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Abstract In this paper, by using the Leray-Schauder nonlinear alternative
and contraction mapping principle, we study the existence and uniqueness of
solutions to a new class of Hadamard fractional differential equations on a
half-line supplemented with logarithmic type initial conditions.
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1. Introduction

In the past few decades, there has been shown a considerable interest in studying
differential equations on a half-line, for instance, see the papers [8,9,11,13,16] and
the references cited therein. In [10], Liu applied the Schauder fixed point theorem
to prove the existence of at least one positive solution for the following boundary
value problem of fractional differential equations:

DS Ji(s) = fils, T2(s), DEL Ja(s)), s € (0,00),
Dgijz(c):fz(c,J1(<),D8+‘71(<))v s € (0,00),
lim >4 7i(c) = ao,  lim " Ta(c) = b,

lim DG () = ar, lim DR 7a(6) = b,

where ¢1,C2 € (1,2), p € (G — 1,G2), ¢ € (G = 1,C1), ag,bo,ar,by € R, D{) s
the Riemann-Liouville (R-L) fractional derivative operator of order (.), and f1, f2 €
C((0,00) x R% R).

In [15], the authors obtained the sufficient conditions for the existence of solu-
tions to a system of R-L type fractional differential equations on a infinite interval
by using the Banach contraction mapping theorem and Schauder’s fixed point the-
orem.
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In 1892, Hadamard [6] introduced a fractional derivative with its kernel de-
pending on a logarithmic function with an arbitrary exponent, which is known as
Hadamard fractional derivative in the literature. One can find a useful information
on Hadamard-type fractional differential equations and inclusions supplemented
with different kinds of initial and boundary conditions in the text [3]. In [14], the
authors studied a class of Hadamard fractional differential equations equipped with
Hadamard integral and multipoint discrete boundary conditions on a half-line by
using monotone iterative method. By using fixed point theorems, the existence re-
sults for fractional differential equations on bounded as well as unbounded domains
were obtained in [2,4,12,15].

Inspired by aforementioned works, in this article, we consider the following
Hadamard fractional differential equation on the half-line with with logarithmic
type initial data:

HDS1Q(w) = g(w, Qw), (SQw), (HQ)w)),  w € (1,00), .
lim (logw)” Q) =m.  lim ;D% Qw) = 1, (1)
w—1 w—1

where 1 < ¢; <2, m1,7m2 € R, gD is the Hadamard fractional derivative of order
(1,9 € C((1,00) x R3;R) and

@ ds o ds
(59w = [ Kew.s)0w T, (HOW = [ Ulw.5)a() T
with K, U : (1,00) x (1,00) — [0, 00).

The objective of this article is to establish the existence and uniqueness of solu-
tions to the problem (1.1). We make use of the Leray-Schauder nonlinear alternative
and contraction mapping principle to derive the desired results, which are new in
the given configuration and enhance the related literature on the topic.

The rest of the manuscript is organized as follows. Section 2 contains some
preliminary concepts related to the problem investigated in this work. The main
results together with an illustrative example are presented in Section 3. The paper
concludes with some interesting observations.

2. Preliminaries

In this section, we set our notation and present basic definitions and lemmas.

Definition 2.1. ( [7]) For a function & : [1,00) — R, the Hadamard derivative of
fractional order (i is defined as

1 d\m ¢ w\"=¢1—1h(d)
G =—  (w— ol —7 —-1<
gD h(w) T =) (wdw) /1 (logﬂ) 9 d¥, n—1<¢ <n,
where log(+) = log,(-).

Definition 2.2. ( [7]) For a function h, the Hadamard fractional integral of order
(1 is defined as

w G=1h(9
IS h(w) = F(lcl)/1 (1og %) %dﬁ, ¢ > 0.
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Lemma 2.1. ([7]). If0 < 2y < o0 and (1,v > 0, then

o 2] 0= e

(0 (e 2) @) = s (e )

Choosing o > —1, we define a real Banach space

(logw)?~ <

)

Q(w) 1is bounded on (1, oo)} ;

endowed with the norm

B (logw)>~6
9l = s (Wwww .

