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CONTINUITY OF THE MULTILINEAR
MAXIMAL COMMUTATORS IN SOBOLEV
SPACES*

Xixi Jiang' and Feng Liu®'

Abstract In the present paper we study the Sobolev continuity of the multi-
linear maximal commutators and their fractional variants with Lipschitz sym-
bols. More precisely, let imaﬁ be the multilinear fractional maximal commu-
tators, where 0 < o« < mn and b = (b1, ..., bm) with each b; € Lip(R"). We
establish the continuity of M ;: WHPH(R™) x -+ x WHPm(R™) — WHI(R™),
provided that 1 < p1,...,pm < o0, 1/¢=>" 1/pi —a/nand 1 < g < oo.
The main result we obtain answers a question originally posed by Chen and
Liu in 2022. Our main result is new, even in the linear case m = 1.

Keywords Multilinear maximal commutator, fractional variants, Sobolev
space, continuity.
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1. Introduction

This note continues the study of multilinear maximal commutators and their frac-
tional variants. More precisely, let m > 1, 0 < a < mn and b = (by, ..., by,) with
each b; € L _(R"™). For f = (f1,..., fm) with each f; € Li _(R™), the multilinear

fractional maximal commutator with b is defined by

My (@) =3, (@),

loc

where
2 1 "
me x:sup—/ b;(x) — b; (y; (y;)|d7,
160 =3 e [, 0 =t TT )0
where B(z,r)™ = B(z,r) X -+ x B(x,r) and dj = dy; - - - dypmm. When a = 0, the

operator M _ > reduces to the usual multilinear maximal commutator ;. Particu-
larly, when m = 1, the operator 9 » becomes the fractional maximal commutator
My o. Meanwhile, the operator 93?~ 1s just the maximal commutator Mj.

TThe corresponding author.

LCollege of Mathematics and System Science, Shandong University of Science
and Technology, Qingdao, Shandong 266590, China

*This work was supported partly by the National Natural Science Founda-
tion of China (Grant No. 12326371) and the Natural Science Foundation of
Shandong Province (Grant No. ZR2023MA022).

Email: jxx15166021527@163.com(X. Jiang), FLiu@sdust.edu.cn(F. Liu)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20230334

Continuity of the multilinear maximal commutators 1675

Recently Chen and Liu [8] established the Sobolev bounds of M , 7 with Lipschitz
symbols. The purpose of this note is to establish the Sobolev continuity of ima’ 5 with
Lipschitz symbols. Before stating our main theorem, we introduce some notation
and recall relevant results from the literature.

The regularity theory of maximal operators began with Kinnunen’s work [22] in
which the author observed that the centered Hardy-Littlewood maximal operator

1
= —_— d
M f(x) SUD ] e |f(y)|dy,

is bounded on the first order Sobolev space W1P(R") for 1 < p < oo, where B(z,7)
is the open ball in R™ centered at  with radius r and |B(x,r)| denotes its volume.
In [22], Kinnunen used the above bounds to obtain a weak type inequality for the
Sobolev capacity, which can be used to study the pointwise behaviour of Sobolev
functions by the standard methods (see [12]). Here W1P(R") is the set of all
measurable functions f: R™ — R satisfying

[ fllwe@ny = [ fllLe@ny + NIV flllLe@ny < 00,

where Vf = (D1f,...,D,f) is the weak gradient of f. Since then, Kinnunen’s
work [22] has initiated a new research direction in harmonic analysis. There are
many extensions of his work. For example, see [21,23] for the local case, [24] for the
fractional case, [6,28] for the multisublinear case. On the other hand, due to the
lack of the sublinearity for the weak derivative of maximal functions, the continuity
of M: WhP(R™) — WHP(R") for 1 < p < oo is certainly a nontrivial issue. This
was posed by Hajlasz and Onninen in [21] and was addressed in the affirmative
by Luiro [32]. Later on, Luiro’s result was extended to the local case in [33], to
the bilinear case in [6] and to the fractional and multilinear case in [26]. Since
the above results do not include the endpoint case p = 1, the W' l-regularity of
maximal operators has also been studied by many authors. We can consult [2,4,19],
among others.

The maximal commutator and its fractional variant have been the subject of
many recent articles in harmonic analysis. This topic began with Garcia-Cuerva
et al. [17] who introduced the maximal commutator and used its L? bounds to
characterize BMO(R™) functions. It is worth noticing that the maximal commutator
plays an important role in the study of commutators of singular integral operators
with BMO symbols (see, for instance, [36,37]). In fact, the maximal commutators
can also be used to characterize the Lipschitz space (see [43,44]). The investigation
on the fractional maximal commutators has attracted the attention of many authors
(see [9,10,20]). Other interesting works can be found in [1,3,41,42], among others.
For more progresses on commutators of some integrals, we refer to the papers (see
[5,7,11,13-16,18,35,38,40]). Commutators in multilinear settings were first studied
by Pérez and Torres [34] and were later developed by many authors (see [25] et
al.). Particularly, the multilinear maximal commutators associated to cubes were
first introduced by Zhang [45] who investigated the multiple weighted estimates for
them.

Another extension of the regularity of maximal operators is to investigate the
regularity of maximal commutators. In [31], Liu, Xue and Zhang first investigated
the boundedness of maximal commutators with Sobolev symbols on the Sobolev
spaces. Later on, the above result was extended to the fractional version in [29]
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and to the local case in [30]. Very recently, Liu and Wang [27] studied the Sobolev
boundedness of maximal commutator and its fractional variant with Lipschitz sym-
bols. More precisely, the authors proved that if 1 < p < 00, 0 < a < n/p and
1/q¢=1/p—a/n, then M, , is bounded from WP (R™) to W4(R"), provided that
b belongs to the inhomogeneous Lipschitz space Lip(R"™). Here

Lip(R™): = {f : R" — C continuous : || f||Lipmr) < 00},

where
| fllLip@ny = [l ®ny + I fll Lipn)

e e+ )~ J)
T+ — flx
IlfllLiprny := sup  sup .
2€R™ heR™\ {0} |h|

The following presents the differentiable properties of the Lipschitz function.

