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Abstract In this paper, a class of fractional advection-dispersion equations
with instantaneous and non-instantaneous impulses and nonlinear Sturm-
Liouville boundary conditions is considered. Firstly, based on the problem, we
define an appropriate function space and construct corresponding variational
structures. Then, under weaker conditions than the Ambrosetti-Rabinowitz
condition, the existence and multiplicity of solutions to the equation are proven
through the Mountain Pass Lemma and genus properties. Finally, an example
is provided to illustrate the results obtained in this paper.
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1. Introduction

Compared to integer order differential equations, fractional order differential equa-
tions have advantages and higher accuracy in describing practical problems with
non-local or genetic properties and memory. Therefore, fractional order differential
equations are widely used in fields such as physics, cybernetics, biology, economics,
and dynamical systems, such as macroeconomic models with dynamic memory and
dynamic analysis of infectious disease dynamical systems with memory (see [11]).
They got the attention of many researchers and considerable work has been done in
this regard in recent years. Various theories and methods are used to study it in the
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literatures, such as critical point theory, fixed point theory and topological degree
theory (see [3,7,18,19,24] and references therein). As is well known, the general
idea of methods for studying boundary value problems, such as fixed point theorems,
upper and lower solution methods, fixed point index theorems, and degree theory,
is to first find the integral equation corresponding to the solution of the equation
under consideration. It is precisely this limitation of these methods that reflects the
superiority of variational methods. Some interesting results are obtained by using
the variational method and the critical point theory (see [2,4,14] and references
therein). For example, in [10], the authors used the variational method for the first
time to solve the boundary value problem of the following fractional differential
equations

(D& (oDu(t)) = VE(t, u(t), ae. te0,T)
u(0) =u(T) =0,

where 0 < a < 1, ¢Df* and ;D% denote the left and right Riemann-Liouville frac-
tional derivatives of order a, respectively. Under the Ambrosetti-Rabinowitz con-
dition, they obtained the existence result of the solution to the problem.

Speaking of fractional advection-dispersion equations, as a typical class of frac-
tional order differential equations, play a crucial role in simulating anomalous dif-
fusion phenomena. Due to reasons such as uneven transmission media or complex
flow fields, abnormal diffusion problems such as groundwater and soil pollution,
porous media, and biohydrodynamics commonly exist in real life. Therefore, it is
necessary to promote the traditional second-order advection-diffusion equation. The
fractional advection-dispersion equation can not only simulate anomalous diffusion,
but also describe physical phenomena such as chaotic dynamics in turbulent classi-
cal conservative systems. In recent years, there has also been some research work on
fractional advection-dispersion equations (see [5,6,23] and references therein). In
the bargain, the Sturm-Liouville problem plays an important role in the heat con-
duction of finite length uniform thin tubes, axial and torsional vibrations of rods,
and microwave transmission (see [9,12] and references therein). For instance, in [20],
Tian and Nieto studied the following fractional advection-dispersion equation with
homogeneous Sturm-Liouville boundary value conditions

~au(0) - b(; oD (0)) + § m;%’(o») _0,
cu(T) + d(§ oD P (u/(T)) + i tDTB(u’(T))) =0,

where a, ¢ > 0 and b, d > 0 are constants. 0 < 8 < 1, OD;*B and tD;B denote the
left and right Riemann-Liouville fractional integrals of order 3, respectively. The
variational structure was established and some existence results for solutions were
obtained.

Additionally, instantaneous impulses have been widely considered by many schol-
ars due to their ability to reflect the changing patterns of things more deeply and
accurately, as well as their ability to fully consider the impact of homeopathic
mutations on states (see [1,15]). However, considering only fractional differential
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equations with instantaneous impulses cannot simulate the evolution process of phe-
nomena such as dynamics. In this case, the addition of non-instantaneous impulses
( [8]) can effectively solve this difficulty. Non-instantaneous impulses can start at
a certain moment and last for a certain period of time, and this feature is par-
ticularly useful in applications in clinical medicine, bioengineering, chemistry, and
physics (see [21,25] and references therein). Cite a case to you, [13] were concerned
with a class of instantaneous and non-instantaneous impulsive fractional differential
equations involving a 1-Caputo fractional derivative

DS (DS u(t)) = Mt u(t), t € (sitia], i=0,1,---,m,
ACDSY (I ulty) = Li(u(t)), i=1,-- ,m,
"Dy (17 V(1)) =° DY (157 Vu(t))), t € (s, i =1,--- ,m,

DR (I u(sy)) =° DR (I P ulsh)), i =1, m,

u(0) =u(T) =0,

where A > 0,0 < a < 1, °D¥ and °D(;" are the right and left y-Caputo fractional

derivatives, Iéj % s the left 1-Riemann-Liouville fractional integral with order
1 — . The authors proved the multiplicity of solutions to this problem through
critical point theory.

