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AN EXTENSIONAL CONFORMABLE
FRACTIONAL DERIVATIVE AND ITS
EFFECTS ON SOLUTIONS AND DYNAMICAL
PROPERTIES OF FRACTIONAL PARTIAL
DIFFERENTIAL EQUATIONS*

Weijun He!, Weiguo Rui! and Xiaochun Hong??

Abstract Investigations have shown that the conformable fractional deriva-
tive is very different from the classical fractional derivatives, it does not have
function of memory like the classical fractional derivatives, so it is more appro-
priate to be called as cognate derivative of the classical integer-order deriva-
tive. In this paper, following the idea of constructing the conformable frac-
tional derivative, an extensional conformable fractional derivative named sech-
fractional derivative is proposed. The effects of the new conformable fractional
differential operator on dynamical properties of nonlinear partial differential
equations (PDEs) are discussed. As example, by using the dynamical system
method, traveling wave solutions and their dynamical properties of a nonlin-
ear fractional Schrodinger equation are investigated under the sech-fractional
differential operator. The solutions and their dynamical properties of the
nonlinear Schrodinger equation are compared under three kinds of differen-
tial operators, their distinction and connection are revealed. Some interesting
phenomena are found and deserve attentions further.
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method, nonlinear Schrédinger equation, exact solution, dynamical property.
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1. Introduction

Over 320 years have passed since the concept of the fractional calculus was born
in 1695. However, the theory of fractional calculus is not perfect enough compared
with the integer-order calculus, and the development of the theory to fractional cal-
culus still continues. Following the definitions of earlier fractional derivatives such
as Riemann-Liouville fractional derivative, Griinwald-Letnikov fractional derivative,
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Caputo fractional derivative, Riesz fractional derivative, Weyl fractional deriva-
tive, Weyl-Marchaud fractional derivative, Hadamard fractional derivative, Capto-
Hadamard fractional derivative and so forth, some new definitions of fractional
derivatives such as Jumarie fractional derivative [16-18], conformable fractional
derivative [19], truncated M-fractional derivative and M-fractional derivative [33]
have been proposed in recent years. Unfortunately, the fractional chain rule and
fractional Leibniz rule of Jumarie fractional derivative were proved to be wrong by
some authors in [10,11,23,28,36]. Therefore, the Jumarie fractional derivative loses
the prospect of its application. In contrast, the other two new derivatives named
conformable fractional derivative and truncated M-fractional derivative have been
used by many authors [1-5,7-9,12-15,24-27,31,32,34,35,37-43] to investigate var-
ious exact traveling wave solutions of some nonlinear partial differential equations
due to their correctness and convenience in operation.

In these definitions of fractional derivatives mentioned above, the definition of
Riemann-Liouville fractional derivative and the definition of Griinwald-Letnikov
fractional derivative are equivalent, they are only different in form. Indeed, the
definition of Griinwald-Letnikov fractional derivative can be regarded as a limit
form of discretization to Riemann-Liouville fractional derivative that is often used
in the field of numerical calculation for corresponding fractional models. The def-
inition of Caputo fractional derivative is a direct modification of the definition of
Riemann-Liouville fractional derivative, just the sequence (precedence) of their in-
tegral and derivative are different. Undoubtedly, the Caputo fractional derivative is
much simpler and more convenient than the Riemann-Liouville fractional derivative
in terms of operation (computation) and determination of initial value conditions
for mathematical models. Other definitions of earlier fractional derivatives contain
integral operators, most of them are combinations of integral and derivative. Their
construction ideas are all derived from the Riemann-Liouville fractional derivative.
Therefore, more classical and widely used fractional differential operators are still
Riemann-Liouville fractional differential operator and Caputo fractional differential
operator. However, the two kinds of fractional differential operators have neither
corresponding Leibniz rule nor chain rule as in the integer-order calculus. The ab-
sence of the two rules causes very great difficulties in solving nonlinear fractional
differential equations defined by the Riemann-Liouville fractional differential oper-
ator and Caputo fractional differential operator. Many classical and effective meth-
ods in the field of integer-order differential equations cannot be directly applied to
solve fractional differential equations defined by Riemann-Liouville fractional differ-
ential operator or Caputo fractional differential operator. It is for this reason that
a new definition of fractional derivative named conformable fractional derivative
was proposed by Khalil et al in [19]. Further, the conformable fractional derivative
was improved into the truncated M-fractional derivative and M-fractional derivative
later (see reference [33] and cited therein). Indeed, only one constant factor ﬁ
varies between the truncated M-fractional derivative and the conformable fractional
derivative, it’s only a very small difference between them. Just the opposite, there
is a very big difference between the Riemann-Liouville fractional derivative and the
conformable fractional derivative, and their construction ideas are completely dif-
ferent. Next, we make a simple comparison for the definitions of the two kinds of
fractional derivatives.

The Riemann-Liouville fractional derivative of order « is defined by
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where f(t) is a continuous function in the interval ¢ € [a,+00) and n — 1 < o < n.
We only use the left Riemann-Liouville fractional derivative as example at here.
The conformable fractional derivative of f(¢) of order « is defined by

1—o) _ d
§DRf(t) = £(¢) = lim Jttet - )= 1®) :tl“"%, (1.2)

where t > 0, 0 < « < 1 and f(¢) is smooth.
From (1.1), it is easy to know that

Drf() = P () = EDREDR T (1)

This implies that Def. (1.1) contains arbitrary n — « order integral (i.e. arbitrary
a — n order derivative). Therefore, Riemann-Liouville fractional derivative is a
really arbitrary-order derivative, it’s just that people already habitually call it a
fractional-order derivative (or fractional derivative). In contrast, Def. (1.2) only
contains components of the integer-order derivative dfd—(tt) and power function ¢!~
no implication of fractional-order or arbitrary-order derivative. Therefore, the con-
formable fractional derivative is not a fractional derivative in the true sense, but
more like a twin of the classical integer-order derivative. Moreover, according to
the standard way to define the fractional derivatives given in [20], the conformable
fractional derivative should not be a real fractional derivative yet, it should be a
cognate derivative ( an isogenesis derivative) of the classical integer-order derivative.
On the other hand, the Riemann-Liouville fractional differential operator defined
by (1.1) has function (characteristic) of memory, but the conformable fractional
differential operator defined by (1.2) has not. Indeed, the conformable fractional
derivative is a direct modification of the classical integer-order derivative, its prop-
erties are very close to those of the integer-order derivative. So, all operational rules
of the conformable derivatives can be directly converted into operational rules of
the integer-order derivative. It is for this reason that all solving methods in the
field of integer-order differential equations can be directly applied to the field of
conformable fractional differential equations.

Although the conformable fractional derivative is not a fractional derivative in
the true sense, but people have habitually called it conformable fractional derivative
and it is paid attention to many researchers due to it has many excellent proper-
ties like integer-order derivative. Although the definition and operational rules of
conformable fractional derivative is very similar as those of the classical integer-
order derivative, their effects on the dynamical properties of differential equations
are very different. So what impact will these differences have on physics or other
applications? This is exactly the concern of our institute.