Remark 1.1. Let b € Lip(R™). It was pointed out in [27] that the weak partial

derivatives D;b, i = 1,...,n, exist almost everywhere. Moreover, we have that
Dib(a) = limy, o 2@ a0d | Dyb(2)| < [|b]| ipgny for almost every = € R™.
Heree; = (0,...,0,1,0,...,0) is the canonical i-th base vector in R" fori = 1,...,n.

Very recently, Chen and Liu [8] established the Sobolev continuity of multilinear
maximal commutator and its fractional variant.

Theorem A ([8, Theorem 1]). Let 0 < a<mn, 1 < ¢ <00, 1 <p1,...,pm < 0
and 1/q = >0 1/pi —a/n. If b = (by,ba, -+ ,by,) with each b; € Lip(R™), then
the map

M, p: WHPLRT) x - - x WP (R™) — WHI(R™) (1.1)

s bounded.
Meanwhile, the authors of [8] posed the following question.
Question 1.1. [t the map (1.1) continuous under the conditions of Theorem A?

This is the main motivation of this note. In the present paper we shall provide
a positive answer to the above question.

Theorem 1.1. Let 0 < a < mn, 1 < ¢ < 00, 1 < p1,...,Dpm < 00 and 1/q =
S 1/pi —a/n and b = (b1, b, ,by) with each b; € Lip(R™). Then the map
(1.1) is continuous.

In order to prove Theorem 1.1, the following facts are very useful.

Remark 1.2. Let 0 < a<mn, 1 <p1,...,pm <00, 1/g=1/p1+--+1/pm—a/n
and 1 < g < 0o. Let b= (by,...,by,) with each b; € L>*(R™).

(i) Let us fix i € {1,...,m} and f = (f1,..., fm) with each f; € LPi(R™). It
was pointed out in [8, Remark 2] that

199 ()l La@ny < Cammprepm 1bill Loo () 1T £l 2w oy (1.2)
j=1
Moreover, the map

M o LPY(R™) x -+ x LPm(R™) — LI(R")
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is continuous (see [8, Remark 2]). We also point out that

92, 5(F5) — O, ()] < D om H(E), (1.3)

s

where f; = (frgs- -+ fm,j) and Fl = (f1, o frots frg = fi, frengs - oo fm)-
(ii) For f = (f1,...,fm) with each f; € L _(R"), the multilinear fractional
maximal operator M, is defined by

W(f)o) = sup WH/ 15w)ldy.

r>0

It is well known that

Hfm ( )HL‘?(R") <C, ;MNP P H ||f||L”J (R™)- (1-4)
j=1
We now introduce the structure of the paper. In Section 2 we present some pre-
liminary notation and lemmas, which are the main ingredients of proving Theorem
1.1. The proof of Theorem 1.1 will be given in Section 3. We remark that the main
ideas employed in the proof of Theorem 1.1 are motivated by [8,27,32].
Throughout this paper, the letter C' will stand for positive constants not neces-
sarily the same one at each occurrence but is independent of the essential variables.
We write C,, g for positive constants that depend on the parameters o, 3.

2. Preliminaries

In this section we present some preliminary notation and lemmas, which are the
main ingredients of proving Theorem 1.1.

2.1. Preliminary notaton

We denote N = {1,2,...}. Given A C R", we set A° = R™\ A. For any suitable
function F'(z,y) defined on R™ x R™, we let

VoF = (Di14F,...,DpF), VyF=(Di,F,...,D,,F),

were D; o F (resp., D;,F') is the i-th weak partial derivative of F' in z (resp., y).
For convenience, for suitable functions b, g, any = € R™ and r > 0, we set

() = /B S (@) = /B ) b))y

In what follows, let b = (b1, ..., by,) with each by € Lip(R™) and f = (f1,..., fm)
with each f; € LPi(R™), where 1 < p1,...,pm < 00, 1 < ¢ < oo and 1/¢ =
>t 1/pi — a/n. For each fixed point € R", we define an auxiliary function

1
Abcwf [0,00) = R by

0, if r=0;

1 .
Wubl’r’fl (z) Hur,fi, (z), if r € (0,00).
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We define the set Ry | (f)(z) by

Ry o ( A (x) == {r >0: zmjlg( A (z) = hmsupAa o f(rk) for some ry > O}.

TE—T

It should be pointed out that the function A%a . f(r) is continuous on (0, 00)

for all x € R™ and at r = 0 for almost every x € R™. Since

AL ) < (01 @)+ [l o) T allos oy | B )72,

i=1

—

we can get that lim,_, = ote that R+ x) 1s always closed and,
hat li A; =0,N h. R is al losed and

20T f
from the above, nonempty. Also
( F)(z) = % f(r) for every € R" such that 0 <r € R ,(f A (),
zmi g(f)(x) = A% f(O) for almost every « € R" such that 0 € Rj ( F)(z).

Let f € LP(R") for 1 < p < co. Forallh € R, |[h| > 0, y € R” and | €
{1,2,...,m}, we define the functions f 0 and f} by

It is well known that ||fi(h) — fllLerny = 0 as h — 0, and if f € W'P(R™), then
Hf,ll — le”Lp(Rn) —0as h—0.

2.2. Derivative formulas of multilinear maximal commutators

In this subsection we establish some derivative formulas for multilinear maximal
commutators, which play a key role in the proof of Theorem 1.1. Before that, it is
necessary for us to explore some nice properties of Ry Jf ) For R > 0, we denote
by Bpr the ball of radius R centered at the origin. For A C R™ and =z € R"”, we set

d(z, A) := alrel,fq |t —a| and A¢yy = {z € R";d(z,A) < A} for A >0.