Lemma 2.2. Suppose that £ : (1,00) — R is a given function such that |{(w)| < M
when there exists a numbers M >0 and 1 < (1 < 2, n1,n2 € R. Then, the solution
of the following problem:

HD9QW) = €(w),  we (1,00) o
lim (108 )~ Q) =1, lim 5D~ Q(w) = >
is given by
B 1 w g Cl-l@ 772 C171 C172
Qw) = F(cl)/l (log )" =2dv+ ey logw) ™ +mlogw) 2. (22)

Proof. By employing an argument similar to the one used in [3], we can write the
solution of (2.1)as

Qw) = HIC1§(w) + c1(log w)CI*l + cz(logw)Q*?, (2.3)

for constants c1,co € R. Since

(logw)?~% /lw (log (;;)Cl_lg(;)dﬂ’

therefore, it follows by the condition lim,, 1 (logw)?~¢* Q(w) = n; that cy = 1.
Also, by Lemma 2.1, we have

L9
w070 = [ Lao+ ). (2.4
Observe that
/ f(j)dﬁ‘SM/ %ZMIng—m as w — 1. (2.5)
1 1

Using (2.4), (2.5) and lim,, 1 g D4 ~1Q(w) = 72, we get ¢; = F?CQ 7 This finishes
1

the proof. O
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3. Main results

This section is concerned with the existence and uniqueness results for the problem
(1.1). In the subsequent analysis, we need the following assumptions:

(logw)?~¢ /“ 1+ (log 0)7+? 49
1) Iy := Koo .
(G0l wes(lﬁaoo) 1+ (logw)o+2 (log ¥)2—¢1 (w, ) 9 < 00 an
= (logw)>—< / ) 1+ (log9)7+2 dv
v we(iine) 1+ (10g )77 Ul D) ogoya 5 <

(G2) There exist three positive functions w;(w), ¢ = 1,2, 3 such that

1+ (logw)o*2 1+ (logw)o*2 1+ (logw)o*2

ST\ g T\06%) g \0e%)
‘ O o e o

1+ (logw)°+? 1+ (logw)?*2 1+ (logw)°*2
o (o gt (o, o)

< w1 (W)|Q = G + w2 (w)[SQ — 5G| + w3 (w)|[HQ — HY,
for all 9,G € R, w € (1,00), where

Sl + (log w)”“ / K(w 1 1+ (logv)7*? (ﬁ)dj
(logw)2—< (log 9)2—C 9’

(H (log w)2—6 Q>( )_/1 U(w, ) (log V)2G Q(v) 5

(G3) There exists a number Y such that go <Y < 1, w € (1,00), where
o0=(1+1l+ ko)HIg,
and
2—-G1
G o— (logw) G .
plyt =max{ sup ———————pl-w;(w), i=1,2,3;.
{we(l 00) 1+ (logw)"+2

Theorem 3.1. Suppose that g € C((1,00) x R3 R) satisfies the conditions (G1)
and (G2) and that there exists a number M > 0 such that |g(w, Q(w), (SQ)(w),
(HQ)(w))| < M. Then, the problem (1.1) has a unique solution when oo < 1 (9o
is defined in (G3)).

Proof. Define an operator ® : X — X as

20) = o [ (1065)" gt0.00). (5Q0). (RN Y
rc) L V9 = J
2 ¢i—1 C1—2
+ logw + m (logw . 3.1
r(g)( gw) i (logw) (3.1)
1 (logw)?
Let us set sup w,0,0,0 = A vy = —— sup ————,
we(1,00) ot 3 ' D(G+1) weoo) 1+ (logw)at2
log w 1
9 = — 2 ¥y = ——— and ch
1 WESS,POO) 1+ (logw)o+2 2 WES(LIPOO) 1+ (logw)o+2 and choose

> Py + mal,

1 2
> |wA
L &)
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where g9 < T < 1. Introduce B, = {u € X : |Ju|x < p}. For any Q € B, and
¥ € (1,00), by the triangle inequality and (G2), we obtain

lg (9, Q(¥), (SQ)(V), (HQ)()) |
Mol v 1+ (logd)°*2  (log®)2—% 1+ (log9)°+2
N " (log?)2-¢ 1+ (logd)ot? ) (log )2~

