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SOME NOVEL INERTIAL BALL-RELAXED CQ
ALGORITHMS FOR SOLVING THE SPLIT
FEASIBILITY PROBLEM WITH MULTIPLE
OUTPUT SETS

Nguyen Thi Thu Thuy"" and Nguyen Trung Nghia?

Abstract The split feasibility problem with multiple output sets (SFPMOS)
is a generalization of the well-known split feasibility problem (SFP), which
has gained significant research attention due to its applications in theoretical
and practical problems. However, the original CQ method for solving the SFP
seems less efficient when the involved subsets are general convex sets since the
method requires calculating projection onto the given sets directly. The re-
laxed CQ method was introduced to overcome this difficulty when the subsets
are level sets of convex functions, where the projections onto the constructed
half-spaces were used instead of the projections onto the original subsets. In
this paper, we propose and investigate new algorithms for solving the SFPMOS
when the involved subsets are given as the level sets of strongly convex func-
tions. In this situation, we replace the half-spaces in the relaxed CQ method
with balls constructed in each iteration. The algorithms are accelerated using
the inertial technique and eliminate the need for calculating or estimating the
norms of linear operators by employing self-adaptive step size criteria. We then
analyze the strong convergence of the algorithms under some mild conditions.
Some applications to the split feasibility problem are also reported. Finally,
we present three numerical results, including an application to the LASSO
problem with elastic net regularization, illustrating the better performance of
our algorithms compared to the relevant ones.

Keywords Split feasibility problems, CQ algorithm, inertial technique, self-
adaptive step size, metric projection.
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1. Introduction
Let C and Q; be nonempty closed convex subsets of real Hilbert spaces H and H;,

j =1,...,N, respectively, and let F; : H — H;, j = 1,..., N, be a bounded
linear operator. The split feasibility problem with multiple output sets (SFPMOS)
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[1,8,9,18-23] can be formulated as follows:
Find v* € C such that Fju* € Q; Vj=1,...,N. (1.1)

Throughout this paper, we denote by I the identity operator in H or H;, j =
1,...,N, and denote by Q = {u* € C | Fu* € Q;,Vj =1,..., N} the solution set
of the SFPMOS. In [18], Reich et al. proposed the following algorithm

N
¥ eC, " =apf@®) + (1 — o) Pe [ack — Yk Z]—';f([ - PQJ.)]:]'J],{|, k>0,
j=1

(1.2)

that can be used to find u* € Q, which is the unique solution to the following
variational inequality,

(I = fHlru*,u—u*)y >0 VYu e, (1.3)

where f is a contraction mapping, {ar} C (0,1) and {~;} satisfy the following
conditions

kli_)rxgo ay =0, Z Q= 00, ()

("R)

Wang [23] introduced a stepsize sequence {vx} for (1.2) with 2° € H as follows

SN a-Po ) Fiak ||
e = $ IS5 75 =Poy) et |[*
0, otherwise.

IS5 T = Po) Pt 0,

In [9], given an arbitrary initial point 2° € H, Cuong et al. proposed the following
iterative scheme

N
= Poyt — ar APl = Y F (I = Po,)Fyat)], k=0, (1.4)

j=1
where A : H — H be n-strongly monotone and ¢-Lipschitz continuous on H. They
proved the strong convergence of the iterative sequence {z*} generated by (1.4) to

u* € Q, which is the unique solution to the VIP (1.3), with I — f replaced by A,
under the condition («) and

S| —Po ) Fya* ||

e = 4 2T |75 a-Pe)F e )
0, otherwise.

if 300, [|F; (T = P, ) Fyah| # 0,

$19)

When N = 1, the SFPMOS (1.1) becomes the split feasibility problem (SFP).
The SFP introduced by Censor and Elfving [7] has been receiving much attention
due to its applications in signal processing and image reconstruction [16]. The SFP
requires to find a point u* € H satisfying the property:

u* € C and Fu* € Q, (1.5)
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where C and Q are nonempty closed convex subsets of real Hilbert spaces H and
Hi, respectively, and F : H — H; is a bounded linear operator. To solve the SFP,
Censor and Elfving [7] proposed an iterative algorithm based on the multidistance
idea. But their algorithm involves matrix inverses at each iteration. Later, in [5,6],
Byrne introduced a projection method called the CQ algorithm which does not
involve matrix inverses. Denoting by Pr and Pg the metric projections onto C and
Q, respectively. Then the CQ algorithm is formulated as follows:

"t = Pe(ab — yF*(I — Pg)Fa"), k>0, (1.6)

where F* is the adjoint operator of F and v € (0,2/[|F|?). It is worth noting
that Byrne’s CQ algorithm is a special case of the gradient-projection method in
constrained convex minimization problems. The CQ algorithm (1.6) has been now
widely studied since it is more easily performed. However, the computation of
a projection onto a closed convex subset is generally difficult. To overcome this
difficulty, Fukushima [12] suggested a way to calculate the projection onto a level
set of a convex function by computing a sequence of projections onto half-spaces
containing the original level set. This idea is followed by Yang [24], who introduced
a relaxed CQ algorithm in a finite-dimensional Hilbert space, in which C and Q
are level sets of convex functions g : H — (—o0,00] and h : Hy — (—o0, 0],
respectively. The relaxed CQ algorithm is given as follows:

" = Pe, (2% —yF (I — Pg,)Fz"), k>0, (1.7)

where v € (0,2/||F|?) and
Ch = {z € H | g(a") + (¢" & —a*) <0}, " € dg(a"), (Cr)
O ={y € Hy | W(Fab) + (n*,y — FaF) <0}, n* € Oh(FzF). (Qk)

In (1.7), since C, and Qy, are both halfspaces, then the projections Pe, and Pg,
have closed-form expressions. Thus they are easily to be computed. However, to
implement the relaxed CQ algorithm, one has to calculate or estimate the opera-
tor norm ||F||, which is generally not an easy task in practice. To overcome this
difficulty, Lépez et al. [16] improved Yang’s relaxed CQ algorithm as follows:

okl :PCk (l’k*’)/k]:*(jprk)]:xk)’ k>0, (1'8)

where

o T Po Pt
[+~ Po,) Fa*[?"

