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EXISTENCE AND UNIQUENESS OF
CONSTRAINED MINIMIZERS FOR
FRACTIONAL KIRCHHOFF TYPE

PROBLEMS IN HIGH DIMENSIONS*

Shulin Zhang"?' and Hua Jin'

Abstract In this paper, we investigate the existence and uniqueness of solu-
tions with prescribed L?-norm for a class of fractional Kirchhoff type problems.
Firstly, we prove the existence of global constraint minimizers for the exponent
2<p<24+ 495. Secondly, we obtain the existence of solutions with prescribed
L?-norm for the exponent 2 + % < p < 2§ by mountain pass theorem. Fur-
thermore, all these solutions are unique up to translations and our methods
only rely on scaling transformations and simply energy estimates. We point
out that these obtained results extend the previous results for 0 < s < 1 and
0 =2or s=1and 6 =2 in low dimensions. To the best of our knowledge,
with respect to the L?-subcritical or L>-critical constrained variational prob-
lem for fractional Kirchhoff type problems, the critical exponent p = 2 + 405
is properly established for the first time.

Keywords Fractional Kirchhoff type problems, L2-normalized critical point,
existence and uniqueness, mountain pass theorem.
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1. Introduction

In this paper, we discuss the existence and uniqueness of solutions with prescribed
L2-norm for the following fractional Kirchhoff type problems

b ()|2dd 0—1 AV — P2y — ) RY . (11
a+ 'y Jrw |x_ |N+2s Y (=A)°u — [ulP""u = Au, z € R, (L.1)

where a,b > 0,0 > 1, 1<N<f 86(0,1)72<p<2Z:N2N2
o Mgy H0<s <3,
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and (—A)? is the fractional Laplacian operator which is defined as

sy() — u(x) —u(y) N
(—A) ’U,(.TL') = CNySP.V . mdy, reR

where Cy s is a constant depending only on N, s and P.V. is the Cauchy principal
value.

Notice that if # = 2 and s = 1, equation (1.1) is related to the stationary
solutions of equation

uge — (a + b/ \Vu|?dz)Au = f(z,u), (1.2)
RN

where f(z,u) is a general nonlinearity. Equation (1.2) models free vibrations of
elastic strings by taking into account the changes in length of the string produced
by transverse vibrations. After the pioneering works of [20,27], equation (1.1) has
attracted considerable attention. For instance, if we take § = 2 and s = 1, then
(1.1) turns into

—(a+ b/ |Vau|?dz)Au — |[uP~2u = du, 2 € RY. (1.3)
RN

In [33,34], Ye firstly obtained the existence of normalized solutions for equation (1.3)
with L2-subcritical or L?-critical growth. Subsequently, Zeng and Zhang [37] proved
the existence and uniqueness of normalized solutions for equation (1.3) by simple
energy estimates and avoiding the concentration compactness principles. For the
Kirchhoff equations involving critical growth, please see [11,19,38] and the references
therein. Moreover, the supercritical growth problems were studied in [7,8].

Additionally, if we take # = 2 and 0 < s < 1, then (1.1) is reduced to the
following fractional Kirchhoff equation

2
a+ b/RN /RN |x -~ yN+2)§| dx dy)(—A)Su _ |u\p_2u =, z € RN (1.4)

In [14], Huang and Zhang obtained the existence and uniqueness of normalized
solutions for equation (1.4) by some simple energy estimates. In what following,
Liu, Chen and Yang [21] considered the following fractional Kirchhoff equations
with a perturbation

() s
o] / \x— |N+26 oy ) (A (15)

=M+ plu??u + |ulP?u, z € R,

They obtained the existence and properties of normalized ground states for equation
(1.5) with prescribed L2-norm by decomposing Pohozaev set and constructing fiber
map. Other critical results for fractional Kirchhoff problems, please see [9,18] and
the references therein.

In recent years, finding the existence, uniqueness, multiplicity of normalized
solutions and properties of normalized solutions is one of the hot topics, which has
attracted much attention from physics and mathematics. For example, Schrodinger
equations [1,2,4,6,15,17,29], quasilinear Schrodinger equations [25,31,35], fractional
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Schrodinger equations [10,22,24], Schrédinger-Poisson equations [5,16,26], Kirchhoff
equations [13,28,36,39], the related to Choquard equations [3,12,23,32].