In this paper, following the idea of constructing the conformable fractional
derivative, we will introduced an extensional conformable fractional derivative
named sech-fractional derivative. And then, we will discuss effects of this new
conformable fractional differential operator on solutions of nonlinear PDEs. As ex-
ample, we will investigate traveling wave solutions and their dynamical properties
of a nonlinear fractional Schrodinger equation under the sech-fractional differential
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operator. By the way, the sech-fractional derivative is completely different from the
truncated M-fractional derivative [33].

The organization of this paper is as follows: In Sec. 2, we will introduc an exten-
sional conformable fractional derivative named sech-fractional derivative. Further,
we will discuss effects of this new conformable fractional differential operator on
solutions of linear or nonlinear PDEs. Several theorems of replacement solutions
are proposed and proved. In Sec. 3, we will investigate traveling wave solutions and
their dynamical properties of a nonlinear fractional Schrodinger equation under the
sech-fractional differential operator. Under three kinds of differential operators, we
will compare the dynamical properties of the solutions of the nonlinear Schrédinger
equation. In Sec. 4, a concise conclusion is given. In Appendix, under sech-
fractional differential operator and integer-order differential operator, differences of
derivatives to the six kinds of basic elementary functions are shown.

2. An extensional conformable fractional derivative

and its effects on dynamical properties of frac-
tional PDEs

In this section, we will introduce an extensional conformable fractional derivative
named sech-fractional derivative based on the the conformable fractional derivative.
And then, we will discuss effects of this new conformable fractional differential
operator on solutions and dynamical properties of sech-fractional PDEs.

2.1. Definition of an extensional conformable fractional
derivative

First, we introduce an extensional conformable fractional derivative named sech-
fractional derivative as follows:

Definition 2.1. Suppose that the function f(¢) is differential in R, then the sech-
fractional derivative for f(t) of a-order is defined by

D2 F(t) = d(;{it) _ g% flit+ €(sech(1€— a)t)] — f(t)) 2.1)
where t € R, 0 < o < 1, sech(1 — )t € (0,1].
Letting e(sech(1 — «)t) = At, (2.1) is reduced to
*DY f(t) = [sech(1l — @)t] lim ft+AD = ft) = [sech(1 — oz)t]df—(t) (2.2)

At—0 At dt ’

where 0 < « < 1. In particular, D f(¢t) = f'(¢t) when a = 1. Obviously, the
definition domain of the function f(t) is significantly improved compared to the
conformable fractional derivative; in the definition of conformable fractional deriva-
tive (1.2), the independent variable ¢ € [0,400), in the definition of sech-fractional
derivative (2.1), the independent variable ¢ € (—o0, +00). Although the derivative
defined by (2.1) is not a fractional derivative in the true sense yet, habitually we
still call it sech-fractional derivative.
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According to e(sech(1 — a)t) = At, we find that sech-fractional differentiate and
integer-order differentiate have the following relationship:

dt™ = cosh(1 — a)t dt, (2.3)

where ¢ ~ dt* and At ~ dt. If d%it) = g¢(¢), then we obtain a sech-fractional
derivative formula and an integral formula as follows:

qme<“m“_aﬁ>:bmm1—amg(mm“_aﬁ>@mm1—am

l—«a
B sinh(1 — «a)t
o Cl-a
h(1 —
(sm @) e

s Jo sinh(1 — a)t
t9 Cl-a 11—«

/ )
/ (Smhl i;a t) cosh(1 — a)t dt
/ )

sinh(1 — a)t d sinh(1 — a)t
1-a 1-a

g
<smh1—a ) o
l—«

Generally, we have

SIYg(t) = /g(t)dt"‘ = /g(t)[cosh(l — a)t] dt. (2.4)

When n < o < n+ 1, the higher order derivative of f(t) is defined as follows:

Definition 2.2. Suppose that the function f(¢) is n-order differential in R. If
n < a < n+1, then the sech-fractional derivative for f(t) of higher order is defined
by

SDe (1) = dc;{it) 1y FM [t + e(sech(n +E1 —a)t)] — f) (t), (25)
wheret e R, n<a<n-+1.
Similarly, letting e(sech(1 — «a)t) = At, (2.5) is reduced to
SDEf(t) =sech[(n + 1 — a)t]f™HV (), (n<a<n+1) (2.6)

and 5D f(t) = f™*t1(t) when a = n + 1. Obviously, DD f(t)] # SD?*f(t),
that is, the fractional differential operator does not satisfy the superposition prin-
ciple SD§ -5 D¢ # SD*.

Regarding the sech-fractional chain rule and Leibniz rule, we have two lemmas
as follows:

Lemma 2.1. Supposes that f(t), g(t) and f[g(t)] are smooth functions in t €
(—00,400). For the sech-fractional derivative of the compound function f[g(t)], the
following chain rule holds

*Dg flg()] = [sech(1 — a)t]

df[fiit(t)] = [sech(1 — a)t]fl(T)g/(t)‘T:g(t)~ 27)
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Proof. Based on the Def. 2.1, we have

sszf[g(t)] = lim f [g (t + E(SeCh(l — a)t)] B f[g(t)} )

e—0 3

Letting e(sech(1 — a)t) = At, Eq. (2.8) is reduced to
flg @+ AD] - flg(@)]

D7 flg(t)] = [sech(1 — )t] lim At
= [sech(1 — a){] df[dt( )

[sech(1 — a)t] f'(p)g’(t) |¢:g(f,)'

Indeed, this is an indirect form of chain rule need to be assisted by the chain rule
of the integer-order derivative. It is important to note that its direct form of chain
rule does not hold, that is, *Dy f[g(t)] # DG f(¢) - SD?g(t)LD:g(t) because

“Dg f(0)- *DPg(t)| = [sech(1-a)¢] f ()~ [sech(1-a)tlg' ()] _,

= [sech(1 — a)g(t)][sech(1 — )t]f'()g'(D)] ,_ 1)
# [sech(1 — a)t] f'(0)g' (t)]

p=g(t)

p=g(t)"
]

Lemma 2.2. Supposes that f(t), g(t) are two smooth functions in t € (—oo,+00).
For the sech-fractional derivative of the function f(t)g(t), the following sech-
fractional Leibniz’s rule holds
Dy [f(t)g(t)] = [ *Dy f()]g(t) + f()] *Dig(t)]
= [sech(1 — a)t][f'(t)g(t) + f(t)g'(t)]. (2.9)

Proof. Asin Lemma 2.1, letting e(sech(1 — «)t) = At, we can easily obtain
]

d[f(®)g(t)
dt

2), we get

"D [f()g(1)] = [sech(l — a)t] =——== = [sech(1 — )] [f'()g(t) + f(t)g' (1)].

