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MONOTONE ITERATIVE TECHNIQUE FOR
IMPULSIVE EVOLUTION EQUATIONS WITH
INFINITE DELAY™

Xuping Zhang?T Pan Sun! and Donal O’Regan®

Abstract In this paper, we use a monotone iterative technique in the pres-
ence of lower and upper solutions to discuss the existence of solutions for the
initial value problem of impulsive evolution equations with infinite delay in an
ordered Banach space X. Finally, we give an example to illustrate our main
results.
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1. Introduction

Impulsive differential equations arising from real world problems are used to describe
the dynamics of processes in which sudden, discontinuous jumps occur and such
processes occur in biology, physics, engineering, etc. Due to their significance, they
have attracted much attention in the last decade, we refer the reader to [2,11,14,21,
29] and the references therein for more details. However, many papers on impulsive
differential equations do not consider the influence of delay, see [6,8,9,17,28] and
the references therein. A large number of theoretical and practical studies show
that the simultaneous introduction of impulsive and delay into a system can better
describe the interaction and influence of many factors inside the system, and better
depict the real world, see [22,25,33]. Of course, such systems are more complex
and generally more difficult to study theoretically. When the length of the delay is
close to infinity, the delay evolution equation transfers to the infinite delay evolution
equation. In [13], the author studied the existence and regularity of mild solutions
for a class of abstract neutral functional differential equations with infinite delay by
using fraction power theory and fixed point theorem. In 2022, by using the theory of

TThe corresponding author.

1Department of Mathematics, Northwest Normal University, Lanzhou 730070,
China(Corresponding address)

2Gansu Provincial Research Center for Basic Disciplines of Mathematics and
Statistics, Lanzhou 730070, China

3School of Mathematical and Statistical Sciences, University of Galway, Ireland

*The authors were supported by National Natural Science Foundation of China
(No. 12301303), Young Doctor Fund Project of Gansu Provincial Department
of Education (No. 2023QB-111), Funds for Innovative Fundamental Research
Group Project of Gansu Province (No. 23JRRA684) and Project of NWNU-
LKZD2023-03.
Email: lanyu9986@126.com(X. Zhang), psun0831@163.com(P. Sun),
donal.oregan@nuigalway.ie(D. O’Regan)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20230357

1718 X. Zhang, P. Sun & D. O’Regan

resolvent operators for linear neutral integro-differential evolution systems, Huang
and Fu [20] investigated optimal control and time optimal control for a neutral
integro-differential evolution system with infinite delay. The theoretical methods
of infinite delay and finite delay are very different. The idea of studying finite
delay in the space with the supremum norm is no longer applicable to infinite delay.
Therefore, we introduce to the study of impulsive differential equations with infinite
delay an abstract admissible phase space which was initiated by Hale and Kato [18].
For the general theory and applications of such equations with infinite delay we refer
the interested reader to the papers [1,4,5,12,15,26,31,32,35,36] and the references
therein.

Inspired by the above mentioned aspects, in this paper we will use the monotone
iterative technique to consider the existence of mild solutions for impulsive evolution
equations with infinite delay:

u'(t) + Au(t) = f(t,u(t),u), t€I=][0,b], t#tg,
Au‘t:tk = Ji(u(ty)), k=1,2,--- m, (1.1)

UOZSOEBa

where A : D(A) C X — X is a closed linear operator and —A generates a Cy-
semigroup T(¢)(t > 0) on X, b > 0 is a constant, f : [0,0] x X x B — X is a
Carathéodory continuous function, 0 < ¢ < to < -+ < t,,, < b, Jp € C(X,X),
k=1,2,---,m. u : (—00,0] = X, us(7) = u(t + 7) belongs to an abstract phase
space B, Auli—y, = u(t]) — u(ty), uw(t{) and u(t; ) represent the right and left
limits of u(t) at t = t, respectively.

The monotone iterative technique in the presence of upper and lower solutions
for nonlinear differential equations has received a lot of attention. Li and Liu [24],
Guo and Liu [17] investigated the existence of extremal solutions for the initial
value problem of the integro-differential equation when the nonlinear term satisfies
a monotonicity condition and a noncompactness measure condition. The iterative
method has been extended to evolution equations; see Chen and Li [8,9], Li and
Gou [23] for evolution equations with impulsive, and Zhang, Chen and Li [34] for
retarded evolution equations with nonlocal and impulsive conditions in Banach
spaces. We should mention that Chaudhary and Dwijendar [7] investigated neutral
fractional differential equations with infinite delay without impulsive effects by using
the monotone iterative method. However we have not seen any relevant papers
that study infinite delay evolution equations with impulsive condition applying the
monotone iterative method. In this paper the nonlinear term f satisfies a monotone
condition and a noncompactness measure condition and we use a monotone iterative
method to discuss the existence of solutions for the impulsive evolution equations
with infinite delay (1.1).