Lemma 2.1. Let 0 < a < mn, 1 < p1,...,pm < 00, 1 < q < o0, 1/q =
S 1pi—afn and b= (by, ..., by) with each b; € L®(R™). Let f = (f1,---, fm)
with each f; € LPi(R™) and ﬁ = (fij,---, fm,j) with each f; ; € LPi(R™) for any
J > 1. Assume that || fi; — fillLeimny = 0 as j — oo for all i =1,2,...,m. Then
for all R > 0 and A > 0, we have

lim [{z € BO, R)i R, (F)(@) £ Ry, ()} =0. (2.1)

Proof. We shall adopt the method of [32, Lemma 2.2] to prove this lemma.
In what follows, let us fix A > 0, R > 0 and ¢ € (0,1). An argument simi-
lar to those used to derive [32, Lemma 2.2] gives that for any j € Z, the set
{z € R"; Rg, (fi)(x ) & Ry o ( f)(x)(,\)} is measurable. In addition, for almost
every z € B(0, R), we can find vy(z) € N such that

— =

A;axf( r) < 91711 ( )(x) — m for all r ¢ Raa(f)(x)@)
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From the above we can find v = v(R, A, €) € N and a measurable set E with |E| < €
such that

—

B(Oﬂ)c{xeR”:A;aH( )<§)Jt1 (@) =71 2.2)
for all ¢ Ry, (f)(@) )} UE.

Set

—

Hyjo=A{x € R": M o(f)(x) — M) ~(f)(w)\ > (4v)~'
Hyji={x €R":[AL - (r) = Ap ()] > (27)7" forallr ¢ Ry, @)t

b,a,
Hj ;= {xeRn:Ai,wa( r) <o (i) (@) = (47" for all r ¢ Ry (F)(2)(n)}-
Clearly,

— —;

{xER"'A;axf( )<9ﬁ1 ol Yz) —~7t for all r ¢ Ry (f)(z (A}CLJIHJ

Combining the above with (2.2) implies that

{z € B0, R);R; . (Fi)(2) € R (@)} C HijUHy jUE  (2.3)

—

since Hs ; C {x e R™: Rga(fj)(x) C Ri (f)(@)n}. In view of (1.3), one has that
for any z € R™,

() @) — M (P @) < S () ), (2.4)
1=1
where F}j =(f1,..., fie1, fi,;— fi, fix14, - - - s fm ;). By our assumption, there exists

Ny = Ny(€) € N such that ||fi,j — fillLes &) < % and ||f7;’j||L;D7;(Rn) < Ifill e ®n)t+1
for any j > Ng and ¢ = 1,2,...,m. These facts together with (1.2) and (2.4) imply
that

< D (4m) 2, S o

=1 m (2.5)
< Ca’m,n,mw-,pm (4m7)q||b1||qm(Rn) Z ||fl,j - fl”qLPj (Rn)
- . =1
< T 18l eny TT 1A%
pn=1 v=I+1



1680 X. Jiang & F. Liu

for any j > Ny. We also note that, as in (1.3),

m
1
|Ag,a,z,ﬁ-( ) ba:rf Z ’

for all r € [0,00). It follows that
HQJ‘ C {l‘ cR": Zi):n 2 (4’}/) }

An argument similar to (2.5) gives that

m

‘HQ,j‘ < Ca,m,n,pl,...,pm||b1||(£oo(]Rn) H(l + ||f;,a||LpM(R"))q€qa (26)
pn=1

for any j > Ny. Then we get from (2.3), (2.5) and (2.6) that

|{:E € B(OvR) b,a fj g Rb o ( )()\)H < Cagm’napl1~--’pm1b17fla-~7fm€’

for any 7 > Ng. This leads to (2.1) and completes the proof. O
Let A, B be subsets of R™. The Hausdorff distance of A and B is defined by

W(A,B) = inf{5 >0:AC B((;) and B C A(J)}
Applying Lemma 2.1 and an argument similar to that in the proof of [32, Corollary
2.3], we have the following.

Lemma 2.2. Let 1 < p1,...,pm < 00, 1 < g < o0, 1/qg = Y.0"1/pi — a/n
and b = (b1,...,bm) with each b; € Lip(R™). Let f: (f1,---, fm) with each
fj € LPi(R™). Then for all R>0, A>0 andl € {1,2,...,n}, we have

—

[{z € B(0, R); m(Ry ,( )(x),Raa(f)(x + hey)) > A} — 0 as h — 0. (2.7)

Proof. Fix!le {1,2,...,n}, A>0and R > 0. For (2.7) it is enough to show

—

{z € B(0,R); R ,(f)(x + her) & Ry, (F(@)xn} — 0 ash— 0 (2.8)
and
{z € B(0,R); R; . (f)(2) £ Ry ,( )(x—|—hel)(/\)}|—>0 as h — 0. (2.9)

At first we prove (2.8). The proof of (2.8) is similar to that of Lemma 2.1. By

—

a change of variable, one has that R; (f)(z + he;) = Ry ) a(ﬁ(h))(ac). Here
: Ly

By = (00 gy b)) Py = ((F) iy () oiy)-

Thus, (2.8) is equivalent to

—

{r € BOR:Ry  (Flo)@) € Ry (D@} =0 ash 0. (210
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Let € € (0,1). By the proof of Lemma 2.1, we can conclude that for any h € R, the
set {z € RH;R’;’T(hya(ﬁ(h))(x) ¢ R o (f)(@)} is measurable. Moreover, there
exist v = y(R, A\, €) € N and a measurable set F with |E| < € such that

B(O,R) C{z eR": AL (r) <ML flz) -~

N s f (2.11)
for all r ¢ Rl-)'a( )(SU)(A)} UE.
Let h € R and set
Hypi={w € RO, Tl (@) = M )] 2 (4) 7,
Hypi={e R :|AL o ()—ab ()] > (29"
(h) @ (h) T
for some r ¢ R ,(f)(x) )},
Hypo={e€R": AL o (r) <"y, @) — @y
(n) T 7 () (h)’
fOI’ all T ¢ Raa(f)(l’)(/\)}
We note that
Hyp C{zeR": Rgg(h,),a(fz(h))(m) C Rio(H@)n} (2.12)
and
{zeRm: A} Ar)< M fla) =y~ forall r ¢ Ry (F)(@)on} 013
Rt iad) ? 2.13

