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DUPIRE ITO’S FORMULA FOR THE
EXPONENTIAL SYNCHRONIZATION OF
STOCHASTIC SEMI-MARKOV JUMP
SYSTEMS WITH MIXED DELAY UNDER
IMPULSIVE CONTROL

Ning Zhang', Haodong Wang' and Wenxue Li!'

Abstract This paper emphasizes the exponential synchronization for a class
of stochastic semi-Markov jump systems with mixed delay via stochastic hybrid
impulsive control. The impulsive sequence includes synchronous and asyn-
chronous impulses with the impulsive gains being a sequence of stochastic
variables. Inspired by the idea of average, a concept of “average stochastic
impulsive gain” is used to qualify the impulse intensity. Our approach ex-
pands Dupire functional It6’s formula to the stochastic semi-Markov jump
systems with mixed delay for the first time. Moreover, in view of the estab-
lished Lyapunov functional, graph theory, and stochastic analysis theory, some
exponential synchronization criteria for the systems are derived. The theoret-
ical results are applied to a class of Chua’s circuit systems with semi-Markov
jump and mixed delay. Some synchronization criteria for the circuit systems
are provided. The simulation results verify the effectiveness of the theoretical
results.

Keywords Dupire functional It6’s formula, exponential synchronization,
mixed delay, stochastic hybrid impulsive control, semi-Markov jump systems.
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1. Introduction

Complex network systems (CNSs), being able to describe various actual networks
such as neural networks [25], infectious disease spread networks [4], and circuit net-
works [18]. Numerous valuable approaches have been proposed to settle issues of
CNSs [2,15,24,27,36,38]. Moreover, dozens of uncertainties and stochastic distur-
bances resulting from unanticipated environmental noise always affect the evolution
of CNSs, as a consequence, stochastic complex network systems (SCNSs) have been
a fascinating study area worldwide [20,23,43,48,49]. Most notably, many SCNSs are
unavoidably impacted by sudden stimulation like operational errors and fluctuation
at random and perform abrupt changes in structure and parameter, which are gener-
ally characterized by Markovian jump systems. However, it is insufficient to explain
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the parameter jump phenomenon in actual systems since the states’ transition rates
in the corresponding systems are constant. As a result of this, the semi-Markov
jump systems with time-varying state transition rates have evoked the enormous
interest of scholars, which has been extensively explored in recent years [6,29, 30].
Additionally, time delay is inescapable in SCNSs on account of wide-ranging ex-
isting communication disturbances, signal interference, network packet failure, and
other issues. Hence, many scholars have in-depth investigated the stochastic semi-
Markov jump systems (SSMJSs) with time delay [12,17,22,33,45]. For instance,
n [12], the exponential synchronization criteria of SSMJSs with time-varying delay
were introduced via adaptive aperiodically intermittent control. However, different
from the single kind of time delay, the mixed delay can significantly enhance the
systems’ use of historical data which improves the adherence to the actual networks,
and few pieces of literature discuss the SSMJSs with mixed delay. For theoretical
and practical significance, it is meaningful and important to study SSMJSs with
mixed delay.

Through the recent decades, synchronization acting as one of the most sig-
nificant cooperative behaviors in both natural and synthetic networks has been
popularly applied in diverse fields like power transmission [7], multi-vehicle collab-
oration [10] and communication security [32]. There have been many investigations
on the synchronization of SCNSs. In [50], synchronization of hybrid switching dif-
fusion delayed networks was investigated and in [40], bipartite synchronization of
fractional-order multi-layer signed networks was investigated. In this paper, the the-
oretical significance and potential for practical applications of research on SSMJSs
synchronization are really what drives our study.

For the sake of achieving synchronization of CNSs, some control strategies have
been designed like intermittent control [3,39], pinning control [13], event-triggered
control [19], sampled-data control [31,47] and impulsive control [41,42]. Among
them, the hybrid impulsive control containing synchronous and asynchronous im-
pulses has been adequately and extensively utilized to investigate the synchroniza-
tion of CNSs [14, 16, 34, 35, 46]. For example, in [35] Wang et al. proposed a
new definition of “average impulsive gain” to estimate the intensity of hybrid im-
pulses to discuss the synchronization of a kind of coupled neural networks. In the
above-mentioned literature, the fixed impulsive intensity and density in the control
scheme are taken into account. However, numerous actual systems are affected by
random fluctuations, and the systems could be not clearly defined, thus stochastic
hybrid impulsive controllers are designed to deal with the synchronization problem.
Based on the above discussion, we naturally wonder whether stochastic hybrid im-
pulsive control can be applied to resolve the exponential synchronization issue of
SMJSs with mixed delay. In addition, how to deal with semi-Markov jump with
time-varying state transition rate and stochastic hybrid impulsive control with the
impulsive gain being a sequence of stochastic variables is a key issue that needs to
be addressed.

On the other hand, as we all know, two famous methods have been established
to deal with the stabilization or synchronization of delayed systems including the
Razumikhin method and the Lyapunov functional method. However, it actually
lacks the true sense of functional It6’s formula for the SCNSs with delay. In view
of that, Dupire extended the It6’s formula to the case of stochastic functional dif-
ferential equations [9]. Based on it, many results have been derived. Nguyen et al.
studied almost sure stability, exponential stability of stochastic functional differen-
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tial equations and gave some novel conditions for stability in terms of Lyapunov
functionals by using Dupire’s functional 1t6’s formula in [28]. And further, he es-
tablished a new stability theory for stochastic functional differential systems with
random switching in [8]. In our paper, we are aiming to investigate the exponential
synchronization of SSMJSs with the mixed delay with the aid of Dupire functional
Ito’s formula, which has not been touched. We attempt to construct a proper
Lyapunov-Krasovaskii functional to estimate the sign of operate LV by using the
defined Dupire horizontal and vertical partial derivatives. Then through Dupire
functional It6’s formula and Lyapunov theory, some synchronization criteria can be
derived, avoiding using the Razumikhin method. Thus, how to construct a proper
functional is another both appealing and challenging question to be addressed.

