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PREDATOR DISCRIMINATION PROMOTES
THE COEXISTENCE OF PREY AND
PREDATOR

Wenjing Liu'?, Yancong Xu?*' and Libin Rong?

Abstract The predator discrimination of prey may affect the density of both
prey and predator populations, which, in turn, could influence the coexistence
of discriminated prey species. This paper investigates the dynamics of a three-
dimensional predator-prey model, which includes unobvious predator discrim-
ination of prey, using a dynamical system approach. We study the existence,
local and global stability of equilibria and further discuss the presence and
conditions of forward bifurcation in the system. Finally, numerical simula-
tions are performed to illustrate the theoretical results. The findings suggest
that prey diversity favors predator discrimination of prey and enhances the
coexistence of all species.

Keywords Predator discrimination, multiple predator-prey community,
global asymptotic stability, forward bifurcation.
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1. Introduction

To understand the mechanisms of multi-species coexistence is one of the most im-
portant topics in ecology. Interspecific interactions will affect the populations of
both predators and prey. The impact of a predator species on a prey commu-
nity depends on the magnitude of predation pressure and its response to changes
in prey density. Indeed, the two main aspects of predator species that influence
prey coexistence are predator density (numerical response) and predator behavior
(functional response) [2]. In predator-prey models, the functional response function
describes the predator’s reaction to changes in prey abundance. These functions
serve as crucial tools for explaining the relationship between predator behavior and
prey population dynamics [18,23]. Common types of functional response functions
include linear, saturating, and polynomial responses [25, 35].

Denote N and P as the prey and the predator, respectively. The following
functional response functions have been used in various studies.
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e Holling I interaction functional F(N, P) = aN (see [3]),

Holling IT interaction functional F(N, P) = ﬁfb (see [12]),

e Holling III interaction functional F (N, P) = ]sévjb (see [10,17]),

Holling IV interaction functional F(N, P) = (see [26,30]),

alN
aN2+bN+c

Beddington-DeAngelis interaction functional F(N, P) = (see [1,9]),

alN
a+bN-+cP

Ratio-dependent interaction functional F(N, P) = X,Jif; (see [8,15]).

These functions can be used to predict interactions between different species in
ecosystems, such as how changes in prey abundance affect predator numbers and
competition between different species. Functional responses have wide applications
in ecology [19,24,31,34], environmental science [5], agriculture [22], and other fields
[33, 36], helping us better understand the interactions and evolutionary processes
among different species in ecosystems.

The Lotka-Volterra predator-prey model [21,28] is one of the earliest models in
ecology, describing the interaction between a single predator and a single prey. It
was first proposed by the American biologist Alfred J. Lotka and the Italian math-
ematician Vito Volterra in the early 20th century and has since been developed and
refined to become one of the fundamental models for studying species interactions
in ecosystems. The model has found widespread applications in various fields, in-
cluding ecology, environmental science, and dynamical systems. Although it comes
with some assumptions and limitations, it provides essential insights into under-
standing the basic principles of predator-prey interactions in ecosystems and offers
useful tools for predicting ecosystem responses and adaptations.

In recent years, many scholars have emphasized the complex dynamics of one-
prey-two-predator models [6,7,13,20,29]. Simultaneously, some scholars have also
studied the equation structure and dynamical behavior of another three-dimensional
model involving one predator and two prey species [14,27]. Iwashita et al. [11]
proposed a model that considers a community of N¢ predator species, with a density
C; (where i = 1,...,N¢), and Ng prey species, with a density R; (where j =
1,...,Ng), as follows:

ac; Al
Ttl =G Zaik Z AijbiR; | —mi |,

k=1 JEK K (1 1)
dR; L ’
th = Rj ’I’j — SjRj - Zaij)\ijCi

J

Here, N; represents the number of predator ¢’s prey groups, K;i is the kth prey
group for predator i, m; is the mortality rate of predator ¢, r; is the intrinsic growth
rate of prey j, s; is the intraspecific competition coefficient of prey 4, b; is the assim-
ilation efficiency of prey j, A;; is the foraging efficiency of predator ¢ on prey j, and
a;, is the predation effort of predator ¢ on prey group Kji, which varies adaptively
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over time according to the following equations:

da il
ik
= Gaix, | Pix — abi )

o (1.2)
Z Qi — 1 and Pm = Z )\ijbjRj.
k=1 JEK ik

In the above equations, P;; represents the food gain per unit effort from the kth
prey group for predator ¢, and G is the scaling parameter representing the relative
speed of adaptive dynamics to population dynamics. The adaptive dynamics are
represented by the replicator equation (1.2), which indicates that if the food gain
per unit effort for a prey group is above average, the predator species’ effort for that
group will be increased, whereas if it is lower, the foraging effort will be reduced.
Prey species (4, j/) that are perceived by predator ¢ to belong to the same group
are assumed to be subject to the same predation pressure (a;; = a;; ).