This paper is organized as follows. In section 2, we define the admissible phase
space B and recall some basic definitions and lemmas. In section 3, we investigate
the existence of extremal solutions for the initial value problem of impulsive evolu-
tion equation with infinite delay (1.1) with a compact semigroup. In section 4, we
investigate the existence and uniqueness of solutions for the initial value problem of
impulsive evolution equation with infinite delay (1.1) with a noncompact semigroup.
Lastly, in section 5, we present an example to illustrate the main theorem.
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2. Preliminaries

In this paper, we assume that X is an ordered Banach space with norm || - || and
partial order “ <7, whose positive cone P = {u € X | u > 0} (0 is the zero element
of X) is normal with normal constant N.

For impulsive differential equations with infinite delay, we will adopt an ax-
iomatic definition of the phase space introduced in [18].

Definition 2.1. The phase space B is a linear space of functions (—oo,0] into X
endowed with a norm || - ||g. We will assume that B satisfies the following axioms:

(A) for b >0, if u: (—o0,0 +b] — X is continuous on [0, 0 + b] and u, € B, then
for every t € [0, 0 + b] the following conditions hold:
(1) Uy € B,
(i) u@®ll < Hlu[s;
(i) [Juells < K (t — o) sup{[Ju(s)]| : 0 < s <t} + P(t — 0)|uc|s,
where H > 0 is a constant, K, P : [0,+00) — [0,+00), K(-) is continuous,
P(-) is locally bounded and K(-), P(:) are independent of u(-).

(A7) For the function u(-) in (A), the function ¢ — u; is continuous from [o, o + b]
into B.

(B) The space B is complete.
Consider the space

By ={u: (—00,b] = X | u is continuous at t # ty,

u(ty) = u(ty), u(t]) exists, k=1,2,...,m,and ug = ¢}
endowed with the semi-norm

[ulls, = lluolls + sup [[u(#)].
tel

Now, By is also an ordered Banach space with the partial order “ < ” induced by
the positive cone Kp, = {u € By | u(t) > 6, t € (—o0,b]}. Kp, is also normal with
the same normal constant N. For v, w € B, with v < w, we use [v,w] to denote
the order interval

{ueBy | v<u<w}
in By, and [v(t), w(t)] to denote the order interval
{ze X |v(t) <z <w(), t e (—oo,bl}

in X.

Let Io = [O,tl], Ik = (tkatk-‘rlL I],C = [tk,tk_;,_ﬂ, k= 1,2,--- ,m, tm+1 = b, I =
(=00, b]\{t1,t2, - ,tm}, I" = (—00,b\{0,t1,%2, -+ ,tm}. An abstract function
u€ B,NCYI", X)NC(I', X1) (X; is the Banach space endowed with the norm
Il = ||| +]|A-]|) is called the solution of the initial value problem of the impulsive
evolution equation with infinite delay (1.1), if u(¢) satisfies(1.1).
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Definition 2.2. If the abstract function u € B, N C1(I”, X) N C(I’, X1) satisfies

U/(t) + Au(t) < f(t7u(t)ﬂut)7 tel= [O7b]7 t 7é tkn
Au\t:tk S Jk(u(tk)), k‘ = 1,2, e, M, (21)
ug < p € B,

we call it a lower solution of the initial value problem of the impulsive evolution
equation with infinite delay (1.1); if all the inequalities in (2.1) are reversed, we call
it an upper solution of the initial value problem of the impulsive evolution equation
with infinite delay (1.1).

Definition 2.3. A function u : (—oo,b] — X is said to be a mild solution of the
initial value problem of the impulsive evolution equation with infinite delay (1.1) if
up = ¢ € B and

u(t) = T(t)p(0) + /0 T(t—s)f(s,u(s),us)ds + Z T(t —tr)Jp(u(ty)), tel.

O<trp<t

Definition 2.4. If a function f : [0,b] x X x B — X satisfies

(i) for all (u,v) € X x B — X, f(-,u,v) : [0,b] = X is measurable;

(ii) for a.e. t € [0,b], f(¢,-,-) : X x B — X is continuous, then we say f is a
Carathéodory continuous function.

In this paper, let A : D(A) C X — X be a closed linear operator and —A
generates a positive Cpy-semigroup T'(¢)(¢ > 0) on X. Therefore, there exist constants
M and ¢ € R such that

IT(t)]| < Mqie®, t>0. (2:3)

From (2.3) we see that
M= sup [T(1)]cx) 2 1 (2:4)
€

is a finite number, where £(X) is the Banach space of all bounded linear operators
from X to X.