It follows from (2.11)—(2.13) that
{z € BOR);Ry L) @) € R (A@) o} CHipUHyp UE.  (2.14)
We notice that

|£m(11,517(h) (ﬂ(h))(m) - ‘.m;g(f)(xﬂ

1 m
< -
=050 1B, r)|m—arn [0z m (A D  w (x)i_llur’(‘fil)lﬂh) ()
- =
—t, 111 () [ [ty 1 (90)’
=2 m
1
< - - : — :
<Swp (o1t 151170, () = W11 () i]i[zur,wi\)i(h) (@)
m m N
+Ub1,r,\f1\(m>’ Hur,ufi\)g(h) () — H“r,lfi\(x)D-
i=2 i=2
Moreover,

m m
‘ I1 Un, (£ gy (E) — II “nlfi|(1’)‘
=2 =2
1—1

<D gt -ml @ TT wnannr,, @ T wnisa @),
=2

v=1+1 pn=2



1682

X. Jiang & F. Liu

and

[ba) 1D gy (B = Ut a1 (D)) S Uyt ) = 121 (@) UL by ] (2)-

Hence, we have

—

ML () ()

a,bT(m
m

<M (An)(@) + 2001 ]| Lipee) Do (Bhra) (@) 1] +Zim1

- a,bﬂh)

where

Ana = () = Fis (F2)onys - Py B = (s (F2)l gy

D_’li,h =(f1,--+, fi-1, (fz‘)lT(h) = fi, (fi+1)l7(h)7 e 7(fm)£—(h,))'

Similarly we can conclude that

|45

1
By (r) = A}, 7] < On(a),

a,r fT(h)

for all r € [0, 00). Hence, we have

|Hy p| + |Hapl
<2{z €R": On(x) > (47)7 1}

<2l{z eR": N 5 (z‘fh,z)(x) > (4(m + 1))}

T(h

+2{zr e R": 2||b1HLip(R")ma(éh,l)(x)lm > (4(m+ 1))~}

+2) [z e R : ] 5(Dj,)(x) = ((m+ 1)7) 7'},

=2

—: @h(x),

()i

(2.15)

Note that ||(fi)lT(h) — fillLrimny = 0as h — 0 foralli = 1,2,...,m. Then there ex-

ists 6 > 0 such that H(fl)i-(h)_fZ”L"l (R™) < % and H(fl)%r(h)”L” (R™) S Hfi”Lpi(R")"’_]-
for any ¢ = 1,2,...,m. The above facts together with (1.2), (1.4) and (2.15) imply

that

m

< 2(4(m+ 1)) M 5 (ffh,z)Hqu(Rn)+2(4(m+1)v)q2\|9ﬁ S(DE gy

T(h

+28(m + Dy [Al[[b1 ]| Lip@n) ) 19 (Ba,o)l| Lo gy

=2

< Comonpr,eepm
=2

+Ca m,n,P1,..-;Pm Hbl Hsz Rn)Hfl”%m (R™) H ||(fi)£—(h)|‘%m (]R{n)6
=2

m i—1

FComnpi,pm¥ ZH Hf,U”LPu(]R" ) )*fi”qu(Rn)
=2 p=1

X H fl/ T(h ||LPV(]R")

v=i+1

q
< Coumﬂhpl7---,Pm7b17f17---7fm6 ’

blHqLoc(Rn)’Yq||(fl)lT(h) - f1||qu1 (R™) H ||(fi)l7(h)||%m(Rn)
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when |h| < min{§,y~'e}. Here the above constant Coymn,pr.pmbisfiofm 15 inde-
pendent of v and e. This together with (2.14) gives (2.10).
Next we prove (2.9). It is easy to see that R; (f)(z) = Ry a(ﬁ(_h))(ac +
) T(—h)’

he;). It follows that if |h| < 1, then

{x € BO,R); Ry, (F)() € Ry (P + her)ny}

C{r € BOR:Ry o (Frm)+her) € R o (Hlw+ e}
C{zeB(0,R+ 1);73;;5(7,1),&(]2(_;1))(90) ¢ R o (@)}

This together with (2.8) leads to (2.9). O

In order to prove Theorem 1.1, we need to establish some formulas for the
derivatives of maximal commutators, which are the main ingredients of proving
Theorem 1.1.

Lemma 2.3. Let 0 < a < mn, 1 < p1,....pm < 00, 1 < ¢ < o0 and 1/q =
S 1/pi—a/n. Let f = (f1,..., fm) with each f; € WHPi(R™) and b= (by,...,
by) with each b; € Lip(R™). Let us fixrl € {1,2,...,n}. Then

—

(i) For almost every x € R™ if 0 <r € Rga(f)(a:), then

=

Dt (@)
(),
=T Dy Fy, (x,y)| f1](y)dy
|B(x’r)|m—o¢/n( Blar) Y 1( )| 1|( ) i
+ /B ( )Dz,mFb1<x,y>|f1|<y>dy+ub1,T,Dl|f1\<x>) [Turs@ 210
x,r =2
1 m
a7 W11 (€) ) e Dy £ (2) Up 1, (%),
|B(z, r)[m—o/n b [f1] ; 1l fil 2§£[m‘ [ful
pFL
where Fy, (x,y) = by () — bi(y).
(i) For almost every x € R™ if 0 € Rga(f)(w), then
DL (f)(w) = 0. (2.17)
Proof. Note that Em%a(f_’) = zm%a(\ﬂ), where m = (If1l;-- -, |fm]). It was known

that |u| € WYP(R™) and |D;|ul|(x) = |Dju|(z) for almost every z € R™ and any
e {1,2,...,m} if u € WHP(R™) for any 1 < p < co. Hence, we may assume
without loss of generality that all f; > 0.

Let Ay := {z € R";|bi(z)| < [[b1]|po@mn)} and A := {z € R™; M fi(z) < oo}.
Clearly, |A§| = 0. Note that M f; € LP*(R™) because of f; € LP'(R™). Then
M fi(z) < oo for almost every x € R™. So |AS| = 0. Let Az be the set of all
z € R™ for which x is the Lebesgue point of all fi,..., f,, and D;f1,..., D;fm.
Clearly, |A5| = 0. Let A4 be the set of all z € R™ for which b; is differentiable at
x. Clearly, |A§| = 0. Let R > 0. By Lemma 2.1, there exists a sequence {s;}°,,

—

sg > 0 and s; — 0 such that limj_, W(Rga(f)(x),Rga(f)(a: + sier)) = 0 for al-
most every « € B(0, R). Since f; € W'Pi(R"), we have ||(fi)}.,,) = fill Lo @n) — 0
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and [|(fi), — DifillLri gy — 0 as k — oo. Hence, we deduce that ||M((fi)lT(Sk) -
fillLeigny — 0 and [|M((f;)., — Difi)llLei@ny — 0 as k — oo. On the other
hand, we get by Theorem A that 9)?; E(f) € WHe(R™). Thus, we have that

H(mig(f))gk - lemi,g(f)HLq(Rn) — 0 as k — oo. Note that f; € LP*(R™) and

|(b1)%, (z) — Dib1(x)| < 2|b1 || Lip(rny for almost every = € R™. Applying the domi-
nated convergence theorem, one has that |||(b1)}, — Dib1|f1l|pe1 (rn) — 0 as k — oco.
It follows that [|[M((b1)%, — Dib1|f1)||ri ey — 0 as k — oc.