In this paper, we only focus on the dynamics of a one-predator (C') and two-prey
(R1, R2) system. If the predator species distinguishes between the two prey species,
the population dynamics model of the three species can be presented as follows:

dC

E = C (al)\ublRl + a2)\12b2R2 — m),

dR

Ttl =Ry (r1 — s1R1 — a1 A1 C), (1.3)
dR

th =Ry (7”2 — 52y — CL2/\12C) ,

and
a1 + as = 17

where a; is predator C’s foraging effort for the prey group R; (prey R;), m is
the mortality rate of predator, r; is the intrinsic growth rate of prey R;, s; is
the intraspecific competition coefficient of prey species R;, b; is the assimilation
efficiency of prey R;, and A;; is the foraging efficiency of predator R; on prey R;.
Without loss of generality, we still assume that the ratio (;—111) of the foraging
efficiency of predator C' on prey R;(A11) to the intrinsic growth rate of prey Ri(r1)
is greater than that of prey RQ(% > ;—122)

It is noted that Iwashita et al. [11] mainly discussed the coexistence of equilib-
rium points of the system under the boundary of a;, aiming to explore the identi-
fication selection of prey by predators. Different from the above, in this paper, we
assume a; € (0,1), which means that if the sum of the foraging efforts of the two
prey is unchanged, the predator has the tendency to hunt both prey, but the value
of a; can be equal or not equal. In order to reduce the number of parameters, we
introduce the rescale of variable and parameters:

Clll)\ll R181 _ Rgm

x = NTES , Z , T=mt. (1.4)
m m So

Denote

_@Aub (1 —a1) Ai2bo P SN (1 —a1) A2

S1 S92 m m al/\ll
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System (1.3) is transformed into

% =z(ay + bz — 1),

dy

=7 — (ke — 1y — 1.5
ar y( 1Y 1’), ( )
dz

@ZZ(ICQ—Z—C‘TE).

In view of the biological implications, we consider model (1.5) with initial in
{(z,y,2) | © > 0, y > 0, z > 0}. In this paper, the dynamics of predator dis-
crimination in a predator-prey model is investigated using the dynamical system
approach. The existence and stability of boundary equilibrium and positive equi-
librium are studied in detail. Global stability and forward bifurcation indicate the
coexistence of the predator and the prey.

2. Existence of equilibria

In this section, we prove the existence of boundary equilibrium and positive equi-
librium and provide a concrete analysis on the stabilities of the equilibria in system
(1.5).

2.1. The existence of community equilibria

We analyze the equilibria of system (1.5) and investigate the bifurcations on the
basis of the distribution of these equilibria.

) The extinction equilibrium F4 (0,0, 0).

(2) The predator and prey R;-free equilibrium F(0,0, ks).
(3) The predator and prey Ro-free equilibrium E3(0, k1, 0).
(4) The predator-free equilibrium Ey(0, k1, ko).
(5)
(6)
(7)

The prey Ri-free equilibrium E5(— 1_1)}2’“2 ,0, %) if bke > 1.

The prey Ra-free equilibrium Eg(—2=2%1 L 0) if ak; > 1.

a ’a’

The coexistence equilibrium E*(z*,y*, z*), which is a positive equilibrium of
system (1.5)

satisfying
x*(ay* +bz* — 1) =0,
y* (b —y* —a") =0,
2% (kg — 2" —ca*) = 0.
Then we obtain
y ="+ ki, 2"=—ca*+ko,
where x* satisfies the following equation:

F(2*) = —(a+ be)(z*)? 4+ 2% (=1 + aky + bky)
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=z*[—(a+ be)x* + (=1 + aky + bks)]
=0.

aky+bkas—1 1+bcki—bks

Therefore, the positive equilibrium E*(z*,y*, z*) = E*(* 22—, ~ormom2,
Cfaaciilbtakz). To make sure that E* is a positive equilibrium, z*, y*, z* should satisfy
the following two conditions:

(a) Assume aky + bko > 1 so that z* > 0;
(b) Assume 1+ bcky — bke > 0 and ¢ — acky + aks > 0 so that y* > 0 and z* > 0.