On the other hand, by using (2.
[*D2 F(Blg(t) + F(8)] *Dig()
sech(1 - o) 20
sech(1 — L ()9(0) + £ 0L

So, the conclusion is proved. Obviously, direct sech-fractional Leibniz’s rule holds.
O
It is not difficult to see that the sech-fractional derivative has one more functional
factor formed as sech(1—a/)t than the integer-order derivative when 0 < o < 1. Also,
we find that the sech-fractional derivative of higher order has one more functional
factor formed as sech(n + 1 — a)t than the integer-order derivative f+1)(t) of
order n+1 when n < a < n+1. Although the sech-fractional derivative has similar
definition and operational rules as in classical integer derivative, they have very
different effects on the dynamical properties of differential equations. Then, what
are their essential difference and correlation? Next, we will answer this question.

g(t) + f(t)[sech(1 — a)t]d%t)

A
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2.2. Effects of the sech-fractional differential operator on so-
lutions and dynamical properties of nonlinear PDEs

Affected by the sech-fractional differential operator, the solutions of the sech-
fractional PDEs are different from those of the integer-order PDEs. Of course,
there are distinction and connection between the solutions of the two types of lin-
ear or nonlinear PDEs due to there are difference and connection between these
two differential operators. In the next, we give their association and difference by
theorems.

Theorem 2.1. Ifu = p(kz+wt) is a traveling wave solution of a linear or nonlinear
integer-order PDE with constant coefficients formed as
ou Ou 0%u 0%u "u
F u’ —_—, —, s,y = O’
ot’ 0x’ Oxot 0x? oxn

(2.10)

then u — o (ksinil(_lB—B)x + wsinlh_(z—a)t

or nonlinear sech-fractional PDE with constant coefficients formed as

) must be a traveling wave solution of a linear

F[U, SD?'UH SDQU; ng(sD?u)’ (SDg)2u7 R (ng)nu} :Oa (211)

where 0 < « < 1, *D$ is sech-fractional differential operator and (*D2)*u =
SDP(sDPu) # $D?Pu.

Proof. Making traveling wave transformation as follows:
u(z,t) =¢(§), §&=ka+wt, (2.12)

where k and w are two nonzero constant, and then substituting the transformation
(2.12) into PDE (2.10), we obtain

dy | dy d?¢ 2d230 d™p
F SRS wh—L, K2 k" =0. 2.1
(<p7wd£,k’d£,wk:d€2,k‘ R , k e 0 (2.13)

Similarly, we make another traveling wave transformation as follows:

_ ksinh(1 — B)z  wsinh(1 — a)t
B 1-8 11—« '

U(:E,t) - @(C)a (214>

Obviously, % = wcosh[(1 — a)t], % = kcosh[(1 — B)x]. Thus, by using the sech-
fractional derivative formula (2.2) and chain rule, we easily obtain the following
expressions

dpdC  dp

*Dfu = sech[(1 — a)t]% = sech[(1 — a)t]cTCE = wdC’ (2.15)
$DPu = sech[(1 — ﬂ)x]% = sech[(1 — ﬂ)x]j—?% = 2—?, (2.16)
SDP(EDeu) = *DP [wf;g] — sech[(1 5)x]d% {w‘;ﬂ % - wk‘fgj (2.17)
eD2Yu = DYDL) = "D} [K9E] = sectl(1 = gyal L [42] 6 — 22,

(2.18)
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dn_l(p
d(nfl

de "¢
(2.19)

n—1 n
(ng)nu: ng [kn—l d l:kn_ld 90:| dC —knd 4

} = sech[(1 — 6)315](1—C don T

Plugging (2.14)-(2.19) into fractional PDE (2.11), we get

dp de  d*o  ,d%p d"p
F A P RN i oy 7o i O P =0. 2.20
((p7 wdc’ dC’ w dC27 dC27 b an ( )

Obviously, the forms of Eqgs. (2.13) and (2.20) are same except their independent
variables £ and ( are different. So, the forms of their solutions are also same except
the independent variables of solutions are different. In other words, the structures
of their solutions are very similar, only that the independent variables of solutions
are different. If ©(¢) is a solution of ODE (2.10), then ¢(¢) must be a solution of
ODE (2.11). Thus, when u = @(kx + wt) is a traveling wave solution of the PDE

(2.10), then u = ¢ (ksmlf(jﬁ_ﬁ)x + wsmﬂt“”) must be a traveling wave solution of
a sech-fractional PDE (2.11). O

Corollary 2.1. If u = p(kz + wt) is a traveling wave solution of a linear or non-
linear integer-order PDE (2.10) formed as

F( , ou Odu O%*u O%*u Bnu) ’

ot Ox’ Ozot 9z’ 7 Oxn

then u = ¢ (% + %) must be a traveling wave solution of a linear or nonlinear
conformable fractional PDE with constant coefficients formed as

F [ua é(Dtaua 5D5u7 ng(gD?U), ((?D;)Qua Y (é(Df)nu] = Ov (221)
where 0 < o < 1, KD is conformable fractional differential operator and (§DP)?u =
¢ DL(§ D) # D u.
Theorem 2.2. If u = ¢(kx + wt) is a periodic wave solution of the integer-order
PDE (2.10), then v = ¢ (kSinTglgﬁ)w + wsmlhﬁloja)t) must be a non-periodic travel-
ing wave solution of the sech-fractional PDE (2.11).

Proof. Let

Si hl— 3] hl—
g:kx.‘rwt, Czkbln( /8)1' Wbln( a)t.

1-06 11—«
According to Theorem 2.1, the u = ¢ (ksmlf(_lﬁ*ﬁ)w + wsmlhiloja)t) must be a trav-

eling wave solution of the sech-fractional PDE (2.11). Since u = ¢(kx + wt) is a
periodic solution, then there must be two nonzero constants X and T that make
the following equations hold

dlk(z 4+ X) + wt] = ¢p(kx + wt) (2.22)
and

dlkx +w(t+T)] = p(kx + wt). (2.23)
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So

e+ X)+wt=kr+wt+ kX =&+ kX, (2.24)
kr+wit+T)=kr+wt+wl =&+ wT, (2.25)

thereby

(€ +kX) = (&) = d(§ +wT),
this indicates that kX and w7 are the periods of the function ¢(§) about the
independent variables x and t, respectively.

Next, we will prove that u = ¢ (ksinlll(_lgﬁ)w

using anti-proof method, we assume that ¢

+ wsinll{lojo‘)t) is not periodic. By

ksinh(1—-3)x wsinh(1—a)t
1-8 + 11—«

) is also a

periodic function, then there must be two nonzero constants X and 7T that make
the following equations hold

) <ksinh(1 ~B)(a+X) , wsinh(1— a)t>

1-p 1—«a
_ (ksinh(1 — B)r  wsinh(1 — )t
¢< R ) (2.26)
and
ksinh(1 — B)z  wsinh(l —a)(t+ T)
( -5 I—a )
_(ksinh(1 - B)r = wsinh(1 — a)t
_¢< T3 + o ) (2.27)

From above assumption that the ¢(¢) is periodic function, it is clear that the fol-
lowing equation holds