0<pr<2. (vL)

Li et al. [15] and Yu and Wang [25] proposed some new relaxed CQ algorithms. The
main idea of the algorithms is to replace the projections to the half-spaces Cj and
Q. with the projections to the intersection of Cy and Ci_1, and the intersection of
Q. and Qj_1, respectively.

Yu et al. [26] introduced another ball-relaxed CQ method for solving the SFP
under the condition that the functions g and A are 8 and S-strongly convex func-
tions, respectively. The ball-relaxed CQ algorithm is formulated as follows:

a*th = Py (¢ = FH(I = Pgy)Fa*), k>0, (1.9)
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where
I( — Pgy)Fa*|?
T PF T = P FaAE TS )
and
cb = {x et | g(a®) + (eF,x —aF) + gllw —a"|? < 0}7 " € dg(ah), (69

Qb = {y e Ha | h(FaH) + (o oy — Fab) + Dy — Fa|? <0}, o € om(FaH).
()

In order to improve the convergence rate of the algorithms, the idea of inertial
acceleration is widely applied. It was first proposed by Polyak in 1964 [17] for solving
the smooth convex minimization problems. Based on the heavy ball methods of
the two-order time dynamical system, the inertial algorithm is a two-step iterative
method and the next iterative is defined by utilizing the previous two iterates. In [2],
Alvarez and Attouch employed the inertial extrapolation technique for improving
the performance of the proximal point algorithm. In [11], Dang et al. proposed an
inertial relaxed CQ algorithm by applying the inertial extrapolation technique in
(1.7):

k_ .k k k-1
wk+1 f - ek(f ! . ) k (1.10)
x fPCk(w —~yF*(I — Pg, ) Fw ),

where v € (0,2/||F||?) and 6 € [0,6y], 0 = min {6, (max{k?||z* — 2"~ 1|2, k?||z* —
#7171}, 0 € [0,1). It is proved that the iterative sequence generated by (1.9)
is weakly convergent to a solution of the SFP.

Motivated and inspired by the aforementioned works, in the present manuscript,
we consider three ball-relaxed CQ algorithms for solving the SEPMOS (1.1) in real
Hilbert spaces. In our algorithms, under the condition that g : H — (—o00, 0]
or hj : H; = (—o0,00], j =1,..., N, is strongly convex function, we replace the
halfspace by a ball at the k-th iterate and the projections onto ball is easily executed.
Meanwhile, to speed up convergence, we still use the variable stepsize and inertial
acceleration in our algorithms.

The remaining part of this paper is organized as follows: Section 2 displays
some lemmas that will be used for the validity and convergence of the algorithms.
Section 3 gives three ball-relaxed CQ algorithms with inertial procedure and variable
stepsize, and then proves the convergence of our algorithms. Section 4 gives some
applications in the split feasibility problem. Finally, we present some numerical
experiments to testify to the better performance of our algorithms in Section 5.

2. Preliminaries

In this section, we introduce some mathematical symbols, definitions, and lemmas
which can be used in the proof of our main result. Let H be a real Hilbert space
with inner product (-,-) and norm || - |. In what follows, we write ¥ — z to
indicate that the sequence {*} converges weakly to z, while ¥ — x indicates that
the sequence {z*} converges strongly to x. Let w,(x*) denotes the weak w-limit
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set of {x*}, that is, the set of all those points = such that #* — z as | — oo for
some subsequence {z%} of {z*}.

Definition 2.1 (see [4], [13] Section 1.11). Let C be a nonempty closed convex
subset of a real Hilbert space H. An operator T : C — H is called
(1) nonexpansive if | Tz — Ty|| < ||z — y|| for all z,y € C;
(2) firmly nonexpansive if [Tz — Ty||* < ||z — y||* — [|( = T)xz — (I — T)y||?* for
all x,y € C;

(3) m-inverse strongly monotone if exists > 0 such that (T'x — Ty,x —y) >
n||Tx — Ty||* for all z,y € C.

Readers can refer to [13, Section 11] for more information about firmly nonex-
pansive mappings. For any x € H, the projection onto a nonempty closed convex
subset C is defined as Pex = argmin{|lu — z|| | v € C}. The projection Pc has the
following well-known properties.

Lemma 2.1 (see [4]). Let C C H be a nonempty closed convex subset. Then for all
r€H andu €C,

1
2

(x — Pex,u — Pex) < 0;

Pe and I — Pe are both nonexpansive;

(1)
(2)
(3) Pz and I — Pe are both firmly nonexpansive;
(4)

Pe and I — Pe are both 1-inverse strongly monotone.
Definition 2.2. Let A € (0,1) and f : H — (—00, 00| be a proper function.

(1) fisconvex if fAz+ (1 —Ay)] < Af(x) + (1 =N f(y), Yo,y € H.
(2) f is strongly convex with constant 8, where 8 > 0, if

P+ (U= X))+ DA = Nl =l < AF(@) + (L= NS (), Y,y € A

(3) A vector £ € H is called a subgradient of f at a point z € H if

fly) > flx)+(§y—2) YyeH. (2.1)

The set of all subgradients of f at x, denoted by Jf(z), is called the subdiffer-
ential of f at z. If 9f(x) is nonempty, then we say that f is subdifferentiable
at .

(4) f is said to be weakly lower semi-continuous (w-lsc) at a point z if z¥ — =
implies
f(z) <liminf f(z*).
k—o0

Lemma 2.2. Let f: H — (—o0,00] be a strongly convex function with constant 3.
Then for all z,y € H,

F) 2 F@) + €y —a)+ Dy —al?, € € 9f).
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Lemma 2.3 (see [14, Lemma 8]). Assume {si} is a sequence of nonnegative real
numbers such that

Sk1 < (1 —ag)sp +apby and spp1 < sp — e +di, k> 1,

where {ax} is a sequence in (0,1), {ck} is a sequence of nonnegative real numbers,
and {bi} and {di} are two real sequences in R such that

(1) Spyar = oo;
(2) hmk—>oo dk = 0,‘
(3) lim;_yo0 ek, = 0 implies limsup;_, . b, < 0 for any subsequence {k;} C {k}.