Therefore, the conditions for the existence of positive equilibrium are

—1+ aky + bks > 0,
1+ beky — bls > 0,

c—acky + aks > 0.

According to the above set of inequalities, we obtain the following results.

Theorem 2.1. System (1.5) has a positive equilibrium E* if one of the following
conditions holds.
1 — bko

1
] < — and
(7) I <a_k1 and ¢ > by

bk’g —1 .. 1 bkg —1 CLkQ
; — and .
(u)a>k1 an b1 <C<ak:1—1

(2.1)

As a specific case, we have the following results:

Theorem 2.2. Assume bko = 1. The existence condition of the positive equilibrium
(1.5) is summarized as follows:

(4) O<a§,€1—1andc>0;

(1) a> % and 0 < ¢ < a,‘jfil.

The region (brown) of the positive equilibrium is shown in Figure 1(a).

Theorem 2.3. Assume bko > 1. The existence condition of the positive equilibrium
(1.5) is summarized as follows:

. 1 bka—1
(4) O<a§Eandc> e

- 1 bho—1 aky
(i4) a> - and "= <c < g2y

The region (brown) of the positive equilibrium is shown in Figure 1(b).

Theorem 2.4. Assume —1 < bko — 1 < 0. The existence condition of the positive
equilibrium (1.5) is summarized as follows:

(4) %<a§k%andc>0;

(i) a> % and 0 < ¢ < a,‘jfil.

The region (brown) of the positive equilibrium is shown in Figure 1(c).
We find that the boundary equilibria E1, Fo, E3 and E, always exist. Table 1
shows the coexistence of E5, Eg and E*.
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c ¢ =aky/(ak; — 1)
e a=1/k
c=ky/ky

ko
ki
1
0 T a
(a)
c ¢ = aky/(ak; — 1)
ca=1/k
.« c=ka/ky
= (bky — 1)/bky

ky
bky—1
bk; >
1
0 o a
(b)
C 0 ¢ = aky/(aky — 1)
o a=1/k
«—c=ky/k
a=(1-bky)/k

ki

1-bky 1
0% &

(c)
Figure 1. The positive equilibrium E* of system (1.5) is located in the brown area: (a) bks — 1 = 0;

(b) bky — 1> 0; (c) —1 < bka — 1 < 0.
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Table 1. Coexistence of equilibria of system (1.5)

Range of bky — 1 Range of a Range of ¢ Existing equilibria
0<a< g c>0 E*
bko —1=0 a1 0<ec< g Eg, E*
k others FEs
0<a< g c> btha—l Es, E*
0 < bky—1 0o L Mol <o < the Es, Eg, E*
k1 others Es, Eg
% <a< 1711 c>0 E*
—1<bky—1<0 W L 0<c< e Eg, E*
k1 others FEs

3. Stability of equilibria

3.1. Stability of boundary equilibria
We study the local stability of boundary equilibria of system (1.5). The Jacobian
matrix J(E) of system (1.5) at £1(0,0,0) is
-100
JE)=| 0k 0 |- (3.1)
0 0 ko
The corresponding eigenvalues of J(FEp) are Ay = —1, s = k1 > 0,3 = ks > 0.

Thus, F1(0,0,0) is an unstable saddle point.
The Jacobian matrix J(Es3) of system (1.5) at E2(0,0, k3) is

—1+bky 0 0
J(E3) = 0 k0 . (3.2)
—Ckg 0 —kg

The corresponding characteristic equation of J(Es) is
(A= (=14 bk2))(A = k1)(A = (—k2)) = 0. (3.3)

There are three eigenvalues: A\ = k1 > 0, Ay = —ky < 0, \3 = —1 + bky. Thus,
E5(0,0, k) is an unstable saddle marginal point if bky = 1, otherwise, F5(0,0, k2)
is an unstable saddle point.