(log )2 ).( 1+ (log®)°*2  (log¥)?~ 9
1+ (log¥9)o+2 ’ (log9)2=¢1 1+ (logd)o+2

< | (19 1+ (logd)°*2  (log9)?—% 1+ (log9)°+2

(log9)2=¢ "1+ (log )7 +2 ) (log 9)2—¢

(log9)?~ 1+ (log9)°*2  (log®)?~—% 9
W (), ( (log9)2—¢ 1+ (log )7 +2 )
-9 (19’ Oa 070) + |g (19707 Oa 0) |
(log )2~ (log9)?~¢
< wy( )W|Q| +WQ(I9)W|SQ|
(log9)?~%
+w3(§)W\HQ| +A
<@ (Qllx + @w2(I)[ISQl x + w3 (I HQ| x + A
< [@1(9) + lowz (V) + kows (D] |QI + A
< [w1(9) + low2(9) + kows(9)]p + A. (3.2)

Now, we will show that ®B, C B,. For all Q € B,, by (G1), (G2), (G3) and (3.2),
we have

¢1—1
oo w)2—¢ w (logs
oo s S]] ( F(’“C?) {=1(0) + loma(0)

2 (logw)CI_1 +m (logw)<1_2]

['(¢1)
(logw)>~t
< < IS
< {web(li,poo) 1+ (10gw)‘7+2H w1 (w)
(logw)>~
+lg sup ————
OtE(l,oo) 1+ (logw)o+2
(logw)?~¢1 ¢
vy i 0D )
Owes(lg)oo) T+ (logw)7 2/ w3(w) tp
1 ¢i(1 2—C1
N p Uo80)% (05
I'(C1+1) we,oo) 1+ (logw)et
72 sup (logW)Qil(logw)jic1
L(C1) we(t,o0) 1+ (logw)ot

log w)$1~2(log w)2—%
tny sup (logw)**~*(log )2
we(1,00) 1+ (logw)‘7+

dvy
+kowos(9)]p + A}? +

HI<1w2<(U)

+
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< (141o + ko) u IS p+ wn A + =2y + s
L'(¢1)
< oop+ (1=T)p < p. (33)

Therefore, ||(2Q)| < p.

Now, we show that ® is a contraction. For Q,G € X and w € (1,00), it follows
by (G1) and (G2) that

1(2Q) — (29)]

(logw)*~ < {/;} (tog %)CH

wée(1,00) 1+ (logw)UJrQ F(Cl)
dﬁ]

*[9(9, Q(9), (SQ) (), (HQ)(V)) — g(w, G(9), (S9)(¥), (HG)(9))]--

2-¢ (10g“)<1_1
1 —G )
- (logw) / Yl (w2 Gllx

su
- wE(l,poo) 1+ (log w)o’—i—? F(Cl)
dv
+@a(W)IISQ — 5G||x + @y (W) HQ — HG|x} -5
(logw)?—<
< a - =
= {w;‘ii@ 1+ (logw)”+2

(logw)?~<
ly sup —28Y) T
O eline) 1+ (logw)7+2

(logw)?~¢
Tk _\o8w)
O eline) 1+ (logw)7 2"

< (U 41o+ ko) IS |Q — Gllx = 00llQ — Gllx,

HIle (w)
7l wy(w)

I9w3(w) }11Q - Gl

where gp is given in (G3). Since gy < 1, therefore ® is a contraction. Hence, the
assumptions of the contraction mapping principle are satisfied. This leads to the
conclusion. O

Now, we prove the next existence result by applying Leray-Schauder nonlinear
alternative [1, 5].

Lemma 3.1. (See [1,5]). Let E be a Banach space, C a closed, convexr subset of
E, U an open subset of C and 0 € U. Suppose that F:U — C is a completely
continuous operator. Then, either:

(i) F has a fived point in U, or
(i1) there is an element u € OU (the boundary of U in C) and X € (0,1) with
u=AF(u).

Theorem 3.2. Suppose that g is a continuous function with g € X. In addition,
let the following conditions hold:

(H1) There exist three functions L; € X and nondecreasing functions Y; : Rt — RT
(i=1,2,3), such that

1+ (logw)°+? 1+ (logw)°+? 1+ (logw)°+?
O e e e G e
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3
Szﬁz‘(w)yz‘(Q

for allw € [1,00) and Q € R;

(H2) There exists a constant M > 0 satisfying the the inequality:
M

3 (logw)?—¢1 ¢ 72 > 1.
Yo V(M )Supweu 00) WHI 1L;i(w) + @191 +

Then, the problem (1.1) has at least one solution.