Inspired by the above research works and their significances, this article considers
the following class of fractional advection-dispersion equation with instantaneous
and non-instantaneous impulses and nonlinear Sturm-Liouville boundary conditions

- (50PN + 5 DF W) ) + al0ult) = At ul0), €€ (s ti]

22071a"'7m7

o oD W O) + 5 D W(0) ) - Bi(u(0)) = 4

o 5 D7 WD) + 5 DD ) + dn(ulT)) = B,

A(; OD;’@(U/(ti)) +z tD;B(’U/(ti) ) =pli(u(ty), i=1,---,m,

)
oD (W (1) + oD (W (1)) = oDy (W (t1)) + D (W (), t € (b, 5],

i=1,,m,

oDy P (W (s7)) + Dy’ (' (s7)) = oDy P(u/ (7)) + +Dp (W' (s})), i =1, ,m,

where 0 < < 1, A > 0, a, b, ¢, d > 0, A and B are constants. OD;B and
tD;B denote the left and right Riemann-Liouville fractional integrals of order 3,
respectively. And 0 = 59 < t1 < §1 < t2 < 83 < ++» <ty < S < typa1 = T
The function g € C*([0,7],R) and there are g; and g2 such that 0 < g1 < g(t) <
go. fi € CY([si,tit1] x R,R) and F(t y) = ft”l fi(t,8)ds for i = 0,1,---,m
The function h € C*(R,R) and H(y) = [} h(s)ds. The instantaneous impulses
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I; € C'(R,R) start to change suddenly at the points ¢; and the non-instantaneous
impulses continue during the finite intervals (¢;, s;], for ¢ = 1,--- ,m. Besides,

A(5 oD @) + 5 D)

:@ oDy P (u/(t)) + % D7 (! (tF )>)

- (3P W) + 5 0P W),

where

oD, (W (s5) + 1D (! (sF)) = lim < oD (1)) + tD;%'(t)))’

t—s;

oDy (W (E5) + oD (' (7)) = lim ( oD (' (1) + tDT%’(t))).
—t;

In this article, we attempt to get the existence and multiplicity of weak solutions
to boundary value problem (abbreviated as BVP) (1.1) through variational methods
and critical point theory. Specifically, after constructing the variational structure,
assuming that the nonlinear term satisfies weaker conditions than the Ambrosetti-
Rabinowitz condition, the existence of the solution to BVP (1.1) is proven via the
Mountain Pass Lemma. In addition, we divide the nonlinear term into two parts,
one satisfying the superlinear condition and the other satisfying the sublinear con-
dition. Then, we prove the multiplicity of solutions for BVP (1.1) by the genus
property. As far as we know, very few articles have studied the existence and multi-
plicity of solutions for fractional order differential equations such as BVP (1.1). And
the conditions set in this article are weaker than the famous Ambrosetti-Rabinowitz
condition.

2. Preliminaries

For convenience, we will recall some necessary definitions and lemmas of fractional
calculus.

Definition 2.1. [11] Let u be a function defined on [a,b]. The left and right
Riemann-Liouville fractional integrals of order 0 < v < 1 for u denoted by ,D; " u(t)
and D, "u(t), respectively, are defined by

anwut:—/ t—s)Y " tu(s)ds, vaut:—/ s — )Y tu(s)ds.
Pl = 5 [ s D) = 1 =)
Definition 2.2. [11] Let u be a function defined on [a,b]. The left and right
Riemann-Liouville fractional derivatives of order 0 < ~ < 1 for u denoted by
oD{u(t) and ;D] u(t), respectively, are defined by

d

Dfu(t) = & D7 Hulr) = Mi( / (i s>7u<s>ds),

. b
D) u(t) = —% DY u(t) = F(l—lv)(?t(/t (s —t)‘”u(s)ds).
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Definition 2.3. [11] Let u(t) € AC([a,b],RY). Then the left and right Caputo
fractional derivatives of order 0 < v < 1 for the function u denoted by ¢ D] u(t) and
¢D]u(t), respectively, are defined by

1 i o
m/ﬂ (t —s)7"u'(s)ds,

_ b
ﬁ/t (s —t) 7/ (s)ds.

