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Abstract In this paper, we consider the well-posedness and stability of a
one-dimensional system of degenerate wave equations coupled via zero order
terms with one boundary fractional damping acting on one end only. We prove
optimal polynomial energy decay rate of order 1/t(3−τ). The method is based
on the frequency domain approach combined with multiplier technique.
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1. Introduction

In this paper, we investigate the existence and energy decay rate of a system of
coupled degenerate wave equations with only one fractional boundary damping.
This system defined on (0, 1)× (0,+∞) takes the following form

utt(x, t)− (a(x)ux)x(x, t) + αv = 0 in (0, 1)× (0,+∞),

vtt(x, t)− (a(x)vx)x(x, t) + αu = 0 in (0, 1)× (0,+∞),u(0, t) = 0 if 0 ≤ ma < 1

(aux)(0, t) = 0 if 1 ≤ ma < 2
in (0,+∞),v(0, t) = 0 if 0 ≤ ma < 1

(avx)(0, t) = 0 if 1 ≤ ma < 2
in (0,+∞),

v(1, t) = 0 for t ∈ (0,+∞),

βu(1, t) + (aux)(1, t) = −%∂τ,ωt u(1, t) in (0,+∞),

u(x, 0) = u0(x), ut(x, 0) = u1(x) for x ∈ (0, 1),

v(x, 0) = v0(x), vt(x, 0) = v1(x) for x ∈ (0, 1),

(1.1)
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where a ∈ C([0, 1]) ∩ C1(]0, 1]) is positive on ]0, 1] but vanishes at zero, α denote
the coupling parameter, which is assumed to be real and small enough, β ≥ 0 and
% > 0. The notation ∂τ,ωt stands for the generalized Caputo’s fractional derivative
of order τ, (0 < τ < 1), with respect to the time variable (see [11]). It is defined as
follows

∂τ,ωt g(t) =

 gt for τ = 1, ω ≥ 0,

1
Γ(1−τ)

∫ t
0
(t− s)−τe−ω(t−s) dg

ds (s)ds for 0 < τ < 1, ω ≥ 0.

The initial data (u0, u1, v0, v1) belong to a suitable function space.
Degenerate partial differential equations are encountered in the theory of bound-

ary layers, in the theory of shells, in the theory of diffusion processes, in particular
in the theory of Brownian motion, in climate science, in contact mechanics and in
many other problems in physics and mechanics. We find that the commun feature
of these problems is the lose of its typical characteristics, including ellipticity or
hyperbolicity, which can have a substantial impact on how solutions behave.

Degenerate equations are studied by posing two closely connected problems: 1)
a demonstration of the solvability of, say, boundary value problems taking into
account changes in their formulation which are a consequence of the degeneration
of type; and 2) a determination of properties of the solutions which are analogous
to those of non-degenerate equations (smoothness, Harnack inequalities for elliptic
and parabolic equations, etc.).

We review the related papers, regarding linear degenerate wave system, from
a qualitative and quantitative study. For a single degenerate wave equation, we
beginning with the work treated in [3], for (x, t) ∈ (0, 1)× (0,+∞) where the goal
was mainely on the equation

utt(x, t)− (a(x)ux(x, t))x = 0 in (0, 1)× (0,∞),

together with boundary linear damping of the form
u(0, t) = 0 if 0 ≤ ma < 1

(aux)(0, t) = 0 if 1 ≤ ma < 2
in (0,+∞),

ut(1, t) + ux(1, t) + βu(1, t) = 0 in (0,+∞).

where β > 0 is the given constant. ma = sup0<x≤1

x|a′(x)|
a(x)

< 2 is the measurement

of the degree of the degeneracy. Thanks to the energy multiplier method, it is
proved that the total energy of the whole system decays exponentially.

Recently, Benaissa and Aichi [8] (see also [4–6,22]) considered the scalar degen-
erate wave equation under the following boundary fractional damping

u(0, t) = 0 if 0 ≤ ma < 1

(aux)(0, t) = 0 if 1 ≤ ma < 2
in (0,+∞),

(aux)(1, t) + %∂τ,ωt u(1, t) + βu(1, t) = 0 in (0,+∞).

They obtained an optimal polynomial stability of the solutions by using a frequency
domain approach combining with a multiplier method.
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Next, in a recent paper of Liu and Rao [18] general systems of coupled second
order evolution equations have been studied. The system is described

utt − b∆u+ αy = 0 on Ω,

ytt −∆u+ αu = 0 on Ω,

u = 0 on ΓD,

b∂νu+ γu+ ut = 0 on ΓN ,

y = 0 in Γ,

where Ω ⊂ IRn is a bounded domain with smooth boundary Γ of class C2 such that
Γ = ΓD∪ΓN and ΓD∩ΓN = ∅. They established, by the frequency domain approach,
polynomial decay rate of order ln t

t for smooth initial data, while waves propagate
with equal speeds. Moreover, while waves propagate with different speeds, i.e. the
case b 6= 1, they proved that the energy decays at a rate which depends on the
arithmetic property of the ratio of the wave speeds b.

Very recently, Wehbe and Koumaiha [15] considered a one-dimensional setting
of a system of wave equation coupled via zero order terms. More precisely, they
studied the stabilization of the following system of partially damped coupled wave
equations propagating with equal speeds, described by

utt − uxx + αy = 0 in (0, 1)× (0,+∞),

ytt − yxx + αu = 0 in (0, 1)× (0,+∞),

u(0, t) = y(0, t) = y(1, t) = 0 in (0,+∞),

ux(1, t) + γut(1, t) = 0 in (0,+∞),

u(x, 0) = u0(x), ut(x, 0) = u1(x) for x ∈ (0, 1),

y(x, 0) = y0(x), yt(x, 0) = y1(x) for x ∈ (0, 1),

where γ > 0. They proved optimal polynomial energy decay rate of order 1
t , by

using a frequency domain approach and Riesz basis property of the generalized
eigenvector of the system.

In [2], Akil et al considered a one-dimensional coupled wave equations on its
indirect boundary stabilization defined by

utt(x, t)− uxx(x, t)− dvt(x, t) = 0 in (0, 1)× (0,+∞),

vtt(x, t)− vxx + dut(x, t) = 0 in (0, 1)× (0,+∞),

u(0, t) = v(0, t) = v(1, t) = 0 on (0,+∞),

ux(1, t) + %∂τ,ωt u(1, t) = 0 on (0,+∞),

u(x, 0) = u0(x), ut(x, 0) = u1(x) on (0, 1),

v(x, 0) = v0(x), vt(x, 0) = v1(x) on (0, 1).

They established a polynomial energy decay rate of type t−s(τ), such that
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i) If d 6= kπ, then s(τ) = 2
1−τ .

ii) If d = kπ, then s(τ) = 2
5−τ .

In [14], kerdache et al investigate the decay rate of the energy of the coupled
wave equations with a two boundary fractional dampings, that is,

utt(x, t)− uxx(x, t) + α(u− v) = 0 in (0, 1)× (0,+∞),

vtt(x, t)− vxx + α(v − u) = 0 in (0, 1)× (0,+∞),

u(0, t) = v(0, t) = 0 on (0,+∞),

ux(1, t) + %∂τ,ωt u(1, t) = 0 on (0,+∞),

vx(1, t) + %̃∂τ,ωt u(1, t) = 0 on (0, 1)× (0,+∞),

u(x, 0) = u0(x), ut(x, 0) = u1(x) on (0, 1),

v(x, 0) = v0(x), vt(x, 0) = v1(x) on (0, 1).

Using semigroup theory, they proved an optimal polynomial type decay rate.
Motivated by the works [8, 15, 18] we wonder what the asymptotic behavior of

the coupled degenerate wave equations would be, considering a boundary fractional
damping acting only on one equation.

This paper is divided into four sections. In section 2, we introduce the appropri-
ate functional spaces that are naturally associated with degenerate problems and
preliminary result used throughout the paper. Section 3 is devoted to the proof of
the well-posedness and strong asymptotic of the considered system. In Section 4

we establish an optimal polynomial decay of type t−
2

3−τ for smooth initial data, by
the frequency domain method.

2. Preliminary results

Let a ∈ C([0, 1] ∩ C1(]0, 1]) be a function satisfying the following assumptions:
(i) a(x) > 0 ∀x ∈]0, 1], a(0) = 0,

(ii) ma = sup
0<x≤1

x|a′(x)|
a(x)

< 2, and

(iii) a ∈ C [ma]([0, 1]),

(2.1)

where [·] stands for the integer part.
When ma > 1, we suppose β > 0 because if β = 0 and the feedback law only

depends on velocities, we may encounter the situation where the closed-loop system
is not well-posed in terms of the semigroups in the Hilbert space.

Examples. 1) Let $ ∈ (0, 2) be given. Define

a(x) = x$ ∀x ∈ [0, 1],

satifies (2.1).
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2) Let $ ∈ [0, 2) be given and let θ ∈ (0, 1−$/2). The function

a(x) = x$(1 + cos2(lnxθ)) ∀x ∈ [0, 1]

satifies (2.1).
Now, we introduce, as in [10,12] or [3], the following weighted spaces:

H1
a(0, 1) =

{
u is locally absolutely continuous in (0, 1] :

√
a(x)ux ∈ L2(0, 1)

}
.

It is easy to see that H1
a(0, 1) is a Hilbert space with the scalar product

(u, v)H1
a(0,1) =

∫ 1

0

(a(x)u′(x)v′(x) + u(x)v(x)) dx ∀u, v ∈ H1
a(0, 1)

and associated norm

‖u‖H1
a(0,1) =

{∫ 1

0

(a(x)|u′(x)|2 + |u(x)|2) dx

}1/2

∀u ∈ H1
a(0, 1).

Next, we define

H2
a(0, 1) = {u ∈ H1

a(0, 1) : au′ ∈ H1(0, 1)},

where H1(0, 1) denotes the classical Sobolev space.
In order to express the boundary conditions of the first component of the solu-

tion of (1.1) in the functional setting, we define the spaces H1
0,a(0, 1) and W 1

a (0, 1)
depending on the value of ma, as follows:

(i) For 0 ≤ ma < 1, we defineH1
0,a(0, 1) =

{
u ∈ H1

a(0, 1)/ u(0) = u(1) = 0
}
,

W 1
a (0, 1) =

{
u ∈ H1

a(0, 1)/ u(0) = 0
}
.

(ii) For 1 ≤ ma < 2, we defineH1
0,a(0, 1) =

{
u ∈ H1

a(0, 1)/ u(1) = 0
}
,

W 1
a (0, 1) = H1

a(0, 1).

