p(r2−2)+m+1

|Ω|
pr2−(p−1)r1−p+m

(p−1)β+p(r2−2)+m+1
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≤ (p− 1)(β + r1 − 1)

(p− 1)β + p(r2 − 2) +m+ 1

∫
Ω

uβ+
p(r2−2)+m+1

p−1 dxxx

+
pr2 − (p− 1)r1 − p+m

(p− 1)β + p(r2 − 2) +m+ 1
|Ω|, (4.12)

where 0 < (p−1)(β+m+r2−2)
(p−1)β+p(r2−2)+m+1 < 1 and 0 < (p−1)(β+r1−1)

(p−1)β+p(r2−2)+m+1 < 1 in considera-

tion of (4.2) and (4.3). and |Ω| is the measure of Ω. Inserting (4.11) and (4.12) into
(4.10), we have

Φ′(t) ≤A1 +A2

∫
Ω

uβ+
p(r2−2)+m+1

p−1 dxxx

+
β(β − 1)(mp)p−1(1− p)

(β + (p− 1)m− 1)p

∫
Ω

|∇
(
u
β+(p−1)m−1

p

)
|pdxxx, (4.13)

where

A1 =

[
βbmn[r2 − (p− 2)m− 1] + ρ0βaM [pr2 − (p− 1)r1 − p+m]

ρ0[(p− 1)β + p(r2 − 2) +m+ 1]

]
|Ω| > 0

(4.14)

and

A2 =
βbmn(p− 1)(β +m+ r2 − 2) + ρ0βaM [(p− 1)(β + r1 − 1)]

ρ0[(p− 1)β + p(r2 − 2) +m+ 1]

+
βmbd(p− 1)(β +m+ r2 − 2)

ρ0pε
p−1
1

>0. (4.15)

We use the Hölder inequality, the second term on the right-hand side of (4.13)
can be estimated as follows∫

Ω

uβ+
p(r2−2)+m+1

p−1 dxxx ≤
(∫

Ω

uβdxxx

)1−σ1
[∫

Ω

(
u
β+(p−1)m−1

p

)p∗
dxxx

]σ1

, (4.16)

where

σ1 =
p[p(r2 − 2) +m+ 1]

(p− 1)[p∗(β + (p− 1)m− 1)− βp]
, 0 < σ1 < 1

in view of (4.2). And by Lemma 4.1, we have

∫
Ω

(
u
β+(p−1)m−1

p

)p∗
dxxx ≤ Cp∗∗

[∫
Ω

uβ+(p−1)m−1dxxx+

∫
Ω

|∇
(
u
β+(p−1)m−1

p

)
|pdxxx

] p∗
p

,

(4.17)

where C∗ = C∗(n,Ω) is an embedding constant depending on n and Ω.
Inserting (4.17) into (4.16), we have∫

Ω

uβ+
p(r2−2)+m+1

p−1 dxxx
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≤
(∫

Ω

uβdxxx

)1−σ1

Cp∗∗ [∫
Ω

uβ+(p−1)m−1dxxx+

∫
Ω

|∇
(
u
β+(p−1)m−1

p

)
|pdxxx

] p∗
p

σ1

=Cp
∗σ1
∗

(∫
Ω

uβdxxx

)1−σ1
(∫

Ω

uβ+(p−1)m−1dxxx+

∫
Ω

|∇
(
u
β+(p−1)m−1

p

)
|pdxxx

) p∗σ1
p

.

(4.18)

For (4.18), by using the following basic inequality

(j1 + j2)l ≤ 2l(jl1 + jl2), j1 > 0, j2 > 0, l > 0, (4.19)

we deduce∫
Ω

uβ+
p(r2−2)+m+1

p−1 dxxx

≤(2Cp∗ )
p∗σ1
p

(∫
Ω

uβdxxx

)1−σ1
(∫

Ω

uβ+(p−1)m−1dxxx

) p∗σ1
p

+ (2Cp∗ )
p∗σ1
p

(∫
Ω

uβdxxx

)1−σ1
(∫

Ω

|∇
(
u
β+(p−1)m−1

p

)
|pdxxx

) p∗σ1
p

. (4.20)

Due to (4.3), we have

0 <
p∗σ1

p
< 1. (4.21)

By (4.21) and Young inequality, the first term of (4.20) can be rewritten as

(2Cp∗ )
p∗σ1
p

(∫
Ω

uβdxxx

)1−σ1
(∫

Ω

uβ+(p−1)m−1dxxx

) p∗σ1
p

=

(2Cp∗ )
p∗σ1
p−p∗σ1

(
p

p∗σ1

)− p∗σ1
p−p∗σ1

(∫
Ω

uβdxxx

) p(1−σ1)

p−p∗σ1

1− p
∗σ1
p

×
(

p

p∗σ1

∫
Ω

uβ+(p−1)m−1dxxx

) p∗σ1
p

≤
(

1− p∗σ1

p

)
(2Cp∗ )

p∗σ1
p−p∗σ1

(
p

p∗σ1

)− p∗σ1
p−p∗σ1

(∫
Ω

uβdxxx

) p(1−σ1)

p−p∗σ1

+

∫
Ω

uβ+(p−1)m−1dxxx. (4.22)

It follows from the Hölder inequality and the Young inequality that∫
Ω

uβ+(p−1)m−1dxxx

≤
(

1

2σ2

∫
Ω

uβ+
p(r2−2)+m+1

p−1 dxxx

)σ2
((

1

2σ2

)− σ2
1−σ2

|Ω|

)1−σ2
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≤1

2

∫
Ω

uβ+
p(r2−2)+m+1

p−1 dxxx+ (1− σ2)