Proposition 2.1. [11] Let u is continuous for a.e. t € [a,b], 71, 72 > 0. The left
and right Riemann-Liouville fractional integral operators have the following proper-
ties

DJu(t) = oD (1) =

“Dyu(t) = — Dy (t) =

WD WD () = WD), Dy D, P ult) = oDy ().

Proposition 2.2. [11] If u € LP([a,b],RY), v € L9([a,b],RN) andp > 1, ¢ > 1,
%—l—% <l14+~vwithp#1,q#1 when%—k%:l—&—% then

b b
/[GD;”u(t)]v(t)dt:/ [+ Dy, "o (t)]u(t)dt.

According to Definition 2.3 and Proposition 2.1, we know that

5 oD W (0) + 5 DF (1) = 5 oD GDFu() — 5 DG Dfu(r),

2 2
(2.1)

Whereazl—gand%<a§1.
Let LP([0,T],R)(1 < p < +o0) and C([0,T],R) be the p—Lebesgue space and
continuous function space, respectively, with the norms

r .
|wup—(A uwww>, we LP([0,T,R) (1< p < +oo),

o = t)l, e C([0,T],R).

Jul = max [u(t)l, ue C(0.TLR)

Definition 2.4. Let % <a<1land 1< p<+oo. The fractional derivative space
E*? is defined as the closure of C*°([0,T],R), that is, E*P = C>([0,T],R) with
the norm

T T i
nwwz(é|awmwa+émmmﬁ

Reference [20] shows that the space E*P with p € (1,4+00) is a reflexive and
separable Banach space. When p = 2, we denote the Hilbert space E*? as X.

Lemma 2.1. [20] For any u € X, we have

T T
—COS(W)/ 605 u(t)[*dt < —/ 607 u(t)) (¢ Dru(t))dt

0 0

1 T )
— | |eD2u(t)[2dt.
Oé) /0 0t ‘

= cos(mw
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Lemma 2.2. The norm ||u|q2 in X is equivalent to

it = (- [ Gorao)Grma s Z / dt)l

Similar to Lemma 5.4 and Proposition 5.5 in [20], the following lemma can be
proven.

Lemma 2.3. There is a continuous and compact embedding X — C([0,T],R).
And for u € X, there exists constant A > 0 such that ||u|leo < Aljul|.

Lemma 2.4. [10] Assume that 1 < a <1 and the sequence {u,} weakly converges
tow in X, that is, up, — w in X. Then u, — w in C([0,T],R), that is, ||un —u|lcc —
0 as n — oo.

We take v € C°°([0,T],R) and multiply & (; oDy Pul () + 1 tD;%’(t)) and

integrate between 0 and T. Furthermore, it follows from (2.1), the boundary con-
ditions and Proposition 2.2 that

Ta/1 4, 1 5,
0

m tit1 d 1 1
= By -8,
_iz_%/si dt (2 oDy "u'(t) + 5 tDrp"u (t))v(t)dt
m sid /1 - ) )
+ ZZ & (2 ODt Bu/(t) + = fDTﬁu/(t))’U(t)dt
1=1

i

=3 (5 000 + 5 D )l

N [ ps e L B )y
Z 5 oD, u(t)+2 D7 (t) v’ (t)de

+ Z <; oD P/ (1) + % tDT%/(t)>v(t) i

tit1

Si

ti

3 [ (G o g D oo
== 2000) + Zo(T) = Zh(()0(0) ~ Th(uT)T) - 3 Lult)o(t)

1 T c (0% c [e3 C (0% c e
+5 [ (GDrae)EDF0) + (DFUO)GDFu() ).

Therefore, we can define the weak solution u of the BVP (1.1) as follows.
Definition 2.5. A function u € X is called the weak solution of the BVP (1.1) if

u satisfying the following equation

! /O [(:;Dfu(t))(fp%v(t))+<;D%u(t))(8 Dtav(t))} N



1704 Y. Qiao, F. Chen & Y. An

+Z/I+l dt+uZI )+ bh( (0))0(0)
+ ilh(u(T))v(T) T gv(O) - %v(T)

z+1
_/\Z/ S(t,u(t)v(t)dt, Yo € X.

For Vu € X, we consider the functional J : X — R as follows

T m tit1
sy == [ GoruenEDFuN 5 [ gt

m

u(t;)
+ MZ/ I;(s)ds + gH(u(O)) + gH(u(T)) + %u(O) - %u(T)
i=1

~ )\i / () de
u(t; )
,||uu2 + MZ/ s)ds + bH( (0)) + gH(u(T)) + %u(O) — gu(T)

S [ B ue)ar

where F(t,u) = [ fi(t,s)ds and H(u) = [, h(s)ds. Then, for all v € X, we can
get

1 T
<Iwws=-y [ [<5D3u<t>><§Daﬂv<t>> v <§D%u<t>><stv<t>>]dt
+Z/M dt+uZI )+ bh( (0))0(0)
+ Lhu(m))(T) + 20(0) - —v )\Z/ R u)o(t)dt.