Then limg_, o Sg = 0.

3. Main results

3.1. The proposed algorithms

In this section, we first introduce a ball-relaxed CQ algorithm for the SFPMOS (1.1),
in which the closed convex subsets C and Q;, j = 1,..., N, satisfy the following
assumptions.

(A1) The solution set @ ={z € C | Fz € Q;, Vj =1,..., N} is nonempty.
(A2) The sets C and Q,, j =1,..., N, are given by

C={zeH|g(x)<0}and Q; = {y; € H; | hj(y;) <0},

where g : H — (—00,00] and h; : H; — ( — 00,00] are § and S;-strongly
convex, subdifferentiable, and w-Isc functions on H and H;, respectively.

(A3) For any « € H, at least one subgradient £ € dg(z) can be calculated. For
any y; € H;, at least one subgradient n; € 0h;(y;), 7 = 1,..., N, can be
calculated. We assume also that the subdifferential operators dg and Oh; are
bounded on bounded sets.

Remark 3.1. It is worth noting that every convex function defined on a finite-
dimensional Hilbert space automatically satisfies assumption (A3) (see [3], Corollary
7.9).

In our algorithm, given the k-th iterative point z*, we construct N + 1 closed
balls C,l; and Q;k, j=1,..., N, which contain C and Q;, respectively. Since g and
h; are strongly convex functions with constants § and §;, respectively, it follows

from Lemma 2.2 that

2l — k17, € € agla"). (3.1)

ﬁ.
hi(y;) = hyi(F;a®) + (nf,y; — Fia) + ngyj — Fia|?, nj € 0h;(Fia*). (3.2)

g(x) > g(a®) + (¥, x — 2¥) +

Define the set C} at point z* by (C2) and the sets Q?)k, j=1,...,N, at point z*
by

B,
Qs = {yj € My | hy(Fia®) + (0 y; — Fja®) + 5 My = Fizk|? < 0}. Q)
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From (C?) and (Q;k), we have C} is a ball whose centre and radius are 2% — (1/8)¢*
and /(1/B2)[|€%(|2 — (2/8)g(z*), respectively and Q;k is a ball whose centre and
radius are Fjz* — (1/8;)n} and \/(1/B]2)\|77§“||2 —(2/Bj)h;(Fjz*), 5 = 1,...,N,
respectively (see [26]).

Now we give our ball-relaxed CQ algorithm for solving the SEFEPMOS (1.1), where
Cand Q;, j=1,...,N, are given in (A2).

Algorithm 3.1.

Initial Step. Select a sequence {a} C (0, 1) satisfies the condition («), a sequence
{nK} such that limy_,o 2= = 0, {px} C (0,2), {ex} C (0,¢], where ¢ > 0 is a

2

constant, and @ € (0,1). Let 2°, 2! € H be arbitrary. Input k := 1.

Iterative Step. Given the iterates %=1 and 2% (k > 1), calculate 2**! as follows.
Step 1. Compute w* = 2* 4 6, (xk — xk’l), where

i n if ek k—1
ek:{mm{'”"“‘;k‘lll’e}’ ot £ a7 )

0, otherwise.
Step 2. Compute y* = Pczwk'. Let £ = ||ly* — w"||.

Step 3. Compute v;? = PQ?’kfjwk, j=1,...,N.
Let j € argmaux{||v§C — fjwkH ‘ j=1,2,.. .,N}, L, = ||vfk — fjkwkH.
Step 4. Let Li = max {Ek,fjk}.
If Ly, = £y, then compute z* = w* — (I — ch)wk, where
Yk = Pk gi . (eT)
T = Pey )wF |2 + ex

If Ly, = ¢, then compute z* = wk — 4 F7 (I — Pgs k)]:jkwk, where
Tk

2
gjk

V& = P : (7eT)
H.ij (I - PQ?k,k)’ijwkHQ + e

Step 5. Compute zFT! = ay f(2) + (1 — ak)Pczzk. Set k:=k+ 1 and go to Step
1.

Remark 3.2. 1. From (3.1) and (3.2), we get C C C% and Q; C Q’]’k for all

j=1,...,N and k > 1. Since C? and Q;k, j=1,..., N, are balls, then the
orthogonal projections onto C and QY can be directly calculated. Thus the

proposed algorithm is easily implemented.

2. The inertial calculation criterion () is easy to implement since the term
||xk — kL H is known before calculating 6. Moreover, it follows from (a)) and
(0) that limg_, z—’z ka — a:k_lﬂ = 0. Indeed, we obtain 0y, ||xk — J;k_lH <
for all k > 1 which together with limg oo & = 0 implies that

Ak

limg— o0 Z—’Z ka — xk_lu < limg— o0 Z—’; =0.



1492 N. T. T. Thuy & N. T. Nghia

In Algorithm 3.1, we assume that g and hj, j = 1,..., N, are strongly convex
functions. When g is strongly convex function and h; is only convex function, we
modify Algorithm 3.1 to the following algorithm.

Algorithm 3.2.
Initial Step. Select a sequence {ar} C (0,1) satisfies the condition (o), a sequence

{mk} such that limj_,oc 2 = 0, {pk} C (0,2), {ex} C (0,c|], where ¢ > 0 is a

[e3

constant, and § € (0,1). Let 2°, 2! € H be arbltrary. Input %k := 1.
Iterative Step. Given the iterates %=1 and x* (k > 1), calculate 2**! as follows.
Step 1. Compute w* = 2% + 6, (2% — 2¥~1), where 6, is defined by (6).

Step 2. Compute y* = Pczwk. Let £ = [ly* — w"|.

Step 3. Compute v;? = Pgm}'jwk, j=1,...,N, where Q; is defined as
Qjk = {yj € Hj | hyi(Fa) + (nf,y; — Fja®) < } j=1,...,N. (Qjx)

Let ji € argmax{”vé-C — }"jwkH ‘ i=12,.. .,N}, L, = ||v;-“k —}"jkwkH.

