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DYNAMICAL BEHAVIOR OF THE
GENERALIZED COMPLEX LORENZ
CHAOTIC SYSTEM*

Fuchen Zhang"' and Fei Xu?

Abstract The purpose of this paper is to investigate the boundedness and
global attractivity of the complex Lorenz system:

F=aly— )5 = —cy—duz i =Pz + 7y +op),

where «, 3,7, c,d are real parameters, x and y are complex variables, z is a
real variable, an overbar denotes complex conjugate variable and dots repre-
sent derivatives with respect to time. This system arises in many important
applications in laser physics and rotating fluids dynamics. It is very inter-
esting that we find that this system exhibits chaos phenomenon for the given
parameters. Using generalized Lyapunov-like functions, we prove the existence
of the ultimate bound set and the globally exponentially attractive set in this
generalized complex Lorenz system. The rate of the trajectories is also ob-
tained. Numerical simulations show the effectiveness and correctness of the
conclusions. Finally, we present an application of our results that obtained in
this paper.

Keywords Complex Lorenz chaotic system, chaotic attractor, Lyapunov ex-
ponent, Lyapunov dimension, global attractivity.
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1. Introduction

In 1963, Edward Lorenz [23] introduced the real Lorenz chaotic system:
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t=a(y—uz),
j=r—y—az, (1.1)
z=—Pz+xy,

where «, 3, are real parameters of the Lorenz system as stated in several papers
[3,23,31]. The Lorenz system can describe the thermal convection in fluids [3,23,31].
The Lorenz chaotic system has inspired many researchers to study new chaotic
systems and chaotic phenomena [2,4,11-14,24,25,28,32]. Since then, many methods
have been proposed to study chaotic behaviors of chaotic systems [1,7,9,10, 14,15,
15-20, 3340, 42].

A chaotic system is a nonlinear deterministic system that displays complex and
unpredictable behaviors. Since the pioneering work by A.C. Fowler et al. [5], com-
plex chaotic systems have become an interesting field of research over the last few
decades [6,8,22,26,27,30,41]. The complex Lorenz system is as follows:

Q.SZOZ(y—CE),

Y=z —y-—az (1.2)
1

z‘:—ﬁz+§(aj~y+xg),

where z and y are complex variables, z is a real variable and «, 3, are real param-
eters, an overbar denotes complex conjugate variable and dots represent derivatives
with respect to time. Variables z,y, z in system (1.2) are related respectively to
electric field, the atomic polarization amplitudes and the population inversion in a
ring laser system of two-level atoms, for more details, see [5,25]. It is reported in
the literature [30] that the complex Lorenz system (1.2) is often used to describe
and simulate the physics of detuned lasers. The complex Lorenz model applies to
the description of detuned single mode, homogeneously broadened lasers when a
certain constraint on the parameters is observed [30]. The complex Lorenz system
also has many important applications in physics, for example, in laser physics and
rotating fluids dynamics [6,8,26,27]. Nonlinear dynamical behaviors of the complex
Lorenz system, such as bifurcation, limit cycle, analytic solution, the stability of
equilibrium point, synchronous behavior, geometric structure, have been studied
in [5,6,8,22,26,27,30,41].

Boundedness is an important concept in the study of chaotic dynamical systems
which can be applied to analyze the Lyapunov dimension of chaotic attractors [12,
16], chaos control and chaos synchronization [21,35]. The bounds of the Lorenz
system were studied by Leonov et al. in [15,17]. Inspired by Leonov’ idea, Liao et
al. have proposed the concept of the global exponential attractive set of a chaotic
system and have obtained the global exponential attractive sets of the Lorenz system
[21]. It is reported in the literatures [29,42] that how to get the bounds of the Chen
system and the Lu system is considered as an open problem. Bounds of the Chen
system and the Lu system have been addressed in [36, 37].