It is easy to see that H1
a(0, 1) when β > 0 is a Hilbert space with the scalar product

(u, v)H1
a(0,1) =

∫ 1

0

a(x)u′(x)v′(x) dx+ βu(1)v(1).

Let us also set

|u|∗ =

(∫ 1

0

a(x)|u′(x)|2 dx
)1/2

∀u ∈ H1
a(0, 1).

Actually, | · |∗ is an equivalent norm on the closed subspaces H1
0,a(0, 1) and W 1

a (0, 1)
to the norm of H1

a(0, 1) when ma ∈ [0, 1[. This fact is a simple consequence of the
following version of Poincaré’s inequality.
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Proposition 2.1. Assume (2.1) with ma ∈ [0, 1). Then there is a positive constant
C∗ = C(a) such that

‖u‖2L2(0,1) ≤ C∗|u|
2
1,a ∀u ∈ H1

0,a(0, 1). (2.2)

Proof. Let u ∈ H1
0,a(0, 1). For any x ∈]0, 1] we have that

|u(x)| =
∣∣∣∣∫ x

0

u′(s) ds

∣∣∣∣ ≤ |u|1,a{∫ 1

0

1

a(s)
ds

}1/2

.

Therefore ∫ 1

0

|u(x)|2 dx ≤ |u|21,a
{∫ 1

0

1

a(s)
ds

}
.

Now, we state two propositions that will be needed later (see [3, 10,12]).

Proposition 2.2. Assume (2.1). Then the following properties hold.

(i) For every u ∈ H1
a(0, 1)

lim
x→0

xu2(x) = 0. (2.3)

(ii) For every u ∈ H2
a(0, 1)

lim
x→0

xa(x)u′(x)2 = 0. (2.4)

(iii) For every u ∈ H2
a(0, 1)

lim
x→0

xa(x)u(x)u′(x) = 0. (2.5)

Proposition 2.3. H1
a(0, 1) ↪→ L2(0, 1) with compact embedding.

3. Well-posedness and strong stability

3.1. Augmented model

In this section we reformulate (P ) into an augmented system. For that, we need
the following proposition.

Proposition 3.1 (see [14]). Let ϑ be the function:

ϑ(ς) = |ς|(2τ−1)/2, −∞ < ς < +∞, 0 < τ < 1. (3.1)

Then the relationship between the ‘input’ U and the ‘output’ O of the system

∂tϕ(ς, t) + (ς2 + ω)ϕ(ς, t)− U(t)ϑ(ς) = 0, −∞ < ς < +∞, ω ≥ 0, t > 0, (3.2)

ϕ(ς, 0) = 0, (3.3)

O(t) = (π)−1 sin(τπ)

∫ +∞

−∞
ϑ(ς)ϕ(ς, t) dς, (3.4)

where U ∈ C0([0,+∞)), is given by

O = I1−τ,ωU, (3.5)
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where

[Iτ,ωf ](t) =
1

Γ(τ)

∫ t

0

(t− s)τ−1e−ω(t−s)f(s) ds.

Lemma 3.1 (see [14]). If λ ∈ Dω = IC\]−∞,−ω] then∫ +∞

−∞

ϑ2(ς)

λ+ ω + ς2
dς =

π

sin τπ
(λ+ ω)τ−1.

We are now in a position to reformulate system (P ). Indeed, by using Proposi-
tion 3.1, system (P ) may be recast into the augmented model:

(P ′)



utt(x, t)− (a(x)ux)x(x, t) + αv = 0 in (0, 1)× (0,+∞),

vtt(x, t)− (a(x)vx)x(x, t) + αu = 0 in (0, 1)× (0,+∞),

ϕt(ς, t) + (ς2 + ω)ϕ(ς, t)− ut(1, t)ϑ(ς) = 0, −∞ < ς < +∞, t > 0,u(0, t) = 0 if 0 ≤ ma < 1

(aux)(0, t) = 0 if 1 ≤ ma < 2
in (0,+∞),v(0, t) = 0 if 0 ≤ ma < 1

(avx)(0, t) = 0 if 1 ≤ ma < 2
in (0,+∞),

v(1, t) = 0 for t ∈ (0,+∞),

βu(1, t) + (aux)(1, t) = −ζ
∫ +∞

−∞
ϑ(ς)ϕ(ς, t) dς, ζ = %(π)−1 sin(τπ),

u(x, 0) = u0(x), ut(x, 0) = u1(x) for x ∈ (0, 1),

v(x, 0) = v0(x), vt(x, 0) = v1(x) for x ∈ (0, 1).

We define the energy associated to the solution of the problem (P ′) by the following
formula:

E(t) =
1

2

∫ 1

0

(|ut|2 + a(x)|ux|2)dx+
1

2

∫ 1

0

(|vt|2 + a(x)|vx|2)dx

1

2
α

∫ 1

0

(uv + vu)dx+
β

2
|u(1, t)|2 +

ζ

2

∫ +∞

−∞
|ϕ(ς, t)|2 dς.

(3.6)

Lemma 3.2. Let (u, v, ϕ) be a regular solution of the problem (P ′). Then, the
energy functional defined by (3.6) satisfies

E ′(t) = −ζ
∫ +∞

−∞
(ς2 + ω)|ϕ(ς, t)|2 dς ≤ 0. (3.7)

In this section, we give an existence and uniqueness result for problem (P ′) using
the semigroup theory. Introducing the vector function U = (u, ũ, v, ṽ, ϕ)T , where
ũ = ut, ṽ = vt, system (P ′) can be treated as a Cauchy evolution problemΘ′ = AΘ, for all t > 0,

Θ(0) = Θ0,
(3.8)
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where Θ0 = (u0, u1, v0, v1, ϕ0)T and

A : D(A) ⊂ H → H

is the operator given by

A



u

ũ

v

ṽ

ϕ


=



ũ

(a(x)ux)x − αv

ṽ

(a(x)vx)x − αu

−(ς2 + ω)ϕ+ ũ(1)ϑ(ς)


. (3.9)

We introduce the following phase space (the energy space):

H = W 1
a (0, 1)× L2(0, 1)×H1

0,a(0, 1)× L2(0, 1)× L2(−∞,+∞),

that is a Hilbert space with the following inner product

〈U, Ũ〉H =

∫ 1

0

a(x)u1xu2xdx+

∫ 1

0

a(x)v1xv2xdx+ α

∫ 1

0

(u1v2 + v2u1) dx

+

∫ 1

0

ũ1ũ2dx+

∫ 1

0

ṽ1ṽ2dx+ ζ

∫ +∞

−∞
ϕ1ϕ2 dς + βu1(1)u2(1),

for all U = (u1, ũ1, v1, ṽ1, ϕ1)T and Ũ = (u2, ũ2, v2, ṽ2, ϕ2)T .
The domain of A is

D(A) =



(u, ũ, v, ṽ, ϕ)T in H : u ∈ H2
a(0, 1) ∩W 1

a (0, 1),

v ∈ H2
a(0, 1) ∩H1

0,a(0, 1), ũ ∈W 1
a (0, 1), ṽ ∈ H1

0,a(0, 1),

−(ς2 + ω)ϕ+ ũ(1)ϑ(ς) ∈ L2(−∞,+∞),

βu(1) + (aux)(1) + ζ

∫ +∞

−∞
ϑ(ς)ϕ(ς) dς = 0,

|ς|ϕ ∈ L2(−∞,+∞)


. (3.10)

We have the following existence and uniqueness result.

Theorem 3.1 (Existence and uniqueness). (1) If U0 ∈ D(A), then system (3.8)
has a unique strong solution with the following regularity,

U ∈ C0(IR+, D(A)) ∩ C1(IR+,H).

(2) If U0 ∈ H, then system (3.8) has a unique weak solution such that

U ∈ C0(IR+,H).

Proof. We use the semigroup approach. In what follows, we prove that A is
monotone. For any U ∈ D(A) and using (3.8), (3.7) and the fact that

E(t) =
1

2
‖U‖2H, (3.11)
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we have

<〈AU,U〉H = −ζ
∫ +∞

−∞
(ς2 + ω)|ϕ(ς)|2 dς, (3.12)

and therefore, A is dissipative. Next, we prove that the operator λI−A is surjective
for λ > 0. More precisely, given G = (g1, g2, g3, g4, g5)T ∈ H, we will show that
there is U ∈ D(A) such that

(λI −A)U = G. (3.13)

From Equation (3.13), we get the following system of equations

λu− ũ = g1,

λũ− (a(x)ux)x + αv = g2,

λv − ṽ = g3,

λṽ − (a(x)vx)x + αu = g4,

λϕ+ (ς2 + ω)ϕ− ũ(1)ϑ(ς) = g5.

(3.14)

Suppose u, v are found with the appropriate regularity. Then, (3.14)1 and (3.14)3

yield ũ = λu− g1 ∈W 1
a (0, 1),

ṽ = λv − g3 ∈ H1
0,a(0, 1).

(3.15)

By using (3.14)2, (3.14)4 and (3.15) it can easily be shown that u, v satisfyλ2u− (a(x)ux)x + αv = g2 + λg1,

λ2u− (a(x)ux)x + αu = g4 + λg3.
(3.16)

Solving system (3.16) is equivalent to finding (u, v) ∈ H2
a(0, 1)∩W 1

a (0, 1)×H2
a(0, 1)∩

H1
0,a(0, 1) such that

∫ 1

0

(λ2uw − (a(x)ux)xw) dx+ α

∫ 1

0

vw dx =

∫ 1

0

(g2 + λg1)w dx,∫ 1

0

(λ2vy − (a(x)vx)xy) dx =

∫ 1

0

(g4 + λg3)y dx,

(3.17)

for all (w, y) ∈ W 1
a (0, 1) × H1

0,a(0, 1). By using (3.17), the boundary condition
(3.10)3 and (3.14)5 the functions u and v satisfy the following system

∫ 1

0

(λ2uw + a(x)uxwx) dx+ α

∫ 1

0

vw dx+ βu(1)w(1) + ζ̃ũ(1)w(1)

=

∫ 1

0

(g2 + λg1)w dx− ζ
∫ +∞

−∞

ϑ(ς)

ς2 + ω + λ
g5(ς) dςw(1),∫ 1

0

(λ2vy + a(x)vxyx) dx+ α

∫ 1

0

uy dx =

∫ 1

0

(g4 + λg3)y dx,

(3.18)

where ζ̃ = ζ

∫ +∞

−∞

ϑ2(ς)

ς2 + ω + λ
dς. Using again (3.15)1, we deduce that

ũ(1) = λu(1)− g1(1). (3.19)
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Inserting (3.19) into (3.18), we get

∫ 1

0

(λ2uw + a(x)uxwx) dx+ α

∫ 1

0

vw dx+ (λζ̃ + β)u(1)w(1)

=

∫ 1

0

(g2 + λg1)w dx− ζ
∫ +∞

−∞

ϑ(ς)

ς2 + ω + λ
g5(ς) dςw(1) + ζ̃g1(1)w(1),∫ 1

0

(λ2vy + a(x)vxyx) dx+ α

∫ 1

0

uy dx =

∫ 1

0

(g4 + λg3)y dx.