It can obtain that the functional J is differentiable on X and u € X is a solution
of < J'(u),v >=0 for all v € X, then u is a weak solution of the BVP (1.1).

Lemma 2.5. [22] For the functional ¢ : © C E — [—o0,+00] with © # (),
min,eco ¢(u) = € has a solution when the following hold

(1) E is a real reflexive Banach space.

(2) © is bounded and weak sequentially closed, i.e., by definition, for each sequence
{un} in © such that u, — u as n — +00, we always have u € O.

(3) ¢ is sequentially weakly lower semi-continuous on ©.

Lemma 2.6. [16] Let E be a real Banach space and o € C1(E,R) satisfy Palais-
Smale ( for short (PS) ) -condition. Suppose that ¢ satisfies the following conditions
(1) (0) = 0.

(2) There exist p,o > 0 such that p(ug) > o for every ug € E with ||ug|| = p.

(3) There exists uy € E with ||ui]] > p such that p(u1) < o.
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Then, ¢ possesses a critical value € > o. Moreover, € can be characterized as
e = infrey maxgep 1) p(k(s)), where T = {k € C*([0,1], E) : k(0) = ug, k(1) = uy }.

Immediately after, we give the signs, definitions and lemmas of genus properties.
Let X be a real Banach space, J € C*(X,R) and z € R. Set
Y={U C X —{0}:U is closed in X and symmetric with respect to 0},
K,={ueX:Ju)=zJ(u) =0},
JF={ueX:Ju) <z}

Definition 2.6. [16,17] For U € X, we say genus of U is n (denoted by v(U) = n)
if there is an odd map ¥ € C*(U,R" \ {0}), and n is the smallest integer with this

property.

Lemma 2.7. [16] Let J be an even C' functional on X and satisfy the (PS)-
condition. For any n € N, set

2, ={UeX:yU)>n}, z,= inf supJ(u).
UeXn yeu

(1) If 2, # 0; and z, € R, then z, is a critical value of J.
(2) If there exists | € N such that z, = zp41 = 2Zpn42 = -+ = zZpy1 = 2 € R, and
z # J(0), then v(K,) > 1+ 1.

Remark 2.1. From Remark 7.3 in [16] , we know that if K, € ¥ and v(K,) > 1,
then K, contains infinitely many distinct points, that is, J has infinitely many
distinct critical points in X.

3. Assumptions and main results

Firstly, we make the following assumptions which are met when needed in the rest
of the article.
(H1) There exist constants 1 <7 < 2, @ > 0 and L > 0 such that

) < Q™" + L, yeR.
(Hy) For i =1,--- ;m, there exist 0 < 7; < 1, L; > 0 and M; > 0 such that

I1:(y)| < Lily

i + Mi7 RS R.
(Hs3) For i =0,1,--- ,m, limsup,_,o Fligi’zy) = 0 uniformly for a.e. ¢t € (s;,t;41]-
(H4) For i =0,1,--- ,m, there is 6 > 2, such that

lim sup 6FZ (t, y) B fi (t7 y)y

|y|—o0 |y‘2

<0

uniformly for a.e. t € (s;,t;41]-
(Hs) For i = 0,1,---,m, there exist subsets Q; of (s;,t;+1] with meas(€;) > 0,
such that

F,
lim inf Z(t’Qy) >0
lyl=oe |yl

uniformly for a.e. t € Q.
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Lemma 3.1. Assume that (H) and (Hy) hold, then J satisfies the (PS)-condition.

Proof. Assume that {u,}neny C X is a sequence such that {J(u,)}nen is bounded
and lim,, o J'(u,) = 0. Then there exists D > 0 such that for n € N,

[T (un)] < D, | (un)|« < D, (3.1)

where || - ||« is the norm of the dual space of X. Proof by contradiction Suppose
{un} is unbounded. We assume that ||u,| — co. Let v, = a7 then |lon|l = 1. By
Lemma 2.4, passing to a subsequence, we suppose that v,, — vg in X, then v,, — vg
in C([0,7],R) as n — oo. By (3.1) there exists a constant D; > 0 such that

un(t)
(&~ )l =07 (0) - 7 euz / (s 1S Lo () (1)
=1

- %Hw 0) + ghmn(o»un(m ~ M)