The rest of this paper is organized as follows. The new generalized complex
Lorenz chaotic system is proposed in Section 2. In Section 3, we will study chaotic
behaviour of the five-dimensional Lorenz system (2.2). In Section 4, we will study
the ultimate boundedness of the five-dimensional Lorenz system (2.2). In Section
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5, we will study global attractivity of the five-dimensional Lorenz system (2.2). In
Section 6, we will give conclusion remarks.

2. Mathematical model

According to the complex Lorenz system (1.2), we propose a generalized complex
Lorenz system as follows

jj:a(y_x)a

y=~x—cy—dzrz, (2.1)
1

b= —pa+ 5 oy +am),

where © = uy + tuo,y = usz + tuy are complex variables, z = wus is a real state
variable, «,f3,7,c,d are real parameters, an overbar denotes complex conjugate
variable, 2 = —1 and dots represent derivatives with respect to time. Variables
x,y, z of system (2.1) are related respectively to electric field, the atomic polarization
amplitudes and the population inversion in a ring laser system of two-level atoms,
for more details, see [5,25]. System (2.1) has many important applications in laser
physics and rotating fluids dynamics [5, 6, 8,22, 26,27, 30, 41]. The real version of
(2.1) is described by

i = a(ug —uy),

Ug = o (ug — us),

U3 = yuy — cug — duqus, (2.2)
Uy = YUz — cug — dusUs,

Us = U3 + Usug — Bus,

where @ > 0,8 > 0,¢ > 0,d > 0,7 € R are real parameters of system (2.2).

3. Chaos phenomenon

When the parameters a= 0.0046,5= 0.0008,y= 0.03,c = 0.001,d = 0.009, we have
calculated the Lyapunov exponents of system (2.2) as \; = 0.0314, Ao = 0.0075, A3 =
—0.0058, \y = —0.0136, A5 = —0.0136 by using the algorithm [7]. The Lyapunov
exponents of system (2.2) is shown in Fig. 1.

The Lyapunov dimension of system (2.2) is given by [7,28]

J
oA

Dr=j+=——, (3.1)
|Ajt1l

J
such that j is the largest integer that guarantees the inequality > A; > 0. According
i=1
to the above formula (3.1), the Lyapunov dimension of system (2.2) is calculated as
AL+ Ao+ A3+ Mg

D =4+ =4.6171.
|As]
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Figure 1. Lyapunov exponents of system (2.2).

The Lyapunov dimension of system (2.2) is a fractional number which ensures the
presence of a strange attractor.

Since the largest the Lyapunov exponents of system (2.2) is Ay = 0.0314 > 0
and the Lyapunov dimension of system (2.2) is a fractional number, so the sys-
tem (2.2) shows chaotic behaviour for parameters a= 0.0046,8= 0.0008,y= 0.03,c =
0.001,d = 0.009.

Remark 3.1. The Lyapunov exponents of the system (2.2) are \y = —6.1757, Ay =
—6.2097, A3 = —6.3292, Ay = —7.5025, \s = —7.4897 when a= 14,8= 3.7,y= 35,c =
1,d = 1. Since all Lyapunov exponents of system (2.2) are negative, the system
(2.2) is not chaotic when the parameters a= 14,6=3.7y=35,c=1,d = 1.

In the following part, we will study the boundedness and global attractivity of
the five-dimensional Lorenz system (2.2).

4. Boundedness

In this section, we will study the boundedness of the five-dimensional Lorenz system
(2.2). Firstly, let us introduce the following Lemma 4.1 and Lemma 4.2 that will
be used in the following section.

Lemma 4.1. Define
a2 b2 c? a2 e?

2 2 2 2 2
X X z—C
Fl:{(x17x27y17y2;z) 1+ 2+()+y1+y2:1}

and

Hl (x17x27y1ay272) = 'T% +.’IJ§ +y% +yg + (Z - 20)27(331733%2/173]272) S I—‘1~
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Then, we get
o
5 a>ba>da>ea> e,
a?—c
b4
——— b>a,b>db>eb> V2,
p2 _ o2
4
a H = d
D (71, 22,91, 92, 2) g d>ad>bd>ed> Ve,
%, e>a,e>be>de>2,
4%, a < V2e,b < V2, d < V2, e < Ve

Proof. It can be easily proved by the Lagrange multiplier method. O
Another lemma is given as follows.