Step 4. Let Ly = max {Ek,ﬁjk}.
If L, = ¢, then compute 2z*
(e T).
If Ly = {j,, then compute z¥ = w* — v F7 (I ngk,k)]-'jkwk, where 7 is
defined by

= whk — 3, (I — Pcz)wk, where ~y; is defined by

€2
(I PQ]kk)f]kwkHQ—i—ek

= Pk 7 (v02T)

Step 5. Compute z*+! = ap f(z%) + (1 — ak)PcbZ Set k := k+ 1 and go to Step
1.

If g is convex function and h; is strongly convex function, then we use the
following algorithm to solve the SFPMOS.

Algorithm 3.3.

Initial Step. Select a sequence {ay} C (0,1) satisfies the condition (&), a sequence
{mk} such that limj_,oc 2 = 0, {pk} C (0,2), {ex} C (0,c|], where ¢ > 0 is a

[e3%

constant, and § € (0,1). Let 2°, 2! € H be arbltrary. Input k := 1.

Iterative Step. Given the iterates %=1 and x* (k > 1), calculate 2**! as follows.
Step 1. Compute w* = z* + 6 (z% — 2*~1), where 6}, is defimed by (6).
Step 2. Compute y* = Pe, w", where Cj, is defined by (Cx). Let £ = ||y* — w*||.

Step 3. Compute v PQb Fjwk, j=1,...,N.
Let jj € argmax{”vj ffwkH | j= 1,2,...,N}, 4, = ||v;“k — Fowk].

Step 4. Let Ly = max {4, 4;, }.
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If Ly, = (g, then compute z¥ = wk — 4. (I — P, )w”*, where ~;, is defined by

@
Te = PRI = P )wF |2 + e

(7c2T)

If L, = £j,, then compute 2% = w — v, F7 (I — Pgy k)}"jkwk, where 7 is
Tk
defined by (voT).

Step 5. Compute z**! = ay f(2*) + (1 — ag)Pe, 2*. Set k := k+ 1 and go to Step
1.
3.2. Convergence analysis

In this section, we will establish the convergence of the proposed algorithms. We
only give the convergence proof of Algorithm 3.1, since the convergence of Algo-
rithms 3.2 and 3.3 can be obtained by the same method.

Theorem 3.1. Assume that the conditions (A1), (A2), and (A3) are satisfied,
infy, pr(2 — pr) > 0, and f : H — H is a contraction mapping with the contraction
coefficient 7 € [0,1). Then the sequence {x*} generated by Algorithm 3.1 converges
strongly to a point u* € ), which is the unique solution to the VIP (1.3).

Proof. Since Pqf is a contraction mapping, Banach’s fixed point theorem guaran-
tees that Py f has a unique fixed point u*, which is the unique solution to the vari-
ational inequality problem (1.3). In particular u* € Q, ie., u* € C and Fu* € Q;
for all j =1,..., N. We divide the proof into two claims.

Claim 1. The sequences {x*} is bounded.
Let us consider two cases.

Case 1 (Ly = ;). Since u* € C and C C CP, then u* = Peyu®. Tt follows from the
l-inverse strong monotonicity of I — Fe» that

(I = Pay)uw®, b — ) = (I = Pay)u® — (I = Py )u*, w* —u*) > |[(I — Pay)ub|2.
From this inequality and Step 4 in Algorithm 3.1, we have
125 = u*|* = [Jw® — w12 + 47l (1 = Pep)w®||? = 2 (I — Py )w", w® —u*)
< JJw® =[P+ AR = Pey)w||* — 2|1 = Pep)w" |

i
10— Py 2 + e

< Jlw® —w*|* = pr(2 — pi) (3.3)

Case 2 (Lp = ¢;,). From Fu* € Q; and Q; C Q;k for all j = 1,...,N, we
get Q; C Qé’.k i and Fju* = Pge kfij*~ It follows from the l-inverse strong
? } Tk
monotonicity of I — Pgs . that
Gk ok

<(I — ngk,k)fjkwkafj"’wk _ fjku*>

=((I = Pgy )Fjw* = (I = Pgy )Fju", Fjw® — Fju”)
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> (1= Poy ) Fju|

From this inequality, Step 4 in Algorithm 3.1, and the property of the adjoint

operator F , we get
1% — w1 = flw® = |* + A7) F5 (= Py ) Fjw®||?
=2 (I = Py )Fjw, Fw® — Fju”)
<llw* —w* + 4N F5 (0 = Py )Fsw*|?
=22l = Py )Fjwt|®

4
Zj k

< JJwk —u* | = pr(2 = pr)

It follows from pg € (0,2), (3.3) and (3.4) that
125 = |* < [l® — w2
Now, from Step 1 in Algorithm 3.1, we get

lw — || < [la* —w| + Opfla® — 2" < Jla® — | + aw iy,

where M; is a positive number such that Z—’Zka — kY| < My for all k > 1.

175, (T Py ) F5 b +er

(3.4)

Since f is a contraction with a contraction coeflicient 7 € [0, 1), Pey is a nonex-

pansive mapping, it follows from Step 5 in Algorithm 3.1, the convexity of the || - ||,

{ar} € (0,1), (3.6), and (3.7) that

b+t — ) = [|an(F@*) — ") + (1 — aw) (Pep 2* — Peyu”)

< a1 (*) — () + Fut) = 'l + (1= o) 2F — u|

< apl|a® — || |l f(w) —w ) + (1 ap) (la* — u| + ardy)

< [1—ap(d = )] lle* — | + ax(1 — 7)

1 () — || + (1 — o) My

1—7
< mase { o — o LD =2 U0ty
1—71
Smax{HIl*u*H,”f(U) u1H+( o1) 1},k21.
-7

(3.8)

Hence, the sequence {z*} is bounded and so are the sequences {w*}, {F;w*}, and
{f(«*)} thanks to (3.7), the boundedness of F;, and the contraction property of f.