Therefore, we see that for any contant C > 0, —(A + C1T) generates a positive
Co-semigroup S(t) = e~ “*T'(t)(t > 0) on X and

sup [|S(t) || cx) = sup [le" T ()| o(x) = M > 1. (2.5)
tel tel

Hence, S(t)(t > 0) is a positive Cy-semigroup in X if T'(¢)(¢t > 0) is a positive
Co-semigroup in X; S(¢)(t > 0) is a compact Cyp-semigroup in X if T'(¢)(t > 0) is a
compact Cp-semigroup in X; S(¢)(t > 0) is a equicontinuous Cy-semigroup in X if
T(t)(t > 0) is a equicontinuous Cy-semigroup in X; for more details concerning the
properties of the operator and the Cy-semigroup, we refer the reader to Pazy [26]
and Vrabie [29].

Next, we present the definitions and properties copncerning the Kuratowski
measure of non-compactness. In the paper, we use a(-) and ap(-) to denote the Ku-
ratowski measure of non-compactness on the bounded set of X and B, respectively.
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Definition 2.5 ( [10]). The Kuratowski measure of noncompactness «(-) defined
on a bounded set S of the Banach space X is

a(S) =inf{é >0:5 =U~,S; with diam(S;) <6 fori=1,2,--- ,m}. (2.6)

Lemma 2.1 ( [19]). Let B = {u,} C By be a bounded and countable set. Then
a(B(t)) is Lebesgue integrable on I, and

a({/jun(t)dt}) < 2/Ia(B(t))dt.

Lemma 2.2 ([3]). Let A > 0. If g(t) and 5(t) are nonnegative continuous functions
satisfying

t
gty = A+ / Bs)g(s)ds, tel,
0
then ,
g(t) < AeJo BB e

Lemma 2.3 ( [16]). Let P be a normal cone of the ordered Banach space X and
v, wo € X with vg < wg. Suppose that F : [vg, wg] = X is a nondecreasing strict
set-contraction such that vg < Fuvg and Fwg < wg. Then F has a minimal fixed
point u and a mazimal point T in [vy, wp]; Moreover

Up — U, Wy —U as M — 00,
where vy, = Fu,_1 and w, = Fw,—1 (n=1,2,---) satisfy

V<< <Ly, < <u<ul - Swy, <0 < wp < wp.

3. T(t)(t > 0) is a compact Cj-semigroup

In this section, we study the existence of extremal solutions for the initial value
problem of the impulsive evolution equation with infinite delay (1.1) with a compact
Cp-semigroup condition.

Theorem 3.1. Let X be an ordered Banach space, whose positive cone P is nor-
mal with a normal constant N, A : D(A) C X — X be a closed linear operator
and —A generates a compact positive Cy-semigroup T(t)(t > 0) on X. Assume
that the nonlinear function f : I x X x B — X is Carathéodory continuous, and
Jp € C(X,X), k=1,2,--- ,m. Suppose the initial value problem of the impulsive
evolution equation with infinite delay (1.1) has a lower solution vy and an upper
solution wy with vg < wo and assume the following conditions is satisfied:

(H1) There exists a positive constant C' such that
f(tuz,v2) = f(t,ur,v1) = —Cluz2 — 1),

for any t € Iuy,us € X and vi,ve € B with vo(t) < up < ugs < wp(t) and
(vo)e < v1 < vy < (wo)e;

(H2) For any uy,us € X with vy(t) < uy < ug < wo(t), t € I, we have

Jk(ul) < Jk(UQ), k=1,2,---,m.
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Then the initial value problem of the impulsive evolution equation with infinite delay
(1.1) has a minimal mild solution and a mazimal mild solution between vy and wy,
which can be obtained by a monotone iterative procedure starting from vy and wy,
respectively.

Proof. The initial value problem of the impulsive evolution equation with infinite
delay (1.1) is equivalent to the following impulsive evolution equation with infinite
delay

W' (t) + Au(t) + Cu(t) = f(t, u(t),u) + Cult), tel, t#tg,
Au't:tk = Jk(u(tk))v k= 1727 e, M, (31)
Uy = ¢ € B7

where C' is the same constant as in (H1).We consider the operator F : B, — By
defined by

S(t)e(0) + /0 S(t— 8)[f(s,u(s),us) + Cu(s)]ds

(Fu)t) =9 + Y S(t—te)Ji(u(tr)), tel, (3.2)
Qp(t)v te (*O0,0],

where S(t) = e~ C*T(t)(t > 0) is the positive Cy-semigroup generated by —(A+CT).
By Definition 2.3, we see that the mild solution of the initial value problem of the
impulsive evolution equation with infinite delay (1.1) is equivalent to the fixed point
of the operator F' defined by (3.2). For any ¢ € B, let

(3.3)

then 1 € By. Further, for any ¢t € (—o0, b], let u(t) = 2(t) +(t). Now, u(-) satisfies
(3.1) if and only if z satisfies zp = 0, and

2(t) :/0 S(t = 5)[f(s,2(s) + (), 2s + ¥bs) + C(2(s) + ¥(s))]ds

+ > S(t—te)Je(z(te) + (), teL (3.4)

0<ty <t

Consider the space B = {z : (—00,b] = X | z € B, and 7y = 0} endowed with
the norm ||z||p, = ||20]|5+sup ||z(t)|| = sup ||z(¢)||. Note (B}, ||-||») is a Banach space.
tel tel

We define the mapping F : [0, wo| — B} by

/O S(t = s)[f(s,2(s) +1(s), 25 + 9¥s) + C(2(s) +9(s))]ds
(FO) =9 + D S(t—tu)Je(z(te) + (), teL, (3.5)

0<tr<t
0, te€(—o0,0],
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where 79, wo € By, N CY(I",X) N C(I',X1) with vo(t) = vo(t) + (t), wo(t) =
wo(t) + (t),t € I. The operator F' has a fixed point if the operator F has a fixed
point.