The Jacobian matrix J(Es3) of system (1.5) at E3(0, k;,0) is

—14aky 0 O
J(Es) = —k —k 0 |- (3.4)

0 0 ke
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The characteristic equation of J(Ej3) is

X+ A2 (= ((a— k1) — ke +1) + A (—aki + k1 ((a — ko +1) — ko)

3.5
+ kiks (aky — 1) = 0. (3.5)

It’s easy to obtain the eigenvalues in (3.5) : Ay = —k1 < 0, A0 = —1 4+ aky, A3 =
ky > 0. Thus, F3(0,k1,0) is an unstable saddle-node point if ak; = 1, and an
unstable saddle point if otherwise.

The Jacobian matrix J(E,) of system (1.5) at E4(0, kq, ko) is

—1+ak1+bk2 0 0

—k1 -k 0 |- (3.6)
—Ck‘Q 0 —k‘g

The corresponding characteristic equation of J(E}y) is

N A2 (= ((a—Dky) — (b—1)ky + 1)

9 9 (3.7)
+ A (k‘l (1 — kg(a-l- b— 1)) — akl — b/ﬂg + kg) — k1ko (ak1 + bky — 1) =0.
The roots of (3.7) are: Ay = —k; < 0, 2 = —ka < 0,A\3 = —1 + aky + bks.

Thus, F4(0, k1, k2) is a quasi-stable node marginal point when ak; + bke = 1. If

aki + bks < 1, it is a stable node point, and if aky + bky > 1, it is a saddle point.

The Jacobian matrix J(Es5) of system (1.5) at E5(—152%2,0, 1) is

0 70,(171)]{:2) 7171)]@‘2
be c

J(Bs)=| 0 ki +15%= ¢ - (3.8)

c 1
-5 0 ~3

The corresponding characteristic equation of J(Es) is

3 A((be+1) (bky —1) —bck1)  (bka — 1) (bcky — bke + 1)
A%+ —
b%c b2c
n A2 (—bck1 + bko 4+ ¢ — 1)

be

(3.9)
=0.

We have the corresponding eigenvalues of (3.9): X\ %7)\2 =

SO -7 oy /ARt Abri— . -
4b2k22b+4b+1 L <0, = NESITESIESES Y Next, we consider the stability of

2b
equilibrium F5 under three different conditions, Ay > 0,A\; = 0 and A\; < 0. Let
A = —4b%ky + 4b + 1.

Theorem 3.1. Assume ko — ck; < % so that Ay > 0, the prey R;-free equilibrium
Es(— 1_17[;]“2 ,0, %) of system (1.5) is classified into the following cases:

(1) if A <0, then E5(— l_bl;’” ,0, %) is an unstable saddle-focus point;

(2) if 0 < A < 1, eigenvalues Aa < 0, A3 < 0, then E5(— 17};’“2 ,0, %) is an unstable
saddle point;
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3) if A = 1, eigenvalues Ay = —2 < 0,A3 = 0, then F5(—15%2 0,1) is an
be b
unstable saddle marginal point;
(4) if A > 1, eigenvalues Ay < 0,A3 > 0, then Ej(— 1‘;;’“270, %) is an unstable
saddle point.

Theorem 3.2. When ky — cky = % so that A\ = 0, the prey Ry-free equilibrium

Es(— 1_17[;]“2 ,0, %) of system (1.5) is classified into the following cases:

(1) if A <0, then E5(— l_bl;’” ,0, %) is a quasi-stable focus marginal point;

2) if 0 < A < 1, eigenvalues Ay < 0, A3 < 0, then Fy(—1=%%2 0, 1) is quasi-stable
g be b
node marginal point;
3) if A =1, eigenvalues Ay = —2 < 0, A3 = 0, then E5(—25%2 0, 1) is a stable
be b
improper node point;
4) if A > 1, eigenvalues Ay < 0,\3 > 0, then E5(—15%2 0, 1) is an unstable
g be b
saddle marginal point.