Claim 2. The sequence {z*} converges strongly to u*.
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It follows from Step 1 in Algorithm 3.1 that
[k —u*|? < fla* = u|f? + 62l — 22 4 205 [la® — u¥ |||l — 2
<l — || 4 i M, (3.9)

where My = supy>,{2[|z% — u*| + M1 }. From Step 5 in Algorithm 3.1 and the
nonexpansiveness of Pcz];, we obtain

||.Z’k+1 _U*H2
= (o (f(@") = u*) + (1 = ag)(Pey 2 — Poyu®), 2"+ —u*)

=ar(f(a") = ), 2" — ) + ag(F(u) — w2 — )

+(1- ak)<Pczzk - Pczu*,gvl”1 —u*)

ST = £+ 0" = 2) + o (0) = w2 =)

l-«a
g (125 = )P+ [l —ur?).

Since f is a contraction with a contraction coefficient 7 € [0, 1), it follows from this
inequality, (3.6) and (3.9) that

125+ — w2 < apr? ek — |2 + 200 (f(u*) — u*, P — )
+ (1 —ag)||z® —u*||* + (1 — ag) Mo
= [1 —ag(l - 7'2)} 2% — w*||? + 20 (f (u*) — u*, 2" T —u*)
+ (1 — ag)ne M2
— (1 - alle — P + ax, (3.10)
where,

1 * * *
T (o) Mo 2 () — ).

ap = ap(l —72) and by =
Consider two possible cases.

Case 1 (L = {;). Since Py is firmly nonexpansive, from Step 5 in Algorithm 3.1,
the convexity of the || - ||?, {ax} C (0,1), (3.3), and (3.9), we have

27— |? < ol f(2*) = u|* + (1 = ap) | Pep 2" — Pepu™|?
< allf(@") = u )P+ (1= an) [II2" = u(? = (I = Pey)="||”]

€4
k
I — Py )wk||2 + ey,

< ka—u*HQ—pk(?—pk)H( — (I = Py )" |1?

+ag | f(@®) = u*|* + Mo
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= [la* —u|* = e + dy, (3.11)
where
7 K2
er = (2= ) [ 10— P
and

di, = || f(2%) — u||* + Mo
Putting s; = ||z* — u*||?, then (3.10) and (3.11) can be rewritten as
Sp+1 < (1 — ag)sk + agby, and sp11 < s, — ¢ + di. (3.12)

From (&) and 7 € [0, 1), it is easy to know that {a;} C (0,1) and >~ ar = oo.
From the boundedness of sequence {f(z*)}, mx/ax — 0 as k — oo, and ay — 0,
we get limy oo dp = 0. So, from Lemma 2.3, limy_,~, s = 0 if we can show that
limsup;_, ., br, < 0 whenever lim;_, ¢, = 0 for any {k;} C {k}. Indeed, for any
{k;} € {k}, by the boundedness of {w*} and e; € (0,c|, we have the sequence
{II(T - PCZ,)wklnz + er, } is bounded. It then follows from lim; o ck, = 0 and

pr € (0,2) that

lim ||(I — P )w™| =0, (3.13)
l—o0 ki
lim ||(I — P )2" || = 0. (3.14)
l—o00 kq

Since the sequence {z*'} is bounded, w,, (z*) # 0. Taking 4 € w,, (z*'), there exist
subsequences {xFm} of {z*'} such that it is weakly convergent to @ as m — oc.
Since each F; is a bounded linear operator, it follows that F;z*m= — F;u for all
j = 1,...,N. The main purpose of the remaining proof is to show that @ is a
solution of the SFPMOS (1.1).

First we show u € C. Indeed, from Step 1 in Algorithm 3.1, ap, — 0, and
Nk /o — 0 as k — oo, we get

k

|lw — zF|| = 0i||z* — 2* 7| < me — 0 as k — 0. (3.15)

By the definition of C and the fact that Pc;; whim € CZL , we obtain

lm
g
glatt) < (ghm,atin = By wht) = 51Pgy whe — ot

< gk [ (bt = e

[+ (T = Py k).

m

This together with ¢ is w-lse, dg is bounded on bounded sets, (3.13), and (3.15),
implies that

g(@) <liminfg(z*tm) < lim [|¢8m||([la*tm —whim|| + [|(I = Py Jw*im|) =0,
m—oo “lm,

m—r o0

which means that u € C.
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We next turn to prove F;u € Q; for all j =1,...,N. Indeed, since Lj = ¢,
(3.13), and Steps 2—4 in Algorithm 3.1, we get

H okl —
lhm (1 Pg;k,kl)./—-]kw |=0
and then

. ki, || — .
mlgnoo (I — ng»kzm JFjwm || =0 forall j=1,...,N. (3.16)

From the definition of Q;’-)kl and the fact that Pgs

J KL,

Fijwkim € Qg,kzm7 we get
hy(Fjakim)

Sl Tt~ Py, Fyutn) = G Pay,, Fun — Fyabo

<l (175 |k — o | 4+ /(X = Poy, )Fjwhim|[) Vi =1,...,N.

Combining this inequality with F; is a bounded linear operator, dh; is bounded on
bounded sets, h; is w-lsc, (3.15), and (3.16), we obtain

h;(F;@) < liminf hj(Fjzkim)
m—»o0
: k
< Tim [ | (15 2t — w4 (T — Py, )Fyuktn))

:O7

for all j = 1,..., N, which means that ;4 € Q; for all j = 1,..., N. Hence, we
conclude that u € Q.

Now, we prove that limsup,_, . by, < 0. Indeed, let {z*"'} be a subsequence of
{x*} such that

limsup(f(u*) — u*, 2" —u*) = lim (f(u*) — u*, 2" —u*). (3.17)

l—o00 =00

Since {z*"} is bounded, there exists a subsequence of {z*”"} which converges weakly

to . We may assume, without any loss of generality, that z%/ — 7. Similar to the
proof of u € Q, we have u € . Thus, by (1.3) and (3.17), we obtain

limsup(f(u*) —u*, 2" —u*) = ((f — Du*,u —u*) <0 (3.18)

l—o00 -
In order to show that limsup;_, ., by, < 0, we need to prove that

lim ||z* ! — 2k = 0.
l—o00

Indeed, from the boundedness of the sequences {w*}, {f(z*)} and {|| (I—Pes w)||2+
ext, ap — 0, pp € (0,2), (3.13), and (3.14), it follows from Steps 4 and 5 in
Algorithm 3.1 that

ka-&-l _ Zk” _ ||Oék(f(.’17k) _ wk _|_wk . Zk) + (1 _ ak)(PC,l;Zk — zk>||
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< ak (£ @)+ llw® | + prl| (1 = Pey)w"]))
+(1—ak)|\(I—Pclz;)zk|| — 0 as k — oo. (3.19)
From Step 4 in Algorithm 3.1, p;, € (0,2), and (3.13), we also have
25 — | < prll( = Poy ]| = 0 as k — oo. (3.20)
It follows from (3.15), (3.19), and (3.20) that
|zFtt — ah| < J|laftt = 2R 4 || 2R = w4 Jw® — 2R = 0 as T — co. (3.21)
From (3.18) and (3.21), we get