+ gh(un(T))un(T) - é(e — 1D)un(0) + %(9 — Dun(T)

+ Ai/%iﬂ (GFi(t,un(t)) - fi(t,u"(t))un(t)> dt

<Dy (14 )+ 0 ST )+
i=1 Ti i=1
o I VAV P B T L AN )
+ o D@urual + LAl + @ - DA 4 Bl s,
AY [ (0B ) — a0 )t
i=1"v 9%
Notice that ||u,| — oo, we have
(5~ Dllont? <22l o oy 12 2]

AT g [T MA|un||
+ 0u +
Z( i + 1) [lun? ([ ||? >

- LiATi+1 Un mitl MzA Un
3 (LAl il

2 e THE
b d QA funl” | LAun]
+6(+)( +
o TP T T2
b d. QA |un|” LAHunn)
+(=+= +
G 9( Tl Tl

DDA N <9Fz'(t, un(t)) = filt, un(t))un(t)>dt

[[n |

+ A (3.2)
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By (Hy), there exists Qo C (si,t;41] with meas(€;p) = 0 such that

i sup PE 1) — Filtu)u

|u|—o0 |u‘2

<0

uniformly for ¢ € (s;,t;41] \ Qio. We claim that

Jim sup OF;(t, un(t)) — fi(t, un(t))un(t)

<0 (3.3)

for t € (si,tir1] \ Qio. If not, there exists tg € (s;,ti+1] \ Qip and a subsequence of
{un} such that

lim sup OF, (t()’ Un(to)) —fi (to, Un (t0>)un(t0)

n—oo HunHQ

> 0. (3.4)

If {un(to)} is bounded, then there exists Dy > 0 such that |u,(to)| < Dy for all
n € N. Based on the continuity of f; on €9, we have

OF(to, un(to)) — fi(to, un(to))un(to) _ (6 +1)Ds

[[n | T ual?

as n — oo, which contradicts (3.4). So, there is a subsequence of {u,,(t9)} such that
|tn(to)] = 00 as n — oo.

Jimn sup OF;(to, un(to)) — fi(to, un(to))un(to)

n—oo Hu”HQ

L 0F;(to, un(to)) — fi(to, un(to))un(to)
= lim sup Fun (t0) 2

i sup 20, Un(to)) — filto, un(to))un(to) . o (t0) 2
n—>oop |Un(t())|2 n—oo ' 0

|vn(t0)|2

<0.

This contradicts (3.4). Thus, (3.3) holds.

From (3.2) and (3.3) we obtain limsup,,_, (4 — 1)[|v,[|? < 0. Since 6 > 2, we
get [|vn]|? — 0 as n — oo, but ||v,|| = 1. This is a contradiction. Hence, {u,} is a
bounded sequence in X.

In what follows, we claim that u, — w in X. In fact, since X is a reflexive space,
there exists a weakly convergent subsequence such that u,, — w in X. Hence, we
have u,, — u in C1([0,T],R). And further, we get

< J'(up) — J'(u),uy —u >0,

(Mun(t)) - L«(u(t))) (un(t) — u(t)) 0,
(h<un<t>> - h(u(t») (un(t) — u(t)) = 0.

/:Jrl (fz‘(t,un(t)) — fi(t, u(t))) (un (t) — u(t))dt — 0
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as n — 0o0. Since

[l — u||2
< ) = T (W) —u> S (Ii(un (1)) - L(u(t») (un(t) — u())
b (h<un<o>> - h(um))) (un (0) — u(0)) — & (h<<un<T>> - h(u(T»)
(1) =) =3 Y [ (000 = £ ) 0 )
=0 Y 5J
—0
as n — oo. This implies that u,, — u in X. O
Theorem 3.1. If (Hy)-(Hs) hold, and constant P = 2A2 ,Uzzn:l(TLJ;léT“H +

M;8) — (& + %)(%57 + L6) — (% + @)5 > 0, then the BVP (1.1) admits at least
two different weak solution for each A € (0, ﬁ),

Proof. Let B, denotes the open ball in X with radius  and centered at 0 and let
0B, and B, represent the boundary and closure of B,., respectively. It is easy to get
B 2 is a bounded weak closed set. Direct verification yields that J(u) is sequentially
weakly lower semi-continuous in X, based on Lemma 2.5, we get J(u) has a local
minimum point ug in 3%7 in other word, J(ug) < J(0) = 0.