Proof. We firstly establish that ® is uniformly bounded in X. Set B, = {Q €
X :||Qllx <r}. We firstly get

9w, Qw), (5Q)(w), (HQ)(w))

1+ (log®)*2  (log®)?~%
w, . (w),
(log)2=¢1 1+ (log¥)o+2

(Sl + (log )7 +2 ~ (log )26 ()
(log9)2=¢ 1+ (logd)o+2 ’

(gLt Gog )72 (logu)*—<: w)> '

(log9)2=¢ 1+ (log9)°+2

w

Consequently, we have

12Q|x

_(logw)™ < /“ !
S e e Dl G ) Zﬁ Wil %

2 ¢1—1 C1—2
+ logw)** ™" + n1(logw
3
(logw)?~1
<Y Y
<L) b gy i)
o (logw)sr~(logw)?~% o wp (logw)“~2(logw)?~%
L(C1) we(t,oo) 1+ (logw)ot2 ' we(l,o0) 1+ (logw)ot?

3
1 2—C1
Z (r) sup % Iglﬁ(w)—&— 91 + ma.

2
we(1,00) 1+ (logw)g+2H F(gl)
. oz w)2—¢
Setting K := >0, Vi(r 7) SUD e (1,00) %HI LLi(w) + wEy 01 + mida, we get
|®Q||x < K. Thus, ® is uniformly bounded in X.
Next, we show that @ is equi-continuous. Let wy,ws € [1,00) with wy < wq and
Q € B,.. Then, we obtain

(log w2)2—c1
1+ (logwsy)ot2

(logw )2~

A T

(®Q(wr)
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: r<1<1> /

og w1 2—Q1 w1\ 61—
e (o)’ ] 199, Q). (SQ®), (HQ(®))

logen)' =6, wayir™
1+ (logwq)o+2 &7

i
0

1 w2 (logw2)2*C1 Wy C1—1 do
@) / T (losayerz (0875) 1900, (SQW), (HQW)I
2

(¢1)

+I‘ 14 (logwy)?t2 1+ (logwy)ot2

log wo log wy ]

+m

1 1
1+ (logwg)o 2 1+ (logwl)f’JrQ}

3 (o w1
; 1“221; /1

e (e wl)w] L)%

IN

2-G1 ¢i—1
(IOgLUQ) (1 g%) 1
1+ (logwq)o+2 9

1+ (logw; )7 +2 59 0

3
Yi(r) /Wz (logwy)>~<! wz\ 6171 dv
log “2 (Y
+; L(G1) Ju 1+(1ogw2)‘7+2< 8 19) Li)5
i 2 log wo B log w1
I'(¢) | 1+ (logw2)o*2 14 (logwq)7+2
n 1 1
T T5 (logwz)™2 ~ T+ (logwr)7+2
= f.

Clearly, F — 0 independently of Q € B, as wy — wj. So, by the Arzeld-Ascoli
theorem, we deduce that ® is completely continuous.

Let Q be a solution of the equation G = A®G for A € (0,1). Then, by straight-
forward computation, we have

1G]1x = [IAM(®G)]x

3
(logwp~4 0
< 5 — L gI L, —9 s,
S Q) s o g i) eyt

which can alternatively be written as

I6]x _
2-¢ < lL.
Z?:l yi (T) Supwe(l,oo) 1&?%O§)w)ai2 HICl ‘Ci (UJ) + Fz?l) 191 + 771192

From (H2), there exists x with ||G|| # x. Set
W=1{geX:|Glx < x}

Clearly, continuity of g implies that ® is continuous. Also, ® is completely contin-
uous. By the definition of W, for some A € (0,1) there is no @ € 9W such that
G = A\®(G). So, by Lemma 3.1, we get the conclusion. O
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3.1. Special case

In case the nonlinearity in the problem (1.1) is of the form: g(w, Q(w)), then it
takes takes the form:

{ #D9Qw) =g(w, Qw)),  w e (1,00),

lim (logw) Q( ) =m, 3;1_>H11 HD<1_1Q(w) = 19, (3.4)

where g € C((1,00) x R,R). In the following result, we prove the existence of
solutions for the he problem (3.4).