2
lim sup by, = 1= limsup(f(u*) — u*, zF1+t — u*)

l—o0 -7 l—o0

2
= — limsup [(f(u*) —u*, 2" — M) + (f(u*) — u*, 2™ —u¥)]
1—72 =00

= limsup(f(u*) — u*, 2 —u*)
=00

<0.
Case 2 (L = ¢;,). Similarly as (3.11), since Pc;; is firmly nonexpansive, from Step
5 in Algorithm 3.1, the convexity of || - |2, and (3.4), we have
4
gjk

2 = [? < [l = u*|? = pr(2 = pr)
75 (I = PQ?k )Fj wk2 + ek

Jk
—[I(I = Peo) 2" 1P + || (%) = w*[|* + mi Mo
= fla* — u*|? =G + di, (3.22)
where

4
Jk
H‘F]*k (I - ngk,k)f‘]kwk‘P + ek

Cr = pr(2 = pr) (I = Pey)="|1%,

and then (3.10) and (3.22) can also be rewritten as
Spr1 < (1 — ag)sk + agby and sxr1 < s — Cp + by (3.23)

Arguing similarly as in the first case, for any {k;} C {k} and lim;_, o, ¢, = 0, we
have

. k .
ll;r& (I — PQ?,kl)}—jw t=0foralj=1,...,N,
lim ||(I — P )2*|| =0,

l—o0 ky

and lim sup;_, ., bg, < 0.
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Therefore, it follows from (3.12), (3.23), and Lemma 2.3 that limg_, s = 0,
that is
lim ||z — u*|| = 0.
k— o0
Thus, the sequence {z*} generated by Algorithm 3.1 converges strongly to u* € §
which is the unique solution of the VIP (1.3).
O

Theorem 3.2. Assume that all the conditions in Theorem 3.1 are satisfied. Then
the sequence {x*} generated by Algorithm 3.2 converges strongly to a point u* € Q,
which is the unique solution to the variational inequality (1.3).

Theorem 3.3. Assume that all the conditions in Theorem 3.1 are satisfied. Then
the sequence {x*} generated by Algorithm 3.3 converges strongly to a point u* € Q,
which is the unique solution to the variational inequality (1.3).

4. Corollaries

If N =1, then the SFPMOS reduces to the SEP. In what follows, from Algorithms
3.1, 3.2 and 3.3, we get some methods to SFP, where C¢ and Q% are defined by (C)
and (Q%), respectively.

Corollary 4.1. Assume that all the conditions in Theorem 3.1 are satisfied when
N = 1. Then the sequence {z*} generated by

wh = 2 4 0, (F — 241
y* = Poywk, b = |lyF —w
cpWss Lr = Yy
vk = Poy Fuk, b, = |[o* — Fu*|,

. = @
if b > by, then 2% = w* — pr e p—Srmre (
b
k
|F*(I—Pgi)fwk|\2+ek
THH = g f(a*) + (1 — ag) Pey 2,

Il

I — Pey)w”, (4.1)

if 0, > Ug, then zk:wk—pk‘ f*(I—PQ;)fwk7

strongly converges to u* € Qgpp, the unique solution to the VIP (1.3) with Q replaced
by Qsrp, provided that the solution set Qgpp = {x € C | Fax € Q} of the SFP s
nonempty.

When Q% replaced by Qy, in (Qk), we obtain the following result.

Corollary 4.2. Assume that all the conditions in Theorem 3.1 are satisfied when
N = 1. Then the sequence {z*} generated by

wh = 2% + 0y, (zF — 2*71)
y* = Popw®, l = |y* —w
vk = Po, Fw®, l = [[v* — Fw”|,
0, > 0. then 2 —wh — pp— (] _ P Yk (4.2)
if b, > Ly, then 2% = w Pk H(I_Pcb)wk”2+ek( C,’;)w )

k

"I,

4
IfPQk)]-'wkHQJrek

Zfzk > gk; then Zk :wk — Pk 7= f*(I_PQk)‘ka’

af T = ag f(a*) + (1 — o) Py 27,
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strongly converges to u* € Qgpp, the unique solution to the VIP (1.3) with Q replaced
by Qspp, provided that the solution set Qspp of the SFP is nonempty.

When C? replaced by Cy in (Ck), we obtain the following result.

Corollary 4.3. Assume that all the conditions in Theorem 3.1 are satisfied when
N = 1. Then the sequence {z*} generated by

wh = 2k + 0, (aF — 271
yk = Pckwk, ekf ”yk —w
vk = PQZ]-"wk7 U = ||v* — Fuwk|,

. i k. k 43
if by = bi, then 2% = " — i r=pyr P rer
72

“II

(I = Pe,)u", (43)

T 7
if by > Ly, then 28 = w* — py Hp(ppgzk)fwknbrek F*(I = Pgy) Fuwt,

2P = ay f(2F) + (1 — ag) Pe, 2%,

strongly converges to u* € Qgpp, the unique solution to the VIP (1.3) with Q replaced
by Qspp, provided that the solution set Qspp of the SFP is nonempty.

5. Numerical experiments

This section presents three numerical experiments, where all the iterative schemes
are implemented in Python 3.7 running on a laptop with Intel(R) Core(TM) i5-
5200U CPU @ 2.20GHz, 12 GB RAM. In the following tables, we denote by Iter.
(k) and CPU (s) the number of iterations and the computational time needed to
reach the stopping condition of each algorithm, respectively.