P(¢+ C1X) = 6(C) = o(¢ + CoT), (2.28)

where C; and Cs are two nonzero constants which can be determined, the C; X and
CyT are two periods of the function ¢(¢) about the independent variables x and ¢,
respectively. By using (2.26), (2.27) and (2.28), we directly obtain two equations
as follows:

ksinh(1l — g)(z + X) n wsinh(1 — a)t

1-p 1—a
__ksinh(1 — B)r  wsinh(l —a)t
=" 01X, (2.29)
ksinh(1 — f)z  wsinh(l — a)(t+T)
+
1-7 1—a
__ksinh(1 — B)r  wsinh(1 — a)t
= A, (2.30)

that is,

ksinh(1 — B)(z + X) n wsinh(1 — a)

t
T T =CTOX, (2.31)
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ksinh(1 — f)z  wsinh(l —a)(t+ T)

T3 — = C+CuT. (2.32)
However,
ksinh(1 — B)(z + X) = wsinh(1 — a)t
1-06 + 11—«
_ k[sinh(1 — B)z cosh(1 — 8)X + cosh(1 — 3)z sinh(1 — 3)X]
= =3
wsinh(1 — a)t
1-a
#C+ 1 X, (2.33)
ksinh(1 — )z wsinh(l — a)(t+ T)
1-0 * 1—a
__ksinh(1 — B)x
=5
n w(sinh(1 — a)t cosh(1l — «)T + cosh(1 — a)t sinh(1 — )T
l1-«a
#C + CoT. (2.34)

Obviously, the above results are contradictory, and therefore the previous assump-

tion is not true. This proves that the u = ¢ (kSinT(_lgﬁ)w + wsmlhfloja)t) must be a

non-periodic traveling wave solution. O
For example, it is easy to verify that

u = Asin(kx + ket) (2.35)

is a periodic traveling wave solution to the following linear wave equation

Pu 0%
_ 2o 2.
a2~ ¢ Ba2 (2:36)
According to Theorem (2.1),
ksinh(1 — kesinh(1 — a)t
u_Asin< 51n1(_ﬂ B)x N csm1 Ea @) ) (2.37)

must be a non-periodic traveling wave solution of the linear sech-fractional wave
equation formed as follows:

(*D%)*u = 2(*D?)?u. (2.38)

In order to compare the properties of the solutions (2.35) and (2.37), we draw
their curve graphs in the same coordinate system, see Figure 1. In Figure 1, the
curve graph of the solution (2.35) is marked in red, the curve graph of the solution
(2.37) is marked in blue.
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(b)

z € [—16,16]

(a) = € [~12,12]

Figure 1. Graphs of the (2.35) and (2.37) under the
A=2 k=08, c=05, a =025 8=0.75 t=1.

It is not difficult to see from Figure 1 that the solution (2.37) is not a periodic
function and does not satisfy the property of the periodic function. Although the so-
lution (2.37) has property of similar periodic function (the maximum and minimum
values appeared repeatedly), its oscillation frequency will become faster and faster.
As the interval expands, the distance between two maximum value points (or two
minimum value points) will become smaller and smaller. Therefore, the solution
(2.37) does not exist a nonzero constant called period as in periodic function.

Corollary 2.2. If u = ¢(kx + wt) is a periodic wave solution of the integer-order
PDE (2.10), thenu = (% + % must be a non-periodic traveling wave solution
of the conformable fractional nonlinear PDE (2.21).

Moreover, under Def. 2.1 of the extensional conformable fractional derivative,
the fractional derivatives of six kinds of basic elementary functions are completely
different from those of their integer-order derivatives, their differences are detailed
in the Appendix of Section 5.

To show the effects of this new conformable fractional derivative on nonlinear
fractional partial differential equations, as example, we will investigate traveling
wave solutions and their dynamical properties of a nonlinear fractional Schrodinger
equation by using the dynamical system method. The dynamical properties of the
solutions of the nonlinear Schréodinger equation will be compared under the sech-
fractional differential operator, integer-order differential operator and conformable
fractional differential operator, see the next section.

3. Comparisons of solutions of nonlinear
Schrodinger equation under three kinds of dif-
ferential operators

In the previous section, we compared the dynamical properties of the solutions of
a linear wave equation under two different differential operators. It was found that
structure of the periodic wave solution of integer-order wave equation is very simi-
lar to structure of the non-periodic traveling wave solution of sech-fractional wave
equation (with only different independent variables), but their dynamical proper-
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ties are very different. In this section, by using separation method of variables
combined with dynamical system method [29,30], we will investigate the difference
and connection between the solutions under the sech-fractional differential operator
(extensional conformable fractional differential operator) and integer-order differ-
ential operator.

The nonlinear sech-fractional Schrodinger equation is defined by

i (D) + (*DEY*y + ply|*y + Kep = 0, (3.1)

where 1 = (z,t), 0 < a < 1, 0 < 8 < 1, i = y/—1, the parameters p, x are
two nonzero constants, the sign D¢ denotes sech-fractional differential operator
and (5D8)2¢ = $DP(5DBvy) # 5D?$¢. When a = 8 = 1, Eq. (3.1) becomes the
classical nonlinear Schrodinger equation as follows:

i e+ ew + plYPY + kY = 0. (3.2)

When the differential operator D¢ becomes & D&, Eq. (3.1) becomes the nonlinear
conformable fractional Schréodinger equation [6] as follows:

i (D) + (DD + ply|*¢ + K = 0, (3.3)

where 1 = (z,t), 0 < a <1, 0 < 8 < 1, i = y/—1, the sign £ D¢ denotes con-
formable fractional differential operator and (¥ D2)2¢ = KDS(KDBy) £ K D25,

According to Theorem 2.1 and Corollary 2.1, we know that the structures of
solutions for the above three kinds of nonlinear Schrodinger equations are very
similar, just that their independent variables are different. Therefore, we only
need to solve one of the above three equations is enough. Thus, we only solve the
equation (3.1) at here. The traveling wave solutions of the other two equations
(3.2) and (3.3) can be replaced by the solutions of the equation (3.1), that is, the
solutions of Egs. (3.2) and (3.3) can be directly obtained by variable replacement

such as w ~ T, w ~tand r ~ %, t ~ % from the solutions of
Eq. (3.1).
Making a traveling wave transformation
b = u(()e”, (3.4)
where
_ ksinh(1 — )z esinh(1 — )t 0 psinh(1 — B)z  wsinh(1l — a)t (3.5)
N 1-5 l—a B 1-5 11—« P

then substituting (3.4) and (3.5) into (3.1) and letting both real part and imaginary
part in the equation be zero, Eq. (3.1) is reduce to the following two equations:

3 2d2u 2
pu’ +k T@+(K+w_p)u:0 (3.6)
and p
u

Provisionally regarding u(¢) is arbitrary function, solving (3.7) it yields

¢ = 2kp. (3.8)
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Of cause, when ¢ # 2kp, the solution of (3.7) is a trivial solution (constant solution)
formed as u = C, but this kind of constant solution makes no significance. So, we
only consider the case ¢ = 2kp. Plugging (3.8) into (3.5), we get

_ ksinh(1 — )z 2kpsinh(1l — a)t 09— psinh(l — B)z  wsinh(1 —a)t

1-8 1-a ’ 1-8 1-a (3:9)