(3.20)

Adding (3.20)1 and (3.20)2, we introduce a sesquilinear form B : [W 1
a (0, 1) ×

H1
0,a(0, 1)]2 → IC given by

B((u, v), (w, y)) = λ2

∫ 1

0

(uw + vy) dx+

∫ 1

0

a(x)(uxwx + vxyx) dx

+α

∫ 1

0

(vw + uy) dx+ (λζ̃ + β)u(1)w(1),

and a continuous antilinear functional L : W 1
a (0, 1)×H1

0,a(0, 1)→ IC where

L(w, y) =

∫ 1

0

(g2 + λg1)w dx− ζ
∫ +∞

−∞

ϑ(ς)

ς2 + ω + λ
g5(ς) dςw(1)

+ζ̃g1(1)w(1) +

∫ 1

0

(g4 + λg3)y dx,

satisfying
B((u, v), (w, y)) = L(w, y), (3.21)

the sesquilinear form B(., .) is a bounded since for any (u, v), (w, y) ∈ W 1
a (0, 1) ×

H1
0,a(0, 1).

B((u, v), (w, y))

≤ λ2‖u‖L2(0,1)‖w‖L2(0,1) + λ2‖v‖L2(0,1)‖y‖L2(0,1)

+‖
√
a(x)ux‖L2(0,1)‖

√
a(x)wx‖L2(0,1) + ‖

√
a(x)vx‖L2(0,1)‖

√
a(x)yx‖L2(0,1)

+|α|‖v‖L2(0,1)‖w‖L2(0,1) + |α|‖u‖L2(0,1)‖y‖L2(0,1) + λζ̃|u(1)|2

≤ M‖(u, v)‖W 1
a (0,1)×H1

0,a(0,1)‖(w, y)‖W 1
a (0,1)×H1

0,a(0,1),

and is coercive because ∀(u, v) ∈W 1
a (0, 1)×H1

0,a(0, 1)

B((u, v), (u, v)) ≥ λ2(‖u‖2L2(0,1) + ‖v‖2L2(0,1)) + ‖
√
a(x)ux‖2L2(0,1)

+‖
√
a(x)vx‖2L2(0,1) + 2α<

∫ 1

0

uv dx+ λζ̃|u(1)|2

≥ c‖u‖W 1
a (0,1)‖v)‖H1

0,a(0,1),

for α small enough. Therefore, Lax-Milgram says that system (3.21) has a unique
solution (u, v) ∈W 1

a (0, 1)×H1
0,a(0, 1).

Now taking (w, y) = (w, 0) with w ∈ D(0, 1) in (3.21), we obtain

λ2u− (a(x)ux)x + αv = g2 + λg1. (3.22)
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Due to the fact that u ∈W 1
a (0, 1) we get (a(x)ux)x ∈ L2(0, 1), and we deduce that

u ∈ H2
a(0, 1) ∩W 1

a (0, 1).
Similarly taking (w, y) = (0, y) with y ∈ D(0, 1) in (3.21), we obtain

λ2v − (a(x)vx)x + αu = g4 + λg3, (3.23)

and we deduce that v ∈ H2
a(0, 1) ∩H1

0,a(0, 1).
Multiplying both sides of the conjugate of equalities (3.22) and (3.23) by w ∈

W 1
a (0, 1) and y ∈ H1

0,a(0, 1), integrating by parts on (0, 1), and comparing with
(3.21) we get

(a(x)ux)(1)w(1) + (%λ(λ+ ω)τ−1 + β)u(1)w(1)

+ζ

∫ +∞

−∞

ϑ(ς)

ς2 + ω + λ
g5(ς) dςw(1) − %(λ+ ω)τ−1g1(1)w(1) = 0.

Consequently, defining ũ = λu− g1 and ϕ by (3.14)5, we deduce that

βu(1) + (a(x)ux)(1) + ζ

∫ +∞

−∞
ϑ(ς)ϕ(ς) dς = 0.

In order to complete the existence of U ∈ D(A), we need to prove ϕ and |ς|ϕ ∈
L2(−∞,∞). From (3.14)5, we get∫
IR
|ϕ(ς)|2 dς ≤ 3

∫
IR

|g5(ς)|2

(ς2 + ω + λ)2
dς+3(λ2|u(1)|2+|g1(1)|2)

∫
IR

|ς|2τ−1

(ς2 + ω + λ)2
dς.

Using Proposition 3.1, it easy to see that∫
IR

|ς|2τ−1

(ς2 + ω + λ)2
dς = (1− τ)

π

sin τπ
(λ+ ω)τ−2.

On the other hand, using the fact that g5 ∈ L2(IR), we obtain∫
IR

|g5(ς)|2

(ς2 + ω + λ)2
dς ≤ 1

(ω + λ)2

∫
IR
|g5(ς)|2 dς < +∞.

It follows that ϕ ∈ L2(IR). Next, using (3.14)5, we get∫
IR
|ςϕ(ς)|2 dς ≤3

∫
IR

|ς|2|g5(ς)|2

(ς2 + ω + λ)2
dς + 3(λ2|u(1)|2 + |g1(1)|2)

×
∫
IR

|ς|2τ+1

(ς2 + ω + λ)2
dς.

Using again Proposition 3.1, it easy to see that∫
IR

|ς|2τ+1

(ς2 + ω + λ)2
dς = τ

π

sin τπ
(λ+ ω)τ−1.

Now, using the fact that g5 ∈ L2(IR), we obtain∫
IR

|ς|2|g5(ς)|2

(ς2 + ω + λ)2
dς ≤ 1

(ω + λ)

∫
IR
|g5(ς)|2 dς < +∞.

It follows that |ς|ϕ ∈ L2(IR). Finally, since ϕ ∈ L2(IR), we get

−(ς2 + ω)ϕ+ ũ(1)ϑ(ς) = λϕ(ς)− g5(ς) ∈ L2(IR).

Then U ∈ D(A) and Therefore, the operator λI −A is surjective for any λ > 0.
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3.2. Strong stability of the system

In this part, we use a general criteria of Theorem 3.2 to show the strong stability
of the C0-semigroup etA associated to the wave system (P ) in the absence of the
compactness of the resolvent of A.

To state and prove our stability results, we need some results from semigroup
theory.

Theorem 3.2 ( [7]). Let A be the generator of a uniformly bounded C0-semigroup
{S(t)}t≥0 on a Hilbert space X . If:

(i) A does not have eigenvalues on iIR.

(ii) The intersection of the spectrum σ(A) with iIR is at most a countable set,

then the semigroup {S(t)}t≥0 is asymptotically stable, i.e, ‖S(t)z‖X → 0 as t→∞
for any z ∈ X .

Our main result is the following theorem:

Theorem 3.3. The C0-semigroup etA is strongly stable in H; i.e, for all U0 ∈ H,
the solution of (3.8) satisfies

lim
t→∞

‖etAU0‖H = 0.

Proof. For the proof of Theorem 3.3, we need the following two lemmas.

Lemma 3.3. A does not have eigenvalues on iIR.

Proof. We will argue by contraction. Let U ∈ D(A) and let λ ∈ IR, such that

AU = iλU.

Then, we get 

iλu− ũ = 0,

iλũ− (a(x)ux)x + αv = 0,

iλv − ṽ = 0,

iλṽ − (a(x)vx)x + αu = 0,

iλϕ+ (ς2 + ω)ϕ− ũ(1)ϑ(ς) = 0.

(3.24)

•Case 1. If λ 6= 0, then, from (3.12) we have

ϕ ≡ 0. (3.25)

From (3.24)3, we have

ũ(1) = 0. (3.26)

Hence, from (3.24)1 we obtain

u(1) = 0 and ux(1) = 0. (3.27)
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Eliminating ũ and ṽ in equations (3.24)1 and (3.24)3 in equations (3.24)2 and
(3.24)4, we obtain the following system

λ2u+ (a(x)ux)x − αv = 0,

λ2v + (a(x)vx)x − αu = 0,

u(1) = ux(1) = v(1) = 0,u(0) = v(0) = 0 if ma ∈ [0, 1),

(a(x)ux)(0) = (a(x)vx)(0) = 0 if ma ∈ [1, 2).

(3.28)

On the other hand, multiplying (3.28)1 by v, (3.28)2 by u and using the boundary
condition (3.28)3, we get ∫ 1

0

|u|2 dx =

∫ 1

0

|v|2 dx. (3.29)

Multiplying equation (3.28)1 by u, using Green formula, (3.27) and the boundary
conditions, we get

λ2

∫ 1

0

|u|2 dx−
∫ 1

0

a(x)|ux|2 dx− α
∫ 1

0

vu dx = 0. (3.30)

Multiplying equation (3.28)1 by xux, we get

λ2

∫ 1

0

xuux dx+

∫ 1

0

xux(a(x)ux)x dx− α
∫ 1

0

xvux dx = 0. (3.31)

U ∈ D(A), then the regularity is sufficiently for applying an integration on the
second integral in the left hand side in equation (3.31). Then we obtain

λ2

2

∫ 1

0

x
d

dx
|u|2 dx−

∫ 1

0

a(x)|ux|2 dx−
1

2

∫ 1

0

xa(x)
d

dx
|ux|2 dx

−α<
∫ 1

0

xvux dx = 0.

(3.32)

Using Green formula, Proposition 2.2-(ii) and the boundary conditions, we get

λ2

∫ 1

0

|u|2 dx+

∫ 1

0

(a(x)− xa′(x))|ux|2 dx+ 2α<
∫ 1

0

xvux dx = 0. (3.33)

Multiplying equations (3.30) by −ma/2, and tacking the sum of this equation and
(3.33), we get

2−ma

2
λ2

∫ 1

0

|u|2 dx+

∫ 1

0

(
a(x)− xa′(x) +

ma

2
a(x)

)
|ux|2 dx

+2α<
∫ 1

0

xvux dx+ α
ma

2

∫ 1

0

vu dx = 0.