Theorem 3.3. Assume ko — cky > % so that \1 < 0, the prey Ri-free equilibrium

Es(— 17;;’“2 ,0, %) of system (1.5) is classified into the following cases:

(1) if A <0, then E5(— 1_;;]“2 ,0, %) is a stable node-focus point;

1 < < 1, eigenvalues Ay < 0, A3 < 0, then E5(—=—=-2,0, ) is a stable
2) if 0 < A <1, ei lues Ay < 0,3 < 0, then Fs(—15%2,0,1) i bl
node point;
i =1, eigenvalues Ao = —2 < 0, A3 = 0, then Ek5(—-—=-2,0, ) 1s a stable
3) if A =1, eigenvalues A 2 < 0,A3 =0, then E5(—15%2.0, 1) i bl
node marginal point;
1 > 1, eigenvalues Ay < 0, A3 > 0, then E5(—-—-2,0,+) 1s an unstable
4) if A > 1, eigenvalues Ay < 0,A3 > 0, then E5(—25%2,0,3) i bl
saddle point.

The Jacobian matrix J(Eg) of system (1.5) at Eg(—1=22 1 0) is

a

0 —1+4ak; b(—21+k)
J(Eg)=| -1 -1 0 . (3.10)
0 0 g— cki + ko

The corresponding characteristic equation of J(Ejg) is

35 A(—(aki(a+c¢))+ake +a+c) . (aky — 1) (acky — aks — ¢)
a2 a2
3.11
+)\2(0,C]€170,k276+1):0. ( )

a

. _\/_27_ \/_27_
The eigenvalues of (3.11) are A\ = da ]“21:’4““ Ly = da ]”2;4““ Lg =

—ackyi+aks+c
SiI%ilarly, we consider the stability of equilibrium Eg under three different cases,
A3 > 0,23 =0and A3 <0. Let A = —4a?k; + 4a + 1.

Theorem 3.4. When cky — ko > %, the prey Ra-free equilibrium Eg(—%, %, 0)
of system (1.5) is classified into the following cases:
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1) if A <0, then Eg(—1=2%1 1 0) is an unstable saddle-focus point;
( ) a a’ p )
2)if 0 <A <1, A\ <0, <0, then Eg(—1=2%1 1 0) is an unstable saddle
( a a

point;
3) if A =1, then A\; = =2 < 0,Ay = 0, and Fg(—1=2k1 1 0) is an unstable
( ) a 'a

saddle marginal point;

(4) if A>1, A\ <0,X2 >0, then EG(—%, %, 0) is an unstable saddle point.

Theorem 3.5. When cky — ka = ¢, the prey Ra-free equilibrium Eg(—%, %, 0)
of system (1.5) is classified into the following cases:
(1) if A <0, then Eﬁ(flfaiakl, %, 0) is a quasi-stable focus marginal;

(2) if 0 <A <1, A\ <0,M <0, then EG(—% L70) is quasi-stable node

v ar

marginal;

(3) if A=1,then A\; = =2 < 0,A2 =0, and Eg(f%, %, 0) is a stable improper
node;

(4) if A>1, A <0, >0, then Es(—%, %, 0) is an unstable saddle marginal
point.

Theorem 3.6. When cky — ka < ¢, the prey Ra-free equilibrium Eg(—%, é, 0)
of system (1.5) is classified into the following cases:

(1) if A <0, then Eg(—1=2%2 1 0) is a stable node-focus;

(2) f 0 <A<, A <0, <0, then EG(—%7 %,0) is a stable node;

(3) if A =1, then A\; = —2 < 0,X2 = 0, and Eg(—1=2%1 1 0) is a stable node
marginal;

(4) if A>1, Ay <0,A2 > 0, then Eg( l-aky 1 0) is an unstable saddle point.

- a ’a’

3.2. Stability of positive equilibrium
3.2.1. Local stability analysis

Now, we consider the local stability of the positive equilibrium FE*(a*,y*, 2*) of
system (1.5).

To reduce the amount of computation, we perform a translation transformation
for system (1.5). Let u = 2 — 2*,v = y — y*,w = w — w*, then system (1.5) is
transformed into

du .

E:(u—l—x ) (av + bw),

% =—(v+y") (u+v), (3.12)
dw .

E:—(w+z ) (cu + w).

The Jacobian matrix of system (3.12) at F(0,0,0) is

0 az* bx*

J(Eo): —y* —y* 0
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Similarly, the characteristic polynomial of system (3.12) at F(0,0,0) is

G(A) = (A +2%) (az*y*™ + N> + Ay*) + c2* (bAz™ + ba™y™)
=23+ A N2 + A\ + Ao,

where

Ay =y* + 27,
Ay =x" (ay* + bez™) + y* 2%,
Ag =(a+be)xy*z* = —det(J(Ep)).