First, we prove that the operator F : [0y, Wo] — B}, defined by (3.5) is continuous.

For this purpose, let {z,}52; be a sequence such that lim z, = z in [vg, Wp]. Then
n—oo

lim (2,): = 2, t € 1. If t € I, by the Carathéodory continuity of the nonlinear
n—r oo
function f, and the continuity of the impulsive function Jy for £k =1,2,--- ,m, we
have

T (e (t0) + 0(00) = (o) + 9| =0, k=12, ,m,  (36)
and
T |7, 2 (8) + (5), (za)s ) — F(5. 2() +26(s) 2+ 00)
+ Clen(s) + () = C(als) + () =0, s € [0.1). (3.7)
From condition (H1), we see that for any z € [, @] and s € [0, 1], € I, we have

f(s,00(s) + (), (V0)s + ¥s) + C(o(s) + 9(s))
<5, 2(s) +1(s), 25 + ¥s) + C(z(s) + ¥(s))
<[f(s,wo(s) +1(s), (Wo)s + ¥s) + Clwo(s) + ¥(s)).

The above inequality combined with the normality of the positive cone P, guarantees
that there exists a constant R; > 0, such that

1f(s,2(5) +9(s), 2s +1bs) + C(2(s) + ()| < RBr, s€0,t], tel (3.8

Combining with (2.5), (3.4)-(3.8) and Lebesgue’s dominated convergence theorem,
for any t € I, we have

[(Fzn) () = (F2)(0)]] SM/O I1f (85 2n(s) +9(s), (zn)s + ©s) + C2n(s) +9(s))]

= [f(5,2(8) +¥(5), 25 + ¥s) + C(2(s) + 9¥(s))]llds
+M D [ k(za(te) + () = Jr(2(tr) + ()|

0<ty <t

—0 (n — 00). (3.9)
Hence, by (3.9) we have
|(F2)(t) — (F Ol = sup{|(Fz)(t) = (FADN t€TF 50 (n— o),

which means that F is a continuous operator.

Next, we prove that the operator F maps [0, W] to [0y, Wp] and is monotonic
increasing. Let 21,22 € [Ug,Wo] and 21 < za, then 21(t) < 29(¢) for t € (—o0, D]
and (z1)¢ < (#2); for t € I. By assumptions (H1), (H2) and the properties of the
Cy-semigroup, we see that

Fz < Fzo, (3.10)
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which means that F is an increasing operator in [vg,wp]. Next, we show that
50 S ﬁo,f@o S 7:(30. Let

h(t) = vh(t) + Avg(t) + Cuo(t), t €I, t £ tg, k=1,2,--- ,m.
By the definition of the lower solution, we see that
h(t) < f(t,vo(t), (vo):) + Cuo(t), tel.
Therefore, by Definitions 2.2 and 2.3 and (3.4), we have
vo(t) + (1)
=vo(t)

=S(t)(0) +/0t5(t s)h(s)ds + Z S(t — t)[vo(te™) — vo(tr )]

0<tp<t

<5(t)p(0) + / S(t — )£ (s,v0(3), (00)s) + Cols)]ds

+ Z S(t — tk)Jk(UO(tk))

0<tp<t
<t(t) + /O S(t = 5)[f(s,00(s) +1(s), (Vo)s + 1) + C(vo(s) + ¢(s))]ds

+ Y S(t—te)Je(@o(ts) + ¥(t),  teL

0<tp<t

By the above inequality, we have

vo(t) S/O S(t = s)[f(s,00(s) + ¥(s), (To)s + ¥s) + C(To(s) +1)(s))]ds
+ Y St — ) Je(To(t) + ¥ (te))

O<trp<t

=(Foo)(t), tel, (3.11)

namely, vg < Fvp. Similarly, it can be shown that Fwy < wg. Therefore, F :
[0o, Wo] — [Vo, Wo] is a continuously increasing operator.