Motivated by the above analysis, in this paper, we concentrate on the exponen-
tial synchronization of SSMJSs with mixed delay via stochastic hybrid impulsive
control. By applying Dupire functional It6’s formula, we shall derive the new expo-
nential synchronization criteria of SSMJSs with mixed delay. Meanwhile, in order
to confirm the applicability of the established outcomes, Chua’s circuit systems are
provided, and the numerical simulation results demonstrate the validity of derived
theories. The chief contributions are presented below:

e Different from the single kind of time-varying delay, the mixed delay effectively
utilizes the past information of SSMJSs which pre-eminently enhances the
reliability of the results. Furthermore, the semi-Markov jump, which has a
time-varying transfer rate as opposed to the Markov jump’s constant transfer
rate, is better capable of capturing the phenomenon of parameter jump in
practical systems.

e Unlike the previous work [35], stochastic hybrid impulsive control includes
impulsive gains being a sequence of random variables at different impulsive
times and contains synchronous impulses and asynchronous impulses simul-
taneously, which is more adaptable in practical systems. Additionally, the
notion of “average stochastic impulsive gain” is proposed to determine the
magnitude of such stochastic hybrid impulsive intensity.

e Based on graph theory, a novel appropriate global Lyapunov functional is
constructed via vertex Lyapunov functional. According to horizontal and
vertical derivatives and with the help of Dupire functional It6’s formula, some
sufficient conditions to achieve exponential synchronization of SSMJSs with
mixed delay are given as the extension of [28].

The rest arrangements of this paper are organized as follows. In Section 2, some
preliminaries and model description are displayed. Section 3 presents the main
theoretical results containing some synchronization criteria. And a kind of Chua’s
circuit systems is demonstrated as the application of SSMJSs with mixed delay in
Section 4. In Section 5, the numerical example is derived to illustrate our theoretical
results.

Notations. Let N={1,2,--- N}, S={1,2,--- ,8}, H={1,2,--- ,H,---}. And
R_ denotes the set of non-negative real numbers, R* is k-dimensional Euclidean
space. For a € RF write | - | for the Euclidean norm of the vector. The super-
script “T” stands for the transpose of a vector or a matrix. “tr” is the trace of
a square matrix. For a fixed positive real number o, C([—a,0];R¥) refers to the
space consisting of continuous functions mapped from [—a, 0] to R¥. For the contin-
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uous function F(t), DYF(t) = lim_,q+ M represents the right and upper

Dini’s derivative. Let (2, F,F,P) be a complete probability space with a filtration
F = {F;}+>0 satisfying usual conditions. E is the mathematical expectation about
the probability P.

2. Preliminaries and model description

2.1. Preliminaries

Some related knowledge about Dupire functional It6’s formula is presented as pre-
liminaries in the following.

Consider the following stochastic functional differential equation with semi-
Markov jump S(t)

da(t) = F(t, 0, B(8))dt + A(t, 2(t), B())dB(t), t > 0. (2.1)

For x € C([~a,0];R¥), x > 0, y € R¥, its horizontal and vertical perturbations are
defined as

X(;l}+0'), o€ [7057 *x}v
x(0), o€ [~,0],
X(G)’ o€ [70470)7

x(0)+y, o=0.

Assume that V : C([—«,0];R¥) x S — R,. The horizontal and vertical partial
derivatives of V at (y, s) are defined as

9V (x,s) = lim ,

z—0t x

where u; is the standard unit vector in R¥, and its ith element is 1, but the other
elements are 0. V is continuous with respect to the first argument. Derivatives V;,
Vi = (0;V), Vi = (0;;V) exist and are continuous. V, Vy, V; is bounded on the
bounded set B, = {x | ||x|| < r,r > 0}. Define

LV(X? S) :Vt(X7 S) + Vl(Xv S)F(t’ X S) + %tl" (AT(t’ l? S)Vll(X7 S)A(t7 la 8))

S
s=1

Hence, one gets Dupire It6’s formula

dV(x, s) = LV (x, s)dt + Vi(x, s)A(t, 1, s)dB(t).
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2.2. Model description

Consider the driving system

Aom(t) = |Fh 1. 0m(01,6(0) + B2 0ot = n (@) + [ T2, (0:6m(0)do
N

+ Y T (B(E)Omn (t, b (), D (1), B(2))

n=1

+ [\m (tv(bm(t)vﬁ(t)) dB(t)v t>0, m neN,

dt

(2.4)
and the response system with impulsive control to synchronize with the driving
system is given as below:

At (1) = [f:n (60, BCO) + T (bt = n () + [ B () o

Z i (b, o (0), 00 1), B(t))] t (25)

A (t, ¥m (1), B(1)) dB(2), £ =0, ¢ # tn,
Um(tn)=dm(tn) = Ly, (Y () — o(t;)), m, n €N, h e H,

where ¢,,(t) € R¥ is the state vector of the mth vertex for driving system (2.4) at
time ¢, ¥, (t) € R¥ is the state vector of the mth vertex for response system (2.5)
at time t, B(t) is the semi-Markov jump with the state space S = {1,2,---, S} and
the state transfer probability P is described as

Cos(e(t))e(t) + o(e(t)), s # 3,
1+ Css(e(t))e(t) + o(e(t)), s =35,

P(B(t +e(t)) = 3(8(t) = s) =

in which lim,q)_,0 0(e(t)) = 0, Css(e(t)) > 0 (s # 5) is the transfer rate from state s
to state 8, and (ss(e(t)) = — ZS‘?:L#S Cos(e(t), TL: Ry x R¥ x S+ RF, T2, T3 :
R, x R* — R¥ are piecewise continuous functions, ©,,n: Ry x R x RF x S — RF
is the coupling function between the mth node and the mth node, representing
the influence of the nth node on the mth node with the influence intensity being
Oyn(s) >0, Ayt Ry x RE x S+ R* is a stochastic perturbation function, B(t) is
Brownian motion defined in the complete probability space (2, F,F,P), oy (t) and
ag are time-varying discrete delay and distributed delay of the system respectively

such that 0 < oy (t) < ay, di(t) < af <1, aj,az < a. Besides, I' F2 F3 . On,s
A, are all satisfied with the Lipschitz condition and the linear growth condition.
Iy R*¥ — R* is stochastic impulse intensity function, H = {t;,to, -+ ,tg, -~ }

is stochastic impulse sequence, ¢, (t) and ¢, (t) satisfy ¢m(t,) = limtﬁt}_ Om (1),
G (ty) =1, G (t), i (1) = Timy_y o Y (), Y (ty) = limy_, 4 Y (t). They

are right continuous, that is, ¢, (tn) = ¢m(t)), Ym(tn) = ¥m(t)). Suppose that
em(t) = Ym(t) — dm(t) is the error vector for the mth vertex at time ¢. Then the
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error system of driving system (2.4) and response system (2.5) can be depicted as
t
dep(t) = [an (t,em(t), B(1) + 5, (¢, em(t — ar(t))) +/ 5, (0,em(0)) do
t—ao

N
+ > T (B(E)Omn (¢, €m (L), €n(t), B(t))] dt

n=1
+Am (t76m(t)76(t))dB(t)a t> 0, t7étha
em(th) =L,y (em(ty,)), m, n €N, he€H.