Lemma 4.2. Define

(-0’
F2: (xay7z)|¥+b72+ 02 =1 ’ (41)
and
Hy (z,y,2) =22 +y* + (2 — 20)2, (z,y,z2) € Ds.
Then, we get
at
-5, a=>b a> Ve,
a? —c
max  Hs (z,y, z) bt
X JY,2) =9 2
(o er, 2 Y 2 b>a, b>V2c,
4%, a < \/éc, b < V2c.
Proof. It can be easily proved by the Lagrange multiplier method. O

By Lemma 4.1 and Lemma 4.2, we can get the ultimate bound and positively
invariant set of the five-dimensional Lorenz system (2.2).

Theorem 4.1. For any parameters the following set with two parameters a >
0,8>0,c>0,d>0,v € R, the following set with two parameters A\ and m

\ 2
Dy m= { Ulmu? +mu3 + \u? + M3 + /\d<U5 — ’)/;\Ldam) < Rim} (4.2)

1s the ultimate bound set and positively invariant set of the five-dimensional Lorenz
system (2.2), where

U= (U17U27U3,U4,U5),

BNy + am)?
_— > >
dad (B —a) N’ cza f2 2,
2 2
RQm: B2 (Ay + am) S
X, —4Cd(ﬂ_c)>\,ﬁf2c,a>c,
(\y + am)®

d , B <2a, B<2ec
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Proof. Construct the Lyapunov-like function

Ay + am)2

Vam (U) = mud + muj + Muj + \uj + \d <u5 -

(4.3)

where YA > 0,¥Ym > 0,U = (uy,us,us, us,us). The derivative Vy ., (U) of along
the trajectory of (2.2) is

dVA,m (U)
&t o)
duy d dug duy My tam) dus
=2muy —— o7 Ltom 275 +2)\3d + 2\u 4dt+2)\d( /\d> i

= 2amug (uz — u1) + 2amug (ug — ug) + 2 ug (yug — cus — dujus)

Ay + am

+ 2Xuy (yug — cuyq — dusus) + 2Xd (U5 — g

> (urus + ugus — Bus)

= —2amu? — 2amu3 — 2 cul — 2 eu? — 20 dfut + 28 (\y 4+ am) us

A\ 2
= —2amu? — 2amu3 — 2 cus — 2 cus — 20dS <u5 — W)
N By + am)?
2)Md ’

Let

2)d 4Md b
(4.4)

A 2B
= {U|amu%—l—amug—}—)\cug—l—/\cui—i—/\dﬁ(ug,— fy+am) = B + am)”

then T is an ellipsoid in R® for a > 0,8 > 0,¢ > 0,d > 0,7 € R. Outside T,
Vam (U) < 0, while inside T, T, Vy,, (U) > 0. Since Vi, (U) is a generalized
positively definite and radially unbounded continuous function and I' is a bounded
close set, then the maximum value max Vam (U) = RS, of the function Vi, (U)

exists. Obviously, { UlVam (U) < max Vam (U) = R3 m} contains the solutions
pa :

of system (2.2). In order to get the maximum value max Vam (U) = R3 ., we have
€

A,m

to solve the following optimization problem:

by 2
max Vim (U) = max {mU% + mu3 + Mui 4+ Al + )\d(U5 — w> } ’

Ay + onn)2 B+ am)?

s.t.amu’ + amul + Aeul + Aeul + \dj <U5 o d

(4.5)

In order to use Lemma 4.1 to solve problem (4.5), let us take \/mu; = x1, /mug =
T, VAus = y1, VAus = o, VAdus = z as new variables, then optimization problem
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(4.5) transforms into:

My +am)>
max Vi, (U) = max { waf g+ (o - 22 }

VdA
Ay+am
2 2 2 2 z—
s 1 x5 Yi Y2 ( 2v/dX ) 1
P BOvtam)? T BOrtam)® | BOw+am) | BOqtam)? Oytam)? '
4 ad 4 ad 4Xed 4)hed 40d

We can easily get the optimal solution of the above optimization problem by Lemma
4.1,

B>\ + am)®
_—_ > > 2
Tad(B—a)r’ =@ F =20
2 2

max Vi (U) = R2,, =4 By +am)” o

FaK VX, (U) X, 4cd(ﬁ—c)/\’ﬂ_2c’a>c’

2
W, B < 2a, B<2ec
This completes the proof. O

Remark 4.1. i) Let us take m = 1 in Theorem 4.1, then we can get that

A\ 2
Q1= { (w1, ug, ug, ug, us)| ut + ui + Az + \u? —|—)\d(U5 — V)\Za) < li} ,

is the ultimate bound set and positively invariant set of the complex Lorenz system
(2.2), where

B2\ + )’
_ > >
Tod(F—ayx €= 0 =2
2 2

2= B\ +a) -

by 74065(5—0))\’6_ ¢, a>c,

2

W, B <2, B<2c

ii) Let us take A = 1 in Theorem 4.1, then we can get that

2
+am
Q1,m={(u1,u2,us,u4,u5)mu%+mu§+u§+ui+d<U5—7 P ) gLfn}

is the ultimate bound set and positively invariant set of the complex Lorenz system
(2.2), where

2 +am2
iogzl/(ﬂ_a))uczaaﬂ22aa
_} By +am)®
L12n_ ic(zl/(ﬂ_ci,ﬁ>2c,a>c,
2
W’ B <2a, B<2ec.
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iii) Let us take A = 1,m = 1 in Theorem 4.1, then we can get that

2
+
M= { (U1, ug, us, Ug, us)| ut + ui + u3 + ui +d(U5 — Wd) < r2} ,

is the ultimate bound set and positively invariant set of the complex Lorenz system
(2.2), where

2 2
m, ¢>a, > 2a,
2_ ) By +a)
r m7ﬁ220a0¢>07
2
MTQ), 8 < 2a, < 2c.

Let us take a= 14, = 3.7, v= 35, c =1, d = 1, then we can obtain that
91,1: { (’U,l,UQ,’U,g,, ’LL4,U5)| U% + u% + Ug + ui + (’LL5 — 49)2 S 55.22}

is the ultimate bound set and positively invariant set of the complex Lorenz system
(2.2).

Fig. 2. shows the projection of 4 1 into the (ug,us,us) space. Fig. 3. shows
the projection of € 1 into the (us3, u4, us) space. Projection of £ ; onto the (ug, us)
plane is shown in Figure 4. Projection of Q4 onto the (u4,us) plane is shown in

Figure 5.

50

u(4)

u(3) -50 -50 u(2)

Figure 2. Projection of €1 ; into the (uz, us, us4) space.
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Figure 3. Projection of €1 1 into the (ug, u4, us) space.
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Figure 5. Projection of 1,1 onto the (u4,us) plane.

Theorem 4.2. For any parameters a« > 0, 8 >0, ¢ > 0, d > 0, v € R, the
following set

2
A= {(ul,u2,u3,U47u5)|u§ +uZ —|—d(u5 - %) < r%,u% —|—u§ < 7"(2)} (4.6)

is the bounds for the five-dimensional Lorenz system (2.2), where

B
77 >27
o ) 4cd(B—c) =22
%, B8 < 2c.