Motivated by the aforementioned works, in particular by [14, 28, 33,34, 37], we
study the existence and uniqueness of normalized solutions for equation (1.1). As
far as we know, there is no work concerning fractional Kirchhoff type problems with
a L%-subcritical or L?-critical growth in high dimensions.

In order to obtain the existence and uniqueness of normalized solutions for equa-
tion (1.1), we consider the following minimization problem

o(c) == uiélbﬁc D (u), (1.6)

u(y)|®
———"—dxd
// |x—y|N+2s o
u(y)[? o 1/
—————dxd - - Pd
/IZQN /]RN |LE— |N+25 y) p Jan |U‘ €,

SCZ{UGHS(RN):/ lu|?dz = c?}.

RN
The fractional Sobolev space H*(RY) is defined by

N 2(RN) u(y)®
H*®Y) = {ue I*(R /RN/RN |I7y|N+25 e dudy < +o0}.

Clearly, it is easy to see that for any ¢ > 0, (uc, A.) € H*(RY) x R is a solution
of equation (1.1) if and only if u, is a critical point of ®(u)|s, and ). is a Lagrange
multiplier.

Inspired by [30], we state the well-known Gagliardo-Nirenberg inequality of frac-
tional Laplacian type, which is given as follows: set p € (2,2%), then

/ |u|Pdx
N(p—2 2ps— Np+2N (18)
papﬁp )|2 Eo / 2 it
72 dzd d
=|Qls~? (L L den) ([ k) ’

_ __ (2ps—Np+2N 7N(1"_2> P
where ap = 72]03 NoTaN Bp = (71\,(1)_2) )~ 15 . Similar to [30], we can prove

that all optimizers of (1.8) are the scalings and translations of Q(x), i.e., belong to
the following set

where

and

{kQ(lx +m) : k,l,m € RY 2 ¢ RV} (1.9)

Moreover, the function Q(z) is the unique ground state solution of the following
equation

(—=AYu+u—|[uf?u=0, zecRN. (1.10)

Equation (1.10) comblmng with the Pohozaev and Nehari identity, we have

u(y)? N(p-—2) / 2
/RN/RN |x— |N+25 T e vy 2N—|—2ps—Np RN [ul*dz,

ops (1.11)
Py = —————— 2da.
/RN ful?dz 2N +2ps — Np /RN fuldz
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From (1.7) and (1.8), we can obtain the L2-critical exponent for (1.6) as

L, 1
b= N’
i.e. for any ¢ > 0,
40
¢(C) > —00, lfp € (2a2 + WSL
46
¢(c) = —o0, if pe (2+ —872:).
N
However, in the case of p = 2 4+ %82 we can not get that ¢(c) > —oo or ¢(c) =

—00.

Now, we first describe a complete classification with respect to the exponent p
with the L2?-normalized solutions of problem (1.6).

Set

oI (20 1)y

oapBp \40s — Np+2N
( 2bs(9 — 1) ) NZ;(?X;)“} 2ps—]2\fsp+2N. (1.12)
O(Np — 2N — 4s)

Theorem 1.1. (i) When2 <p <2+ %, problem (1.6) has a unique minimizer u,
(up to translations). Moreover, the function u. has the following form

Uc

T () e )

where t, is the unique minimum point of the following function

2ps—Np+2N

a b g apfpc 2 N(p=2)
=2t 0 220 TR e (0, 400). 1.13
olt) = S+ o o e F00)  (113)
(it) Whenp =2+ %, if ¢ > ats Q|2, problem (1.6) has a unique minimizer (up to
translations)
4s ES N 4s is 1
v = € (2S(CN faIle”))an?s(CN faIng”)]xx)
ek Nbc? '

4s
Nb?|Q|F
In addition, problem (1.6) has no minimizer if ¢ < ats Ql2-
(iii) When 2+ % <p <2+ 4%,3 and s > N(go_l), problem (1.6) has no minimizer

if

c < Cy.