Among them,

(t, P (t — 01(1)) = T (1, b (t — aa (1))
(P (1) = T3, (£, 6m (1)
Omn (£ €m (1), €n(t), BE)) =Omn (£, Vm (), U (t), B(E)) = Omn (t, dm (), dn(t), B(1)) ,
A (£, €m (1), B()) = A (£, 8m (8), B(£)) — A (£, dm (2), B(1)) -

In order to obtain the theoretical results, some assumptions, definitions, and a
lemma about the error system are presented in the following.

3

Assumption 2.1. There exist positive numbers v} (s), v2,, v2,, m €N, s € S such
that

BELF’}n(t7 €m, 5) < 77171(5)|677L|27

\F%l(t,emﬂ < ’)’Zw|em|7
03, (t em)* < v lem .

m

Assumption 2.2. There exist positive numbers Omn(s), Am(s), m €N, s €S, and
a sequence of stochastic variables IM Py, , h € H, satisfying that

|®7n7l(t767n76n73)‘ < emn(s)(|em| + ‘€n|)a
|Am(taem75)|2 < )\m(s)|em\2,

I ()| < IMPy,) [eh [

u m

Definition 2.1. If there exist positive numbers € and L such that for any initial
condition & = &, — &4 € C([—a, 0]; RFY),

Ele(t)* < L|j¢|*exp{~et}, t > 0,

where e(t) = (el (t),ed(t), -+ ,en(®)T € R¥N. Then driving system (2.4) and
response system (2.5) achieve mean-square exponential synchronization.

Definition 2.2. [26] Suppose that NUMp (t,0) represents the number of impulse

occurrences of the impulse sequence H in the time period (0,t). Then average

impulsive interval Al of the impulse sequence H at time interval (0,t) is defined as
t

Al = lim — "
t=00 NUMg(t,0)
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Definition 2.3. The average stochastic impulsive gain AG of the impulse sequence
H at time interval (0, t) is
AG = lim
t—00 NUMg(t,0)

ENU M (,0))

Remark 2.1. In most cases, the impulsive effects can be classified into two most
common categories, i.e., synchronous impulses and asynchronous impulses. In [26],
the definition of “average impulsive interval” has been introduced and some unified
synchronization criteria both suitable for synchronous and asynchronous impulses
were given. Besides, the definition of “average impulsive gain” was put forward
in [35] and some synchronization criteria for an array of coupled neural networks
were provided. Furthermore, it is worth noticing that the impulsive intensity is
presumed to be predetermined in the above references, which is seldom to describe
the stochastic factors universally appearing in the impulsive effect. Therefore, by
introducing and adopting the novel definition “average stochastic impulsive gain”,
we shall calculate the intensity of the stochastic hybrid impulse that is being in-
vestigated in this paper. As a consequence, some synchronization criteria firmly
linking to Definition 2.3 will be derived in the next section.

Lemma 2.1. Assume N > 2, ¢, is the cofactor of the mth diagonal element of the
Laplacian matriz for matric THE = (THEmn)Nxn, it can be concluded that

N N
Z ZcmTHEmn@mn (t, em,en) Z w(Q Z Omn(t, e, en),
m=1n=1 QeQ (u,v’)eE(cQ)

where O,y is an arbitrary function, Q denotes the set consisting of spanning uni-
cyclic graphs of (G, THE), W(Q) is the weight of Q, Co represents the directed
cycle of Q. In particular, if (G,THE) is strongly connected, then ¢, >0, m € N.

Based on the above discussions, the following so-called Lyapunov-type theorem
and Cofficient-type theorem will be presented for driving system (2.4) and response
system (2.5) to achieve exponential synchronization.

3. Main results

In this section, we will give some synchronization criteria which are included in the
last two theorems. And the first theorem illustrates a fact that ensures the validity
of the theoretical results in this paper as basics.

To illustrate a fact, we will prove that functional derivative calculating by the
defined horizontal movement and conventional method of calculating the derivative
of the integral is equal.

Theorem 3.1. Suppose Y (t) is a continuous function on [0,400), for a fized t,
Y, € C([—a,0];R¥), Yy(0) = Y (t +0), 0 € [-a,0]. IfV(Y;) = [° oW Y (w)dude,
then one obtains

V(1) = lim S(O)a) = V(¥e)

z—0t T

—av()- [ Vi
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d 0 t
= — Y (p)dpdo | .
de (/—a t+o (M) . )

Proof. Based on (2.2), one gets

Then according to
0 st
v = [ [ Yindudo,
—a Jt+o

one derives

/ Y (1 + z)dpdo + / Y (0)dudo.
—x Jit+o
Moreover, one has
Vi(Y:) = lim — (/ Y(p+ z)dudo +/ Y(O)d,udo
rz—=0t T
—/ Y(,u)duda)
—a Jit+o
t t t
= lim — Y(p+a)dp + / Y (p+ z)dpdo + / Y (0)dp
z—0F t—zx o t—x

0 t
:/ Y (p)dpdo
—a Jito
0
- / (Y(£) = Y(t +0))do

=aY (¢ / Y(p

This completes the proof. O

Remark 3.1. Since Dupire functional It6’s formula was put forward in [9], nu-
merous theoretical results have been inspired [8,28], in which some stability cri-
teria were derived for the stochastic functional differential equation and random
switching system. Different from them, we consider the stochastic complex net-
work with semi-Markov jump and distributed delay in this paper. Due to the
existence of distributed delay, we construct a different functional V,,(t, Xm,s) =

V(s 8) + VE®), Vil 5) = G (8)|lml?, VE(®) = [, ) T30 €m(0))]* dor +

fi)az ﬁ;o ‘I‘%l(u, em(,u))|2duda. When using Duplre functional Ito’s formula, V;
should be calculated and V; depends on the defined Dupire horizontal partial
derivative. In Theorem 3.1, we prove that the result is the same as the conven-
tional method of calculating the derivative of integral, which is an additional and
necessary result to ensure the validity of the theoretical results of this paper.

Theorem 3.2. For s € S, suppose there exists a function V,,(x,s) defined on
C([—a,0);RF) x S such that V,,(x,s) = V.t (Im,s) + V.2(t) in which V2 (t;) = 0.
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Vin(x, 8) is a continuous function that is twice differentiable with respect to the first
variable. If the following conditions hold:
WX1. There exist positive constants d, (s), d2,(s) satisfying that

d71n(s)|lm|2 < anz(lmvs) < dgn(s)|lm|2- (3.1)

WX2. Whent # ty, there exist positive constants 1, (s), TH Ep,, > 0 and function
On satisfying

N
LV, ((em)ty 8) < Nm(8) Vi ((em)t, s) + Z THE;nOmn(t,em(t),en(t)). (3.2)
When t = t;,, one derives
Von (€)1 B(t)) < TM Py Vo ((m)s - (7)) - (3.3)

WX3. Digraph (G, THE) is strongly connected, THE = (THE,n)Nx~N, THEnn
= maxXses{mn($)0mn(s)}. For each digraph (G, THE), we have

> Omnltem(t),en(t) <0.