Proof. Construct the Lyapunov-like function

2
Vl(U):unguier(%f%) .

The derivative of V4 (U) along the trajectory of (2.2) is

dVy dus duy Y dus
G 0us T 490, Y Lo (us — 1) 28
g sy TAMaT (“ d) di

=2u3 (yu1 — cus — dujus) + 2uyg (yus — cug — dugus)

+2d (u5 — g) (—Bus + urug + uguy)
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= — 2cu} — 2cu? — 2dful + 2vPus.
Let

P_pBy
ad

Ty = {(us,us,us)| Cug, + cu?1 + dﬂ(% _ l)

then I'z is an ellipsoid in R? for a > 0,8 > 0,¢ > 0,d > 0,7 € R. Outside I's,
Vi (U) < 0, while inside T's, Vi (U) > 0. Since V; (U) is a generalized positively
definite and radially unbounded continuous function and I's is a bounded close
set, then the maximum value max Vi (U) = r of the function V; (U) exists. In

order to get the maximum value max V1 (U) = 72, we have to solve the following
€l's
optimization problem:

2 2 72
max Vi (U) = max u3+u4—|—d(u5—a> )

2 g2 (4.7)
tend e+ (o - 1) =P
s.t.cus + cuy +dB(u 54 1d
The following optimization problem is equivalent to
_ 2 2 72
max Vi (U) =maxquz +uj+d us — o ,
) (4.8)
L - )
By B2 ol ’
ddec 4dec 4d
In order to use Lemma 4.2 to solve problem (4.8), let us take uz = zj,uq4 =

22,V dus = z3 as new variables, then optimization problem (4.8) transforms into:

2
max %(U):max{zf—i—zg—i—(zg—\ja) },

2
_ 0
% 3 (a-7a)
B2 B2 ol
4dc 4dc 4d

s.t. =1.

We can easily get the optimal solution of the above optimization problem by Lemma
4.2,

2,2
40{5(;)’ B8 > 2c,
max V; (U) =rg = ¢ ¢
Uel's 72
j’ ﬂ < 26.

Construct the Lyapunov-like function
Vo (U) = u? + 3.
The derivative of V, (U) along the trajectory of (2.2) is

avh duy
V2 oy 22 49, 072
ar Mg Tty
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= 2auq (uz — u1) + 2aug (ug — us)
= —2au% — 2au§ + 2auqusg + 20usty

= —20u? — 20m3 + o (2uqus + 2uouy)

< —2au? — 20u3 + « (u? +uj 4+ u3 + ui)
2 2 2 2

= —aui — au; + « (u3 + u4)

< -« %faungarg

= —a [V (U) 7]

Thus, we have
Vo (U (1) = 1§ < [Va (U (to)) — rg] e,

So,
lim V5 (U (1)) < r5.

t——+o0

This completes the proof. O

5. Global exponential attractive domain

Though Theorem 4.1 and Theorem 4.2 point out that the solution of the system
(2.2) is ultimately bounded, they do not give the rate of the trajectories going from
the exterior of the trapping region into the interior trapping region. The rate of the
trajectories going from the exterior of the trapping region into the interior trapping
region of system (2.2) is given in the following Theorem 5.1.

Theorem 5.1. For any o > 0,5 > 0,¢>0,d > 0,7 € R, with

X\ 2
Vam (U) = mu? + muj + Mu3 + \uj + Ad<u5 - ’y;l\—dam> )
_ By + (Jcm)2
n=min (a,c, ) >0, Ly, = ———7—.
( ) N

When Vam (U (t)) > Lxm, Va,m (U (to)) > La,m, we can get an exponential inequal-
ity of system (2.2), given by

V)\,m (U (t)) - L)\,m S [V)\7m (U (to)) - L)\,m] ein(tito).
Hence, the set

A)\,m
={UVam (U) < Lxm}

X 2B ?
= {(ul,UQ,U3,U4,U5)mu%—i—mu%—l—)\u%—}—/\ui—ﬁ—)\d(us— Vida”l) < A ’y;;am) },
U

(5.1)

is the global exponential attractive set of the five-dimensional Lorenz system (2.2).
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Proof. Define the Lyapunov-like function

Ay + am)2

Vam (U) :mu%—i—mu%—i—z\ug—i—)\ui—k)\d(% -

where A > 0,m > 0,U = (uq, us, us, ug, us).
When V. (U (t)) > Lam, Vam (U (o)) > Lxm, the derivative of V) ,,, (U)
along the trajectory of (2.2) is