Theorem 3.7. The positive equilibrium E*(x*,y*,2*) of system (1.5) is locally
asymptotically stable if the equilibrium E* exists, i.e., the condition (2.1) hold.

Proof. By simple calculation, we get
AgAy — Ay = ax* (y*)* + (y*)?2" + bex*(2)? + y*(2*)? > 0.

Thus, by Routh-Hurwitz criteria [32], we know that the positive equilibrium
Ey(0,0,0) of system (3.12) is locally asymptotically stable if AsA; — Ay > 0. So the
equilibrium Ey(0,0,0) of system (3.12) is locally asymptotically stable. That is to
say, the positive equilibrium E*(_H;fll)jbkz , 1+b;i1b;bk2 , c‘“gilbt“’”) of system (1.5)
is locally asymptotically stable. That is to say, system (1.5) can not go through

Hopf bifurcation at the positive equilibrium E*. O

3.2.2. Global stability of the positive equilibrium

In this section, we investigate the global stability of the unique positive equilibrium

E*(*Hf_ff;)jbkg, 1+b;f_1bzbk2, C*“(‘;ilbtak"’) of system (1.5). By using the Lyapunov-

LaSalle theorem, we obtain the following results by equivalently considering the
global stability of the equilibrium FE(0,0,0) of the shifted system (3.12).

Theorem 3.8. The positive equilibrium E*(x*,y*,2*) of system (1.5) is globally
asymptotically stable if the condition (2.1) holds.

Proof. Consider the following Lyapunov function:

ute )+a(v—y*lnv+y

b *
)—l—f(w—z*lnw—’_z

).

V=(u-2z"n

x*

z+a

a

We prove that the function V' (u,v,w) is non-negative. Let f(z) =2 —aln
(a > 0,2 > —a). Obviously, f(0) =0, and

ﬁ*l a x

dx r+a z+a
We obtain f/(0) = 0, f/(z) > 0 for z > 0, and f/'(z) < 0 for —a < x < 0.

Therefore, f(z) > 0 and the function V (u, v, w) is non-negative.
Differentiating V' with respect to ¢ and using system (3.12) yield
av , , v b, w

dt (3‘12)_uu+x* +avv—|—y* +cww+z*
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= u(av + bw) — av(u + v) — gw(cu + w)

Therefore, the equilibrium FEy(0,0,0) of system (3.12) is globally asymptotically
stable. It is easy to know that %\(3.12) < 0, and %\(3_12) = 0 at Ey of system
(3.12). According to the Lyapunov-LaSalle theorem [16], Ey of system (3.12) is
globally asymptotically stable. That is to say, the positive equilibrium E*(z*, y*, z*)
of system (1.5) is globally asymptotically stable if the condition (2.1) holds. O

4. Bifurcation analysis

In this section, we will study bifurcation and conduct numerical simulations of
system (1.5). System (1.5) undergoes transcritical bifurcation at the boundary
equilibria E4(0, k1, ko), Es(—152%2,0, 1), and Ee(—1=2%1 1 0). For E4(0, k1, k),
a forward bifurcation curve appears if a > a*, and the bifurcation direction at the
non-predator equilibrium point is positive, while there is no positive equilibrium
at a < a*. If there is a positive bifurcation balance in the case of a < a*, we
call it backward bifurcation [4]. The scenarios for boundary equilibrium points

E5(—1522 0, 1) and Eg(—2=2%1 1 0) are similar to Ej.

Theorem 4.1. System (1.5) will go through a forward bifurcation at E4(0, k1, k)
if0<a§k—11, bks <1 and ¢ > 0.

Proof. Part I. When a = a*, there is one zero eigenvalue for the Jacobian matrix
of the model (1.5) at the predator-free equilibrium (PFE) Ej.
The Jacobian matrix of model (1.5) at Ejy is
-1+ akl + bkg 0 0
J(Ey) = —k —k 0 |, (4.1)
70]172 0 7]172

and the corresponding eigenvalues of J(E,) are as follows:

A=k < 0,
Ay = —ky <0,
)\3 = —]. + ak1 + ka

It’s clear that the eigenvalues \; and Ay are negative. If A3 = 0, then

1 —bky
-

a*

> 0.