It follows from (Hs) that for i = 0,1,--- ;m and x > 0, there exists § € (0, x)
such that

|Ei(t,w)] < xlul? (3.5)

for a.e. t € (si,t;41] and u € R with |u| < 4.
Let [lul| < %, it follows from Lemma 2.3 that ||ufo < 8. Then for u € 0B,
(r < %), according to (H), (H>) and (3.5), we know

. b d b d.Q
Tt M) — (= + S)LA[uf — (= + 5)=
+ MihlJul) = (5 + LAl = (4 + )%

— 27
I(w) 23l ugj o

A B
< A7l — (L '>A|| |- AxTA2Hu||2
L;A™ b d
[ = _ 2 _ et ‘f'ri+1 . _ (2 et
_< AXTA )r ,u; p—— + M;Ar) (a—i—C)LAr
4.Q.. . Al |B|
I (e

And then for all u € 83%, one has

L; b d.Q

1 52
> = — A? mitl 0, —)—=0"
J(u) (2 T ) 5 M; - 1(5 + M;é) — <CL+ )—0

A +0L , |B|+dL
a C

—(

—M,.

)6
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Since A € (0, X;}z), we have J(u) = Mx > 0 > J(ug) for u € 0B;s. Therefore,
infueaB% J(u) > J(ug).

For i =10,1,--- ,m, combining (Hy), (Hs) and the continuities of f;(t,u), it can
be inferred that there are o > (912)\)/\2, K > 0 and a subset of €;, still denote as €,
with meas(€;) > 0, such that

0
|Fi(t,u)| > 7 2|u|2 - K (3.6)

for t € Q; and u € R. Choosing ug(t) € X with |lug| < A and fQi lug (t))2dt = 1.
And for ¢ > 0, based on (3.6), we have

cwt)

@w>4mwwuzj i(5)ds +  H{suo(0)) + S H(suo(T)) + 2 5uo(0)

— —guo )\Z/ 3 (t, suo(t))de

LAmi+1gTit . b d
H%W+Mz: AT gl + MisAuol) + (2 + &) LAclu)

Ti+1
b dQ ;. JAl L IBI 20¢*
P Ol + AL Bhagpugl - agm+ 1) 22
+)\ZKmeas(Qi)
i=0

< A—Q—)\(m+1)i 2+ Z(Z—JFM-A%)
=72 09— 2 . 1 i

i=1
b d b d A B
e aze s (b ey (AL B 2
a ¢ a c¢'T a c
+ AZKmeas(Qi).
i=0
Notice that o > g(_j)ﬁf), we can get that I(sup) — —oo as ¢ — oo. Thus, there

exists uy > 0 with |jui|| > & such that inf,epp, J(u) > J(u1). Based on Lemma
N

2.6 and Lemma 3.1, it is easy to know that there is us € X such that J'(ug) =0
and J(ug) > max{J(up), J(u1)}. In summary, ug and ug are two different weak

solutions of the BVP (1.1). O
In the remaining part of the article, we consider the case where A = B = 0 in
BVP (1.1).

Fori=0,1,---,m,let fi(t,u) = fi, (t,u)+ fi,(t,u), where f; (t,u) is superlinear
as |u| — oo and fj,(t,u) is sublinear at infinity. Fj (t,u) = [ fi,(t,s)ds and
Fy,(t,u) = [} fi,(t, s)ds. The specific assumptions are as below.

(H}) For i =0,1,--- ,m, there is 8 > 2, such that

Fi ta

lyl—oo  |y]®
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uniformly for ¢ € (s;,t;41].
(H)) For i =0,1,--- ,m, there exist 779 > 0 and R > 0, such that

fil (tv y>y - eFll (t7 y) > _7703/2

for ¢t € (s;,t;i41] and |y| > R.
(HY) For i = 0,1,--- ,m, there exist 1 < k < 2 and K; € L*((s;,ti+1],RT), such
that

[fia ()| < KL ()ly]"™, (ty) € (s, tiga] X R.

(Hg) For i = 0,1,--- ,m, there exists Ko € C'((s;,t;11],RT), such that

Fiz(tay) > KQ(t)|y|n7 (tvy) (517 z+1] X R
where Rt = (0, c0).

Lemma 3.2. When A= B =0, if (Hy), (H2) and (H})-(HL) hold, then J satisfies
the (PS)-condition.

Proof. At first, we prove {uy}nen is bounded in X. We choose to use proof by
contradiction. Suppose ||u,| — oo as n — co. Let v, = Tu7> then |lvn]] = 1. By

Lemma 2.4, passing to a subsequence, we can suppose that v, — vg in X, then
vn, — vp in C1([0,T],R).
It follows from (HY) that

|fio (t, wu| < Ky (®)]ul”, |Fi, (t,u)] < %Kl(t)llLI”- (3.7)

The following is divided into two cases: vg = 0 and vg # 0.