Thereby, the solutions of Eq. (3.1) is determined by the solutions of ODE (3.6) and
the transformations (3.4) and (3.9). Next, we will solve Eq. (3.6).
Letting fl—z = v, Eq. (3.6) is reduced to a nonlinear planar system as follows:

du
— =
d¢ ’
3.10
@7(p27117w)u7pu3 (3.10)
¢ k2 '
The first integral of the system (3.10) is defined by
2 e
R i ke Ve R Y Y h, (3.11)

k2 2k2

where h is an integral constant. For convenience on discussion, we rewrite Eq.
(3.11) as following;:

2
p pPP—k—w
H(U,U) = ’U2 + w’lﬁl — TUQ = h (312)

When ”27% < 0, the system (3.10) has only one equilibrium point O(0,0).
When pz_% > 0, the system (3.10) has three equilibrium points O(0,0) and

At (i, == 0) . Substituting these points into Eq. (3.12), it yields

2 _ _ 2 _ 2
ho = H(0,0)=0, hy=H (i, /p;"’,o> - —(1’2;2“). (3.13)

From (3.10) and (3.12), it is easily verify that %—f}l # *((1?? and %—’Z 3—2’, SO system

(3.10) isn’t a Hamiltonian system.
2 3
Letting P = v, Q = W in the system (3.10), we write Jacobian
matrix and Jacobian determinant of the system (3.10) as follows:

gL 9L 0 1
M(u ’U) _ ou Ov _
’ 9Q 9Q W —rn—w)=3pu® |7
ou Ov k2

J(u,v) = detM (u, v).

Obviously,

2 _ 2 _ 2 2 _
0.0 = Forme J<i W’()):(pﬂw). (3.14)
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According to discriminant method of the types of equilibrium points for nonlinear
dynamical system given in [21,22], we know that the point O(0, 0) is a saddle point

and the points A; o (i. / ”27%, O) are center points when p? — k —w > 0. On the

contrary, the point O(0,0) is a center point and the points Aj o (i, / pL:*“’,O)
are saddle points when p? — k —w < 0. According to above information, the graphs
of phase portraits of the system (3.10) are illustrated in Fig. 2.

D

T
-0.5

(@) p>0, pP—k—w<0 (b) p<0, PP —k—w>0

()p<0, pP—Kk—w<0 d)p>0,p P —rk—w>0

Figure 2. Graphs of phase portraits of the system (3.10).

Through the distribution of orbits in each phase portraits in Figure 2, we will
discuss the solutions of the ODE (3.6) in the corresponding parametric conditions,
and further search different kinds of exact traveling wave solutions of Eqs. (3.1),
(3.2) and (3.3).

Case 1. When p?> —k —w < 0, p > 0 and h > 0, system (3.10) has a family of
closed orbits (infinity many closed orbits) surround the center point O(0,0), which
is shown in Fig.2a. This indicates that the ODE (3.6) exists a family of periodic
solutions. In particular, when p? — k —w =0 (i.e. p=+/k +w) and p >0, h > 0,
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the Eq. (3.11) is reduced to

2
v = iTkzp V(a2 4 u2)(a? — u2), (3.15)
where a? = %%. Substituting (3.15) into % = v in (3.10) and then integrating

it, we get

¢ du V2o [°
/u V(a2 +u?)(a? — u?) =+ Qkp/c dg. (3.16)

Solving (3.16), we obtain an exact periodic solution of ODE (3.6) as follows:

.| 2k2h 4200 . V2

Plugging (3.17), (3.9) and p = v/ + w into (3.4), we obtain a non-periodic traveling
wave solution of Eq. (3.1) as follows:

o 2k ( 2ph (ksinh(l — Bz 2ky/m T wsinh(l a)t) ﬂ) it
p )

k2 1-58 11—« 2 ’
(3.18)
where § = \/mslif}é(l_ﬁ)z - wsmlhfla_o‘)t. According to Theorem 2.1 and using the
replacements of independent variables w ~ x and w ~ t, the so-

lution (3.18) is converted into a periodic wave solution of the classical nonlinear
Schrédinger equation (3.2) as follows:

[2Kk2h 4/ 2ph 2\ _
=4 P cn ( %(kx —2kvE+w f;), {) el(\/n+wm wt)’ (3.19)

According to Corollary 2.1 and using the replacements of independent variables

T ~ % and t ~ %, the solution (3.19) is converted into a non-periodic traveling

wave solution of the nonlinear conformable fractional Schrédinger equation (3.3) as
follows:

2k2 .2 ) @ 2\ i(EEmef e
b= o 220 (20 (R 2RVEF @Y V2Y (o) g
p k2 \ B o 2

In order to compare dynamical properties of the solutions (3.18), (3.19) and
(3.20), we plot the comparison graph of modules |¢| to the solutions (3.18) and
(3.19), which is shown in Figure 3. Also, we plot the comparison graph of modules
|| to the solutions (3.20) and (3.19), which is shown in Figure 4. In Figs. 3 and
4, the values of parameters are taken as p = 2, kK = 0.5, w = 0.8, h =4, a =
0.25, 8 =0.75, k =1, t = 2. In comparison graphs of modules of solutions, the
curve to solution of the sech-fractional Schrédinger equation is marked in blue, the
curve to solution of the classical integer-order Schrédinger equation is marked in
red and the curve to solution of the conformable fractional Schrédinger equation is
marked in black. All the curves in the below graphs are colored by this convention
and will not be repeated.
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1

Figure 3. Comparison graph of modules of the solutions (3.18) and (3.19).

Figure 4. Comparison graph of modules of solutions (3.20) and (3.19).

As can be seen from Figures 3 and 4, the oscillation frequency of the blue curve
will be faster and faster with increasing distance in the sech-fractional system, the
oscillation frequency of the black curve will be slower and slower with increasing
distance in the conformable fractional system, the oscillation frequency of the red

curve is always kept constant in the integer-order system.

Case 2. When p? —k —w >0, p < 0 and h = hy = 0, system (3.10) has two
line orbits (marked in black) cross over the saddle point O(0,0), which is shown in

Fig.2b. This indicates that the ODE (3.6) exists two unbounded solution.

(i) When p? —k —w >0, p <0 and h = hg = 0, the Eq. (3.11) is reduced to

/2, |92 2
V=4 pu (k+w p)+u2.
2k p

(3.21)
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Substituting (3.21) into ‘;—’g = v in (3.10) and then integrating it, we get

oo
2(k4w p)+u2

Solving (3.22) and letting the integral constant as zero, we obtain two bounded
solutions of ODE (3.6) as follows:

Antw—p?) (wﬂ—f”v—w c) | (3.23)

P k

dc. (3.22)

u=TF

Plugging (3.23) and (3.9) into (3.4), we obtain two non-periodic traveling wave
solutions of Eq. (3.1) as follows:

2 2 4 _
b=7 2(k 4+ w p)csch<\/p K—w

p k
ksinh(1 — B)x  2kpsinh(1 — a)t 0
x( T — e, (3.24)
psmh(l B)z  wsinh(l—a)t

where 6 = . Similarly, according to Theorem 2.1 and Corol-

-«

-B
lary 2.1, we obtaln the following solutions of Egs. (3.2) and (3.3), respectively.