Now, we define two sequences {v,, } and {w, } in [0y, W] by the following iterative
scheme:

5n :]:Enfh 7Ijn :]:ﬁ}nfh n= 172a"' . (312)
Then from the monotonicity of F, it follows that
Vo <0 <V < S0 < Swy <o S we < wp < W (3.13)

In the following, we show that the sequence {v, } and {w,} converge on I.
For convenience, let B = {v,, | n € N} and By = {¥U,—1 | n € N}, then B =
F(By). For any t € I and v,,—1 € By, let

(Fron—1)(t) =/0 S(t = 5)[f (5, 0n-1(5) +9(s), (Un-1)s + ¢s)
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+ C(Bp_1(s) + ¥(s))]ds, (3.14)
(Fatn-1)(t) = Y St — tx) Jn(Bn1(tr) + 9 (tx)). (3.15)
0<trp<t

For any v,,—1 € By, s € [0,1], and t € (0, ], by assumption (H1), we have

f(s,00(s) +9(s), (V0)s + ¥s) + C(0o(s) + 1(s))
<f(s,0n-1(5) +9(5); (On-1)s + ¥s) + C((On-1(s) + P(s))
<f(s,wo(s) +9(s), (wo)s +¢s) + C(wo(s) + ¥(s)).

Combining with the above inequality and the normality of the positive cone P, we
see that there exists a constant Ry > 0, such that for any v,,_1 € By and s € [0, ¢],
€ (0,b], we have

1f (s, Un—1(5) +9(s), (Un-1)s + ¢s) + C(Un-1(s) + ¥ (s))[| < Re. (3.16)
Hence, for ¢ € (0, b], take e sufficiently small such that ¢t — e € (0,b]. Let

t—e

(flegnfl)(t) = S(t - S)[f(svﬁnfl(s) + ¢(8)a (:Jnfl)s + 1/)s)

0

+ C(0n-1(s) + ¢(s))]ds
=5(e) ; St —s—e)f(s,0n-1(s) +9(s), (Un-1)s + ¥s)
+ C(Un-1(s) +9(s))]ds. (3.17)

Since for any t > 0, S(t) is a compact operator in X, {(Fiv,—1)(t) | Un—1 € Bo} is
precompact in X. From (3.14), (3.16) and (3.17), we get
¢
[(Fron-1)(t) = (Fion-1)(®)]| :/ 15(t = 8)[f (s, Un-1(s) + ¥(s), (Vn-1)s + ¢s)
t—e

+ C(On-1(s) +¥(s))]llds
<MRse. (3.18)

Therefore
[(F10n—1)(#) — (Fi0n—1)(#) [0 < M Rae. (3.19)

This means that there exists a precompact set {(Fivn—1)(t) | Un—1 € Bo} sufficiently
close to the set {(F1Un—1)(t) | Un—1 € By} for every t € (0,b]. Therefore, for
t € (0,b], the set {(F1Up—1)(t) | Un—1 € Bo} is precompact in X.

On the other hand, for any v,,_1 € By and k = 1,2,--- ,m, by assumption (H2),
we have

Ji(o(tr) + 9 (tr)) < Jk(Un-1(tr) + ¢ () < Jr(Wo(tr) + ().

By the above inequality and the normality of the positive cone P, we see that there
exists a constant Rz > 0, such that for any v,,_1 € By and k =1,2,--- ,m,

Tk (On—1(tk) + ¥ (te))|| < Rs. (3.20)
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Since for any ¢ > 0, S(t) is a compact operator in X, {(FoUp—1)(t) | Up_1 €
By} is precompact in X by (3.16) and (3.20). Therefore, for any ¢ € (—o0,bl,
{(Fp-1)(t) | Un—1 € Bp} is precompact in X, which means that {7, (¢)} has a
convergent subsequence. Combining with the monotonicity (3.13), we see that
{v,(t)} is convergent for every ¢ € (—o0,b], that is

lim v, (t) = 2(t), t€ (—o0,bl.

n—oo

Similarly, we can prove that

ILm Wy (t) =Z(t), te (—o0,b].
Note, {v,(t)} C Bj. Therefore, for any ¢ € I, by the definition of the operator
F, we have

Un(t) =(Fon-1)(t)
=/O S(t = 8)[f(s,0n-1(5) +¥(s), (Un-1)s + ) + C(Un-1(s) + ¢(s))]ds
+ > St =) Je (@ () + ¥(t)- (3.21)

0<trp<t

Letting n — oo in the above inequality (3.21), then by the Lebesgue dominated
convergence theorem, for ¢ € I, we have

2(t) =(F2)(t)
:/O S(t—s)[f(s,2(s) +9(s), (2)s + 1) + C(2(s) +1(s))]ds
+ > St — tr)Je(2(te) + () (3.22)

O0<trp<t

Therefore, z € Bj and z = Fz. Similarly, we can prove that z € B; and z = Fz.
Combining the above conclusion with the monotonicity condition (3.13), we see that
g < 2z <Z < wp.