Let Fy, (z,y) = |bi(z) — b1(y)|. It is clear that Fy, (z,-) € Lip(R™). Moreover,
1 Fo, (2, ) Liper) < 01l Liprn) for all z € R™. By Remark 1.1, for a given € R"
the function Fj, (z,-) is differentiable for almost every y € R™. For almost every
y € R", we have that | Dy, Fy, (x,y)| < ||b1]|Liprn). Similarly we see that Fy, (-, y) €
Lip(R™) and [|Fy, (-, %)l ip®ry < b1l Lipmny for all y € R™. Next, for a fixed
y € R” the function Fy, (-, y) is differentiable almost everywhere. Moreover, for
almost every x € R™, we have that |D; . Fy, (,9)| < |[b1]|Liprn). For convenience,
for given h € R\ {0} we define

(Fea o (9) = - (Fiu (2, + he) = Fy, (2,3),

(Fyan () = 3 (B (& + het,y) = Fy, (2,9).

From the above, we can conclude that there exist a subsequence {hj}7°, of
{sk}%2, and a measurable set A5 C B(0,R) with |B(0,R) \ As| = 0 such that for
any x € A, the following hold: =

(i) limkaoo(mlll,g(f))ilk (:C) = Dlm}l?g(f)(x); limy o0 M((fi)i(hk) - fl)(x) =0,
limy oo M((fi)},, — Difi)(x) = 0, limg 00 M(|(b1)},, — Dib1|f1)(z) = 0;

(i) limyg o0 7(Ry, (/) (@), Ry o (F) (@ + hier)) = 0;

(iii) len;o(Fy)bl)ilk (x) = Dy Fy, (x,y) for any y € R".

Let

=

Ag = {z e R": M A=) =A; A0 i 0 e Ry ()},

— n.onl (£ _ Al : R
Ay = kgl{x eR": 93?(175( )(z + hger) _AE,a,rc-s-hkel,f(O) if 0 e ’Rb,a( )z + hger)},
Ag = {x € Rn5kli_>H;O(Fy,b1)§zk (x) =D o Fy, (z,y) for ae. ye R”}.

One can easily check that |A¢| = 0 for any ¢ € {6,7,8}. Set

1
A::{ €R™; lim ——— Diby (z) — Db dzo}.
9 € Ti}%ﬂ |B(.I‘,’I")| B(m,r)| l 1(!17) l 1(y)|f1(y) Y
Note that [ Dby (z) — Diby(y)[f1(y)] < 2||b1|| Liprn) f1(y) for any x € A4 and almost
every y € R™. Then by the Lebesgue differentiation theorem we have |A§| = 0. So
(M= 42)°] = 0. ) )
Let = € ﬂ?:l Aj and r € R (f)(x). There exists rp, € Ry (f)(x + hrer) such
that limg_.oo 7% = 7. We can write

— — —

Dlgﬁl};,a(f)(x) = kh_{go hik(fmi,g( )(x + hyer) — im;;(f)(@). (2.18)
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We consider two cases:

Case (i) (r > 0). In this case we may assume without loss of generality that
ri € (0,2r) for all k > 1. At first we prove that

1 1 1
dim (A e, 7T8) A 7 (T8)

1
= Dy, F d
|B(I,r)‘mfa/n (/B($77‘) LyLby (z,y) f1(y)dy

2.19
+/B( )Dl’wal(x’y)fl( )dy+ub1,Tsz1 )HuTﬂ ( )
z,r

1
+Wubm,fl Zurszz H “Tfu

2<u<m,
nF#L

By a change of variable, it is not difficult to check that

1 m
1 —
Ag,a,m+hkel,f(rk) - |B($ Tk)|m a/n (bl)r(hk) Tk fl)"'(hk) U fl T(hy) )

Note that

m

u(bl)i_(hk),r;c,(fl)i_(hk> (SC) H urk’(fi)lr(hk) (:E) = Uby,ri, 1 (:E) H Uy, fi (1‘)
1=2

= (u(bl)i(hk)v”’k’(fl)i_(hk)(x) Uby 7, fl Huﬂm(fz T(hk) €9

m
+Ub1,rk7f1 (x)(Hurk,(f,i)lTULk) Hu"'k)fl )

i=2
It follows that

1 1 1
h7k (Ag,a,m+hkel,f(rk) o Ag,a,x,f(rk))

1 u(bl)l,(h ),sz(fl)i(h )({E) Upy,ry, f1
< k k
= B, ol m H“w @) (2:20)
1 m
+Wub1ﬂk7ﬁ (Hum (f)t T(hk) Hu”“fl )

Fix ¢ € {1,...,m}. Noting that

|XB(ZD rk)( ) XBmT)( )|dy

f |XB zrk)(y) XB zr)( >|dy

B(x, 21“)

|u7"kvfi,( ) u?"f,

IN

This together with the fact that f; € L'(B(z,2r)) and the dominated convergence
theorem implies that

klgf)lo Ury, fi (.I) = Ur,f; (.13) (2'21)
Similarly we can obtain
lim wp, Tk fl( ) Uby 7, f1 (z) (2'22)

k—o0
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Observe that

|Urk,(f,i)g(hk) () — ur, g, ()|
< Nty (it g, (@) = g (@) g 1 (@) — w1, (2)]
< B, i) IM((fi)e gy — fi) (@) + [y, 5, () = g, (@)
This together with (2.21) leads to

Jm we ey (@) = g (@),

Note that D, f; € LPi(B(z,2r)). An argument similar to (2.21) gives that

klggo Ury, Dy fi (x) = Ur,Dy f; (Jf)

In view of (2.24), one has

‘urky(fi)ﬁlk (I) — Ur,Dy f; (I)‘
< |u7'k7(fi)lhk () = Uy, Dy £ (T)] + [y, Dy £, () — Ur, Dy 1, ()]
< |B(a, i) |IM((fi)},, — Difi)(@) + |ury, Dy g, (€) = tr D, 5, ()]

— 0 as k— 0.