(
1

2σ2

)− σ2
1−σ2

|Ω|, (4.23)

where

σ2 =
(p− 1)[β + (p− 1)m− 1]

β(p− 1) + p(r2 − 2) +m+ 1
, 0 < σ2 < 1

in view of (4.2). For the second term of (4.20), we apply (4.21) and the Young
inequality to obtain

(2Cp∗ )
p∗σ1
p

(∫
Ω

uβdxxx

)1−σ1
(∫

Ω

|∇
(
u
β+(p−1)m−1

p

)
|pdxxx

) p∗σ1
p

=

(2Cp∗ )
p∗σ1
p−p∗σ1 ε

− p∗σ1
p−p∗σ1

2

(∫
Ω

uβdxxx

) p(1−σ1)

p−p∗σ1

1− p
∗σ1
p

×
(
ε2

∫
Ω

|∇
(
u
β+(p−1)m−1

p

)
|pdxxx

) p∗σ1
p

≤
(

1− p∗σ1

p

)
(2Cp∗ )

p∗σ1
p−p∗σ1 ε

− p∗σ1
p−p∗σ1

2

(∫
Ω

uβdxxx

) p(1−σ1)

p−p∗σ1

+
p∗σ1

p
ε2

∫
Ω

|∇u
β+(p−1)m−1

p |pdxxx, (4.24)

where

ε2 =
β(β − 1)(mp)p−1p(p− 1)

2A2p∗σ1[β + (p− 1)m− 1]p
> 0. (4.25)

Now inserting (4.22)-(4.24) into (4.20), we get∫
Ω

uβ+
p(r2−2)+m+1

p−1 dxxx

≤
(

1− p∗σ1

p

)
(2Cp∗ )

p∗σ1
p−p∗σ1

(
n− p
nσ1

)− p∗σ1
p−p∗σ1

(∫
Ω

uβdxxx

) p(1−σ1)

p−p∗σ1

+
1

2

∫
Ω

uβ+
p(r2−2)+m+1

p−1 dxxx+ (1− σ2)

(
1

2σ2

)− σ2
1−σ2

|Ω|

+

(
1− p∗σ1

p

)
(2Cp∗ )

p∗σ1
p−p∗σ1 ε

− p∗σ1
p−p∗σ1

2

(∫
Ω

uβdxxx

) p(1−σ1)

p−p∗σ1

+
p∗σ1

p
ε2

∫
Ω

|∇u
β+(p−1)m−1

p |pdxxx.

That is ∫
Ω

uβ+
p(r2−2)+m+1

p−1 dxxx

≤2

(
1− p∗σ1

p

)
(2Cp∗ )

p∗σ1
p−p∗σ1

(
p

p∗σ1

)− p∗σ1
p−p∗σ1

(∫
Ω

uβdxxx

) p(1−σ1)

p−p∗σ1
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+ 2(1− σ2)

(
1

2σ2

)− σ2
1−σ2

|Ω|

+ 2

(
1− p∗σ1

p

)
(2Cp∗ )

p∗σ1
p−p∗σ1 ε

− p∗σ1
p−p∗σ1

2

(∫
Ω

uβdxxx

) p(1−σ1)

p−p∗σ1

+
2p∗σ1

p
ε2

∫
Ω

|∇u
β+(p−1)m−1

p |pdxxx. (4.26)

We substitute (4.26) into (4.13) to derive

Φ′(t) ≤A1 + 2A2(1− σ2)(
1

2σ2
)−

σ2
1−σ2 |Ω|

+

2

(
1− p∗σ1

p

)
(2Cp∗ )

p∗σ1
p−p∗σ1 A2

( p

p∗σ1

)− p∗σ1
p−p∗σ1

+ ε
− p∗σ1
p−p∗σ1

2


×
(∫

Ω

uβdxxx

) p(1−σ1)

p−p∗σ1

+

[
β(β − 1)(mp)p−1(1− p)

(β + (p− 1)m− 1)p
+

2A2p
∗σ1

p
ε2

] ∫
Ω

|∇
(
u
β+(p−1)m−1

p

)
|pdxxx

=C1 + C2Φ
p(1−σ1)

p−p∗σ1 (t), (4.27)

where

C1 = A1 + 2A2(1− σ2)(
1

2σ2
)−

σ2
1−σ2 |Ω| (4.28)

and

C2 = 2

(
1− p∗σ1

p

)
(2Cp∗ )

p∗σ1
p−p∗σ1 A2

( p

p∗σ1

)− p∗σ1
p−p∗σ1

+ ε
− p∗σ1
p−p∗σ1

2

 . (4.29)

Integrating (4.27) from 0 to t, we have

t ≥
∫ Φ(t)

Φ(0)

dτ

C1 + C2τ
p(1−σ1)

p−p∗σ1

. (4.30)

Since u blows up in measure Φ(t) at T , we pass the limits as t → T− to obtain a
lower bound

T ≥
∫ +∞

Φ(0)

dτ

C1 + C2τ
p(1−σ1)

p−p∗σ1

, (4.31)

where p(1−σ1)
p−p∗σ1

> 1 in view of (4.3), So the above integral converges.

Remark 4.1. If we choose p = 2 in problem (1.1), then the results in Theorem 4.1
are identical with the results in literature [6].
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