2 _ 2 /n2 — k — .
Y= (Ktw=p )csch < P kﬁ ~ (kz — 2kpt)> elpr—wt) (3.25)
p
2 2 . B feY S pxB e
o= 206 tw—p?) o (\/p K—w (kx_ 2kpt )) (e
p k B8 @
(3.26)
(ii) When p? —k —w =0 (i.e. p=+/k +w) and p <0, h =0, the Eq. (3.11) is
reduced to
V=2
v=2Y_Py2 (3.27)

2k
By using the same method as before, we can obtain two unbounded solutions of
ODE (3.6) as follows:

w= x\/%g—l. (3.28)

Thus, Eq. (3.1) has two exact traveling wave solutions as follows:

2k (Rsinh(l—f)r 2%+ wsinh(l —a)t !
BRIV 1-3 1—a
i(\/msinh(lfﬂ)ziuslnh(l a)t)
X e = =) (3.29)

Similarly, according to Theorem 2.1 and Corollary 2.1, we obtain the following
solutions of Egs. (3.2) and (3.3), respectively.

lei(\/fwr;wszt)

v= :F\/—Qp (kw —2kv/Kk —|—wt) ’

(3.30)
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- 2k (kxﬁ 2k\//£—|—wta>_1 i(@wwﬁ,ﬁ)
e P e o),
vV=2p \ B @

¢ = (3.31)

Case 3. When p? —k—w < 0, p < 0and h = hy, system (3.10) has two heteroclinic
orbits (marked in black) pass through the saddle points A; and As, which is shown
in Fig.2c; this indicates that the ODE (3.6) exists two heteroclinic solutions shaped
as kink wave and anti-kink wave. When p?> —k —w <0, p<0and 0 < h < hy,
system (3.10) has a family of closed orbits (marked in brown) around the center
point O(0,0) which is shown in Fig.2c; this indicates that the ODE (3.6) exists a
family of periodic wave solutions.

(i) When p? —k—w <0, p<Oand h = hy = —M, Eq. (3.11) is reduced

2pk?2
to )
V=20 ( 45 pP—K—-w
=+ — . .32
v ok (u 5 > (3.32)
Substituting (3.32) into Z—’C‘ = v in (3.10) and then integrating it, we get
du v=2p
/ e = [ (3.33)
p

Solving (3.33), we obtain two heteroclinic solutions of ODE (3.6) as follows:

PR w 2(k+w—p?)
u== ; tanh ( 5% C) . (3.34)

Plugging (3.34) and (3.9) into (3.4), we obtain two soliton solutions of Eq. (3.1) as

follows:
2 _ 2 2
Y=+ L P N (wtw=p)
P 2k
ksinh(1 — B)x  2kpsinh(1 — a)t 0

_ v 3.35
( 1-8 1-a “ (3:35)
where 6 = psmlll(_lﬁ_ﬁ)gﬁ — wsmlhgl_a)t. Similarly, according to Theorem 2.1 and Corol-

lary 2.1, we obtain the following soliton solutions of Egs. (3.2) and (3.3), respec-
tively.

2 _ 2 2 ‘
b=+ 1% tanh (W (kz — 2k:pt)> gilpa—ut) (3.36)
2 _ _ 2 B o (paB e
b= T o (VR ) (kT ZRptt ) (o)
p 2k 15} @

(3.37)

(ii) When p? —k —w <0, p<0and 0 < h < hy, Eq. (3.11) is reduced to

v = :|:2_T2p\/(u1 —u)(uz — u)(u — uq)(u — uz), (3.38)
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where

i\/(pQ—/i—w)—k\/pz(;t??—2/&—2w)+(/<a—i—w)2—&-2pk2h
Uyp 2 = )
1)

\/(p2 — K —w) — /P2(p? — 2k — 2w) + (K + w)2 + 2pk2h
U3z 4 = + P .

U

Taking (us,0) as initial value point and then substituting (3.38) into ‘é—c = v in
(3.10) to integrate, we get

du “2 /dg (3.39)

\/(ul —u)(ug — u)(u — ug)(u — u2)

Solving (3.39), we obtain a periodic solution of ODE (3.6) as follows:

us — ul)\lsHQ (\/_2P(U1_4:2)(u3_u‘1)<, ml)

1 — Apsn2 (\/Zp(u14:2)(u3u4)<, ml)

u =

(3.40)

uz—ug — [ (uz—u4)(ua—us)
up—usq’ mi (u1—ua)(uz—uz2)’

tion and m is its module. Plugging (3.40) and (3.9) into (3.4), we obtain an exact
traveling wave solution of Eq. (3.1) as follows:

where A\ = the sn(*,mq) is Jacobian elliptic func-

4k 1-B -« )
w - 2 . . €,
1— )\18112 (\/_ p(u1—uz)(uz—us) <ksmh(17,8)w B 2kpsmh(17a)t) .My

U3 — ugAysn (\/2P(u1u2)(u3u4) (ksinh(l—ﬁ)x _ Qkpsinh(l—(x)t) ,ml)
0

Ik -8 T—a
(3.41)
. According to Theorem 2.1 and Corollary 2.1,

_ psinh(1-p8)z wsinh(1—a)t
where 6 = T -

11—
we obtain the following traveling wave solutions of Eqs. (3.2) and (3.3), respectively.

ug — uj A1sn? <\/_29(“1;Z2)(U3—u4) (kx — 2kpt) ,m1>
b= ellpz—wt), (3.42)
1 — Aysn? (\/2p(u1422)(u3u4) (kx — 2kpt) ,m1>

—2 — 3— B oY
uz — ug Apsn? <\/ Pl 411:2)@3 ) (% — 2ot ) ,m1> i

@ pzB Wt
)= e ( B o )7 (343)
1 — Aisn2 <\/_2p(u1_u2)(u3_u4) (ki/j - M) ,m1>

4k B «

where the expressions of the parameters uy, us, us, ug, A and mi have been given
above.

In order to show difference of dynamical properties to soliton solutions, as ex-
amples, we plot the comparison graph of modules || to the solutions (3.35) and
(3.36), which is shown in Fig.5a. Also, we plot the comparison graph of modules |¢)|
to the solutions (3.37) and (3.36), which is shown in Fig.5b. In graphs, the values
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of parameters are taken as p=—2, p=05, k=3, w=2, h=4, a=0.25, =
0.75, k=1, t=1.

T T T 1 T T 1
0 1 2 3 4 5 6 0 5 10 15

(a) graph of solutions (3.35) and (3.36) (b) graph of solutions (3.37) and (3.36)

Figure 5. Comparison graphs of modules of solutions (3.35), (3.36) and (3.37).