(mn)€E(Co)

WX4. If the average stochastic impulsive gain AG and the average stochastic
impulsive interval Al satisfy

In AG
T <k <0,ki+n<0,n= mr&%{es{nm(s)}'

Then driving system (2.4) and response system (2.5) achieve mean-square exponen-
tial synchronization.

Proof. Suppose V(ey, s) = 22:1 cm Vi ((em)t, 8), here ¢, represents the cofactor

of the mth diagonal element of the Laplacian matriz for matriz THE. Assume that
(G, THE) is strongly connected, we can get ¢, > 0, m € N. Impulse instants and
non-impulse instants are discussed separately below.

When t # ty, based on (3.2), it can be obtained that

N
}LV(et, S) = Z CmLVm((em)t’ 5)
m=1

N N
< Z Cm (nm(s)Vm((em)t, s) + Z:THEmn@mn(t7 em(t),en(t))>
m=1 n=1
<nV(et,s) + Z Z emTHE 17,0 (t, €m (1), ex(t)). (3.4)

m=1n=1

By Lemma 2.1, W(Q) > 0, it can be written as
N N
Z Z cmTHE;,,Omn (t; em(t)a €En (t))
m=1n=1 (35)
=> W(Q) > Omaltien(t) ent) <0.

QeQ (v,v')EE(CQ)
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Substituting (3.5) to (3.4), it can be concluded that
LV(es, s) < nV(es,s).
It’s given by Dupire Ité’s formula that
DTEV(es, s) < nEV (e, s). (3.6)
When t = ty, according to (3.4), one gets

] =

V(etmﬁ(th)) = cmVim ((em)th,vﬂ(th»

Il
-

m

] =

< CmIMPu(th)Vm ((em)t;’ﬁ(t;))

3
&

—IMPy0,)V ((em)s - B(17)) | (3.7)
then

EV ((em)t,, B(tn)

~—

<E [IMPy0,)V ((em), B(t7)) |
=E {]E {IMPu(t,L)V ((em)t;,ﬂ(ﬁD | ]-';HH
—E [V ((em)y; + B(7))| B [IMPuge,) | Fia]
—EV ((em)t; , 6(@7)) EIMPy,)-

Depending on the method of inductive, it holds that

H

EV (e, 5) < EV, [ [ EIM Py, exp{nt}, t € [ta,tri1), (3.8)
h=1

where

EV,= sup EV (e;,s).
te[—a,0]

When t € [—a«,0], one derives EV (es,s) < EV,, and it obviously holds. When
t € (0,t1), from (3.6), we can derive the following inequalities:

EV (e, s) <EV (e, s) exp{nt} < EV, exp{nt}.
Thus, one concludes that
EV (es,, B(t1)) < EIMP,q,)EV (et; , ﬁ(tl_)) S EIMP, ) EV, exp{nt;}.
When t € [t1,t2),
EV (es, 5) <EV (e, B(t1)) exp{n(t — t1)} < EIMP,,)EV,exp{nt}.
Hence, when H =1, (3.8) holds. If (3.8) is true for H, then for H + 1,
EV (ety1 Bt +1)) < EIM Py BV (e, ultiyy))

H+1

< [] BIMP, ¢, EV, exp{ntm1}.
h=1
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When t € [tgi1,tH+2),

H

EV (et,s) <EV (e, Btas1)) exp{n(t —tgi1)} = H EIM Py, \EV, exp{nt}.
h=1

Therefore, (3.8) holds for H + 1, and based on the method of inductive, we can
conclude that (3.8) is valid for all H > 1, so
NU Mg (t,0)

EV(er,s)= [ EIMPy,)EV,exp{nt}
h=1

<EV, wNUMu0) exp(nt}
=EV, exp{NUMpg(¢,0) Inv} exp{nt}

tlnv
<EVY, _— t}, 3.9
< eXp{t/NUMH(t’O)}exp{n} (3.9)
in which
. EIM P,y + EIM Py, + - .EIMPu(tNUIMH(t,O))
o NUMg(t,0) '
Since AG = limy_,oo v and AT = lim;_, o WH@O), it can be described as follows:
t In AG
1 — ki1 — k. 3.10
N N (60) Al ‘< ! (8.10)

Substituting (3.10) into (3.9), one derives

EV (es, s) <EV,exp{(k1 +n)t},t > 0.
In view of e;(0) = e(t), one gets

EV?! (e(t), s) <V} exp{ (ki +n)t},t >0,

where

V5= sup V'(e(t),s).
te[—a,0]

According to condition WX1, it concludes

N

Vol = Z em(Vin)o(em(t), 5)

m=1
N

< sup Zcmdfn(s)|em(t)|2
te[~a,0] ,,

< md2 t Qéd 2
< e lendi (o)} swp e 2 dalle]”

N
EV}! (e(t),s) =E Z em(Vh)o(em(t),s)
m=1

N
>E Y cmdy(s)lem(t)?
m=1

> : 1 2 — 2.
> min_{end,(s)}Ele(d) = diEje(t)
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Consequently, we have
d
Ele(t)* < IIEl* exp{(ky +m)t},t = 0.

On the basis of condition WX4, k1 +n < 0 can be obtained, then driving system

(2.4) and response system (2.5) can reach mean-square exponential synchronization.
O

Remark 3.2. There have been many investigations on the synchronization of cou-
pled systems by graph theory and the Lyapunov method [21,37,44]. In [44], global
Lyapunov function was constructed as V(e,t) = > I, ¢;Vi(e;,t) through vertex
Lyapunov function. Referring to this method, we construct the global Lyapunov
functional as V(t,e;,s) = ijl:l Vi (t, (em)t, s) through vertex Lyapunov func-
tional, in which ¢,, is the cofactor of the mth diagonal element of the Laplacian
matrix for matrix THE. From this condition, we can also see that the synchroniza-

tion is related to the network’s topological structure.

In the following, Coefficient-type theorem attaching to the coeflicients in driving
system (2.4) and response system (2.5) is derived to give some other synchronization
criteria.

Theorem 3.3. Suppose Assumption 2.1 and Assumption 2.2 hold and the following
conditions are satisfied:

HD1. Directed graph (G,THE) is strongly connected, THE = (THE;,;,)NxnN;
THE,,, = maxses{Imnn(s)0mn(s)}.