On the contrary, if ¢ > ¢y, problem (1.6) has a unique minimizer (up to translations)

-5 — p % ( — P 3
- (et o e

Uc
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1
. _ | 0a(Np—2N—4s) | -1
with tp = [m} and

¢(c) =

apBp < Zpe-NptaN czps—{szHN) [GCL(Np — 2N — 48)] 0=
QB2 ‘ b(46s — Np + 2N) '

(iv) When p > 2+ 285 problem (1.6) has no minimizer for all ¢ > 0.

Note that if 2 < p < 2+ 493, equation (1.1) has a unique normalized solution

(up to translations), i.e., problem (1.6) has a unique minimizer. But if p > 2 + 46,

equation (1.1) has no normahzed solution for all ¢ > 0, i.e., problem (1.6) has no
minimizer. Inspired by [5,15], we search the mountain pass solution for ®(-) on S,
forp>2+ 495 . For this reason, we give the following definition [15,37].

Definition 1.1.3 Given ¢ > 0, there exists K(c) > 0 such that
pe)i= it max@(h(t))cp > max(@(h(0). #(H(1)}, (11

where Y (c) = {h € C([0,1]; S¢)|h(0) € AK(C)7<I>(h(1)) < 0} and

2
AK(C)* UGS / / _ N+2)| dl’dySK(C)},
RN JRN |9C Yl

then the functional ®(-) satisfies the mountain pass geometry on the constraint set
Se.

Theorem 1.2. Assume p > 2 + 49? or p = 2+ ‘%S and ¢ > c* =
46s N
N 40s+2N—2N6

(l;\gi\zﬁ )46 AN , then equation (1.1) has a unique solution (up to translations)
PP

uc:d_ (2N+2ps—Np)fp)%Q({(2N+2ps—Np)fp}ix)’

@l Voo Np—2)e2
where t,, is the mazimum value of the function (t) and p(c) = ¢(t,).

Remark 1.1. In theorem 1.2, u € S is the unique solution of (1.14) in the following
sense: if u € S, is a critical point of ®(u) on the constraint set S. and its energy
equals to p(c), that is,

P’ (u)|s, =0 and ®(u) = p(c). (1.15)

Remark 1.2. On the one hand, in [14,33,37], the dimension demands 1 < N < 4,
but here it can be greater than 4 dimension. Since 1 <N < 5 (0 > 1), when 0 = 2,
we get that 1 < N < 4. But when 6 = 1.2, we have that 1 S N < 12. So our results
extend the existing results [14,33,37], where 0 < s < land § =2or s =1 and 6 = 2
in low dimensions. On the other hand, the main difficulty lies in that a minimizing
sequence of ¢(c) may lack of the compactness. The usual approach [33] is to apply
concentration compactness principle to obtain the compactness of a minimizing
sequence by excluding the cases of vanishing and dichotomy. But there are some
difficulties in ruling out the cases of vanishing and dichotomy, it is necessary to
set up some functional inequalities, which needs to be more complex analysis. To
avoid the complexity of concentration compactness principle, we adopt the method
used in [14,37] to obtain the existence and uniqueness of normalized solutions for
equation (1.1)

Throughout this paper, LP(RY)(1 < p < +00) is usual Lebesgue space with the
standard norm | - |,.
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2. Some Lemmas

Lemma 2.1. Assume u € S, and 2 < p < 2%, then the following facts hold:

(i) If 2 < p < 2+ 28 then ¢(c) is well defined, ¢(c) > —oo and ¢(c) < 0 for any
c>0;

(i) If 2 < p <2+ %2, then we have ¢(c) <0 for any ¢ > 0;

(i74) If 2 -|— <p<2+ 495 and s > N(ge_l), then there is ¢(c) < 0 for ¢ large
enough;

(iv) In the case of p =2+ 495, if ¢ < ¢*, we have ¢(c) > —oco and if ¢ > ¢*, we get
b(c) = —o0;

(v) In the case of p > 2+ 495, we have ¢(c) = —oo for any ¢ > 0.