(3.34)

By definition of ma, we have

(2−ma)a(x) ≤ 2(a(x)− xa′(x)) +maa(x).
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Then using the Cauchy-Schwartz and Poincaré’s inequalities, we deduce from (3.34)
and (3.29) that there exists a positive constant C > 0,∫ 1

0

a(x)|ux|2 dx ≤ αC
∫ 1

0

a(x)|ux|2 dx.

which yields u=0 for α small enough. It then follows from (3.29) that v = 0, and
from (3.24)1 and (3.24)3 that ũ = ṽ = 0.

Consequently, we obtain U = 0, which contradict the hypothesis U 6= 0. The
proof has been completed.

•Case 2. Otherwise, if λ = 0, the system (3.24) becomes

ũ = ṽ = 0,

(a(x)ux)x − αv = 0,

(a(x)vx)x − αu = 0,

(ς2 + ω)ϕ− ũ(1)ϑ(ς) = 0.

(3.35)

From (3.35)1 and (3.35)4 , we have

ϕ ≡ 0. (3.36)

Multiplying equation (3.35)2 by u, (3.35)3 by v, using Green formula and the bound-
ary conditions, we get∫ 1

0

a(x)[|ux|2 + |vx|2] dx+ β|u(1)|2 + α

∫ 1

0

vu dx+ α

∫ 1

0

uv dx = 0, (3.37)

which yields ux = vx = 0 for α small enough. Moreover, if ma ∈ [1, 2), then
u(1) = 0. Hence

u = v = 0,

if ma ∈ [0, 1), then u(0) = v(0) = 0. Hence u = v ≡ 0. and consequently, we obtain
U = 0, which contradict the hypothesis U 6= 0. The proof has been completed.

Lemma 3.4. We have

iIR ⊂ ρ(A) if ω 6= 0,

iIR∗ ⊂ ρ(A) if ω = 0.

Where IR∗ = IR− {0}.

Proof. •Case 1. λ 6= 0.

We will prove that the operator iλI−A is surjective for λ 6= 0. For this purpose,
let G = (g1, g2, g3, g4, g5)T ∈ H, we seek X = (u, ũ, v, ṽ, ϕ)T ∈ D(A) solution of the
following equation

(iλI −A)X = G. (3.38)
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Equivalently, we have 

iλu− ũ = g1,

iλũ− (a(x)ux)x + αv = g2,

iλv − ṽ = g3,

iλṽ − (a(x)vx)x + αu = g4,

iλϕ+ (ς2 + ω)ϕ− ũ(1)ϑ(ς) = g5.

(3.39)

Inserting (3.39)1 and (3.39)3 into (3.39)2 and (3.39)4, we get−λ2u− (a(x)ux)x + αv = (g2 + iλg1),

−λ2v − (a(x)vx)x + αu = (g4 + iλg3).
(3.40)

Solving system (3.40) is equivalent to finding u ∈ H2
a ∩ W 1

a (0, 1) and v ∈ H2
a ∩

H1
0,a(0, 1) such that

∫ 1

0

(−λ2uw − (a(x)ux)xw + αvw) dx =

∫ 1

0

(g2 + iλg1)w dx,

∫ 1

0

(−λ2uy − (a(x)ux)xy + αuy) dx =

∫ 1

0

(g4 + iλg3)y dx,

(3.41)

for all w ∈W 1
a (0, 1) and y ∈ H1

0,a(0, 1). Then, we get

∫ 1

0

(−λ2uw + a(x)uxwx + αvw) dx+ (iλζ̃ + β)u(1) w(1)

=

∫ 1

0

(g2 + iλg1)w dx− ζ
∫ +∞

−∞

ϑ(ς)

ς2 + ω + iλ
f5(ς) dςw(1) + ζ̃g1(1)w(1),

∫ 1

0

(−λ2vy + a(x)vxyx + αuy) dx =

∫ 1

0

(g4 + iλg3)y dx.

(3.42)

We can rewrite (3.42) as

B((u, v), (w, y)) = l(w, y), ∀(w, y) ∈W 1
a ×H1

0,a(0, 1), (3.43)

where
B(u, v), (w, y) = B1(u, v), (w, y) + B2(u, v), (w, y)

with

(∗)


B1(u, v), (w, y) =

∫ 1

0

(a(x)(uxwx + vxyx) + α(vw + uy)) dx

+(βu(1) + iλζ̃)u(1) w(1),

B2(u, v), (w, y) = −
∫ 1

0

λ2(uw + vy) dx,
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and

l(w, y) =

∫ 1

0

(g2 + iλg1)w dx− ζ
∫ +∞

−∞

ϑ(ς)

ς2 + ω + iλ
g3(ς) dς w(1)

+%(iλ+ ω)τ−1g1(1)w(1) +

∫ 1

0

(g4 + iλg3)y dx.

Let (W 1
a × H1

0,a(0, 1))′ be the dual space of W 1
a × H1

0,a(0, 1). Let us define the
following operators
(∗∗)
B :W 1

a ×H1
0,a(0, 1)→ (W 1

a ×H1
0,a(0, 1))

′

(u, v) 7→ B(u, u)

Bi :W
1
a ×H1

0,a(0, 1)→ (W 1
a ×H1

0,a(0, 1))
′ i ∈ {1, 2},

(u, v) 7→ Bi(u, v)

such that

(∗ ∗ ∗)
(B(u, v))(w, y) = B((u, v), (w, y)), ∀(w, y) ∈W 1

a ×H1
0,a(0, 1),

(Biu)w = Bi(u,w), ∀(w, y) ∈W 1
a ×H1

0,a(0, 1), i ∈ {1, 2}.

We need to prove that the operator B is an isomorphism. For this aim, we divide
the proof into three steps:

Step 1. In this step, we want to prove that the operator B1 is an isomorphism. For
this aim, it is easy to see that B1 is sesquilinear, continuous form on W 1

a×H1
0,a(0, 1).

Furthermore

<B1((u, v), (u, v)) = ‖
√
aux‖22 + ‖

√
avx‖22 + α

∫ 1

0

(uv + vu) dx+ β|u(1)|2

+%λ<
(
i(iλ+ ω)τ−1

)
|u(1)|2

≥ c(‖
√
aux‖22 + ‖

√
avx‖22 + β|u(1)|2),

where we have used the fact that

%λ<
(
i(iλ+ ω)τ−1

)
= ζλ2

∫ +∞

−∞

ϑ(ς)2

λ2 + (ω + ς2)2
dς > 0.

Thus B1 is coercive. Then, from (∗∗) and Lax-Milgram theorem, the operator B1

is an isomorphism.

Step 2. In this step, we want to prove that the operator B2 is compact. For this
aim, from (∗) and (∗ ∗ ∗), we have

|B2((u, v), (w, y))| ≤ c‖(u, v)‖L2(0,1)‖(w, y)‖L2(0,1),

and consequently, using the compact embedding from W 1
a ×H1

0,a(0, 1) to L2(0, 1)×
L2(0, 1) we deduce that B2 is a compact operator. Therefore, from the above steps,
we obtain that the operator B = B1 + B2 is a Fredholm operator of index zero.
Now, following Fredholm alternative, we still need to prove that the operator B is
injective to obtain that the operator B is an isomorphism.

Step 3. Let (u, v) ∈ ker(B), then

B(u, v), (w, y)) = 0 ∀(w, y) ∈W 1
a ×H1

0,a(0, 1). (3.44)
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In particular for (w, y) = (u, v), it follows that

λ2(‖u‖2L2(0,1) + ‖v‖2L2(0,1))− i%λ(iλ+ ω)τ−1|u(1)|2 − β|u(1)|2

= ‖
√
a(x)ux‖2L2(0,1) + ‖

√
a(x)vx‖2L2(0,1) + α

∫ 1

0

(vu+ vu) dx.

Hence, we have
u(1) = 0. (3.45)

From (3.44), we obtain
(a(x)ux)(1) = 0 (3.46)

and then 

λ2u+ (a(x)ux)x − αv = 0,

λ2v + (a(x)vx)x − αu = 0,

u(1) = ux(1) = v(1) = 0,u(0) = v(0) = 0 if ma ∈ [0, 1),

(a(x)ux)(0) = (a(x)vx)(0) = 0 if ma ∈ [1, 2).

(3.47)

Then, according to Lemma 3.3, we deduce that (u, v) = (0, 0) and consequently
Ker(B) = {0}. Finally, from Step 3 and Fredholm alternative, we deduce that the
operator B is isomorphism. It is easy to see that the operator l is a antilinear and
continuous form on W 1

a ×H1
0,a(0, 1). Consequently, (3.43) admits a unique solution

(u, v) ∈ W 1
a ×H1

0,a(0, 1). By using the classical elliptic regularity, we deduce that
U ∈ D(A) is a unique solution of (3.38). Hence iλ−A is surjective for all λ ∈ IR∗.

Case 2. λ = 0 and ω 6= 0. Using Lax-Milgram Lemma, we obtain the result.
Taking account of Lemmas 3.3, 3.4 and from Theorem 3.2 the C0-semigroup etA

is strongly stable in H.

3.3. Optimal condition for strong stability of the system in
the case a(x) = xγ

Theorem 3.4. The C0-semigroup etA is strongly stable in H if and only if the
coefficient α satisfies

(C) α 6= 1

2

(
2− γ

2

)2

(j2
νγ ,k − j

2
νγ ,m), k,m ∈ IN,

where νγ = |1− γ|/(2− γ) and jν,1 < jν,2 < . . . < jν,k < . . . denote the sequence of
positive zeros of the Bessel function of first kind and of order ν.



λ2u+ (xγux)x − αv = 0,

λ2v + (xγvx)x − αu = 0,

u(1) = ux(1) = v(1) = 0,u(0) = v(0) = 0 if ma ∈ [0, 1),

(xγux)(0) = (xγvx)(0) = 0 if ma ∈ [1, 2).