AV m (U)|
a 22
duy dusg dus duy Ay + am )\ dus
=2 — +2 — + 2 \uz— + 2 ugy—— + 2 - —
muy 7 + 2mus 7 + 2\us 7 + 2\uy 7 + 2Md | us d 7

= 2amuy (uz — u1) + 2amug (ug — uz) + 2dus (yur — cus — dujus)

Ay + am

+2Xuy (yug — cug — dusus) + 2Ad (’LL5 d

> (uruz + ugug — Pus)
= —2amu? — 2amul — 2\ cu3 — 2\cut — 2Xdpui + 28 (\y + am) us

< —amui — amul — Aeui — Aeui — Adpui + 28 (\y + am) us

A 2B ?

= —amu? — amul — \cu3 — \eu? — \df <U5 Al ;dam> + il ’Y:\rdam)
My + am)®
< =nVam (U) + %

< 0.
That is equivalent to say,

dVA,m (U)

. (5.2)

Adn

< <V/\,m (U) - W) )

(2.2)

From the above inequality (5.2), we can get

¢ 2
Vi (U (1) < Vi (Up) e E710) +/ e—n(t—T)MdT

to Adn

= Vi (Uo) 70710 - Ly (1= 707000
We have the following exponential inequality
Vi (U (0)) = Lam < [Vagn (Uo) = L] 7).
Taking limit on both sides of the above inequality as t — +oo results in

t£+mooVA’m (U (t)) < Lam-

Namely, the set Ay, is the global exponential attractive set of system (2.2).
This completes the proof. O
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Remark 5.1. Let us take A = 1, m = 0, then we can get that the following set
_ 2 2 7)? 2
\Ill,O = (U3, g4, u5) |U3 + Uy + UuUs — E S 1) s (53)

is the global exponential attractive set of system (2.2), where n = min (¢, 5) >
0,6 = &2
) an -
The proved method is similar to the above Theorem 5.1.

In the following part, we will present an application of the results that obtained
in this paper. We will apply above results to show that the equilibrium point
0(0,0,0,0,0) of the system (2.2) is the globally exponentially stable when a >
0,6>0,¢>0,d>0,y<0.

Theorem 5.2. If real parameters o > 0,8 > 0,¢ > 0,d > 0,y < 0, then the
equilibrium point O (0,0,0,0,0) of system (2.2) is the globally exponentially stable.

Proof. When a > 0,8 > 0,c > 0,d > 0,7 < 0, let us choose m = —y, A = « in
the above Theorem 5.1. Then, we can get Ly ,, = Lo —, = 0 according to Theorem
Theorem 5.1. And the exponential inequality in Theorem 5.1 becomes

[,Yui (t) — vu3 (t) + aud (t) + aud (t) + adu? (t)] (5.4)

< [=yui (to) — 743 (to) + au3 (to) + aui (to) + adug (to)] et~ 0)

where 17 = min(a, ¢, 8) > 0. The above inequality (5.4) shows that the equilibrium
point 0(0,0,0,0) of system (2.2) is globally exponentially stable.
This completes the proof. O

Remark 5.2. The results of this paper can also be used for chaos synchroniza-
tion, chaos control and the estimation of the Hausdorff dimension of attractors.
The applications of the boundedness of chaotic systems in chaos control and chaos
synchronization can be referred to the papers [28,35]. The applications of the
boundedness of chaotic systems in the estimation of the Hausdorff dimension of
attractors can be referred to the papers [9,11,16].

6. Conclusions

In this paper, a new generalized complex Lorenz system was proposed and stud-
ied by using the theory of chaotic systems. Boundedness and the global exponen-
tial attractive set of the complex Lorenz system are obtained. The corresponding
boundedness is numerically verified by the computer. Numerical simulations are
presented to show the effectiveness of the theoretical research results. Finally, the
theoretical results obtained in this paper are used to study the globally exponential
stability of the equilibrium point of system (2.2).
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