Proof. From (1.7) and (1.8) , we deduce that for any u € S,

‘Qd dy ‘Qd d ?
-zéwéw|x—MNHs *20(@NAN|x—MNHS v)

2ps—Np+2N Np+2N

apBpc ‘2 M=
- dad ) ;
e ANAN|x—|NHS Y

= (),

(2.1)
where ¢(+) is given by (1. 13) and let t = [on [on Mdzdy.

fa—y N2

In addition, set u; =t= u(tx), t > 0, by direct computations, we have that

/ lug|*dx = 2, / | [Pde = e / |ulPdx,
RN RN RN
|ut () — ue(y)] / / |2
———————dxzdy.
/]RN /RN |$ - |N+25 RN JRN |$ - \NHS Y

Therefore, u; € S, for all ¢ and

tQS ‘2
————— dxd
/RN /]RN Ix—yIN”“ Y
N(p=2) (2.2)

bt295 |2 "] t—5
dad ) _tr Pda.
ANAN\I—\NHS v o

(i) If2<p<2+ 2 then0<N(p 2 <. By (2.1), we have

|2d d ’
=20 /RN /]RN Ix—y\N”S y)
2ps— Np+2N Np+2N
_ apﬁp

‘2 N(Z*2)
d:lcdy) to

Clearly, it is easy to see that ®(u) is bounded below on S.. Moreover, we deduce
that ¢(c) > —oo for any ¢ > 0. Using again (2.2), we get that ®(u;) — 0 ast — 0,
which implies that ¢(c) < 0 for all ¢ > 0.

and
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(i) If 2 < p <2+ %, then 0 < Y=2) < 1. By (2.2), it is not hard to find that
N(p=2)
t—— Jgn |u[Pdz is the dominant term in (2.2) as t — 0. Thus we deduce that

¢(c) < 0 for any ¢ > 0.

(@ii) f 2+ % < p <2+ 2% thenl < N(p 2 < . In view of the fact that
D(ug) — 0ast —> 0T, by (2. 2) we get that ¢(c ) < 0 for any ¢ > 0. Moreover, for
any u € Sy, set u,(x) = u(n_%x), we have

/ |u77|2da::77, / |un|”daﬁ:n/ |u|Pdz,
N RN RN

an
|ty () = uy(y)* 1_7/ / u(y)|?
dedy = 1RE) = I dedy.
/RN/RN |z—y\N+25 THET Jan Ja |x—y|N+28 e
Then
P (u, )‘Qd dy
]RN RN |$*y|N+2s
u(y)l? o 77/
L) = I 1ed ) 1 Pda.
// |a:— |N+25 U) T f M

Thus, ®(u,) = —o0 as 1 — 400 because s > M This means that ¢(c) < 0 for
some c large enough.

(iv) In the case of p =2+ 4‘95 ap = mv Bp = (W)ea by (2.1),

we have
/ / )|2d dy
=2 RN JRN |$—Z/|N+25
+ (i apfpe TR / / lu(z) —uly)l® )9
20 |Q‘ RN JRN |IL‘— |N+25 V)
which implies that ¢(c) > —oo if ¢ < ¢* and ¢(c) = —c0 if ¢ > ¢*, where ¢* is

defined in Theorem 1.2. -

(v) If p > 24 285 then N(p 2) > §. We know that £ fRN |ulPdz is the
dominant term in (2.2) ast — —|—oo and ®(u;) - —cc ast — —|—oo This means that
¢(c) = —oo for ¢ > 0. O
493 495

Lemma 2.2. Assume p > 2 + and ¢ > c*, then there exists

K(c) € (0,1) such that (1.14) holds

orp =2+
Proof. For any u € S, and [pn [pn %dmdy small enough, by (2.1), we
have
/ / Ju(@) = w1 / / Ju@) —u@)P dy)e
B 2 RN JRN |9€—y|NJr2s 20 \ Jr~ Jrw |$—y|N+2S
2ps—Np+2N Np+2N N(p=2)

_ opBpe / / u(y)|? T
————5—dxd
g (L L )

u(y)|?
- 4/]RN/RN Ix—yIN“S T g s H
(2.3)
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Additionally, if [on [pn %dwdy < (%")ﬁ, we obtain

‘2 / / ‘2 0
1) ~ YV Gedy 1AL) = WY 1 )
o 2/]RN /RN |$*y|N+2s +29 RN JRN |x*y|N+23 Y
‘2
< AL = I dxdy.
a/]RN /]RN Ix—le”s Y