(3.48)
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We consider only the case γ ∈ [0, 1[. The case γ ∈ [1, 2[ is similar. Then φ = u+v
and ψ = u− v satisfy (λ2 − α)φ+ (xγφx)x = 0,

(λ2 + α)ψ + (xγψx)x = 0.
(3.49)

The solution of the equation (3.49) is given byφ(x) = c1Φ+(x) + c2Φ−(x),

ψ(x) = c̃1Φ++(x) + c̃2Φ−−(x),

togheter with the boundary conditions

φ(0) = φ(1) = ψ(0) = ψ(1) = 0, ux(1) = 0,

where 

Φ+(x) = x
1−γ
2 Jνγ

(
2

2−γ
√
λ2 − αx

2−γ
2

)
,

Φ−(x) = x
1−γ
2 J−νγ

(
2

2−γ
√
λ2 − αx

2−γ
2

)
,

Φ++(x) = x
1−γ
2 Jνγ

(
2

2−γ
√
λ2 + αx

2−γ
2

)
,

Φ−−(x) = x
1−γ
2 J−νγ

(
2

2−γ
√
λ2 + 2αx

2−γ
2

)
,

(3.50)

where

Jν(y) =

∞∑
m=0

(−1)m

m!Γ(m+ ν + 1)

(y
2

)2m+ν

=

∞∑
m=0

c+ν,my
2m+ν , (3.51)

J−ν(y) =

∞∑
m=0

(−1)m

m!Γ(m− ν + 1)

(y
2

)2m−ν
=

∞∑
m=0

c−ν,my
2m−ν , (3.52)

where Jν and J−ν are Bessel functions of the first kind of order ν and −ν.

As φ(0) = ψ(0) = 0, then c2 = c̃2 = 0. As u(x) =
1

2
(φ(x) + ψ(x)), we deduce

that

φx(1) = −ψx(1).

Then

c1{(1− γ)Jνγ

(
2

2−γ
√
λ2 − α

)
−
√
λ2 − αJνγ+1

(
2

2−γ
√
λ2 − α

)
}

= −c̃1{(1− γ)Jνγ

(
2

2−γ
√
λ2 + α

)
−
√
λ2 + αJνγ+1

(
2

2−γ
√
λ2 + α

)
}.

Moreover φ(1) = ψ(1) = 0. Then
c1Jνγ

(
2

2− γ
√
λ2 − α

)
= 0, c̃1Jνγ

(
2

2− γ
√
λ2 + α

)
= 0,

c1{(1− γ)Jνγ

(
2

2−γ
√
λ2 − α

)
−
√
λ2 − αJνγ+1

(
2

2−γ
√
λ2 − α

)
}

= −c̃1{(1− γ)Jνγ

(
2

2−γ
√
λ2 + α

)
−
√
λ2 + αJνγ+1

(
2

2−γ
√
λ2 + α

)
}.
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If Bessel are zero then

2

2− γ
√
λ2 − α = jνγ ,k and

2

2− γ
√
λ2 + α = jνγ ,m

for some integers k and m. Hence, eigenvalues on iIR exist iff

α =
1

2

(
2− γ

2

)2

(j2
νγ ,k − j

2
νγ ,m).

Hence, if condition (C) is satisfied we deduce that c1 = 0 or c̃1 = 0 and consequently
u = v = 0.

Therefore U = 0. Consequently, A does not have purely imaginary eigenvalues.

3.4. Lack of exponential stability

This section will be devoted to the study of the lack of exponential decay of solutions
associated with the system (P ′).

Proposition 3.2. The C0-semigroup of contractions S(t) = eAt associated with
(3.8) is not exponentially stable.

Proof. Let µn be an eigenvalue of Ku = −(aux)x in H1
0,a(0, 1) corresponding to

the normalized eigenfunction en, and

Un =
1√
2

(
0, 0,

en
i
√
µn
, en, 0

)T
.

Then a straightforward computation gives

‖Un‖H = 1, ‖(i√µn −A)Un‖2H =
α2

2µn
→ 0.

This shows that the resolvent of A is not uniformly bounded on the imaginary axis.
Following [13,21], the system (P ′) is not uniformly and exponentially stable in the
energy space H.

Precise spectral analysis in the case a(x) = xγ.
We aim to show that an infinite number of eigenvalues of A approach the imag-

inary axis which prevents the system (P ) from being exponentially stable. Indeed
we first compute the characteristic equation that gives the eigenvalues of A. Let λ
be an eigenvalue of A with associated eigenvector U = (u, v, ϕ)T . We consider only
the case γ ∈ [0, 1[. The case γ ∈ [1, 2[ is similar. Then AU = λU is equivalent to

λu− ũ = 0,

λũ− (xγux)x + αv = 0,

λv − ṽ = 0,

λũ− (xγvx)x + αu = 0,

(λ+ ς2 + ω)ϕ− ũ(1)ϑ(ς) = 0,

(3.53)
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with boundary conditionsu(0) = v(0) = v(1) = 0,

(β + %λ(λ+ ω)τ−1)u(1) + ux(1) = 0.
(3.54)

Inserting (3.53)1 into (3.53)2 and (3.53)3 into (3.53)4, we get

λ2u− (xγux)x + αv = 0,

λ2v − (xγvx)x + αu = 0,

u(0) = v(0) = v(1) = 0,

(β + %λ(λ+ ω)τ−1)u(1) + ux(1) = 0.

(3.55)

Let us set φ = u+ v,

ψ = u− v.
(3.56)

Then, we obtain (λ2 + α)φ− (xγφx)x = 0,

(λ2 − α)ψ − (xγψx)x = 0.
(3.57)

The solution of equations (3.57) is given byφ(x) = c1Φ+ + c−Φ−,

ψ(x) = c̃1Φ++ + c̃−Φ−−,
(3.58)

where Φ+,Φ−,Φ++ and Φ−− are defined byΦ+(x) := x
1−γ
2 Jνγ

(
2

2−γ iλ̃x
2−γ
2

)
,

Φ−(x) := x
1−γ
2 J−νγ

(
2

2−γ iλ̃x
2−γ
2

)
and Φ++(x) := x

1−γ
2 Jνγ

(
2

2−γ i
˜̃
λx

2−γ
2

)
,

Φ−−(x) := x
1−γ
2 J−νγ

(
2

2−γ i
˜̃
λx

2−γ
2

)
,

where

νγ =
1− γ
2− γ

.

Then 
u(x) =

1

2
(c1Φ+ + c−Φ− + c̃1Φ++ + c̃−Φ−−),

v(x) =
1

2
(c1Φ+ + c−Φ− − c̃1Φ++ − c̃−Φ−−).
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Then, using the series expansion of Jνα and J−να , one obtains

Φ+(x) =

∞∑
m=0

c̃+νγ ,mx
1−γ+(2−γ)m, Φ−(x) =

∞∑
m=0

c̃−νγ ,mx
(2−γ)m,

Φ++(x) =

∞∑
m=0

ẽ+
νγ ,mx

1−γ+(2−γ)m, Φ−−(x) =

∞∑
m=0

ẽ−νγ ,mx
(2−γ)m

with 
c̃+νγ ,m = c+νγ ,m

(
2

2− γ
iλ̃

)2m+νγ

, c̃−νγ ,m = c−νγ ,m

(
2

2− γ
iλ̃

)2m−νγ
,

ẽ+
νγ ,m = c+νγ ,m

(
2

2− γ
i
˜̃
λ

)2m+νγ

, ẽ−νγ ,m = c−νγ ,m

(
2

2− γ
i
˜̃
λ

)2m−νγ
.

Next one easily verifies that Φ+, Φ̃+ ∈ H1
0,a(0, 1): indeed,

Φ+(x) ∼0 c̃
+
νγ ,0

x1−γ , xγ/2Φ′+(x) ∼0 (1− γ)c̃+νγ ,0x
−γ/2,

Φ−(x) ∼0 c̃
−
νγ ,0

, xγ/2Φ′−(x) ∼0 (2− γ)c̃−νγ ,0x
1−γ/2,

where we have used the following relation

xJ ′ν(x) = νJν(x)− xJν+1(x). (3.59)

Hence, given c− = c̃− = 0, u(x) = 1
2 (c1Φ+(x) + c̃1Φ++(x)) ∈ H1

0,a(0, 1) and v(x) =
1
2 (c1Φ+(x)− c̃1Φ++(x)) ∈ H1

0,a(0, 1) with the boundary conditionsv(1) = 0,

(β + %λ(λ+ ω)τ−1)u(1) + ux(1) = 0.

Then

M

c1
c̃1

 =

0

0

 , (3.60)

where

M =

(β + %λ(λ+ ω)τ−1)Φ+(1) + Φ′+(1) (β + %λ(λ+ ω)τ−1)Φ++(1) + Φ′++(1)

Φ+(1) −Φ++(1)

 .

System (3.55) admits a non trivial solution if and only if det(M) = 0. i.e., if and
only if the eigenvalues of A are roots of the function f defined by

f(λ) = 2(β + (1− γ) + %λ(λ+ ω)τ−1)Jνγ

(
2

2−γ iλ̃
)
Jνγ

(
2

2−γ i
˜̃
λ
)

−iλ̃J1+νγ

(
2

2−γ iλ̃
)
Jνγ

(
2

2−γ i
˜̃
λ
)
− i˜̃λJ1+νγ

(
2

2−γ i
˜̃
λ
)
Jνγ

(
2

2−γ iλ̃
)
.

(3.61)

Our purpose is to prove, thanks to Rouché’s Theorem, that there is a subsequence
of eigenvalues for which their real part tends to 0.

In the sequel, since A is dissipative, we study the asymptotic behavior of the
large eigenvalues λ of A in the strip S = {λ ∈ IC : −α0 ≤ <(λ) ≤ 0}, for some
α0 > 0 large enough and for such λ, we remark that Φ+,Φ− remain bounded.
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Lemma 3.5. The large eigenvalues of the dissipative operator A are simple and can
be split into two families (λj,k)k∈Z,|k|≥N , j = 1, 2, (N ∈ IN, chosen large enough).
Moreover, the following asymptotic expansions for the eigenvalues hold:

• If τ = 1, then

λ1,k =


2− γ

2

[
ln

√
%− 1

%+ 1
+ i

(
k +

(1− 2νγ)

4

)
π

]
+O

(
1

k

)
if % > 1

2− γ
2

[
ln

√
1− %
%+ 1

+ i

(
k +

3− 2νγ
4

)
π

]
+O

(
1

k

)
if % < 1

 , k ∈ Z.

λ2,k =
2− γ

2
i

(
kπ +

(1− 2νγ)

4
π − a1

kπ
+

(1− 2νγ)a1

4k2π

)
−
(

2

2− γ

)3
%α2

4(kπ)2

+O

(
1

k3

)
.