HD2. The average stochastic impulsive gain and the average stochastic impulsive
interval satisfy that

In AG
Ap =k <k <0ki+n<0n= ElNai‘es{”m( )}

Then driving system (2.4) and response system (2.5) can reach mean-square expo-
nential synchronization.

Proof. Assume V,!(em,s) = Wm(s)|em|?, V2(¢ ft o (t) T2 (0, em(c ))‘QdU—F

f . ft+a |Fm iy em (e )’ dpdo, condition WX1 apparently holds. Based on As-
sumption 2.1, Assumption 2.2 and Lemma 2.1, computing LV, along system (2.6),
we can get the following conclusions. When t # ty,, it has

LV,.((em)t, 5)

=210, (s)er (t )llﬂ1 (tyem(t),s) + T2 (t, em(t —ar(t))) (3.11)

‘ N
+/ Ff’n(U,em dU+ZHmn mn t em(t)’en(t)“g)
t—az

+ Wy (8)tr [A%(t, em(t), s)Am(t, em(t), s)] + Z Coa(e(t)) W (8)]em (t)]?
3€es

+U%@&%mf—ﬂ—dﬁ»WMt%U—MQMF

t
+an [T3, (¢, em(®)| —/ T3 (0, em ()| do
t—ao
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<2, (8) Yy (8)|€m ()7 + @i ()i, |€m (8)|* + Q2 ()50 lem (8) [
+ 2y, (8) L (8) O (8) | € (B + 2 (8) i (8) O () [ (£) || €0 (2)]
+ 2, (s)er (T2 (t em(t — a1 () — (1 — o }Fm (t,em(t —aq(t )|

t t
+ 2w (s)er (t)/ I3 (0, em(0))do —/ |I‘f’n (0,em(0) | do
t a9 t

a2

B () em O + 3 Caslelt)) 2 )m< Yew(0). (3.12)

s€eS )

In view of the following inequalities

_/t_ |r;(a,em(a))\2da+2wm(s)eg(t)/t_ T3 (0, em(0))dor

Qs
2

<_ + 2 (5)e2 (1) /t_ T3 (0, em(0))dor

t
/ I3 (0,em(0))*do
t—a2

+ 15, (5) e ()|

| Thieen(o)o — a0

<y, () |em (1), (3.13)

(1 0]) P2 (et~ an () + 200 () (T2 (1~ 0 (8))
—— [ = DA et - 1)) ~ w1 - oD Reh 0] + P20
<728, 0, (3.19)
and

2 (8)0mn (8)|lem (B)[[en ()] < Hmn(s)gmn(sﬂem(t”? + Hmn(s)gmn(3)|en(t)|2v
(3.15)

Hmn(s)gmn(s)‘en(t)|2Hmn(3)9mn(5)‘ew1(t)|2 + Hmn(s)gmn(s)(‘en(t)F - |6m(t)|2)>
(3.16)

according to (3.13)-(3.16) and V,2(t) > 0, we obtain

LV, ((em)t, 8)

<2, (Ve O+ o (12 () + 00 (515 ()
N
+ W (8) A (8) | €m (2)]? + 410y, (5) Z THE,,|em(t)]?
w2 (s Wyn (§
L e, (O + 2,6 en (O + 3 Gale(0) 22
1 3€S m

Wi (3)|em (£)]?

N
+ m($)V2 () + Y THEpnOmn(t,em(t), en(t))

n=1
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Wi ()

N
< <27}n(s) + 95 + 0¥, + Am(s) +4)  THEp, +

1—af
n=1 1

+ ZDE,L(S) + Z Csé,s’ W) wm(5)|€m(t)|2

ses Win(s)

N
+ m($)VE(t) + Y THEpnOmn(t,em(t), en(t))

N
< (5) (Vb (em(t),8) + Vi2(£) + D THEmnOmn(t, em(t), en(t))

n=1

=1 (8) Vi ((em)t, 8) + Z THE$17,Omn(t, em(t), en(t)),

n=1
where
> w2, ()
M (5) = 29 (5) + Y + 0275 + Am(5) +4 D TH By + 77 +105(s)
n=1 st

+ Z <S§,S' 1Dm<5;a

ses Win(s

Omn(t, em(t), en(t)) = maéi{wm(s)} (|en(t)|2 - ‘em(t)|2) .

se

When t = ty, it follows that
Vm ((em>th 5 B(th)) :VT}l (em(th)a ﬂ(th))

=t (s)]em (tn)|?

Lo, (em(ty))

2
— D (5) ‘

<t () IM Py, em (87|
=IMP,,\V,} (em(ty), B(t5))

=IMPy,) (Vi (em(t;), B(t;)) + Va(ty))
—TM Py, ) Vo (em(t7), B(E7)) -

Therefore, condition WX2 holds. In addition, HD1 and HD2 conclude that con-
ditions WX3 and WX4 hold, respectively. Consequently, driving system (2.4) and
response system (2.5) can achieve mean-square exponential synchronization. U

Remark 3.3. Note that digraph (G, THE) in Theorem 3.3 is strongly connected
implying there are directed paths between any two different nodes in the maximum
graph (G, THE). According to THE,,, = maxses{mn($)0mn(s)}, it is not a
requisite for each sub-network to be strongly connected. Besides, In AG/AI < 0
represents the average impulsive gain is less than 1, which means the impulse plays
a synchronous effect on the whole. And k; + n < 0 indicates the impulse indeed
synchronizes the response system to the driving system.
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4. Application to stochastic semi-Markov jump
Chua’s circuit system with mixed delay

Chua’s circuit systems are widely used in various fields and have received widespread
attention in recent years. In this part, we will apply the theoretical results to
a kind of semi-Markov jump Chua’s circuit systems with mixed delay. To make
the driving Chua’s circuit system and the corresponding response Chua’s circuit
system achieve synchronization, we apply stochastic hybrid impulsive control to the
response system. Additionally, some synchronization criteria for the circuit systems
are given.
A single uncoupled Chua’s circuit system is known to be described as follows.