Hence, we get from (2.21), (2.23) and (2.25) that

m

. 1
k)ll)ngohk(]l (£, T(hm Hu”’f‘ )
s
khj};o Uri (£}, H Uy, £, ( ]._.[ Urie, (£) ()
=2 v=i+1
—Zumm H“Tfu H U g, (2

v=i+1

Next we prove that

u(bl)i(hk)-,rkv(fl)i_(hk) (z) — Wby ,ry, f1 ()

lim
k— o0 hk

= / Dl,yFbl (377 y)fl (y)dy + / Dl,achl (‘T7 y)fl (y)dy
B(z,7k) B(z,rk)
+ub1ﬂ”k,(f1)lhk ().
We have
u(bl)lf(hk)7Tk;(f1)l7(hk)(x) = Uby,ri, i (z)
hy
— [ )y )y
B(z,rk)

+ B( )(EJ-Hlkel,bl)lhk(x)(fl)i—(hk)(y)dy+ub1,rk,(f1)lhk ().
, Tk

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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Note that

[y (1008, (E) = D012 (2)]
< Wy (1)), ~D1 o) (@) F [ gy (€) = Wb,y ()]
< 2Y[b1 | Lipen | B, i) Ma((f1)h, — Difi)(@)

+2Hb1||Lz‘p(Rn)/ | Dy fr ()X B2 Y1) — XB(e,r) Y1) |dyr -

x,2r)

By the Hoélder’s inequality, we see that D;f; € L'(B(x,2r)). Applying the domi-
nated convergence theorem we have

kli_{go ubhmy(fl)i,k (z) = Wby 7, Dy f1 (z). (2.29)
Note that
(Fr o Ve () (1) (i () dy — Dy Fy, (2,y) f1(y)dy
(hx)

B(z,ry) B(z,r)

< ” )I(Fz o) b Dy (W) = F1(9)|dy (2.30)
T,TL
[ N E b 0) - Dy ) Ay
B(z,ry)

It is clear that

[ s I 0@ ~ Al
B(z,rx)

< b1l zipn) | B, ri) IM((F1)% 4,y = J1)(@)-

This leads to

lim |(Fo o) (1) 20 () = Fi(w)ldy = 0. (2.31)

k=0 JB(z,ry)

Note that (Fyu,)},, (y) — DiyFy, (z,y) — 0 as k — oo for almost every y € R™.
Moreover, we have that |(Fys, )}, (¥) — DiyFp, (2,y)| < 2||bi]lLip@n) for almost

every y € R™. Since f; € L*(B(x,2r)), these facts together with the dominated
convergence theorem imply

lim |(Fw,b1)§zk (y) _Dl7yFb1 (xay)|f1(y)dy =0. (232)
k—o0 B(z,r)

The same arguments give

| / Fo b (0) = Diy P (2. 9) 3 ()
B(x, m)

|(Fo b )i, () = Dy By, (2, )| f1 (y)dy

B(z,r)
S/R |(Fa )b W) = Dy Foy (2, )| A1 () (X B ) (¥) = XBar) () |dy
< 2[[b1 | Lip(rr) /( : |f1(¥)(XBr)(¥) — XB(2r) () |dy — 0 as k — oo.
B(x,2r
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This together with (2.30)—(2.32) implies that

i [ E)h @ = [ DA (239
= JB(x,ry) B(z,r)

In view of (2.28), (2.29) and (2.33), for (2.27) it suffices to show that

li F l l
Jm B(IM)( yther,bs Jhy (B) (1) 7 () (Y)dY
(2.34)
= / Dl,zFbl (‘Tay)fl(y)dy
B(z,r)
We get by a change of variable that

/ (Eytherb) i (@) (1) 5y (9)dy = / (Ey,b )b, (@) f1(y)dy. (235)

B(z,ry) B(z+hyep,ry)

Note that limk%OO(FZhbl)ﬁzk (l‘) = Dlﬂinl (.2?, y) and |(Fy,b1)§zk (Z‘) - Dl»ﬂﬂFbl (.23, y)| S
2/|b1 || Lip(rn) for almost every & € R™. We also note that f; € L'(B(z,r)). Applying
the dominated convergence theorem, one has

i [ B @awd= [ DuB@ohd. (230
= JB(x,r) B(z,r)

We may assume without loss of generality that hy < r for all £ > 1. Note that
B(z + hiey,ry) C B(x,3r) and [(Fyp, ), (2)| < [[b1]|Lipen). An application of the
dominated convergence theorem shows that

/ B @AW~ [ (Fah, @)y
B(z+hgep,ry)

B(z,r)

S ||b1||Lip(]R") / )fl(y)|XB(a:+hkel,rk)(y) - XB(w,T) (y)|dy —+0 as k — oo.
B(x,3r

3

This together with (2.35) and (2.36) implies (2.34). Combining (2.20), (2.23), (2.24),
(2.25) with (2.26) leads to (2.19).