• If 0 < τ < 1, then

λ1,k =
2− γ

2
i

(
k +

(3− 2νγ)

4

)
π +

β1

k1−τ +
β̃1

k1−τ + o

(
1

k1−τ

)
, k ≥ N, β̃1 ∈ iIR,

where

β1 = −
(

2

2− γ

)τ
%

π1−τ cos((1− τ)
π

2
),

λ2,k =
2− γ

2
i

(
kπ +

(1− 2νγ)

4
π − a1

kπ
+

(1− 2νγ)a1

4k2π

)
+

β2

k3−τ +
β̃2

k3−τ

+ o

(
1

k3−τ

)
, k ≥ N, β̃2 ∈ iIR,

where

β2 = −
(

2

2− γ

)4−τ
%α2

4π3−τ cos(1− τ)
π

2
,

λj,k = λj,−k if k ≤ −N.

Moreover for all |k| ≥ N , the eigenvalues λj,k are simple.

Proof. Step 1. We will use the following classical development (see [17] p. 122,
(5.11.6)): for all δ > 0, the following development holds when | arg z| < π − δ:

Jν(z) =

(
2

πz

)1/2

cos
(
z − ν π2 −

π
4

)
−

(ν − 1

2
)(ν +

1

2
)

2

sin
(
z − ν π2 −

π
4

)
z

−
(ν − 1

2
)(ν +

1

2
)(ν − 3

2
)(ν +

3

2
)

8

cos
(
z − ν π2 −

π
4

)
z2

+O

(
1

|z|3

) .
(3.62)
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Moreover, for λ large enough, we have

λ̃ =
√
λ2 + α = λ+

α

2λ
− α2

8λ3
+
O(α3)

λ5
,

˜̃
λ =
√
λ2 − α = λ− α

2λ
− α2

8λ3
+
O(α3)

λ5
,

λ̃+
˜̃
λ = 2λ− α2

4λ2
+
O(α2)

λ4
,

λ̃− ˜̃
λ =

α

λ
+
O(α2)

λ4
,

λ(λ+ ω)τ−1 = λτ +
(τ − 1)ω

λ1−τ +
(τ − 1)(τ − 2)ω2

2λ2−τ +O

(
1

λ3−τ

)
.

(3.63)

Then

−iλ̃J1+νγ

(
2

2−γ iλ̃
)
Jνγ

(
2

2−γ i
˜̃
λ
)
− i˜̃λJ1+νγ

(
2

2−γ i
˜̃
λ
)
Jνγ

(
2

2−γ iλ̃
)

= −iλ
[
J1+νγ

(
2

2−γ iλ̃
)
Jνγ

(
2

2−γ i
˜̃
λ
)

+ J1+νγ

(
2

2−γ i
˜̃
λ
)
Jνγ

(
2

2−γ iλ̃
)]

−iα
λ

[
J1+νγ

(
2

2− γ
iλ̃

)
Jνγ

(
2

2− γ
i
˜̃
λ

)
− J1+νγ

(
2

2− γ
i
˜̃
λ

)
Jνγ

(
2

2− γ
iλ̃

)]

+O
(

1
λ4

)
.

Now, we set

a = Z − νγ π2 −
π
4 = 2

2−γ iλ̃− νγ
π
2 −

π
4 ,

b = Z̃ − νγ π2 −
π
4 = 2

2−γ i
˜̃
λ− νγ π2 −

π
4 .

Thus, from (3.62), we have

J1+νγ (Z) = sin a+
ã1(νγ)

Z
cos a− sin a

ã2(νγ)

Z2
+O

(
1

Z3

)
,

Φ++(1) = Jνγ (Z̃) = cos b− sin b
a1(νγ)

Z̃
− cos b

a2(νγ)

Z̃2
+O

(
1

Z3

)
,

J1+νγ (Z̃) = sin b+
ã1(νγ)

Z̃
cos b− sin b

ã2(νγ)

Z̃2
+O

(
1

Z3

)
,

Φ+(1) = Jνγ (Z) = cos a− sin a
a1(νγ)

Z
− cos a

a2(νγ)

Z2
+O

(
1

Z3

)
,

(3.64)

where

a1(νγ) = −cos νγπ

π

Γ( 3
2 + νγ)Γ( 3

2 − νγ)

2
, ã1(νγ) =

cos νγπ

π

Γ( 5
2 + νγ)Γ( 1

2 − νγ)

2
,

a2(νγ) =
cos νγπ

π

Γ( 5
2 + νγ)Γ( 5

2 − νγ)

8
, ã2(νγ) = −cos νγπ

π

Γ( 7
2 + νγ)Γ( 3

2 − νγ)

8
.
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Let us start with the case τ = 1. Inserting (3.64) and (3.63) in (3.61) we get

f(λ) = −iλ
(

2

πZ

)1/2(
2

πZ̃

)1/2

f̃(λ), (3.65)

where

f̃(λ) = − cosh(∗) + i%(i sinh(∗) + 1) +
1

λ

[
−a1

r̃
(1− i sinh(∗))

+ ã1
r̃ (1 + i sinh(∗)) + iβ̃(1 + i sinh(∗)) + 2ia1%

r̃ cosh(∗)
]

+
1

λ2

[
i%r2α2

2
+

(
a2 + ã2

r̃2
+
a1ã1

r̃2
+

2iβ̃a1

r̃

)
cosh(∗)

+2i
(
−%a2r̃2 (1 + i sinh(∗)) +

%a21
2r̃2 (1− i sinh(∗))

)]
+O(

1

λ3
),

where

r =
2

2− γ
, r̃ = ir, β̃ = β + (1− γ)

and
(∗) = 2rλ+ iνγπ.

Then

f̃(λ) = f0(λ) +
f1(λ)

λ
+
f2(λ)

λ2
+O

(
1

λ3

)
, (3.66)

where

f0(λ) = − cosh(∗) + i%(i sinh(∗) + 1), (3.67)

f1(λ) = −a1

r̃
(1− i sinh(∗)) +

ã1

r̃
(1 + i sinh(∗)) + iβ̃(1 + i sinh(∗)) +

2ia1%

r̃
cosh(∗),

(3.68)

f2(λ) =
i%r2α2

2
+

(
a2 + ã2

r̃2
+
a1ã1

r̃2
+

2iβ̃a1

r̃

)
cosh(∗) + 2i

(
−%a2

r̃2
(1 + i sinh(∗))

+
%a2

1

2r̃2
(1− i sinh(∗))

)
.

(3.69)

Note that f0, f1 and f2 remain bounded in the strip −α0 ≤ <(λ) ≤ 0.

Step 2. We look at the roots of f0. From (3.67), f0 has has two families of roots
that we denote λ0

1,k and λ0
2,k.

f0(λ) = 0⇔ − cosh(∗) + i%(i sinh(∗) + 1) = 0,

i.e
−(%+ 1)e4rλ + 2i%e−νγπie2rλ + (%− 1)e−2νγπi = 0.

This yield 
e2rλ =

%− 1

%+ 1
e−νγπi or

e2rλ = ie−νγπi



Weakly coupled degenerate wave equations 1759

and directly implies that

λ0
1,k =



2− γ
2

[
ln

√
%− 1

%+ 1
+ i

(
k +

(1− 2νγ)

4

)
π

]
if % > 1

2− γ
2

[
ln

√
1− %
%+ 1

+ i

(
k +

3− 2νγ
4

)
π

]
if % < 1


, k ∈ Z,

λ0
2,k =

2− γ
2

i

(
kπ +

(1− 2νγ)

4
π

)
.

Using Rouché’s Theorem, we deduce that f̃ admits an infinity of simple roots in S
denoted by λ1,k and λ2,k for |k| ≥ k0, for k0 large enough, such that

λ1,k = λ0
1,k + ε1,k, (3.70)

λ2,k = λ0
2,k + ε2,k. (3.71)

Step 3. Asymptotic behavior of ε1,k. We consider only the case % > 1. The
case % < 1 is similar. Using (3.70), we get

sinh(∗) = i(cosh `+ 2rε1,k sinh `+ 2r2ε2
1,k cosh `+ o(ε2

1,k)),

cosh(∗) = i(sinh `+ 2rε1,k cosh `+ 2r2ε2
1,k sinh `+ o(ε2

1,k)),
(3.72)

where ` = ln %−1
%+1 . Substituting (3.72) into (3.67), using that f̃(λ1,k) = 0, we get

ε1,k = O

(
1

k

)
.

Step 4. Asymptotic behavior of ε2,k. Using (3.71), we get

sinh(∗) = i(1 + 2r2ε2
2,k + o(ε2

2,k)),

cosh(∗) = 2i(rε2,k + 2
3r

3ε3
2,k + o(ε3

2,k)).
(3.73)

Substituting (3.73) into (3.67), using that f̃(λ2,k) = 0, we get

f̃(λ2,k) = −2irε2,k −
2a1

r̃( ikπr )
+O(ε2

2,k) +O

(
1

k2

)
+O

(ε2,k

k

)
= 0. (3.74)

The previous equation has one solution

ε2,k = −i a1

rkπ
+O(ε2

2,k) +O

(
1

k2

)
+O

(ε2,k

k

)
. (3.75)

We can write

λ2,k =
2− γ

2
i

(
kπ +

(1− 2νγ)

4
π

)
− i a1

rkπ
+ ε̃2,k, (3.76)
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where ε̃2,k = o(1/k). Substituting (3.76) into (3.66), we get

f̃(λ2,k) = −2irε̃2,k +
2i%a2

1

(kπ)2
− i%r4α2

2(kπ)2
− (1− 2νγ)a1

2k2π
− 4i%a2

1

(kπ)2
+

2i%a2
1

(kπ)2

+O(ε̃2
2,k) +O

(
1

k3

)
+O

(
ε̃2,k

k

)
= 0.

(3.77)

The previous equation gives

ε̃2,k = − %r3α2

4(kπ)2
+

(1− 2νγ)a1

4rk2π
i+O(ε̃2

2,k) +O

(
1

k3

)
+O

(
ε̃2,k

k

)
. (3.78)

From (3.78) we have in that case |k|2<λ2,k ∼ υ with

υ = −%r
3α2

4π2
.

Case 0 < τ < 1.

f̃(λ) = − cosh(∗) +
i%

λ1−τ (i sinh(∗) + 1)

+
1

λ

[
−a1

r̃
(1− i sinh(∗)) +

ã1

r̃
(1 + i sinh(∗)) + iβ̃(1 + i sinh(∗))

]
+

1

λ2−τ

[
2ia1%

r̃
cosh(∗) + i%(1− τ)ω(1 + i sinh(∗))

]
+

1

λ2

(
a2 + ã2

r̃2
+
a1ã1

r̃2
+

2iβ̃a1

r̃

)
cosh(∗)

+
2i

λ3−τ

[
%r2α2

4
− %a2

r̃2
(1 + i sinh(∗)) +

%a2
1

2r̃2
(1− i sinh(∗))

+%(τ−1)ωa1
r̃ cosh(∗) + %(τ−1)(τ−2)ω2

4 (1 + i sinh(∗))
]

+O

(
1

λ3

)
.