C1dUL(t) = E (=U1(t) + Ua(t)) — f‘(Ul(t))] dt,

Cudta(t) = | (Wh(6) = Ualt) + Uate) | ar
MdUs(t) = — (U2(t) + LoUs(t)) dt,

where Uy (t) and Us(t) are the voltages of capacitors C7 and Cs, respectively, Us
is the current through inductor M, I and I represent linear resistors. T'(U;(t)) =
voUi(t)+ 5 (11 —2)(|U1(t) + 1| — |Ua(t) — 1|), where vy and v represent the slopes of
the inner region and the outer region, respectively. Next, we consider the following
coupled stochastic semi-Markov jump Chua’s circuit system with mixed delay as
the driving system.

d®,,1(t) ~Tm1(B()) Tm1(B(t)) 0 Py (t)
d®p,a(t) | = || 7m2(8() —7m2(B8(t) Tm3(B(2)) Py (t)
d¢m3(t) 0 Tm4(6(t)) _TmS(B(t)) (I)m3(t)

&1 T (£, @1 (¢ — 01 (1)) ,

+ 0 + / I3 (0, ®,(0))do
0 2
N
Z mn(t, @ (8), @ (t), (L)) | dt (4.2)

A( m(t), B(t))dB(t), t =0, m, n €N,

in which ®,,(t) = (®n1(t), Pma2(t), Pms(t))T € R3 is the state vector of the mth
circuit system at time t. 7,,1(8(¢)) = W, Tm2(B(t)) = m

Tms(B(1) = etamy: Tma(B®) = wramy Tms(B0) = HEEG Em = o
I,, and F3 are continuous function. ©,,, is the coupling function between the
mth circuit and the nth circuit, and represents the influence of the nth circuit on
the mth circuit with the inﬂuence intensity being I, (8(t)). Ay, is the stochastic
perturbation function, and B(t) is a one-dimensional Brownian motion. In the
following, the response system with stochastic impulsive control that makes the
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response system synchronize with driving system (4.2) is given as follows.
AWy (£) —Tm1(B(t)) Tm1(B(1)) 0 Wi (1)
dWia(t) | = || 7m2(B(t) —7m2(B(t)) Tm3(B(t)) Urma(t)
d¥,,3 (t) 0 Tm4(5(t)) —Tm5 (ﬂ(t)) Uins (t)
_gmlfm (ta \I/ml(t - al(t)))
+ 0
0 (4.3)
+ / 19 (0, U (0))do
+an (U (8), 0, (1), B(8)) | dt
Rt B0 SOMB(), 2 0, ¢ £
\Ifm(th)—@m(th)zlﬂt’)( m(ty) — ®m(t,)),m,n € N,h € H,

where U,,,(t) = (Upn1(t), Uina(t), Uns(t))T € R3 is the state vector of the mth
response circuit system at time t. Suppose that €,,1(t) = U1 (£) — Prn1 (t), Ema(t) =
Upo0(t) = Pina(t), Ems(t) = Wiz (t) — Pins(t), thus the error system of driving system
(4.2) and response system (4.3) can be described as

déml (t) 77—m1(6(t)) Tml(ﬂ(t)) 0 éml(t)
dema(t) | = | [ mm2(B() —Tm2(B(t)) Tms(B()) ema(t)
dems(t) 0 Tma(B(t)) —Tms(B(t)) ) \ €ms(t)
T (b (E—ar(®) )
+ 0 + l an(o—v ém (0))d0(44)

0

+ Z L (B1 (1) O (t, € (1), En(t), ﬁ(t))} dt

+ Am (t em(t), B(t))dB(t), t >0,
I, (em(ty), m,n € N,h € H,

, 0 5) A (t,en(t), B(t)) can be denoted as

m (t eml t— Oél(t))) Fm (t, \Pml (t — Ozl(
)) =I5t U (1) = T3, (8, @n(1)),

mn(t Em (1) En (1), B(£)) = Opn (b, Wi (£), W (£), B()) = O (t, P (£), @ (1), B(1)),

A (b, Em(5), B(E) = A (£ Win (1), B()) = A (1, B (1), B(1))-

)=
Where 6m(() = (Emi(t),ema(t),ems(t)™, T (tEmr(t —ar(t)), T7,(t Em(t)),
(

1)) — Fm (t, @pr (t — 1 (1)),
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Define

—Tm1 (ﬁ(t)) Tm1 (ﬂ(t)) 0
Mp(B(1) = | 1mn2(B(®)) —Tma2(B(1) Tms(B()) |
0 Tma(B(t)) —Tms(B(t))

7£m1Fm (tv éml(t - al(t)))
Do (£, Em1 (t — (b)) = 0 ,

0

then system (4.4) can be written as
e (€) = [ M () () + o (bt = r () + [ T (06 (0)) o

+ 3 T (B() O (2, En(1), (1), BD)) |

+ A, (t7ém(t),6(t)) dB(t), t >0, t # tp,
Em(tn) =TT, @m(ty)), m, n €N, h e H.

(4.5)
Some sufficient conditions for system (4.2) and system (4.3) reach synchroniza-
tion are derived below.

Theorem 4.1. If the following conditions are satisfied:
ZN1. There are positive numbers v3,, Omn(s), Am(s), myn € N, s € S and a
sequence of stochastic variables IM Py, h € H such that

Ty, (8, 8m) 2 < vimleml?,
|®mn (t,ém,én,s) | < 9mn(£)(|ém| + |ém|)7
|Am (¢, €m, 8) ‘2 < )‘m(s)‘ém|2v

m = 2 > 2
Ity (Em ()| < IM Py, [

ZN2. The directed graph (G, THE) is strongly connected, THE = (THE,,)NxN
THE,,;, = maxses{mn($)0mn(s)}.
ZN3. The average stochastic impulsive gain and the average stochastic interval

satisfy W AG
n

A7 :k<1€1<0,]€1+7]<0,

in which 1 = maX;,eN,ses {27},1(5)—1—73”—}—&2'75;1—4—)\771(3)—&—4 27]2;1 THE,,,+ tffjiig)—l—
w5, (8) + Y ses Cssusr Do ($) } Then driving system (4.2) and response system (4.3)

Wy, (S)
can reach mean-square exponential synchronization.

Proof. Consider

Em ()M ()Em (1)
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—Tm1(8) Tm1(s) 0 Em1(t)
= (éml (t), €m2 (t)y €ms3 (t)) Tm?2 (5) —Tm2 (8) ng(S) €m2 (t)
0 Tm4(8) —Tm5(s) ém3(t)

< (G (o) + rmale) + 573(6) = 7)) lenalt)

+ (;ng(S) + %Tm4(8) - Tm5(8)> |Ems(t)] — %Tm1<5>|éml(t)|2

1 1 1 1
< max {—2Tm1(s), iTml(s) + ing(s) + 574(3) — Tma(s),

%TmS(S) + %Tm4(s) - Tm5(5)} & (t)[?