Combining (2.3) and (2.4), it is easy to know that

|2
®(u ) 2 daedy — 0,
“ / / |xf |N+25 e

and for K(c) small enough. Furthermore, K ( ) < (%‘1) 71 we deduce that

(y)|2
sup P(u) < a/ / ————Zdady < aK(c)
UEAK (o) RN JRN |aj - ‘N+2

(2.4)

=2 4K(e)< inf @
;K@= b (),

where 0Aug(c) = {u € Sc: [on Jon %dmdy = 4K (c)}. Moreover, for all
u € Ay (c), by (2.3), we have

O(u) > 0. (2.5)
Next we prove that v(c) # 0. Set
ce®
ue () = x), (2.6)
ST
where £ > 0 will be determined later. Then u. € S. and by simple computations,
we have Np 2.2
2 S
RN JRN |$_ |N+28 " 2N +2ps — Np o7
u )
av (2N +2ps — Np)|Qls 2
and
(I)( ) G‘N(p 2)228 b(N(p 2)228)6’
w) = el
c 22N +2ps— Np 260 2N + 2ps — Np (2.8)
| BT Np =2t ngon '
Q|52 2N 4+ 2ps — Np '

By (2.7), we get that

‘uf‘:l — Uey (y)‘Q . K(C)(2N + 2]?8 - Np) bl
< < .
/RN/RN |x— WLEET dzdy < K(c), 1f€17( NEp-2) )

From (2.8), if (p 2 > 0, that is, p > 2 + 405 ' then we deduce that ®(u.) — —oo

as € — +oo. If N(p 2 — 0, that is, p = 2 + 41%5, then by (2.8), we get that

2ps— Np+2N
B(u.) a N(p—2)c*e* (i LB )( N(p —2)c?e? )9
c 22N 4+ 2ps — Np 260 ‘ngrs 2N +2ps — Np/ ’
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which implies that ®(u.) - —oo as € — +oo and ¢ > ¢*. Thus, there is a g3 > 0
large enough such that ®(ue,) < 0.

Taking h(t) = w(1—t)e,+te,, then we get h(0) = ue, € Ag(e), (1) = u., and
®(ue,) < 0, which implies that h(t) € Y(c) # 0.

For any h(t) € Y(c), we show that h(0) € Ak () and ®(h(1)) < 0. Thus, there
is a to € (0,1) such that h(tg) € Ay (e since h(t) is continuous and (2.5) holds.
Moreover,

max O(h(t)) = 2(h(to)) > max{®(h(0)), P(h(1))}.

We complete the proof. O

3. Proof of main results

Proof of Theorem 1.1. (i) Since 2 <p < 2+ 4—]\‘;, it is easy to check that (t) has
a unique minimum point, denoted by ¢,. Thus, by (2.1), we have

¢(c) = inf @(u) > p(tp). (3.1)

u€ES,

In addition, choosing t, = %, ie, e = (%)i, by (2.8), we
conclude that
¢(c) < D(uc) = p(ip)- (3-2)
Combining with (3.1) and (3.2), we get that
p(c) = ¢(tp) = inf o(t). (3-3)

teERT

Therefore, problem (1.6) has a minimizer when 2 < p < 2 + %8, Moreover, the
minimizer of (1.6) has the following form

Ue = Ue =

I=5 - i - 3
T () o ([P a ] ).

Next, we prove that u. is the unique minimizer of problem (1.6) in the sense of
translation. Indeed, if ug € S, is a minimizer of problem (1.6), by (2.1), we have

|uo(7) — uo(y)|?
P > o(tg), to = ———————"—dzd
#(c) = @(uo) = ¢(to), to /RN/RN ‘m_ y[N 28 Y,
where the second “ = 7 if and only if ug is an optimizer of (1.8). Together with

(3.3), we have

pltp) = d(c) = B(uo) > p(to)-

Thus, we conclude that to = t,, p(to) = P(up) and wup is an optimizer of (1.8).
Moreover, by (1.9), we see that ug must be the form of up(x) = aQ(fx). Utilizing