Finally, we prove that z and Z are the minimal and maximal fixed points of
F in [vg,wo], respectively. In fact, for any z € [vg,Wp], we have Fz = z and
9 < z < wy. Combining this fact with the monotonicity of the operator F, we see
U1 = Fug < Fz =z < Fwg = wy. Continuing such a progress, we get v,, < z < w,.
Letting n — oo, we get z < z < Z. This means that z and Z are the minimal and
the maximal fixed points of the operator F, respectively. Therefore, the operator F'
has a minimum fixed point u and a maximum fixed point @ between vy and wy, that
is, v and u are the minimum and maximum solution of the initial value problem of
the impulsive evolution equation with infinite delay (1.1) on (—oo, b]. O

4. T(t)(t > 0) is a non-compact Cy-semigroup

In this section, we study the existence and uniqueness of solutions for the initial
value problem of the impulsive evolution equation with infinite delay (1.1) with the
noncompact Cy-semigroup condition using the properties of the non-compactness
measure and the monotone iterative technique.
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Theorem 4.1. Let X be an ordered Banach space, whose positive cone P is normal
with a normal constant N, A: D(A) C X — X be a closed linear operator and —A
generates the positive Cy-semigroup T(t)(t > 0) on X. Assume that the nonlinear
function f : I x X x B — X is Carathéodory continuous, and J, € C(X,X),
k=1,2,--- ,m. Suppose the initial value problem of the impulsive evolution equation
with infinite delay (1.1)) has a lower solution vy and an upper solution wgy with
vo < wo, and conditions (H1)-(H2) and the following condition are satisfied:

(H3) For any bounded set Vi C X, Vo C B, there exist a continuous function
w: I — RY such that

a(f(t, V1, V2)) < p()[a(V1) + as(V2)], tel.

Then the initial value problem of the impulsive evolution equation with infinite delay
(1.1) has a minimal mild solution and a mazimal mild solution between vy and wy,
which can be obtained by a monotone iterative procedure starting from vy and wy,
respectively.

Proof. According to Theorem 3.1, if the assumptions (H1) and (H2) hold, then
the operator F defined by (3.4) is continuous and monotonically increasing. The
sequence defined by (3.12) satisfies (3.13). In the following, we show that {¥,,} and
{w,} are uniformly convergent on I.

For convenience, let B = {v,, | n € N} and By = {v,—1 | n € N}, then B =
F(By). From B = By U {0} it follows that a(B(t)) = a(By(t)) for any t € I.

For t € Iy = [0,t1], from (3.3),using Lemma 2.1 and assumption (H3), we have

a(B(t))
=a(F(Bo)(t))

=a({/0 St = s)[f(s,0n-1(5) +9P(5), (Vn-1)s + ¥s)+C(Un-1(s) + ¢(s))]ds})

<2M | a({f(s,Un-1(s) +9(s), (On-1)s + ¢s) + C(Un-1(s) + ¥(s5))})ds

0

<oM / {1()[0(Bo(5)) + as((Bo)s)] + Ca(Bo(s)) }ds
<o / {u()[a(B(s)) + as(B)] + Cal(B(s))}ds

SZM/O {(s)[a(B(s)) + K sup «a(B(7))] + Ca(B(s))}ds

0<7<s

§2M/0 (C+ p(s)a(B(s)) + Ku(s) sup a(B(1))ds, (4.1)

0<7r<s
where K = max K (t). Let p1(t) = sup a(B(s)), t € Iy, then
tel 0<s<t

p1(t) <2M /Ot[C + (K + Du(s)|p1(s)ds, te .

By Lemma 2.2, we obtain that pi(t) = 0 on Iy. In particular, a(By(t1)) =
a(B(t1)) = 0, and this means that B(t;) and By(t;) are precompact in X. Thus
J1(Bo(t1)) is precompact in X, and a(J1(Bo(t1))) = 0.
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For t € I = (t1,12], from the defininition F and the above discussion of ¢ € Iy,
we have

a(B(t)) = a(F(Bo)(1))

Sa({/o S(t = 8)[f(s,0n-1(5) + 9(5); (On-1)s + 1s) + C(On-1(s) + P(s))lds})

+ a(J1 (On—1(t1) + ¥(t1)))

t

<2M | a({f(s,Un-1(s) +9(s), (On-1)s + ¢s) + C(Un-1(s) +¥(s))})ds

+ a(J1(Vn-1(t1) + ¥ (t1)))

<M / (1(5)[(Bo(s)) + as((Bo)s)] + Ca(Bo(s))}ds
<oM / {u()[a(B(s)) + os(B.)] + CalB(s))}ds

§2M/t {u(s)la(B(s)) + K sup a(B(7))]+ Ca(B(s))}ds

0<7<s

§2M/t (C+ p(s)a(B(s)) + Ku(s) sup «(B(7))ds, (4.2)

t1<7<s

where K = max K (t). Let p2(t) = sup «(B(s)), t € I, then
tel t1<s<t

pa(t) < 2M t[C—l— (K + Du(s)pa(s)ds, te 1.

t1

Again by Lemma 2.2, we obtain that pa(t) = 0 on I;. Therefore, a(By(t2)) =
Oé(B(tg)) =0 and Oé(JQ(BO(tQ))) =0.