<Y (8)]Em ()],

and

T (£, €m(t — 1(t))) | = Ema [T (F, Ema (t — a1 (1)) |
=Em1 [V2lmi(t — aa(t)) + %(W —v1) (|em1(t — a1 (t)) + 1] = [Ema (t — aa () — 1])

<&mi [v2emi(t — a1 (t))| + &ma |[(v2 — v1)Ema(t — aa(t))]

=Em1(2v2 — 11) [Ema (t — (1))

i [Em1(t = aa (1))

combining with ZIN1, it can be seen that Assumption 2.1 and Assumption 2.2 are
both valid. From ZIN2 and ZIN3, we can conclude that all the conditions in Theorem

3.8 are valid. Therefore, driving system (4.2) and response system (4.3) achieve
mean-square exponential synchronization. O

Remark 4.1. Circuit systems have become a relatively popular topic in recent
years due to their wide range of practical applications [1,5,11]. Different from
them, we consider semi-Markov jump and mixed delay in this paper. Besides,
we give the synchronization criteria for the driving system and the response circuit
system, which extends the theoretical results and practical applications of the circuit
systems.

5. Numerical example

This section utilizes a numerical example to verify the theoretical results in Section
4.

Firstly, we consider driving system (4.2) and response system (4.3) on digraph
G with N = 18, § = 2, and the topological structures are presented in Figure 1
considering s = 1 and s = 2. Moreover, the non-zero elements of the adjacency
matrices TI' = (I, (1))18x18 and 112 = (IL,,,(2))18x18 corresponding to the two
states of the semi-Markov jump are chosen in Table 1, and the other elements are
installed as zero, meaning there is no arc between the two nodes. In addition, the
coupling functions are chosen as

O (t, P (), @y (1), 1) = sin( Dy, (¢)) — sin( P, (¢)),
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and

n(t), 1) = sin(V,,(¢)) — sin(V,,(¢)) — sin(P,, (t)) + sin(P,,(t)),
n(t),2) = 1.2(sin(0,, () — sin(W,, (t)) — sin(P,, (t)) + sin( Dy, (1))).

[l

Gmn (tv ém (t) )
Omn (t; €m(1),

From ZN1, we get 0,,(1) = 1, 0,,(2) = 1.2 Let THE,,, =
maxges {mn(8)0mn(8)}, then (G, THE) is strongly connected, and the sketch map

is depicted in Figure 2.

[l

Figure 1. Digraph (G, II') (left) and (G, I?) (right).

Table 1. The non-zero elements of adjacency matrices II' and II2.

56(1) e r7(1) | Trg(l) | Hgo(1) | Moao(l) | Mioa1(1) | TMaga2(1) | Thos(1) | Tz a4(1)
0.001 0.001 0.002 0.001 0.002 0.004 0.005 0.006 0.006
Tha15(1) | Misa6(1) | Higas(l) | Mians(l) | Misis(1) | he17(1) | Mizas(1) | I 2(2) 115 3(2)
0.002 0.001 0.002 0.001 0.003 0.004 0.002 0.002 0.002
3 4(2) T41(2) M6(2) | Me16(2) | Mies(2) | TM51(2) Mp5(2) | Msi5(2) | s 7(2)
0.002 0.003 0.003 0.003 0.003 0.001 0.004 0.001 0.001
310(2) | Mi014(2) | Tiao(2) | Ma12(2) | Thoi3(2) | Tz 11(2) | Tia(2) | Miras(2) | Miga7(2)
0.002 0.001 0.002 0.001 0.004 0.005 0.006 0.008 0.009
Next, we choose v1 = —0.45, vo = —0.21, and the settings of 7,,1(s), Tima(s),
Tm3(8); Tma(8), Tms(s) at s = 1 and s = 2 are introduced in Table 2 and Ta-
ble 3 respectively, as well as the values of &1 are chosen in Table 4. Then
we get ! = maxmemse{m}{’%(s)} = maXmEN7se{l,2}{Tm2(5)7Tml(s) + Tm3(s)

— Tma (), Tma(5) + Tina(s) — Tims(s)} = 0.0455, 7* = maxpen{n,} = maxmen{&m
(2v2 — 1)} = 0.0830. We suppose that a;(t) = 0.01cos’t, as = 0.01, and we
have a3 = af = 0.01. The initial conditions are picked as ®,,1(t) = —0.02,
Do (t) = 0.02, Bps(t) = —0.04, Uy (£) = —0.07, Upna(t) = 0.04, Upz(t) = —0.08.
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Table 2. Settings of some parameters of system (4.5) at s = 1.

Figure 2. Digraph (G, THE).

m=1 m=2 m=3 m=4 m=>5 m=6 m=T7 m=8 m=9
Tm1(1) | 0.6666 | 0.7943 | 0.9660 | 1.0233 | 0.6922 | 0.9108 | 0.7617 | 0.7544 | 0.7717
Tm2(1) | 1.1694 | 1.4361 | 1.2232 | 1.3408 | 1.4569 | 1.3636 | 1.3558 | 1.5123 | 1.3847
Tma(1) | 0.6465 | 0.4910 | 0.7563 | 0.7340 | 0.6590 | 0.5006 | 0.4574 | 0.4469 | 0.5323
Tma(1) | 0.5403 | 0.6446 | 0.7160 | 0.5408 | 0.8139 | 0.6243 | 0.5961 | 0.6408 | 0.5822
Tms(1) | 0.9353 | 0.7483 | 0.7332 | 0.8288 | 0.7822 | 0.7714 | 0.7850 | 0.7671 | 0.7547

m=10 | m=11 | m=12 | m=13 | m=14 | m=15 | m=16 | m=17 | m=18
Tm1(1) | 0.9005 | 0.8279 | 1.1219 | 0.8034 | 0.5747 | 0.9848 | 0.5780 | 1.1202 | 1.0388
Tma2(1) | 1.6119 | 1.4065 | 1.4166 | 1.4252 | 1.3521 | 1.5358 | 1.4707 | 1.3767 | 1.4685
Tma(1) | 0.4547 | 0.6118 | 0.4555 | 0.6788 | 0.6337 | 0.4934 | 0.6906 | 0.6920 | 0.5825
Tma(1) | 0.5229 | 0.7765 | 0.7333 | 0.5594 | 0.5376 | 0.6151 | 0.7057 | 0.5541 | 0.4557
Tms(1) | 0.7714 | 0.6692 | 0.8859 | 0.5736 | 0.6042 | 0.6790 | 0.8034 | 0.7819 | 0.8517

Besides, we set that

Lo (8, @1 (t — a1 (1)) = @1 (t — a1 (t)), T (8, Yina (t — a1 () = U (t — aa(2)),

and

| [, (t, éml(t — Oél(t))) =V,.1 (t — Qa1 (t)) — (I)ml(t — Oq(t)) = éml(t — Oél(t)).