Theorem 3.3. Suppose that § : [1,00) Xx R = R is a continuous function with
9(w, Q) € X. In addition, let the following conditions hold:

H3) There exist a function L € X and a nondecreasing function ) : RT — RT
( 9

such that
. 1+ (logw)?*2
g\W, ————5
(logw)? &

Q)‘ < L@)Y(Q),

for all (w, Q) € [1,00) x R;
(H4) There exists a constant M > 0 such that
M

V(M) SUPye(1 o) Tl n I L(w) + 591 + M

> 1.

Then, there exists at least one solution for the the problem (3.4) on [1,00).

Proof. We only provide the outline of the proof as it is similar to that of Theorem
3.2. Let ®; : X — X be defined by :

1 -1 d . _
#10w) = oy [ (1065)" 500, QON G + s 10gw) ! 4 mlogw)

In order to show that ®; is uniformly bounded in X, we consider the set Eu =
{Q € X :]|Q||x < pu}. Notice that

R N 1+ (logw)°*?  (logw)?~%
g(wa Q) =19 (w7 (logW)27<1 1+ (10gw)"+2 <

< L@)Y(I1Ql1x)-

Then, as in the previous result, we get

2—(1
12:00x < V() sup 08«

——=— I L(w) +
we(1,00) 1+ (logw)"” " (W)

2
) o = K .
(¢ 1 +mv2 (say)
Thus, ®; is uniformly bounded in X.

Now we verify that ®; is equi-continuous. Let wi,ws € [1,00) with wy < w9 and
Q € B,,. Then, we obtain

(logw )2~

Q) = T gy

’ o (®1Q(w)

1+ (logwsy)ot2

V) [
=T(G) /1

1 2—-G1 ¢i—1
(log ws) (10 g) :
1+ (logwsy)ot2 9
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(logwy )2~ wi) 61 dd
S S = bt VY (5 PP 9) ==
1+ (logw1)<’+2< &y ) £(9) 9

Y(w) /wz (logwy )~ wp\G=1 L dd
log —= ) —
+F(C1) It (1ng2)0+2( og 19) L) 9
n N2 log wo B log w1
L(C1) |1+ (logwz)ot2 1+ (logw )7 T2

+m

1 1
1+ (logwy)o 2 1+ (logwl)a“]’

which tends to 0, independently of @ € B,, as wy — wi. So, by the Arzeld-Ascoli
theorem, it follows that ®; is completely continuous.
Let Q be a solution of the equation G; = A®1G; for A € (0,1). Then, we have

1611l x <1
(log w)?—¢1 ¢ M2 =
V(1) SUPye(1,00) Thiogayerz L L(W) + w8501 + mv2

By using (H4), as argued in the last part of of the proof of the previous result, it
can be shown that the problem (3.4) has at least one solution on [1, 00). O

Example 3.1. Consider the following Hadamard fractional differential equation
with initial data:

1 w 1
$0(w) — _ (osw)d) 2 (log 9)2 Q(V) dv
1 D2 QW) = 5513 ogers AW + Siiog /11 (og ) T log 02 0
(oo} =
1 1-log?¥ | (10g19)2 9 ﬁ 1
+w(w+1)[ € 1+(log19)2g( ) 9’ wE( ,00)7
1 1
lim (logw)? Q(w) =m, lim gD?Q(w) = na,
w—0 w—1 (3 5)
Here ¢ = 2, K(w,9) = Z(logw) 7log? - % and U(w,d) =

1
%(logw)’%el’logi9 . %. Choose 0 = 0. By direct calculations, we find

3
that lo = 0.1, kg = 0.05 and g1} =~ 0.7522756338. Moreover, we find that

3
2

00 = (1+1o+ko)rl2 ~ 0.8651169789 < 1.

Clearly all the conditions of Theorem 3.1 are satisfied. So, Theorem 3.1 yields that
the problem (3.5) has a unique solution on (1, co).

4. Conclusion

We have discussed the solvability of a Hadamard type fractional differential equation
involving nonlinearities with and without integral terms on a half-line complemented
with logarithmic type initial data. The uniqueness of solutions for the given problem
is established by applying a fixed point theorem due to Banach, while the existence
of at least one solution is shown via Leray-Schauder nonlinear alternative. The
results presented in this paper are new and opens a new avenue of research for



Hadamard fractional differential equations 1623

Hadamard type fractional integro-initial value problems on infinite domains. In our
future work, we plan to investigate a system of coupled Hadamard type fractional
differential equations of different orders on a half-line supplemented with logarithmic
type initial conditions.
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