_ |uo(x w)* _
/|u0|dsc ? /]RN/RN \xf |N+25 — " dzdy = t,,
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and combining with (1.11), we get

ct (2N + 2ps — Np)t,

“= \le( N(p—2)

which implies that ug = u..
ii) In the case of p =2+ 4, o, = X, 3, = 28 by (2.1), we have
N> T 4 Pp TN

(2N + 2ps — Np)t,

)45, /B:( N(p_2)02 )27157

olt) = (5 — —g )b+ ot
2/Q1F

If ¢ < a®|Q|2, by (2.1), we have

2
)z, /RN |x—y|N+2)5 dudy) >0 for any u€ S,

which implies that ¢(c) = infyeg, ®(u) > 0 for ¢ < a3+ |Q|,. By Lemma 2.1-(i), we
know that ¢(c) < 0 for any ¢ > 0. Thus problem (1.6) has no minimizer on S, for

Ql2-
On the other hand, if ¢ > ats

N
c<ais

Q|2, it is also easy to know from (3.4) that o(t)

attains its minimum at the unique point ¢, = % Similar to the case (i),
bQl5Y
N .
set uc(x) = \622\22 Qex), € > 0 is given later, then ®(u.) = @(NC;;Q ). Taking
t, = NC = that is, ¢ = [M]% Thus, we deduce that
Nbe2|QI Y
45 4
c 25(CN —alQly) 25(CN — a|Q\ )2
e = te = |Q|2< Nbe2 ) Q([ } :’3)
2 Nbc2|Q|2

The uniqueness of the minimizer of problem (1.6) is similar to (7).
(ii0) If 2+ 42 <p < 2+ 4, SetT:W,UZI—T:%7thGH

using Yong’s 1nequahty, for any t > 0,

b 6 __ b 0

a T b 4T g
Z(E) (395 tre

2@3(9 — 1) 40s—Np+2N 2[)3(9 — ]_) Np—2N-—4s N(p—2)
(-1 —

_ ( ( ) L= (715,
46s — Np + 2N O(Np — 2N — 4s)
(3.5)
where the “=" in the second inequality holds if and only if
Np—2N —4
b e tp:[w p 8)]9%1.
27 200 b(48s — Np + 2N)

From (2.1) and ¢, is defined by (1.12), we have

apf
D(u) > |Q]|0§_132 Cx

( 2ps—Np+2N 2PS*NP+2N) N(p—2)
2s =

—c 2 tp = =(tp), forallue S.. (3.6)
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If ¢ < ¢, by (3.5) and (3.6), we know that ®(u) > 0 for all u € S, which means that
¢(c) > 0. This contradicts with Lemma 2.1-(49¢) because ¢(c) < 0. Thus, problem
(1.6) has no minimizer for ¢ < c.. If ¢ > ¢4, by (3.6), we have ¢(c) > ¢(t,). Besides,

_ 2 _2s _ 2 _2s
taking u.(z) = TEQIZ (53:) then ®(u.) = @(Mﬁ). Set t, = %, that

is, ¢ = [%} 78. Furthermore, we deduce that ¢(c) < ®(u:) = @(tp).

This means that u. is a minimizer of problem (1.6) and

a3 2ps= Np+2N 2ps—npran \ [0a(Np — 2N — 4s)7 151
¢(c) = pltp) = pp( —c o= )[ }

QL2 b(40s — Np +2N)

for any ¢ > ¢,. The uniqueness of minimizers can be proved by the same argument
of the case (7).

(iv) If p>2+ 285 or p =2+ 285 and ¢ > ¢*, by Lemma 2.1-(iv), (v), we have
¢(c) = —oo. Thus, problem (1.6) has no minimizer. If p = 2+ 4% and ¢ < ¢*, from
(2.1), we deduce that ®(u) > 0 for any u € S.. It is easy to know that problem

(1.6) also has no minimizer. O

Proof of Theorem 1.2. In the case of p > 2 + 4]%9 orp=2+ 4%5 and ¢ > c*, by
lemma 2.2, there exists K (c) > 0 such that ®(u) satisfying mountain pass geometry
on S.. Moreover, it is easy to find that ¢(t) gets its maximun in (0, 400), denoted
by t,. In what follows, we always assume that K(c) < .