We find that at a = a*, the Jacobian matrix J(E,) has a zero characteristic
root and all other eigenvalues are negative. Therefore, the center manifold theory
can be used to analyze the dynamics of the model near a = a*. Moreover, the
predator-free equilibrium is locally stable when a < a* and unstable when a > a*.
The critical value a = a* is a bifurcation value.
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Figure 2. Forward bifurcation diagram of the concentration of predator with respect to a when 0 <
a < 1711 and ¢ > biizl . Here the solid and dotted curves represent, respectively, the stable and unstable

branches.

Part II. The existence and stability of E*(z*,y*, 2*) of system (1.5) as a varies.
—1+aki +bks
a+bc
exists. As a* = % <a< 17117 bks < 1 and ¢ > 0, the positive equilibrium E*
exists. Therefore, we conclude that when a < a*, the boundary equilibrium FEj
is stable, and there is no positive equilibrium E*. When a > a*, the boundary
equilibrium FEj loses stability, and a positive equilibrium E* exists in system (1.5).
Thus, system (1.5) undergoes a forward bifurcation. O

When a < a*, we have ™ = < 0. This means no positive equilibrium

Numerically, in system (1.5), we choose parameter values b = 3.5,¢ = 0.5,k =
0.2 and k; = 0.23. When 0 < a < é, bke < 1 and ¢ > 0, system (1.5) undergoes
a forward bifurcation, shown in Figure 2, with a* = 0.975. The solid curve and
the dotted curve indicate the stable and unstable equilibrium points, respectively.
Moreover, when 0 < a < a*, the predator-free equilibrium (PFE) E4(0, k1, k2) of
system (1.5) is stable, and there is no positive equilibrium point in system (1.5).
When a* < a < ﬁ, the predator-free equilibrium (PFE) E, of system (1.5) is
unstable, and the positive equilibrium E* of system (1.5) exists.

Theorem 4.2. When bky > 1, system (1.5) will go through a forward bifurcation

at E5(bk§;1,0, %) if one of the following conditions holds:

(1)0<a§ﬁ(mdc>0;

(2) a> 7= and 0 < ¢ < 2.

Proof. Part I. When ¢ = ¢*, there is one zero eigenvalue for the Jacobian matrix
of the model at the prey R;-free equilibrium (R1FE) Es.
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The Jacobian matrix of model (1.5) at Ej is

0 — a(1-bka)  1—bko
be c

J(Es)=| 0 k41582 o . (4.2)

_c _1
b 0 b

The corresponding eigenvalues of J(Fs) are as follows:

bcky — bko + 1
No= TR
be
v VPR A AT
2 = 2 )
V—4b?ko +40+1 -1
A3 = .
2b

The Jacobian matrix J(Es) has a zero characteristic root and all other eigenvalues
are negative if bko > 1. Then we obtain

~ bky —1
bk

*

> 0.

We find that at ¢ = ¢*, the Jacobian matrix J(Ej5) has a zero characteristic root
and all other eigenvalues are negative. Therefore, the center manifold theory can
be used to analyse the dynamics of the model near ¢ = ¢* [36]. The prey R;-free
equilibrium is locally stable when ¢ < ¢* and locally unstable when ¢ > ¢*. The
critical value ¢ = ¢* is a bifurcation value.

Part II. The existence and stability of E*(z*,y*, 2*) of system (1.5) as ¢ varies.

a
Theorem 2.3, we know that positive equilibrium E* exists if case 1: 0 < a < % and

When ¢ < ¢* and y* = % < 0, there is no positive equilibrium. From

c> 0 or case 2: a > 1711 and 0 < ¢ < aglkjl are satisfied. Therefore, we conclude
that when ¢ < ¢*, the boundary equilibrium FEj5 is stable, and there is no positive
equilibrium E*. When ¢ > ¢*, the boundary equilibrium FEj5 is unstable, and there
is a positive equilibrium E* in the system (1.5). Thus, the system (1.5) undergoes
a forward bifurcation at ¢ = c¢*. O

In system (1.5), because the change in the value of a in case 2 does not affect c*,
here we only simulate case 1 numerically. We choose parameter values a = 2,b =
2,k;y = 0.4 and ko = 1. When 0 < a < 1?11 and ¢ > 0, system (1.5) undergoes
a forward bifurcation at ¢* = 1.25, as shown in Figure 3. The solid curve and
the dotted curve indicate the stable equilibrium and unstable equilibrium points,
respectively. Moreover, when 0 < ¢ < ¢*, the prey R;-free equilibrium (R1FE)
Es(— 17};’“2 ,0, %) of the system (1.5) is stable, and there is no positive equilibrium
point in the system (1.5). When ¢ > ¢*, the prey Rj-free equilibrium (R1FE) Ej
of the system (1.5) is unstable, and the positive equilibrium E* of the system (1.5)

exists.