It follows from (2.18) and (2.19) that

—

D 4(f(a)
L
= Bl ol

4 / o DuaB @) @) [L e (@)
B(x,r =2

([ Dbty
B(z,r)
(2.37)

1 m
+Wublyr’fl(m)ZuT,lei(x) H ur,fu(:c).
’ i=2

2<pu<m,
p#L
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On the other hand, we note that

1,4 1
E(Ag,a,x+hkel,f(r) o AE,OC,%JF(T))

1 1 i
= hfk |B(l‘, 7«)|7n—(x/n (u(bl)i(hkyr’(fl)i-(hk) (ﬂf) H ’(f’)f(’lk) (.13)

=2
m
iy (@) [T rs, (@)
=2

_ 1 u(bl)’%(h,k)’T’(fl)’%(h,k)(x) Upy,r 7f1 Hu
B h Mk
1 1 /5
+B($,7")|’”°‘/"Ubhr’fl(x)}llc(il_[2 L(fi)! T(hk) Hur f1 )

This together with (2.18) and the arguments similar to those used to derive (2.37)
implies that

—

D o(f)()
1
- WW’)”‘C‘/"(/B(“) Dy y Fy, (z,y) f1(y)dy

+/ Dl,zFbl (fE, y)fl( )dy + Upy ,r, lel ) H Uy fz (238)
B(z,r)

1
+Wubl,r,fl Zur puf, (@ H ur g, (2

2<pu<m,
I

In view of (2.37) and (2.38), we have that (2.16) holds for almost every x € Bp.

—

Case (ii) (r = 0). In this case we have zml :(f)(@) =
(2.18) that

f(O) = 0. We get from

— - 1
1 1 1
D, () () = Jim ;km? st heer) = lim 2-Ap LA (2:39)

If 7, = 0 for infinitely many k, then we get from (2.39) that leml (f)( ) = 0.
In what follows, we may assume without loss of generality that ry € (0 1) for all
k > 1. By the definition of sm; 5( f), we can conclude that one the the following
conditions holds:

(a) there exists i € {2,...,m} such that f;(y) = 0 for almost every y € R"™;

(b) |b1(z) — b1(y)|f1(y) = 0 for almost every y € R™.

Now we consider two cases:

(i) If case (a) holds, then we may assume that f>(y) = 0 for almost every y € R™.
Then we have

urk»(f2)i_(hk)(x) 1 l
T e B o |
i I /B(I’Tk)((fz)f(hk)(y) fa(y))dy urk_’(h);%(z)
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Write
1 1
hik g,a,m+hkel,f(rk)
1 1 m
= IB(.T Tk)|m—a/n hiku(bl)i-(hk)7rk7(f1)£.()Lk) (Jj) H urkﬁ(fi)i—(hk) (1:)
’ ) 1 =2 (2.40)
= 1B (et e 0k, ()
1 i 1
X(|B(I7Tk)|urk7(f2)2k (x)) g (|B(x, )| urk’(fi)l*("k)(m))-
Let us fix i € {1,2,...,m}. We have
1
Bl ] 000 )
()b, (v) = Dufily)ldy + Dy fi(y)|dy

N ‘B(.’E,’/‘k” B(x,ry) 1 |B($,Tk)| B(z,ry)
< MUOh = D)@+ g [ 1Dy
) T,r)

It follows that )

1. 1B(r. )| 3 . 2-41
k—>l oo |B(z’rk)|urk7(fi)§,k ((E) ‘Blfl(l'” ( )
Similarly it holds that

1

o B, )] = fi(z). 2.42
B B, )] e by () = Fil) (2.42)

Observe that

1 <1l 1
|B(x’rk,)|u(bl)i(hk)7Tk’(f1)l7(hk)(x) — || 1||Lip(Rn)rk7|B(:L.7rk)|urk7(fl)i(hk)(x).

It follows that

B B )] Lk ek, () = 0 (243)

In view of (2.40)-(2.43), one has
lim — AL =0 2.44
dm A e, 7)< O (244)

(ii) If case (b) holds, then we have

|B(x,7y)] hku(bl)l'T(hk)””’ﬁ(fl)LT(hk) t
1 1
= Bl e /B(w . |01y () = (01 oy D)y (0) dy
1 1 ’
= Blar) e . [(01)} iy () = (01 (y D (1) gy (0) = f1(w))dy
1 :

‘(bl)i(hk)(x) - (bl)i(hk)(y) = (bi(z) = b1(y))| f1(y)dy

z,Tk)

+77
|B(x, )| hie J

< b1 || Lip(rm)
L1
|B($, Tk)| B(z,ri)

"l e, ()
|(01)h, () = (b2)],, (W) 1 (y)dy.
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Observe that

x Tk, ‘/ :vrk) b1 hk ) ( )hk( )|f1( )
<B@WML@MKMM()<Wh@%%&hm—DM@Mﬁ@®
MECERIN e

< (b2}, (2) — Diby (@M f1(2) + M(((b2)}, — Diba) f2) ()
PO |Dibi () — Doba (9)| 1 () dy
B, )]

B(x,rk)

—0 as k — oo.

This together with (2.41) leads to

1 1
lim

—_— : =0. 24
k—r o0 |B({E Tk)| hk (bl)lT(hk)’”“’(fl)lT(hk)(x) 0 ( 5)

It follows from (2.42) and (2.45) that

1 1 1
leII;C W h (bl)f(hk) e, (1)t T(hk> ];[ J(fi)t ~(hy) ) =0.

Hence,

. 1
klggo HAg7aaz+hkez7f(rk) =0.

Combining this with (2.39) leads to
Dy, Hx) =o0.

Since R was arbitrary and |B(0, R) \ (ﬂ?:l A;)| = 0. This proves Lemma 2.3. O

3. Proof of Theorem 1.1

In this section we present the proof of Theorem 1.1.

Proof. Let b = (by,...,b,) with each b; € Lip(R™) and f=(f1,..., fn) with
each f; € WhPi(R™), where 0 < oo < mn, 1 < p1,...,pm < o0, 1 < ¢ < 00
and 1/¢ = Y.7",1/p;i — a/n. For any j > 1 let f; = (fij,-",fm,) be such
that || fi; — fillwirs@ny — 0 as j — co. By Remark 1.1 we see that Hi)ﬁ(l)g(ﬁ) —

im; g(f)HLq(R”) — 0 as k — oco. Hence, to prove Theorem 1.1, it is enough to show
that . =
1D, 5(f5) = D, o(f)llagzny =0 as j — o0 (3.1)

forany [ =1,2,...,n

We only prove (3.1) for [ = 1 since other cases can be proved similarly. We may
assume without loss of generality that all f; ; > 0 and f; > 0.