For any h(t) € Y(c ) by (2.1), we get that

— (h(®)(y)]?
) > /]RN /]RN |$ — y|N+2s dzdy), (3.7)

where “=" holds if and only if h(t) € S, is an optimizer of (1.8), i.e., up to transla-
tions,

ca®
Q12
Since h(0) € Ak(c), K(c) < tp, and note that (t) > 0,Vt € [0,%,], we have

h(0 2
// o) = O

2
/RN /]RN |J(Vh—s-(21s))(y) dxdy. (3.9)

In view of (3.7) and (3.9), we have that

(h(t)(x) =

Q(ax) for some o > 0. (3.8)

Jnax, ®(h(1)) = ¢(ty) = max o(t). (3.10)

Thus,
p(e) > o(Ey). (3.11)
On the other hand, let u.(z) be the test function given by (2.6) with

(2N + 2ps — Np)t,
N(p— 2)c?

= ( ).



Fractional Kirchhoff type problems in high dimensions 1609

Set h(r) = r4a uc(r2=z), it is not hard to know that ®(h(r)) = o(F »7). We can
choose 0 < t < t, small enough such that h(t/t,) € Ak (c) and t > t_ such that
() < 0. Set h(r) = h((1 — r)t/t, + tr/t,), then h(0) = h(t/t,) € Ak () and

®(h(1)) = ®(h(t/t,)) = p() < 0. This means that h € T(c) and

plc) < max, D(h(r)) = (ue) = @(tp).

Moreover, we conclude from (3.11) that p(c) = ¢(t,) and

Us = Ue =

T () a([BR m )

is a solution of problem (1.14).
Next, we prove that u. is a solution of equation (1.1) for some A € R™. Indeed,
in view of ¢’(t,) = 0, we obtain

|ua )‘ -1
a+b /RN/RN ‘x_ ‘NHS ddy)

=a+ btz !
C N(p— 2)apBpe™ 3 Npan—as (3.12)
- — p
2s|Q|5 2
2ps— Np+2N Np— 2N 4s

c Np—2N—4s

4s

tp

(2ps—Np+2N)
Q5™ N(p-2)

Since ue(z) = \%\2 (ex), we have Q(x) = |leu(%). According to (1.10), the

ce

|2

function u. satisfies the following equation

cp_zé‘ Np722N74s Cp_QEN(p2—2)
— 5 (-A)’u. - ‘ualp_zus =~ p—3 Ue- (3.13)
Q5™ QI8
Due to e = (W)i, we can get that
2. Np=2N _as - czps—ggp+2N (2ps — Np+ 2N) Np-2N_is EW (3.14)
— - — s p : . .
QE™ QB Np-2
From (3.12)-(3.14), we know that w, is a solution of equation (1.1) with
P2
QL5

Finally, we prove that u. is the uniqueness of solution for problem (1.14). As-
sume ¥ is a solution of (1.14) and satisfies (1.15), then there exists a A € R such
that ®'(u) = Au. We adopt some ideas used in [22] to obtain the following Nehari-
Pohozaev identities

‘Qd d b ‘Qd d ’
“S/RN/RN |x—y|N+2s v S(/R /RN |x—y|N+2s v)

4 (3.15)
AV ) Py —
2p /]RN |a|Pdx = 0.
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Set E(r) — rac(r2ez), then we get that

o(h(r) —‘”"// |2dd+// |2dd)0
RN JRN |$— |NJr2€ RN JRN |37— |NJr2g Y

TN(p 2)
- / [u|Pdx.
p RN

From (3.15), we know that the function @(?z(r)) has its maximum at the unique
point 7 =1 and (ID(h(r)) — —o0 as r — 4o00. Choosing 0 < 7 < 1 < 7 such that

h(F) e Ag ey and ®(h(7)) < 0, we deduce that ho(r) := h((1—7)F+r7) € T(c) and
max,co,1] ®(ho(r)) = ®(u). Similar to the arguments of (3.7) and (3.10), we have
that

wltp) =) = ®(w) = max ®(ho(r)) > max ¢(t) = ¢ (tp).

By (3.8), this implies that @ must be the form of CO‘Q“ Q(ax) for some a > 0. Since
o(tp) = ®(u), we deduce that « = ¢ and @ = w,. O
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