Case 1. vg = 0. Note that the continuity of f; and (H}), then there exists 1, > 0,
such that

fi (t,w)u — OF;, (t,u) > —nou® —my, t € (siytiz1), u€R. (3.8)

Thus, by (3.1), (3.7) and (3.8), we get

0D + D||u,
o) =2
0J(uy) — J' (upn)up
o ||un||2
(t)
-y PZ( [ s - nun )
” n||2< <un<o>>un<o>)

h(un<T>>un<T>)

a2 nH2

(ot
“Tl? i/ (ff (0 0)un(0) = OF: (1,10, (0) )
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0
2(5-1) - - 72 Z ( 7+ Lol

_( Lt o ) (2 Qe+ 0L + L

allunl*  cffun|?

i+1 0
||u 2 Z/ (noun| +m+(1+ )K1( )un|® )dt

S+ 6+ DMl

0 T 0L; - -
>0 _)- Z((, LA™ | 1+1+<9+1>Mm||un||)

~ (o + oz ) (X + @l + 0L+ DA

allunl®  ¢llun|?

AT A
(oA lun® +m) — 5
 ual? [ ||?

Z(g —1) = AToA®

9 K K
(L + K1l A% un

as n — oo. which indicates that {u,} is bounded in X.

Case 2. vy # 0. Fori =0,1,---,m, let Q) = {t € (s;,t;41] : |vo(t)] > 0}, then
meas(€Y,) > 0. In addition, |u,| — oo as n — oo and |un ()] = |[va ()] - |lunll
indicates that for ¢ € Qf, |u, ()] — o0 as n — oo. So, it follows from (3.1) and (3.7)
that

1=0 K
1 1y s [ b d
=_ — — = I —H —H T
i) + gl + 53 | 1o S (0) + - H (D)
m tit1
-3 / Fy (1 un (£))
i=0 ¥ %
1 2, K Ti+1 b d, Q T
< lunll? + Z( Nl 757 4 Millunlloe ) + (e o) (2
1 (T D
$ L) + % [ KalOlun (ol d+ 3
K Jo A
1 1 i d T T
<l + “Z( Tl Ml ) + (5 + 3024

A% . D
LA unl) + = Kl + S
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Owingto 0 >2,1<7<2, 1<7,+1<2and 1< k<2, we have

R (t un (1))
Z/ AL “ At < o(1) (3.9)

as n — oo. However, Fatou’s lemma and (Hj) derive that
L By (tu (t,u
li 11 n > li 11 n
(t,u
L1 n 0
,JLH;OZ/S, ™) Do, oypat

=00,

which contradicts (3.9). In conclusion, {uy }nen is bounded in X. And then, like

the proof of Lemma 3.1, we know that |lu, —u|| = 0 asn — oo in X. O
Theorem 3.2. Suppose A = B = 0, if (Hy), (Hs), (H})-(HL) and (Hg) hold,
moreover, h(u), fi(t,u) (¢ = 0,1,---,m) and I;(u) (i = 1,---,m) are odd in u,

then the BVP (1.1) possesses infinitely many nontrivial weak solutions.

Proof. It is obviously to know that J is even and J(0) = 0. Let {e,,}>2; be the
standard orthogonal basis of X, that is,

legdl=1 and <eg ey >=0, 1<q#4q.
For any n € N, define E,, = span{ey,--- ,en}, Sp = {u € E, : ||u|]| = 1}, then for
any u € E,, there exist w; € R (j =1,---,n), such that
u(t) =Y wje;(t), te0,T], (3.10)
j=1

which means that

T i1
Jul == [ GDFule)DFuce) dt+z / 2t
n T .
=3 u2( - [ e )GDge dt+z/ )
=0 S;
=3l P
7=0
:iW? (3.11)

=0

On the other side, in view of (Hg), for any bounded open set II; C (s;,¢i41] (¢ =
0,1,---,m), there exists K3 > 0 such that

Fi,(t,u) > Ko(8)[ul® > Kslul®, (t,u) € II; x R. (3.12)
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For the above II; (¢ = 0,1,---,m), (H%) indicates that there exist K4 > 0 and
K5 > 0, such that

Fiy (t,u) > Kylul® = K5, (t,u) € I x R. (3.13)

Consequently, from (3.11)-(3.13), for any u € S,

Yu(t; )

() 7H19u||2+,u2/ s+ 2 Hu(0)) + LH(u(D))
- )\Z / Rt Su(t)dt
,\|19u||2 + ”Z/ s)ds + bH(ﬁu(O)) + gH(ﬁu(T))