For convenience, we set Fy, (z,y) = |b1(z) — b1(y)|- It was pointed out in the
proof of Lemma 2.3 that Fy, (2,-) € Lip(R™) and ||Fy, (z,-)||Lip@r) < 01l Liprn)
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for all € R™. Moreover, for almost every y € R, we have that | D ,Fp, (2, y)] <
b1]| Liprny- Fb, (-, y) € Lip(R™) and ||Fy, (-, y)|| Liprr) < |01l ip(rny for all y € R™.
Moreover, for almost every x € R™, we have that | Dy, Fy, (2, )| < |[b1]| Lipwn). For
convenience, for a fixed z € R" and § = (g1,...,gm) with each g; € WP (R"™), we
define the function By :[0,00) = R by By, , ~(0) =0, and for r € (0,00),

b,o,x,g "
B (r)*;(/ Dy Fy, (,9)g1(y)d
Found T [Bla )\ g O
+/ Dio Fy, (2, 9)91(y)dy + o, r,D, 151 (% )1_[%«9z
B(z,r)

1 m
B s Ve (@) Z; Urpyg, (1) [ g, (@)

2<p<m,
nF

We define the operator T, by
Ta(@)(x) = 2[b1 |l Lip(ery Mo (F +Zm1*

where §; = (f1, fa,- -+ fi—1, Difis fit1,- -+, fm)- By the properties of Fy,, we have
that

Bg,a,w,g}'(r) < T(X(g) (l‘), (32)
for almost every x € R”. By Minkowski’s inequality and Remark 1.2,
1T ()l L)

< 2/[b1 || Lip(e) |Ma (@)l Lagen) + Y 1998 5(Fi)l L (e

i=1

< Commprrpm 101 Lip@ny [T 1£ill275 o)
=t (3.3)
+Camnpi,.. pm||b1||L°°(1Rn)Z||szz||Lm(Rn T 1fullzee @
i=1 1<ugm,

i

m
< Camonpi,pm ||b1||Lip(R") H Hfj”Wl’pJ' (Rm)*
j=1

Let € € (0,1). There exists R > 0 such that HTa(f)HLq((B(QR))C) < e. By the
absolute continuity of integration, there exists 17 > 0 such that for any measurable
subset A C B(0, R) with |A| < n we have ||Ta(fT>||Lq(A) < e. Observe that for almost
every r € R", the function B; o f is uniformly continuous on [0, c0). Hence, for
almost every x, we can find d, > 0 such that

1B5 .. 7(11) = B, 7(r2)| < |B(0, R)|~Y/9¢ whenever |r; — 3| < 0.

It follows that

(G{xEBOR 5m>%})uE,

Jj=1
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where |E| = 0. Hence, there exists ¢ > 0 such that

{z € B(0,R) : [B;, , #(r1) — By, . 7(r2)]

> |B(0, R)| ™% for some 11,y with |r; — | < 8} =: |G4| < g 34
In view of Lemma 2.1, we can find a positive integer N7 such that
{ € BO,R): Ry (F)(@) & Ry (D@} = [Hj < 3. Vi > Ny,
Applying Lemma 2.3, we have that for almost every z € R",
DML (/) (@) — DuSmL () ()
= 1B; 0.7 (1) — By, 7r2)) (3.5)
< |Bg,a7x,fj(7’1) - Bg,a@,f(?“l” + \Bg@,xf(ﬁ) - Bg7a,w7f(T2)|

for any r € Raa(ﬁ)(x) and 7o € Raa(f)(x).
For almost every = € B(0,R) \ (G1 N H,), there exist r; € Rg’a(ﬁ»)(m) and
ro € Rga(f)(x) such that |ry — ro| < 0 and

|Bg,a,m,f(r1) - Bba T f(’r2)‘ < ‘B(O R)| 1/q€ (36)

On the other hand, for any r € [0,00) and almost every z € R™,

‘ bazfj( )_Bbamf( >|

< 2||b1 |sz(Rn)Zm F] Z +9ﬁl (P;)(x)
. = i—2 (3.7)
+Z(me1 (i) (@) + 02 (L) (2 +me (i) (@)
1=2 =
= Fj(x)a
where
F:IJ = (fla“'afl—laflJ - fl’fl+1’j7...,fm7j);
Gi=(f1;— fisfogse s fim1go Difigs Firtgo s fmd)s

It

v = (Di(frg = f1)s 2o -5 mig)s

i = (frofor oo fumty fug = Fus fusrgo -5 ficrgs Difigy fiv1g - fmog);
= (f1s- s fimt, Dilfig — i) fivrgo - -+ fing)s

Ji,,u = (f1,-- s fict Dufis fists oo s Fum1s fug = fuo fusrgo -5 Fmoj)-

!

bl

By our assumption, there exists a positive integer Ny such that sup;<;<,, Il fi; —
fillwrri @y < € and supy<;<p, | fijllwio: @y < THmy (1 fillwies @ny + 1) for any
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j > Nsy. By (1.2), (1.4) and Minkowski’s inequality, we have

1T o)

< 2[|ba|[ Lip(rn) Z 199, (FY) | Lo ey + Z 19m, Gi)ll Lagen)

=1

1ML (B zagen) + (anab i)l zacen)
=2 pu=2

1—1
+||m(11,8(li)||L“(R") + Z Hmi,g(Jiw)”Lq(R”O (3.8)
n=2

m
< Commpro 01 Lip@e) Y 1f1g = Fill oo ny
=1

X H (1 gl o ey + L fullwron @ny)

1<pu<m,
n#l

< Ca,m,n,pl,...@m,bel ||Lip(R")€7

for any j > Naz. In view of (3.2) and (3.5)—(3.7), we have that for almost every
r €R"”,

D (F)(a) — DL ()

<Tj(x) +|B(0,R)| " 9exp(0,r)\ (10w, (7) (3.9)
+2T0(f) ()X G, uH,u(B0,R))< (T)-

By (3.8), (3.9) and Minkowski’s inequality, we have that for any j > max{Ny, Na},

IDA 5(f5) = Dat o(F)l| oy
< Tl aqny + 11B(O, R)| ™€l Lagsio,ry) + 21 Ta ()l Lacrom,uEo,R)e)
— a,mm,pl,...7p,,”,fq,ble'

Here we have used the fact that |Gy U H7| < n for j > N;. So (3.1) holds for i = 1.
Theorem 1.1 is now proved. O
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