Example 5.1. Firstly, we study the following instance of the split feasibility prob-
lem with multiple output sets. Let H = R? H; = RIT2 j =1,2,3. The subsets C
and Q; are determined as follows

C={zeR |- (LYTF< 1},
Q= {ye®|lly-(2,2,v2)T* <2},
0 = {ye R |lly— (V3,229 <3},
Q={yeR’[[ly—(22422)"|*<8}.
The bounded linear operators F; : R — RIT2 j = 1,2 3, are determined as
Fi:R2 SR, Fi(z) = (x1,21,V22) ",
Fo:R2 5 RY, Fo(x) = (V3zy, 20, 22, 22) T,
F3:R2 5 RS, Fy(x) = (22, 29,221, 29, 20)
Then, the solution set of this (1.1) is given by
(21— 2)% + (z2 — 1)?

Q=Cn iz eR?|{ (1 —1)2+ (23 — 2)2

1
1
(331 — 2)2 + (IQ — 2)2 2

IN NN
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Table 1. Numerical results of Algorithm 3.1 in Example 5.1 with different initial guesses

x* af zk |k — | Iter. (k) CPU (s)
(—15,—20)7  1.0000069 0.9999008 9.9470756 x 10~° 45 0.03398
0,0)7 1.0000705  1.0000705 9.9766478 x 1075 75 0.04497
(5,5)" 0.9999171  0.9999820  8.4885202 x 10~° 589 0.32381

Choosing the contraction mapping f(z) = 7z with 7 € [0, 1), it is not difficult to
see that u* = (1,1) T is the unique solution to the problem VIP (1.3).

Now, we consider Algorithm 3.1 with ap = 1/(k+1), nx = 1/(k* +1), pr. =
1.99, ex = 1077 for all k > 1, f(x) = 0.95x for all x € R%, and 6 = 0.5. Let z* be
a given point in C, and let 2° = 2* /2, 2! = 2*. Then, under the stopping criterion
|z*¥ — u*|| < 107, we obtain Table 1 of numerical results. It can be seen that the
iterative sequences {z*} converge to the unique solution u* = (1,1)" of the VIP
(1.3).

In what follows, we demonstrate the efficiency of our algorithm through compar-
ing it with (1.4) denoted by Cuong’s Alg. [9], and the two versions of the relevant
iterative scheme (1.2): (1.2) with the step size criterion (yR) and (1.2) with the step
size criterion (yW), which are denoted by Reich’s Alg. [18] and Wang’s Alg. [23],
respectively. The parameters and mappings are chosen as follows:

e In our algorithm: o = %_H, Nk = k%ﬂ, pe = 1.99, e, = 1077 for all k > 1,
f(x) = 0.95x for all x € R%, § = 0.5, and 2" = %x*, 2! = 2*, where z* € R?
is a given initial point.

e In Reich’s Alg.: ay = %H’ Ve = forall £ > 1, f(z) = 0.95z

for all z € R?, and z' = z*, where * € R? is a given initial point.

e In Wang’s Alg.: ap = %_H for all k > 1, f(z) = 0.95x for all + € R?  and
2! = z*, where 2* € R? is a given initial point.

e In Cuong’s Alg.: oy = k—_}_l forall k > 1, A=1— f where f(x) = 0.95z for
all z € R?, and 2! = 2*, where z* € R? is a given initial point.

s
3max;=1,2 3 [ F;[?

Then, using the stopping criterion ||z* —u*|| < 10~*, we obtain Table 2 and Figure
1 of numerical results. From Table 2 and Figure 1, our algorithm presents better
performance than the three related ones.

Example 5.2. It is especially significant when C and Q;, j = 1,..., N, are gen-
eral closed convex sets, where the metric projection onto these sets might not be
computed efficiently. The Example 5.2 demonstrates one such case.

Consider the following split feasibility problem with multiple output sets. Let
H=RE H; =REUFY 5 =1, N. Let

L
¢={weRrF| Y 100 0/E0g2 <1},
=1
L(j+1)
Q; = {y e RN | 37 0t/ <k =1,

i=1
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Table 2. Numerical results of the algorithm (3.1), Reich’s Alg [18], Wang’s Alg. [23], and Cuong’s
Alg. [9] in Example 5.1 with different initial guesses

x* Algorithm Tter. (k) CPU (s)
r* = (0.5,0.5)7 Our algorithm 49 0.03298
Reich’s Alg. 2709 0.52870
Wang’s Alg. 723 0.19791
Cuong’s Alg. 1927 0.60965
r* = (18,0.8)" Our algorithm 482 0.23686
Reich’s Alg. 8103 1.39522
Wang’s Alg. 5267 1.33923
Cuong’s Alg. 5454 1.50514
=
T* = (2*2‘57 2’2‘5) Our algorithm 15 0.01299
Reich’s Alg. 2709 0.51572
Wang’s Alg. 723 0.18492
Cuong’s Alg. 1927 0.59264

The matrix F; = (apq)r(j+1)xL» Gpq € [0,5] are generated randomly. It is obvious
that C and Q; are ellipsoids [10]. Furthermore, g(z) = Y25, 100-D/(L-132 _1 s a
strongly convex function with constant 2, and h;(y) = Ele 106D/ (EGH) =192
is also a strongly convex function with constant 2. So such an SFPMOS can be
solved by the proposed algorithms.

Now, we consider the convergence of Algorithm 3.1 with L = 100, N = 10. The
parameters and mappings are chosen as follows: aj = k%rl, Nk = k%ﬂ, ep = 107°
for all k > 1, 0 = 0.5, f(x) = 0.1z for all x € R2. Let 2* € R!% be a given point,
and let 20 = $2*, z1 = 2*. Then, using the stopping condition ||z* —2F~1|| < 107°,
we obtain Table 3 of numerical results.

Remark 5.1. In this example, the sets C and Q;, 7 = 1,..., N are ellipsoids, where
an explicit form for the metric projection onto these sets as in Example 5.1 does not
exist anymore. Although there exist some methods for approximating the metric
projection onto ellipsoids, implementing algorithms that directly rely on projecting
onto the original subsets, like Reich’s Alg., Wang’s Alg., and Cuong’s Alg., remains
challenging due to the potential errors associated with projection approximation.