—)\Z / ()t

< - wf’mzf Zw]ej dt—W“Kgi/
Jj=1

L, ATHrllgn
+fIIUIl2+uZ ——|lu

LN

a c

=— Aﬂ9K4Z/

LiATit1ygmitl b d. Q
M; A9 LAY ATYT
+,uz 7 +1 + )+(a ) +(a C)T

E wje;(t

Jj=1

II; II;

b d
M) + (4 + LA ]
ATY ||u||T + AKST

E wje;(t

Jj=1

dtJrli

E wje;(t

J=1

dt — Aﬁ”ng/

1=0 1

II;

+)\K5 .

Besides, it’s easy to prove that Y2 [ | Y27, wje;(t)°dt > 0. Pay attention to
0>21<7<2,1<k<2and1<7,4+1<2(i=1,---,m), so there exist ( >0
and w > 0 such that

J(wu) < =¢, u€ Sy. (3.14)

Let 77 = {wu :u € Sy}, © = {(wi,-++ ,wn) €R™ : 370 \w; < @w?}. Then, by
(3.14), we can get

J(’LL) < 7(3 u € Sq?a
which together with the fact that even functional J € C*(X,R), yields that S% C
J=¢ex.

In addition, from (3.10) and (3.11), there exists an odd homeomorphism mapping
U € C1(90,87). By some properties of the genus, we obtain

Y(IT) = 4(S7) =n, (3.15)
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so J°¢ € %, that is, ¥, # 0. Let 2, = infyes, sup,cy J(u), then, from (3.15)
and the fact that J is bounded from below on X, we have —oco < z, < —( < 0,
that is, for any n € N, z, is a negative real number. So then by Lemma 2.7 and
Remark 2.1, J has infinitely many nontrivial critical points, in other words, BVP
(1.1) admits infinitely many negative energy solutions. O

4. Examples

Example 4.1. Letﬁ:%,T:l,m:l,)\:%,a:3,b:c:1,d:2and

1= A= B =2. Consider the following fractional boundary value problem

1

—51( LoDy F /(1) + 4 tDlz(U’(t))> +g(tu(t) = Lfi(t,u()), €€ (sistigal,
1=20,1,

3(; 0Dy * (u'(0)) + 4 tDﬁ(u'(o») ~ h(u(0) =2,

(400 @) + 303w + 2nuin)) =2

A 00w (w) + § D7 0)) = 21 (uten)

OD;fw'(t)) + Dy %<1u'<t>> = oD, %<u'1<t1+>> + Dy %<u’1<t1+>>, tE (tr, 5],
0D, (W' (s7)) + oDy F(u/(s7)) = oDy F (! (s7)) + +Dy F(u(s1)),

(4.1)

where 0 = sg < t] = % <81 = % <ty =1. Let g(t) = In(1 + ¢?), then, for ¢ € [0,1],
we can get g1 =0 < g(t) < go = In2. Let h(u) = % sinu, then, for @ = L =1 and
T= %, (H1) holds. Choose I (u) = sinwu, there exist L1 = M; =2 and 7y = %, such
that (Hsy) holds. f;(t,u) = fi1(t,u) + fia(t,u), where fi1(t,u) = (1 + sint)u® and
fia(t,u) = (24cost)u?, then, Fiy (t,u) = +(1+sint)u’ and Fip(t,u) = 2(2+cos tus.
According to the calculation, when ng = 2, R = 3 and 0 = 4, (H4) and (H}) hold.
What’s more, setting x = 3, K1(t) = 3t + 5 and K»(t) = +(1 +t) can make (H})
and (Hg) true. Of course, h(u), I1(u) and f;(t,u) are all odd functions related to w.
Therefore, all conditions of Theorem 3.2 are satisfied, that is, the BVP (4.1) admits

infinitely many nontrivial weak solutions.

5. Conclusion

In this work, we study a class of fractional advection-dispersion equation with in-
stantaneous and non-instantaneous impulses and nonlinear Sturm-Liouville bound-
ary conditions. In order to carry out the study, we defined firstly a suitable fractional
derivative space and the weak solution for BVP (1.1) in this space. And then we
establish the variational structure of BVP (1.1). Then we use the Mountain Pass
Lemma and genus properties to consider the existence and multiplicity of critical
points of energy functional in this space. It is worth mentioning that the problem
considered in this article are rarely addressed, and the Sturm-Liouville boundary
conditions are more general, including traditional Sturm-Liouville condition cases.
Last but not least, the assumptions set in this article are weaker.
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