Theorem 4.3. Assume ak; > 1 and ¢ > b]zzkzl. System (1.5) goes through a

ak1—1 1 0)

a a’

forward bifurcation at Fg(
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Figure 3. Forward bifurcation diagram of the concentration of predator with respect to ¢ when 0 <
a < ﬁ and ¢ > 0. Here, the solid and dotted curves represent, respectively, the stable and unstable

branches.

Proof. PartI. When ky = k3, there is one zero eigenvalue for the Jacobian matrix
of the model (1.5) at the prey Ro-free equilibrium (R2FE) Eg.
The Jacobian matrix of model (1.5) at Ejg is

0 —1+4ak; b(—%+k)
J(Be)=| -1 -1 0 . (4.3)
0 0 i— cki + ko

The corresponding eigenvalues of J(Fjg) are as follows:

 —V—4a?ky +4a+1-1

A
1 2 )
vV—4a?k1 +4da+1-1
)\2 = )
2a
—acky + aky + ¢
3= ——m8m——— =

a

The Jacobian matrix J(Eg) has a zero characteristic root and all other eigenvalues
are negative if ak; > 1. Clearly, the eigenvalue A3 = 0 is equivalent to
c(aky — 1
a

At ko = k3, the Jacobian matrix J(Fs) has a zero characteristic root and all
other eigenvalues are negative. Therefore, the center manifold theory can be used
to analyse the dynamics of the model near ko = k3 [36]. Moreover, The prey Ra-free
equilibrium is locally stable when ko < k3 and unstable when ky > k5. The critical
value ko = k3 is a bifurcation value.
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Figure 4. Forward bifurcation diagram of the concentration of predator with respect to a when ¢ >
bkg—1
Ao
branches as a = 1,b =2,¢ =1, and k1 = 2.

and aki > 1. Here the solid and dotted curves represent, respectively, the stable and unstable

Part II. The existence and stability of E*(z*, y*, z*) of system (1.5) as the parameter

ko varies.
* * —acki+aka+c : e B
When ko < k3, 2 e =0, there is no positive equilibrium. We

know from the existence conditions of the positive equilibrium that the positive
equilibrium E* exists if ak; > 1 and ¢ > bljfk_l. Therefore, we conclude that when
ko < k3, the boundary equilibrium Eg is stable, and there is no positive equilibrium
E*. When ko > k3, the boundary equilibrium Ej is unstable, and there is a positive
equilibrium E* in the system (1.5). Thus, the system (1.5) undergoes a forward
bifurcation at ko = k3. O

As a numerical illustration, in system (1.5), we choose parameter values a =
1,b = 2,¢c =1 and k1 = 2. When ¢ > b’fk:l and ak; > 1, the system (1.5)
undergoes a forward bifurcation, as shown in Figure 4, with k5 = 1. The solid
curve and the dotted curve indicate the stable and unstable equilibrium points,
respectively. Moreover, when 0 < ko < ki, the prey Ra-free equilibrium (R2FE)
Eg(—1=21 1 0) of the system (1.5) is stable, and there is no positive equilibrium
point in the system (1.5). When ko > k3, the prey Ra-free equilibrium (R2FE) Eg
of the system (1.5) is unstable, and the positive equilibrium E* of the system (1.5)
exists.

5. Conclusion

In this paper, we studied the existence, stability, and bifurcation of equilibrium
points in a three-dimensional predator-prey system consisting of two prey and one
predator. The existence and stability of boundary equilibrium and positive equilib-
rium were examined. Applying the Lyapunov-LaSalle theorem, we found that the
positive equilibrium is globally asymptotically stable. That is to say, the system can
not undergo Hopf bifurcation. Seen from the forward bifurcation, we found that the
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densities of predator and the prey will increase when the predator’s foraging effort
for the prey group R; or R, increase. From a biological perspective, the unobvious
predator discrimination greatly benefits the coexistence of prey and predator.
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