Then

f̃(λ) = f0(λ) +
f1(λ)

λ1−τ +
f2(λ)

λ
+
f3(λ)

λ2−τ +
f4(λ)

λ2
+
f5(λ)

λ3−τ +O

(
1

λ3

)
, (3.79)

where

f0(λ) = − cosh(∗), (3.80)

f1(λ) = i%(i sinh(∗) + 1), (3.81)

f2(λ) = −a1

r̃
(1− i sinh(∗)) +

ã1

r̃
(1 + i sinh(∗)) + iβ̃(1 + i sinh(∗)), (3.82)

f3(λ) =
2ia1%

r̃
cosh(∗),+i%(1− τ)ω(1 + i sinh(∗)), (3.83)

f4(λ) =

(
a2 + ã2

r̃2
+
a1ã1

r̃2
+

2iβ̃a1

r̃

)
cosh(∗), (3.84)

f5(λ) =
i%r2α2

2
+ 2i

[
−%a2

r̃2
(1 + i sinh(∗)) +

%a2
1

2r̃2
(1− i sinh(∗))
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+
%(τ − 1)ωa1

r̃
cosh(∗) +

%(τ − 1)(τ − 2)ω2

4
(1 + i sinh(∗))

]
.

(3.85)

Note that f0, f1, f2, f3, f4 and f5 remain bounded in the strip −α0 ≤ <(λ) ≤ 0.

Step 2. We look at the roots of f0. From (3.80), f0 has two families of roots that
we denote λ0

1,k and λ0
2,k.

f0(λ) = 0⇔ − cosh(∗) = 0.

Then
−e4rλ − e−2νγπi = 0.

Hence e2rλ = −e−νγπi or

e2rλ = ie−νγπi,

λ0
1,k =

2− γ
2

i

(
k +

3− 2νγ
4

)
π, k ∈ Z,

λ0
2,k =

2− γ
2

i

(
kπ +

(1− 2νγ)

4
π

)
, k ∈ Z.

Using Rouché’s Theorem, we deduce that f̃ admits an infinity of simple roots in S
denoted by λ1,k and λ2,k for |k| ≥ k0, for k0 large enough, such that

λ1,k =
2− γ

2
i

(
kπ +

(3− 2νγ)

4
π

)
+ ε1,k, (3.86)

λ2,k =
2− γ

2
i

(
kπ +

(1− 2νγ)

4
π

)
+ ε2,k. (3.87)

Step 3. Asymptotic behavior of ε1,k. Using (3.86), we get

sinh(∗) = −i(1 + 2r2ε2
1,k + o(ε2

1,k)),

cosh(∗) = −2i(rε1,k + 2
3r

3ε3
1,k + o(ε3

1,k)).
(3.88)

Substituting (3.88) into (3.79), using that f̃(λ1,k) = 0, we get

f̃(λk) = 2irε1,k +
2i%

( ikπr )1−τ
+O

(
1

k

)
+O

(
ε2

1,k

k1−τ

)
= 0. (3.89)

The previous equation has one solution

ε1,k = − %

rτ (kπ)1−τ (cos(1− τ)
π

2
− sin(1− τ)

π

2
) +O

(
1

k

)
+O

(
ε2

1,k

k1−τ

)
. (3.90)

From (3.90) we have in that case |k|1−τ<λ1,k ∼ β1 with

β1 = −%r
−τ

π1−τ cos(1− τ)
π

2
.
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Step 4. Asymptotic behavior of ε2,k.

Using (3.87), we get

sinh(∗) = i(1 + 2r2ε2
2,k + o(ε2

2,k)),

cosh(∗) = 2i(rε2,k + 2
3r

3ε3
2,k + o(ε3

2,k)).
(3.91)

Substituting (3.91) into (3.79), using that f̃(λ2,k) = 0, we get

f̃(λ2,k) = −2irε2,k −
2a1

r̃( ikπr )
+O(ε3

2,k) +O

(
1

k2

)
+O

(
ε2

2,k

k1−τ

)
= 0. (3.92)

The previous equation has one solution

ε2,k = −i a1

rkπ
+O(ε3

2,k) +O

(
1

k2

)
+O

(
ε2

2,k

k1−τ

)
. (3.93)

We can write

λ2,k =
2− γ

2
i

(
kπ +

(1− 2νγ)

4
π

)
− i a1

rkπ
+ ε̃2,k, (3.94)

where ε̃2,k = o(1/k). Substituting (3.94) into (3.79), we get

f̃(λ2,k) = −2irε2,k −
i%r5−τα2

2i1−τ (kπ)3−τ −
(1− 2νγ)a1

2k2π
+O

(
ε2

2,k

k1−τ

)
+O

( ε2,k

k2−τ

)
+O(ε2

2,k) +O

(
1

k3

)
= 0.

(3.95)

The previous equation gives

ε2,k = − %r4−τα2

4i1−τ (kπ)3−τ +
(1− 2νγ)a1

4rk2π
i+O

(
ε2

2,k

k1−τ

)
+O

( ε2,k

k2−τ

)
+O(ε2

2,k)+O

(
1

k3

)
.

(3.96)
From (3.96) we have in that case |k|3−τ<λ2,k ∼ β2 with

β2 = −%r
4−τα2

4π3−τ cos(1− τ)
π

2
.

Now, setting Ũk = (λ0
j,k−A)Uk, where Uk is a normalized eigenfunction associated

to λj,k. We then have

‖(λ0
2,k −A)−1‖L(H) = sup

U∈H,U 6=0

‖(λ0
2,k −A)−1U‖H
‖U‖H

≥
‖(λ0

2,k −A)−1Ũk‖H
‖Ũk‖H

≥ ‖Uk‖H
‖(λ0

2,k −A)Uk‖H
.
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Hence, by Lemma 3.5, we deduce that

‖(λ0
2,k −A)−1‖L(H) ≥ c

|k|2 if τ = 1,

|k|3−τ if 0 < τ < 1.

So that, the semigroup etA is not exponentially stable. Thus the proof is complete.

4. Polynomial stability (for ω 6= 0)

To prove polynomial decay, we use the following theorem.

Theorem 4.1 ( [9]). Assume that A is the generator of a strongly continuous
semigroup of contractions (etA)t≥0 on a Hilbert space X . If iIR ⊂ %(A). Then for
a fixed l > 0 the following conditions are equivalent

1) sup
β∈IR

‖(is I −A)−1‖L(X ) = O(|s|l).

2) ‖etAU0‖X ≤
C

t
1
l

‖U0‖D(A) ∀t > 0, U0 ∈ D(A), for some C > 0.

Our main result is the following.

Theorem 4.2. The semigroup SA(t)t≥0 associated with system (P ′) is polynomially
stable, i.e., there exists a constant C > 0 such that

E(t) = ‖SA(t)U0‖2H ≤
C

t
2

(3−τ)
‖U0‖2D(A).

Proof. In section 3, we have proved that the first condition in Theorem 4.1 is
satisfied. Now,we need to show that

sup
|λ|≥1

1

λl
‖(iλI −A)−1‖H <∞, (4.1)

where l = 3− τ . We establish (4.1) by contradiction. So, if (4.1) is false, then there
exist sequences (λn)n ⊂ IR and Un = (un, ũn, vn, ṽn, ϕn) ∈ D(A) satisfying

‖Un‖H = 1 ∀n ≥ 0, (4.2)

lim
n→∞

|λn| =∞ (4.3)

and
lim
n→∞

λln‖(iλnI −A)Un‖ → 0, (4.4)

which implies that

λl(iλu− ũ) = g1 → 0 in W 1
a (0, 1),

λl(iλũ− (a(x)ux)x + αv) = g2 → 0 in L2(0, 1),

λl(iλv − ṽ) = g3 → 0 in H1
a,0(0, 1),

λl(iλṽ − (a(x)vx)x + αu) = g4 → 0 in L2(0, 1),

λl(iλϕ+ (ς2 + ω)ϕ− ũ(1)ϑ(ς)) = g5 → 0 in L2(−∞,+∞).

(4.5)
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For simplification, we denote λn by λ,Un = (un, ũn, vn, ṽn, ϕn) by U = (u, ũ, v, ṽ, ϕ)
and Hn = (g1n, g2n, g3n, g4n, g5n) = λln(iλnI−A)Un by Gn = (g1, g2, g3, g4, g5). We
will prove that ‖U‖H = o(1) as a contradiction with (4.2). Our proof is divided
into several steps.

•Step 1. Taking the inner product of λl(iλI −A)U with U , we get

iλ‖U‖2H − (AU,U)H =
o(1)

λl
. (4.6)

Using (3.12), we get

ζ

∫ +∞

−∞
(ς2 + ω)|ϕ(ς)|2 dς = −<(AU,U) =

o(1)

λl
. (4.7)

Now, from (4.5)5, we obtain

ũ(1)ϑ(ς) = (iλ+ ς2 + ω)ϕ− g5(ς)

λl
. (4.8)

By multiplying (4.8) by (iλ+ ς2 + ω)−2|ς|, we get

(iλ+ ς2 + ω)−2ũ(1)ϑ(ς)|ς| = (iλ+ ς2 + ω)−1|ς|ϕ− (iλ+ ς2 + ω)−2|ς|g5(ς)

λl
. (4.9)

Hence, by taking absolute values of both sides of (4.9), integrating over the interval
]−∞,+∞[ with respect to the variable ς and applying Cauchy-Schwartz inequality,
we obtain

R|ũ(1)| ≤
√

2P
(∫ +∞

−∞
ς2|ϕ|2 dς

) 1
2

+ 2
Q
λl

(∫ +∞

−∞
|g5(ς)|2 dς

) 1
2

, (4.10)

where

R =

∣∣∣∣∫ +∞

−∞
(iλ+ ς2 + ω)−2|ς|ϑ(ς) dς

∣∣∣∣ =
|1− 2τ |

4

π

| sin (2τ+3)
4 π|

|iλ+ ω|
(2τ−5)

4 ,

P =

(∫ +∞

−∞
(|λ|+ ς2 + ω)−2 dς

) 1
2

= (
π

2
)1/2||λ|+ ω|− 3

4 ,

Q =

(∫ +∞

−∞
(|λ|+ ς2 + ω)−4|ς|2 dς

) 1
2

=
( π

16
||λ|+ ω|− 5

2

)1/2

.