In the following, we select

Lo (t, @i () = sin(@n (¢)), I, (1, Uin (t)) = sin(Tr (1)),

and

T3 (t,&m(t)) = sin(Tyn (£)) — sin(@p, (£)).
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Table 3. Settings of some parameters of system (4.5) at s = 2.

m=1 m=2 m=3 m=4 m=>5 m=6 m=T7 m=8 m=9
(2) | 1.0061 | 1.0311 | 1.4162 | 1.5171 | 1.2910 | 1.2600 | 1.2155 | 0.9690 | 1.1897
Tm2(2) | 1.7388 | 1.9025 | 1.8591 | 1.8568 | 1.6898 | 1.7398 | 1.8819 | 1.7484 | 1.8078
Tm3(2) | 0.7400 | 0.8363 | 1.0356 | 0.7781 | 0.8733 | 0.9952 | 1.0159 | 0.8134 | 0.9331
Tima(2)
2)

0.8097 | 0.8524 | 1.0521 | 0.7899 | 0.9827 | 0.8602 | 0.9626 | 0.8611 | 0.8264
1.3353 | 1.1483 | 1.1332 | 1.2288 | 1.1822 | 1.1714 | 1.1850 | 1.1671 | 1.1547
m=10 | m=11 | m=12 | m=13 | m=14 | m=15 | m=16 | m=17 | m=18
Tm1(2) | 1.4147 | 1.1934 | 1.1356 | 1.2580 | 1.4495 | 1.2459 | 1.1230 | 1.0485 | 1.3224
Tm2(2) | 1.9365 | 1.9054 | 1.9178 | 1.7826 | 1.8516 | 1.8068 | 1.7420 | 1.8056 | 1.8713
Tm3(2) | 1.0500 | 0.9452 | 0.7234 | 0.9132 | 0.7308 | 0.7342 | 0.7951 | 0.8567 | 0.9544
Tima(2)

Tin5(2)

0.8078 | 0.8108 | 0.8756 | 0.8923 | 0.8192 | 0.7281 | 1.1214 | 0.9101 | 0.9050
1.1714 | 1.0692 | 1.2859 | 0.9736 | 1.0042 | 1.0790 | 1.2034 | 1.1819 | 1.2517

Table 4. Settings of &,,1 of system (4.5).

m=1 m=2 m=3 m=4 m=>5 m=>6 m=7 m=8 m=9
Em1 | 1.9714 | 1.3768 | 2.4213 | 1.0542 | 1.5858 | 1.3177 | 2.7668 | 2.2056 | 2.0735
m=10 | m=11 | m=12 | m=13 | m=14 | m=15 | m=16 | m=17 | m=18
Em1 | 1.5608 | 1.1651 | 1.4751 | 2.2815 | 2.6628 | 2.7065 | 1.4289 | 2.2735 | 2.5872

From ZN1, we have 73, = 1. The stochastic perturbation functions are picked as
A(t, @, (1), 1) = 0.28,, (1), A(t, (1), 2) = 0.4, (1),

At, U, (1),1) = 0.20,, (1), A(t, U,,(),2) = 0.4V, (1),
and
Ap(t,em(t), 1) = 0.2(0,, (t) — Dy (t)) = 0.28,, (1),
A (t,€m(t),2) = 0.4(TV,, (t) — D () = 0.4E,,(2).
According to ZN1, we derive A\, (1) = 0.1, A\, (2) = 0.2. Furthermore, we let
the state transition rate of the semi-Markov jump is 0.1 < (32(A(¢)) < 0.25 and

0.25 S CQ] (A(t)) S 0.4. We have <12,1 = 01, <12,2 = 0257 <21,1 = 025, 4-21’2 =0.4.
And we choose w(1) = 0.1, w(2) = 0.12, then we can get

n= mg%@es{”m@)}

W (3)

*
1—aoj

—2
meN,seS + wm(s)

W (3)
+ Z Css,s’ m }
3€S

=0.7496.

N
= max {27;1(3)+fy72n+a27;q’n+)\m(s)+4ZTHEmn+

n=1

We attempt to add the stochastic hybrid impulsive control on response system
(4.3) to make it synchronize with driving system (4.2). The impulse gains are a
sequence of stochastic variables valued from [0.2,1.2] and obey uniform distribution.
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The impulsive intervals are valued from [0.3,0.5]. Then average impulsive gain can
be calculated as AG = 0.7 < 1, AI = 0.4. It is obvious that % =k <k =
—0.8917 < 0, k1 + 7 = —0.1421 < 0. Thus, conditions in Theorem 4.1 are all
satisfied and response system (4.3) can synchronize with driving system (4.2) in
theory. Three-dimensional state trajectories of system (4.2) and system (4.3) are
presented in Figure 3, Figure 5, Figure 7. Indeed, they reach synchronization and
it can be seen from Figure 4, Figure 6, Figure 8, which performs the tending-to-0
state trajectories of error system (4.4). Besides, it also can be seen that the mean
square state trajectories of error system (4.4) tend to 0. The above results illustrate
the effectiveness and validity of the theoretical results.

Figure 3. State trajectories ®,,1(t) of drive system (4.2) (left) and ¥,,1(t) of response system (4.3)
(right).

Figure 4. State trajectories &,,1(t) (left) and mean square trajectories E|&,,1(t)|? (right) of error system
(4.4).

Figure 5. State trajectories ®,,2(t) of drive system (4.2) (left) and ¥,,2(t) of response system (4.3)
(right).
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Figure 6. State trajectories €my2(t) (left) and mean square
(4.4).

Figure 7. State trajectories ®,,3(t) of drive system (4.2) (left) and ¥,,3(t) of response system (4.3)
(right).

Figure 8. State trajectories &,,3(t) (left) and mean square trajectories E|&,,3(t)|? (right) of error system
(4.4).

6. Conclusion

This paper investigated the exponential synchronization of stochastic semi-Markov
jump systems with mixed delay via stochastic hybrid impulsive control. And Dupire
functional It6’s formula has been firstly used in the synchronization of the mixed de-
layed systems under impulsive control. A definition of average stochastic impulsive
gain has been put forward to estimate the strength of the stochastic mixed impulses.
Based on that, some synchronization criteria for the systems have been provided,
related to the topological structure, semi-Markov jump, stochastic disturbance in-
tensity and impulsive control. The theoretical results have also been applied into a
class of circuit systems and the related synchronization criteria have been derived.
This study provides a new thought on the synchronization of mixed delayed sys-
tems and gives a further exploration on the impulsive control systems. And nodes
of the complex systems may be connected in a variety of ways, which emerges the
investigations on multi-links complex systems. In addition, the time-varying dis-
tributed delay is widely presented in communication networks and control systems.
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It has some limitations when applying the theoretical results of this paper to the
multi-links stochastic functional systems with time-varying distributed delay. In the
future, we will explore the new method to investigate the synchronization problem
of multi-links stochastic semi-Markov jump systems with time-varying distributed
delay.
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