Example 5.3 (see [26]). In statistics and, in particular, in the fitting of linear or
logistic regression models, the elastic net is a regularized regression method that
linearly combines the L; and Lo penalties of the LASSO (least absolute shrinkage
and selection operator) and ridge methods [27]. The elastic net method overcomes
the limitations of the LASSO method which uses a penalty function based on ||z||; =
Zle |z;|. The estimates from the elastic net method are defined by

a* = argmin {|ly — Fz||® + Mi||z[1 + Aol z?}, (5.1)

where F is an K x L real matrix, y € R¥ is a vector of observation, and = € R” is a
vector of estimating parameters. Let A = Ao/(A1 + A2), then solving z* in Equation
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Figure 1. The behaviors of the algorithm (3.1), Reich’s Alg [18], Wang’s Alg. [23], and Cuong’s Alg. [9]
in Example 5.1 with different initial guesses

(5.1) is equivalent to the optimization problem
z* = argmin {|ly — Fz|?} such that (1 — A)||z|, + Allz[|* < ¢ for some ¢ > 0.
(5.2)

The function (1 —\)||z||1 + Aljz||? is called the elastic net penalty, which is a convex
combination of the LASSO and ridge penalty. Let g(z) = (1 — \)||z||1 + Al|z[|? — ¢,
then (5.2) is a particular case of the SFP, where C = {x € Rl | g(z) < 0} and
Q = {y}, i.e. find z* € C such that Fa* = y. Moreover, when A > 0, g(z) is a
strongly convex function with constant 2, since g(x) — (2A/2)]|z||> = (1=\)||z|[; —t
is a convex function. Therefore, our algorithm can be applied to solve (5.2).
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Table 3. Numerical results of Algorithm 3.1 in Example 5.2 with different choices of pj and initial
guesses

x* Pk Tter. (k) CPU (s)
o= (1,1,...,1)T pr =0.1 474 6.69064
pr =05 349 5.00825
o = 1.0 133 1.87854
pr =15 93 1.35527
pr =19 78  1.10713
z* = (10,10,...,10)" pr=0.1 941 13.17145
pr =05 693  9.89138
o= 1.0 371 5.12882
pr =15 401 5.56881
or =19 340 4.86921
z* = (100,100, ...,100)T  pp =0.1 1467 21.38174
pr =05 867 12.36122
pr = 1.0 467 6.46011
pop =15 600  8.44477
pr =19 1092 15.12869

In this experiment, we set K = 1500, L = 2000. The matrix F is randomly
generated by a standardized normal distribution, and the vector € RE is also
randomly generated with n nonzero coordinates taking values randomly in [—2, 2]
for some n > 0. Then, the observation vector y is generated as y = Fz. We
provided some comparisons to the algorithm (1.7) of Yang [24], the algorithm (1.8)
of Lépez et al. [16], the algorithm (1.9) of Yu et al. [26], and the algorithm (1.10)
of Dang et al. [10]. The involving parameters and operators are chosen as follows:

e In our algorithm: pr = 0.5, ap = %ﬂ, N = kl++17 er = 1073 for all k > 1,
6 =0.1, f(z) = 0.9999x.

In Yu’s Alg.: pr = 0.5 for all k > 1.

In Lépez’s Alg: pp, = 0.5 for all k£ > 1.

In Yang’s Alg.: v = ”1]‘_:9H52.

e In Dang’s Alg.: v = ﬁ, 0=0.1, 0, = %G_k for each k£ > 1.
In all algorithms, the initial points are 2% = %x* (if needed), ' = x*, where
* = (1,1,...,1)T, and the stopping criteria is e, < 107, where ¢, := [Jz* —2F~1|.

We tested the algorithms with different values of ¢ and n. The numerical results
are listed in Table 4.

From Table 4, it can be seen that our algorithm has better performance than the
relevant methods, in terms of number of iteration (k) and the CPU time (s). This
advantage of our method is especially significant when we are working in large-scale
problems. In that case, our algorithm is highly faster than Yang’s Alg. and Dang’s
Alg.
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Table 4. Numerical results of the algorithm (4.1), Yu’s Alg. [26], Lépez’s Alg. [16], Yang’s Alg. [24],
and Dang’s Alg. [10] for Example 5.3 with different values of ¢t and n

t =50 t="75

n Algorithm Tter. (k) CPU (s) TIter. (k) CPU (s)

n =20 Our Alg. 280 4.17062 299 5.35194
Yu's Alg. 288 8.28327 300 14.58467

Lépez’s Alg. 350 9.54555 347 13.13750

Yang’s Alg. 153641 1641.72481 170096 1991.93037

Dang’s Alg. 153628  1709.61426 170054  1973.73857

n=230 Our Alg. 330 5.38993 313 5.45788
Yu’s Alg. 341 10.21217 332 10.91377

Lépez’s Alg. 419 12.89763 383 11.67734

Yang’s Alg. 142416  1506.89022 156907 1804.71479

Dang’s Alg. 142372 1551.33575 156905 1907.00519

n =40 Our Alg. 515 8.7879 304 5.68875
Yu'’s Alg. 534 16.30069 307 12.83835

Lépez’s Alg. 611 19.85566 345 12.80099

Yang’s Alg. 142097  1582.04282 151415  1824.85440

Dang’s Alg. 142005 1599.88914 151414 1760.53157

6. Conclusion

This paper has presented novel ball-relaxed CQ algorithms for efficiently solving the
split feasibility problem with multiple output sets. The algorithms are enhanced by
incorporating an inertial term within the iterative scheme to accelerate the conver-
gence. Furthermore, they eliminate the need for computing norms of the involved
bounded linear operators, thanks to the utilization of self-adaptive step size crite-
ria. Strong convergence theorems of the proposed methods have been proved under
some feasible assumptions widely used in the optimization theory. Some applica-
tions relating to the solution of the split feasibility problem were also reported.
The efficiency and advantages of our algorithms were confirmed by three numeri-
cal experiments, including an application to the LASSO problem with elastic net
regularization.
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