Case 4. When p? —k —w > 0, p > 0 and h = hy = 0, system (3.10) has two
homoclinic orbits (marked in black) pass through the saddle point O(0, 0), which is
shown in Fig.2d; this indicates that the ODE (3.6) exists two homoclinic solutions
shaped as bright soliton and dark soliton. When p?> —k —w >0, p > 0 and hy <
h < 0, system (3.10) has two family of closed orbits (marked in blue) respectively
around the center points A; and As, which is shown in Fig.2d; this indicates that
the ODE (3.6) exists two family of periodic solutions. When p? —x —w >0, p > 0
and h > 0, system (3.10) has a family of closed orbits (marked in red) around the
two homoclinic orbits, which is shown in Fig.2d; this indicates that the ODE (3.6)
exists a family of periodic solutions.
(i) When p? — k —w >0, p>0and h = hy =0, Eq. (3.11) is reduced to

V2p  [2(p? — Kk —w)
v=1=+ u —u?. 3.44
ok 5 (3.44)

Taking <i\/2(p2_p”_w),0> as initial value points, substituting (3.44) into ‘;—2‘ =0
in (3.10) and then integrating it, we get

(27— =)
P du V2p [°
=+
/ T

3.45
u w — 2 )
/ u _ LV dc. (3.46)
Y BT u\/w 2 2k Jo
P

Respectively solving (3.45) and (3.46), we obtain two exact traveling wave solutions
of ODE (3.6) as follows:

B ) I (p——w<> (3.47)
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Thus, Eq. (3.1) has two soliton solutions formed as

oo [HEE ) g, (W
ksinh(l — B)z  2kpsinh(l — «)t i0
( T - S >>e : (3.48)

psinh(1—B)z  wsinh(1—-a)t
1— -«
we obtain the following soliton solutions of Egs. (3.2) and (3.3), respectively.

where 6 = . According to Theorem 2.1 and Corollary 2.1,

22 — k — /D2 — Kk — )
P == (p pﬁ w) sech ( P km d (kx — 2k‘pt)> eipe—wt) (3.49)
2 . /2 _ e B el (pzP
== 20" = w)sech< P kﬁ w<k;2kpt >>el(ﬁ o )
p a

(3.50)

(il) When p? — k —w >0, p>0and hy < h <0, Eq. (3.11) is reduced to

\/7\/ (w1 —u)(u —ug)(u — uqg)(u — ugz) (3.51)

or

\/>\/ (u1 — u)(uz — u)(ug — u)(u — uz), (3.52)

where

)

i\/(pQ — Kk —w) + /P2(p? — 2k — 2w) + (K + w)2 + 2pk2h
Uy 2 =
p

\/(p2 — K —w) — /P2(p? — 2k — 2w) + (K + w)2 + 2pk2h
U3z 4 = + .
p

Respectively substituting (3.51) and (3.52) into 4 g¢ = vin (3.10) and then integrat-
ing it, we get

du \/% 0
=4+ dc¢, 3.53
Vi %k “o B
du \/>
d 3.54
o Vi ) S B

Respectively solving (3.53) and (3.54), we obtain two periodic solutions of ODE
(3.6) as follows:

A/ Ul —u usz—u
Uq +u2)\gsn2( 2p(us 4:)( 3 2)(,m2

: (3.55)
1+ Agsn? ( v 2p(u1:]:)(u3ug)<7m2)

u =
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\/ w1 —ug)(uz—u
u2+u1)\3$n2( 2p(us 4;)( 2 Z)Q,mg

u= , (3.56)
1+ \gsn2 (\/ 2P(u1—:]:)(u3—u2)<,m2)
where Ay = =02 A3 = =2 my = % Thereby, Eq. (3.1) has
two non-periodic traveling wave solutions formed as
uy + UQ)\QSHQ ( 2P(u1*1’lll«]:)(u3*u2) (ksini}&lﬁ—ﬂ)z _ QkpSiilEEll_a)t> ,m2> |
1/’ = 610;
1+ Apsn? ( 2P(u1*1£)(u37u2) (kSIIllfill;ﬁ)w _ kasTEExl—u)t) 7m2>
(3.57)
Uy + u1)\38n2 ( 2P(u1—:]:)(u3—u2) (kSinTilgﬁ)w o 2kpsi;&$7a)t) ’m2> |
b= e,
2p(u1— - sinh(1—3)z sinh(1—a
14 Agsn? (\/ plis ) s 2] (k bi-p)e _ 2ipsinhC )t) .
(3.58)

where § = pSin}ll(f_ﬂ)x — wSinlhfla_a)t. According to Theorem 2.1 and Corollary 2.1,

we obtain two kinds of traveling wave solutions of Egs. (3.2) and (3.3) as follows:

uy + ugAgsn? ( 2p(u17::)(u37u2) (kx — 2kpt) 7mg>

Y= N eilpr—wt) (3.59)
1+ Agsn? ( p(ul_zz)(ug_w) (kx — 2kpt) ,m2>
U —u uz—u
us + ug Agsn? < V2p (s 4:)( azuz) (kx — 2kpt) , ma
Y = eilpr—wt) (3.60)

1 4 Agsn? ( 2p(u17:]:)(u37u2) (kx — 2kpt) ,m2>

2p(ur—ug)(us—u B o3
U —|—u2>\28n2( p(u1 4:)( 3—u2) (ki _ 2kgt )’m2>
%

IE] -(pzﬂ 7wt°‘)
w _ e B >/, (361)
1+ Apsn2 ( 2p(u1—Zz)(us—u2) (% _ 2k§t“) ’mg)
Il ws—a) (ks .
U + U1>\38H2 < 2p(u: 4:)( auz) (% - 2k(€t ) , M2 (pxB L
Y G5 5)  (3.62)
1+ Agsn2 ( 2p(u17;b];1)(u37u2) (% o 2k§ta) ,m2>

(iii) When p? — k —w >0, p> 0 and h > 0, Eq. (3.11) is reduced to

0= i% Vs — )2 + ), (3.63)

where

s (P — Kk —w)+P2(p? — 26 — 2w) + (k + w)? + 2pk2h
2 =
P

u

)
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u2 (p? — Kk —w) — /P2(p? — 2k — 2w) + (K +w)2 + 2pk2h
2 .
P

Taking (u1,0) as initial value conditions, substituting (3.63) into 2% = v in (3.10)

to integrate, it yields

u du \/% 0
/ N e R | (369

Solving (3.64), we get

k

U = uicn <"DQ_IH}J C,m;;) , (3.65)

where

)

\/<p2 — 5 —w) + /P — 25— 20) + (n T @)’ + 2K%h
Uy =
P

ms =

1 1+ VP2(P? — 2K — 2w) + (k + w)? + 2pk2h
2 P2 — K —w ’

Plugging (3.65) and (3.9) into (3.4), we obtain a non-periodic traveling wave solution
of Eq. (3.1) as follows:

b wien ( /P2 — Kk —w <ksinh(1 —B)x  2kpsinh(1 — a)t) 7m3> ¢, (3.66)

k 1-7 1—«a

where § = 2 Sin}f(jﬁ_ Bz _ wsmlhfla_a)t and ms is given above. According to Theo-

sinh(1—73)x
1-8

rem 2.1 and using the replacements of independent variables ~ z and

w ~ t, the solution (3.66) is converted into a periodic wave solution of the

classical nonlinear Schrédinger equation (3.2) as follows:

/02 — o — .
) = wuicn (W (kx — 2kpt) ,m3> eilpr=wt), (3.67)

k

According to Corollary 2.1 and using the replacements of independent variables
3 a

x ~ % and t ~ -, the solution (3.67) is converted into a non-periodic traveling

wave solution of the nonlinear conformable fractional Schréodinger equation (3.3) as

follows:

2 _ g — B a paB e

k 15} «

In order to show difference of dynamical properties to soliton solutions, as ex-
amples, we plot the comparison graph of modules || to the solutions (3.48) and
(3.49), which is shown in Fig.6a. Also, we plot the comparison graph of modules |¢)|
to the solutions (3.50) and (3.49), which is shown in Fig.6b. In these two graphs,
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the values of parameters are taken as p =2, p=3, k=3, w =2, h=4, a =
0.25, 5 =0.75, k= 1.