Continuing such a process interval by interval up to I,,,, we prove that a(B(t)) =
a(By(t)) =0 on every I, k=0,1,2,--- ,m.

For any I}, if we modify the value of v, at t = t;, via U, (tx—1) = Uy, (tz_l), n € N,
then {v,} C C(I},,X) and it is equicontinuous. Since a({v,(t)}) = 0, {v,(t)} is
precompact in X for every ¢t € I;. By the Arzela-Ascoli theorem, {v,, } is precompact
in C(I},X). Hence, {v,} has a convergent subsequence in C(I},,X). Combining
this with the monotonicity (3.13), we can easily prove {v,} itself is convergent
in C(I},X). In particular, {v,(¢)} is uniformly convergent in I;. Consequently,
{0, (t)} is uniformly convergent over the whole of I. Hence, {v,(t)} is convergent
in Bj, that is

lim 0,(t) = z(t), te€ (—o0,b].

n—oo

Similarly, we can prove that

lim @, (t) =Z(t), t€ (—o0,b].
n—oo
Using a proof method similar to that in Theorem 3.1, we can prove that z and
z are the minimal and maximal fixed points of F, respectively. Therefore, the
operator F' also has a minimal fixed point v and a maximal fixed point u, that
is, v and @ are the minimum mild solution and the maximum mild solution of the
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initial value problem of the impulsive evolution equation with infinite delay (1.1)
on (—oo, b], respectively. O
Suppose we replace the assumption (H3) by the following assumption:

(H4) there exist continuous functions p1, pue € I — RT, such that for any u,v €
[vo, wo] and t € I, ug, vy € B, we have

f(u(t),ue) = f(t0(t),ve) < pa(8)(u(t) — v(t)) + p2(t)(ue —ve), Vi€l
Then we have the following unique result.

Theorem 4.2. Let X be an ordered Banach space, whose positive cone P is normal
with a normal constant N, A: D(A) C X — X be a closed linear operator and —A
generates a positive Co-semigroup T'(t)(t > 0) on X. Assume that the nonlinear
function f : I x X x B — X is Carathéodory continuous, and J, € C(X,X),
k=1,2,---,m. Suppose the initial value problem of the impulsive evolution equation
with infinite delay (1.1) has a lower solution vy and an upper solution wy with
vo < wyg, and assume conditions (H1), (H2) and (H4) hold. Then the initial value
problem of the impulsive evolution equation with infinite delay (1.1) has a unique
solution between vg and wq, which can be obtained by a monotone iterative procedure
starting from vy and wy, Tespectively.

Proof. First, we prove that (H1) and (H4) imply (H3). For ¢t € I, let {u,} C
[vo(t), wo(t)] be an increasing sequence. For any m,n € N and m > n, from condi-
tions (H1) and (H4), we have

0 Sf(tv um(t)v (um)t) - f(ta Un, (un)t) + C(um(t) - un(t))
<(pa(t) + C) (um (t) — un(t) + p2(t) ((um)e — (un)t),

by the above inequality and normality of the positive cone P, we have

[Lf(t um (t), (um)e) — f(t, un(t), (un)d)ll

SN(C + pa () [[um () — un (@) + Np2 (@)l (um)e — (un)ells + Cllum(t) — un(@)|]

<[N(C + pa (1) + COlffum (t) — un ()] + Np2(O) [ (wm)e — (wn)ill5-
From the above inequality and the definition of the measure of non-compactness,
we see that there exist a bounded set V3 C X, Vo C B such that for any t € I, we
have

a({f(t,V1,V2)}) <(Npa(t) + NC + C)a(V1) + Npa(t)as(V2)
S(Nmaxp(t) + NC + C)a(Vi) + N max py(t)an(V2)

<H(a(V1) + ap(V2)), (4.3)

where H = max{N max w(t) + NC + C, Nr?alx p2(t)}. If {u,} is a decreasing
€ €

sequence, the above inequality is also valid. Hence (H3) holds.

Therefore, by Theorem 3.1, the initial value problem of the impulsive evolution
equation with infinite delay (1.1) has the minimal solution u and the maximal
solution @ in [vg, wy]. Going from Iy and I, interval by interval we show that @ = u
in every Ij.
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Clearly, for t € (—o0,0], @ = u. For t € Iy, by (3.2), (3.12) and assumption (H4),
we get

0 <u(t) — u(t)
=(Fu)(t) — (Fu)(t)

< / S(t — ) [f(s,(s), (@)s) + C(s) — f(s,u(s), (w),) — Cu(s)]ds
< / S(t — 5) [ (5)(@(5) — u(s)) + pa(3) (@) — (w)y) + C(a(s) — u(s))]ds

< / S(t — 5)[((3) + C)((s) — u(s)) + Kpa(s) sup (a(r) — u(r))]ds. (4.4)

0<7<s

By (4.4) and the normality of the cone P, we have

[[a(t) — u(®)]] SNM/O (11 (s) + O)[u(s) — uls)l| + Kpa(s) sup [[u(r) —u(r)||ds

0<7<s
SNM [ (19 + 0+ Kina(s) [(s) = ) . (4.5)
Therefore
) = u(®lls, < NI [ (uas) + € + Kna(s)) ) = (6 s .