Thus, by using the inequality 2PQ ≤ P 2 +Q2, P ≥ 0, Q ≥ 0, again, we get

R2|ũ(1)|2 ≤ 2P2

(∫ +∞

−∞
(ς2 + ω)|ϕ|2 dς

)
+ 4
Q2

λ2l

(∫ +∞

−∞
|g5(ς)|2 dς

)
. (4.11)

We deduce that

|ũ(1)|2 =
o(1)

λl−(1−τ)
+

o(1)

λ2l+τ
. (4.12)

Then

|ũ(1)| = o(1)

λ
l−(1−τ)

2

. (4.13)
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So, from (4.5)1, we find

|u(1)| =
∣∣∣∣v(1)

iλ
+
g1(1)

iλl+1

∣∣∣∣ =
o(1)

λ
l−(1−τ)

2 +1
. (4.14)

Since U ∈ D(A) and using the boundary conditions (3.10)3, (4.14) and (4.7), we
obtain

|a(1)ux(1)| = o(1)

λ
l−(1−τ)

2

. (4.15)

•Step 2. Now we use the classical multiplier method. Let us introduce the following
notation

Iv(x) = |
√
a(x)vx(x)|2 + |ṽ(x)|2.

For simplification, we set g̃1 = g1
λl
, g̃2 = g2

λl
, g̃3 = g3

λl
, g̃4 = g4

λl
, g̃5 = g5

λl
.

Lemma 4.1. We have that∫ 1

0

[(
(a(x)− xa′(x)) +

ma

2
a(x)

)
|vx|2 +

(
1− ma

2

)
|ṽ(x)|2

]
dx

+2α<
∫ 1

0

xuvx dx+ α
ma

2
<
∫ 1

0

uv dx

= [xIv]10 + ma
2 [a(x)vxv]10 +R,

(4.16)

where

R = 2<
∫ 1

0

xg̃4vx dx+ 2<
∫ 1

0

xṽg̃3x dx+
ma

2

∫ 1

0

ṽg̃3 dx+
ma

2

∫ 1

0

g̃4vdx.

Proof. To get (4.16), let us multiply the equation (4.5)4 by xvx Integrating on
(0, 1) we obtain

iλ

∫ 1

0

ṽxvx dx−
∫ 1

0

(a(x)vx)xxvx dx+ α

∫ 1

0

xuvx dx =

∫ L

0

g̃4xvx dx

or

−
∫ 1

0

ṽx(iλvx) dx−
∫ 1

0

x(a(x)vx)xvx dx+ α

∫ 1

0

xuvx dx =

∫ 1

0

g̃4xvx dx.

Since iλvx = ṽx + g̃3x taking the real part in the above equality, we get

−1

2

∫ 1

0

x
d

dx
|ṽ|2 dx+

1

2

∫ 1

0

xa(x)
d

dx
|vx|2 dx

−[xa(x)|vx|2]10 +

∫ 1

0

a(x)|vx|2 dx+ α<
∫ 1

0

xuvx dx

= <
∫ 1

0

ṽxg̃3x dx+ <
∫ 1

0

g̃4xvx dx.

Performing an integration by parts we obtain∫ 1

0

[|
√
a(x)vx|2 + |ṽ(x)|2] dx−

∫ 1

0

xa′(x)|vx(x)|2 dx+ 2α<
∫ 1

0

xuvx dx

= [x(|
√
a(x)vx|2 + |ṽ(x)|2)]10 +R1,

(4.17)
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where

R1 = 2<
∫ 1

0

xg̃4vx dx+ 2<
∫ 1

0

xṽg̃3x dx.

Multiplying (4.5)4 by v and integrating over (0, 1) and using integration by parts
we get∫ 1

0

a(x)|vx|2dx−
∫ 1

0

|ṽ|2dx− [a(x)vxv]10 + α

∫ 1

0

uv dx =

∫ 1

0

ṽg̃3 dx+

∫ 1

0

g̃4vdx.

(4.18)
Multiplying (4.18) by ma/2 and summing with (4.17) we get∫ 1

0

((a(x)− xa′(x)) +
ma

2
a(x))|vx|2 + (1− ma

2
)|ṽ(x)|2] dx

+2α<
∫ 1

0

xuvx dx+ α
ma

2

∫ 1

0

uv dx

= [xIv]10 + ma
2 [a(x)vxv]10 +R

(4.19)

with

R = R1 +R2

and

R2 =
ma

2

∫ 1

0

ṽg̃3 dx+
ma

2

∫ 1

0

g̃4vdx.

We have [a(x)vxv]10 = 0 and [xIv]10 = a(1)|vx(1)|2. Since ‖ṽ‖L2(0,1),

‖
√
a(x)vx‖L2(0,1) are bounded, we have from (4.19):

a(1)|vx(1)|2 ≤ C. (4.20)

By eliminating ũ and ṽ from system (4.5) we obtain

λ2u+ (a(x)ux)x − αv = f in L2(0, 1), (4.21)

λ2v + (a(x)vx)x − αu = g in L2(0, 1), (4.22)

where 
‖f‖L2(0,1) =

∥∥∥∥g2 + iλg1

λl

∥∥∥∥
L2(0,1)

=
o(1)

λl−1
,

‖g‖L2(0,1) =

∥∥∥∥g4 + iλg3

λl

∥∥∥∥
L2(0,1)

=
o(1)

λl−1
.

(4.23)

Next we multiply (4.21) by v and (4.22) by u, then add the resulting equations.
This yields

α

∫ 1

0

|v|2 dx = α

∫ 1

0

|u|2 dx−<[avxu]10 −<
∫ 1

0

iλũv dx+ <
∫ 1

0

iλṽu dx

+<
∫ 1

0

g̃2v dx−<
∫ 1

0

g̃4u dx.

(4.24)
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Then

α

∫ 1

0

|v|2 dx = α

∫ 1

0

|u|2 dx−<[avxu]10 + <
∫ 1

0

(iλg̃1 + g̃2)v dx

−<
∫ 1

0

(iλg̃3 + g̃4)u dx.

(4.25)

Thus, applying Cauchy-Schwarz’s and Young’s inequalities, using (4.14) and (4.20)
we obtain

λ2

∫ 1

0

|v|2 dx = λ2

∫ 1

0

|u|2 dx+
o(1)

λ
l−(1−τ)

2 −1
. (4.26)

Lemma 4.2. We have that∫ 1

0

[(
(a(x)− xa′(x)) +

ma

2
a(x)

)
|ux|2 +

(
1− ma

2

)
|ũ(x)|2

]
dx

+2α<
∫ 1

0

xvux dx+ α
ma

2

∫ 1

0

vu dx

= [xIu]10 +
ma

2
[a(x)uxu]10 +R,

(4.27)

where
Iu(x) = |

√
a(x)ux(x)|2 + |ũ(x)|2

and

R = 2<
∫ 1

0

xg̃2ux dx+ 2<
∫ 1

0

xũg̃1x dx+
ma

2

∫ 1

0

ũg̃1 dx+
ma

2

∫ 1

0

g̃2udx.

Proof. To get (4.27), let us multiply the equation (4.5)2 by xux Integrating on
(0, 1) we obtain

iλ

∫ 1

0

ũxux dx−
∫ 1

0

(a(x)ux)xxux dx+ α

∫ 1

0

vxux dx =

∫ L

0

g̃2xux dx

or

−
∫ 1

0

ũx(iλux) dx−
∫ 1

0

x(a(x)ux)xux dx+ α

∫ 1

0

vxux dx =

∫ 1

0

g̃2xux dx.

Since iλux = ũx + f1x taking the real part in the above equality results in

−1

2

∫ 1

0

x
d

dx
|ũ|2 dx+

1

2

∫ 1

0

xa(x)
d

dx
|ux|2 dx− [xa(x)|ux|2]10 +

∫ 1

0

a(x)|ux|2 dx

+α<
∫ 1

0

vxux dx

= <
∫ 1

0

ũxg̃1x dx+ <
∫ 1

0

g̃2xux dx.

Performing an integration by parts we get∫ 1

0

[|
√
a(x)ux|2 + |ũ(x)|2] dx−

∫ 1

0

xa′(x)|ux(x)|2 dx+ 2α<
∫ 1

0

vxux dx

= [x(|
√
a(x)ux|2 + |ũ(x)|2)]10 +R1,

(4.28)
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where

R1 = 2<
∫ 1

0

xg̃2ux dx+ 2<
∫ 1

0

xũg̃1x dx.

Multiplying (4.5)2 by u and integrating over (0, 1) and using integration by parts
we get∫ 1

0

a(x)|ux|2dx−
∫ 1

0

|ũ|2dx− [a(x)uxu]10 + α

∫ 1

0

vu dx =

∫ 1

0

ũg̃1 dx+

∫ 1

0

g̃2udx.

(4.29)
Multiplying (4.29) by ma/2 and summing with (4.28) we get∫ 1

0

((a(x)− xa′(x)) +
ma

2
a(x))|ux|2 + (1− ma

2
)|ũ(x)|2] dx

+2α<
∫ 1

0

vxux dx+ α
ma

2

∫ 1

0

vu dx

= [xIu]10 +
ma

2
[a(x)uxu]10 +R

(4.30)

with
R = R1 +R2

and

R2 =
ma

2

∫ 1

0

ũg̃1 dx+
ma

2

∫ 1

0

g̃2udx.

•Step 3. We have [xIu]10 = a(1)|ux(1)|2 + |ũ(1)|2 and [a(x)uxu]10 = a(1)ux(1)u(1).
By definition of ma, we have

(2−ma)a ≤ 2(a− xa′) +maa.

This, together with (4.30), gives∫ 1

0

(a(x)|ux|2 + |ũ|2) dx =
o(1)

λl−(1−τ)
. (4.31)

It follows from (4.26) and (4.31) that∫ 1

0

|ṽ|2 dx→ 0. (4.32)

Finally, from (4.18) and (4.32), we obtain that∫ 1

0

a(x)|vx|2 dx→ 0. (4.33)

Since ω > 0, we have

‖ϕ‖2L2(−∞,∞) ≤
1

ω

∫ +∞

−∞
(ς2 + ω)|ϕ(ς)|2 dς → 0. (4.34)

Combining (4.31), (4.32),(4.33) and (4.34), we obtain that

‖U‖H → 0. (4.35)
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This is a contradiction with the assymption that ‖U‖H = 1.
Moreover the decay rate is optimal. In fact for the case a(x) = xγ , γ ∈ [0, 2[, the

decay rate is consistent with the asymptotic expansion of eigenvalues which shows
a behavior of the real part like k−(3−τ).
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