As can be seen from Figure 6, the wave amplitudes of the three kinds of solitary
waves have not changed, but their fat and thin shapes have been changed. In other
words, their wave amplitudes are always the same during the propagation process,
but the soliton of the sech-fractional system (3.1) is significantly fatter than that of
the integer-order system (3.2), and the soliton of the conformable fractional system
(3.3) is significantly thinner than that of the integer-order system (3.2).

(a) graph of (3.48) and (3.49) at t =1 (b) graph of (3.50) and (3.49) at t = 0.1

Figure 6. Comparison graphs of modules of solutions (3.48), (3.49) and (3.50).

4. Conclusions

The facts show that the conformable fractional derivative has not any property of
fractional-order derivative, it should belong to a cognate derivative of the classical
integer-order derivative. Of course, habitually we still call it conformable frac-
tional derivative. In this work, following the idea of constructing the conformable
fractional derivative, an extensional conformable fractional derivative named sech-
fractional derivative was proposed. And then, we discussed the distinctions and
connections between sech-fractional derivative and integer-order derivative. In ad-
dition, the investigations shew that structure to solutions of an integer-order PDE
and corresponding fractional PDE is same except difference of their independent
variables but their dynamical properties are very different. Thereby, we gave two
theorems about replacement solution and their corresponding Corollaries, see The-
orems 2.1 and 2.2, Corollaries 2.1 and 2.2.

The effects of sech-fractional differential operator on solutions of PDEs were
also discussed in this work. As example, traveling wave solutions and their dy-
namical properties of a nonlinear fractional Schrodinger equation were investigated
under the sech-fractional differential operator. Some interesting phenomena have
been found; the investigations shew that when an integer-order PDE becomes a
conformable fractional PDE, the periodic solution of the clasical integer-order PDE
becomes a non-periodic solution of the conformable fractional PDE and their oscil-
lation frequencies must change. In the extensional fractional system, the oscillation
frequency will be faster and faster. In the conformable fractional system, the oscilla-
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tion frequency will be slower and slower. In the integer-order system, the oscillation
frequency always keep constant. But the soliton solutions including their amplitudes
among three kinds of nonlinear PDEs (such as sech-fractional Schrédinger equation,
integer-order Schrodinger equation and conformable fractional Schrodinger equa-
tion) do not change, only their waveforms change somewhat in being fat and thin.

Can these interesting and strange phenomena be found in the field of natural
science? Or, what natural science problems can be modeled by the sech-fractional
derivative and the conformable fractional derivative? Expect this issue to be ad-
dressed in future research works. Meanwhile, I hope that the mathematical and
physical experts will pay more attention to this problem.
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Appendix

In terms of geometry, the f’(t) represents the slope of the tangent line passed
through an arbitrary point (t,y) in the curve y = f(t). So, the D¢ f(t) can be
essentially regard as a weighted slope of the tangent line passed through an arbitrary
point (¢,y) in the curve y = f(¢t) when 0 < o < 1. In terms of physics, the
f/(t) is a change rate of function f(t) at certain instant ¢. Similarly, the D f(t)
can be essentially regard as a weighted change rate of function f(t) at certain
instant ¢ when 0 < o < 1. Next, we compare the derivative functions of the six
basic elementary functions such as constant function, power function, exponential
function, logarithmic function, trigonometric function, anti-trigonometric function
and their curve graphs in the definitions of the integer-order derivative and sech-
fractional derivative.

71 , SD? arcsinz = sechl - f)z B)z,
V1—a? ’ V1 —z?

(tanz)’ = sec? x, SD? tanz = sec? x sech(1 — f), (4.7)

() = sPSC =0, (C is constant), (4.1)
(z™) = ma™ 1, sSDSz™ = ma™ ! sech(1 — B)z, (4.2)
(e*) =e", sD8e” = e sech(1 — )z, (4.3)
(Inz) = % SDPInx = M, (4.4)
(sinz) = cosx $D8 sinx = cosx sech(1 — B)z, (4.5)
(

arcsinz)’ = (4.6)
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;1

sech(1l — B)x
1422

SD? arctanz =
z 1+ 22

(arctanx) ) (4.8)

where f/(x) = %, 0 < B < 1. Clearly, the derivative of the constant func-
tion is always equal to zero either under the integer-order differential operator or
under the sech-fractional differential operator. The derivatives of other functions
are different under the integer-order and sech-fractional differential operators, all
the sech-fractional derivatives have one more functional factor sech(l — 8)x than
corresponding integer-order derivatives.

To intuitively show the geometric properties to derivative functions of the above
several elementary functions under two different kinds of differential operators, tak-
ing 8 = 0.25 as an example, we plot their graphs, see Figures 7-10. In Figures 7-10,

the curve graphs of integer-order derivative functions are shown in red curves, and
the curve graphs of sech-fractional derivative functions are shown in blue curves.

10 204
- 15
10 -
: : r : ;
6 2 2 4 6
.
s
54
7 : ; ;
10 -5 0 5 10
C104d x
(a) m=2 (b) m =3

Figure 7. Graphs of derivatives defined by (5.2) under two operators.

40 2

30

¥ 204

— T T T 1
2 o0 2 4 6 8
x

(a) Two kinds of derivatives of e” (b) Two kinds of derivatives of Inz

Figure 8. Graphs of functions defined by (5.3) and (5.4) under two operators.

From Figure 7-10 and the expressions (5.2)-(5.8), it is not difficult to find that
the geometric properties of the derivative functions of the Inx and all anti-triangle
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34

4
(a) Two kinds of derivatives of sinz (b) Two kinds of derivatives of arcsin z

Figure 9. Graphs of functions defined by (5.5) and (5.6) under two operators.

204

10 +

U U

T T T T T

-8 4 2 0 2 4 6 8
x x
(a) Two kinds of derivatives of tanz (b) Two kinds of derivatives of arctan z

Figure 10. Graphs of functions defined by (5.7) and (5.8) under two operators.

functions are very similar (close) under the integer-order and sech-fractional dif-
ferential operators, but the geometric properties of other derivative functions are
very different. In particular, the sech-fractional derivative functions of the periodic
functions such as sinz and cosx are no longer periodic functions, these are very
different from integer-order derivative functions of the periodic functions.
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