From Lemma 2.2, we obtain that @(t) = w(t) in Io.
For t € I, since Jy(u(t1)) = Ji(u(t1)), use (3.2) and complete the same argu-
ment as above for t € I, we get

[a(t) — u()l|s, SNM/O (n1(s) + C + Kpa(s))[a(s) — u(s)|s,ds

SNM [ (pa(s) + C + Kpa(s))[a(s) — u(s)|5,ds.

t1

Again by Lemma 2.2, we obtain that u(t) = u(t) in I;.

Continuing such a process interval by interval up to I,,, we can prove that
u(t) = u(t) over the whole of (—oo, b]. Hence, & = @ = u is the unique mild solution
of the initial value problem of the impulsive evolution equation with infinite delay
(1.1) in [vg, wp], which can be obtained by the monotone iterative procedure (3.12)
starting from vy and wy. O

5. Application
In this section, the application of the abstract results obtained in this paper in

specific problems is illustrated by an example of the initial value problem of the
nonlinear heat equation with infinite delay and impulse.
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We consider the initial value problem of nonlinear heat equation with infinite
delay and impulse:

0 0? |w(z, t)]
8tw(gc,t)—L8x21lj(:10,1€)—L(lJr|wxt ) / G(s)w(z,t+ s)ds
x € [e,d], t €[0,b], t # tg,
lw(z, )]
1+ fw(z, )]’
UJ(l‘,S) = (b(ac,s), T € [C, d]7 s € (—O0,0],

w(z, tf) = w(z,t;;) + k=1,2,--- ,m, (5.1)

where ¢ > 0 is the thermal conductivity; b, L > 0 is constant; 0 < t; < o < --- <
tm < b, G € L((—00,b],RT), ¢ € C([e,d] x (—00,0],R).

Let X = L%([c,d],R), and its norm is || - ||z, P = {w € L? | w(z) > 0, = € [¢,d]},
then X is a Banach space, P is a normal cone in X, and the normal constant is
N = 1. Define the operator in X as follows

82
D(A) = H?*(c,d) N H} (¢,d), Aw = L5
x
then —A generates the positive Cyp-semigroup T'(¢)(¢t > 0).
Let

u(t) = w(-,t), te€(—o0,bl],

ﬂmmmmzL(wmt ) / Gs)w(w, b+ 5)ds, € 0,1,

1+ |w(z,t)|
lw(z,t)| _
Jr(u(ty)) = T+ w0 k=1,2,---,m,

(p(t) = ¢("t)7 le (—OO, O]

Then the initial value problem of the nonlinear heat equation with infinite delay
and impulse (5.1) is transformed into the initial value problem of the impulsive
evolution equation with infinite delay (1.1)) in the Banach space X.

By the properties and assumptions of the nonlinear term f and the impulsive
term Ji, k=1,2,--- ;m, we can easily verify that vy = 0 and wy = w(x,t) are the
lower and upper solutions of problem (5.1), respectively, and there exists a constant
C > 0 such that assumptions (H1) and (H3) hold.

For any ¢ € [0,b], u1,us € X satisfy 0 < uy < ug, we have that

0 <f(t,ua(t), (u2)) — f(t,ur(t), (ur):)
:L( ua(t) B uy(t) ) +/ G(s)((UQ)S _ (U1)s)ds

T+us(t)  14+wu(t) e
L 0
< (@ = @) + [ G () = )i

Combining with the above inequality and the normality of the positive cone P, we
get

£ (t, ua(t), (u2)e) — f(t,ui(t), (u1)e)ll2
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0
Sm”%(t) —up(t)|2 + /_OO G(3)||(u2)s — (u1)s||5ds
L 0
Sm”“z(t) —ui(t)|2 + /m G(s)ds| (uz); — (u1):]|5-

Therefore, for any bounded set Vi C X, V5 C B, we have

Ot(f(t,vl, VQ)) < Hl[a(Vl) + OZ(VQ)], t e [O,b],

where H; = max{trerl[gm?lf] #l(t),fi)oo G(t)dt}. Thus assumption (H3) is estab-

lished. Therefore, from Theorem 3.1, we see that the initial value problem (1.1)
has a minimum mild solution and a maximum mild solution, which can be obtained
by the monotone iteration method from vy and wq, respectively. That is to say,
the initial value problem of the heat equation with infinite delay and impulse (5.1)
has the minimum mild solution and the maximum mild solution between 0 and
w(x,t), which can be obtained by the monotone iteration method from vy and wy,
respectively.
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