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EQUATIONS WITH DAMPING∗
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Abstract This paper is mainly concerned with the modified anisotropic three-
dimensional Boussinesq equations with damping. We first prove the existence
and uniqueness of global solution of velocity anisotropic equations. Then we
establish the well-posedness of global solution of temperature anisotropic equa-
tions.
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1. Introduction

In this paper, we investigate the following modified velocity anisotropic three-
dimensional Boussinesq equations with damping:



∂tu−∆hu+ (u · ∇)u+ |u|β−1u+∇p = θe3,

∂tθ −∆θ + (u · ∇)θ = 0,

∇ · u = 0,

u(x, 0) = u0(x), θ(x, 0) = θ0(x),

(1.1)
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and the temperature anisotropic three-dimensional Boussinesq equations with damp-
ing: 

∂tu−∆u+ (u · ∇)u+ |u|β−1u+∇p = θe3,

∂tθ −∆hθ + (u · ∇)θ = 0,

∇ · u = 0,

u(x, 0) = u0(x), θ(x, 0) = θ0(x),

(1.2)

where e3 = (0, 0, 1)T , t ≥ 0, x ∈ R3, u is the velocity fluid, θ is the temperature, p is
the pressure, β ≥ 1 is real parameter, ∆h := ∂2

1 +∂2
2 and ∂i is the partial derivative

in the direction xi.

The Boussinesq system can be derived from the Navier-Stokes equations by the
Boussinesq approximation. When the viscous and nonlinear terms are ignored, the
Navier Stokes equation can be simplified into the Boussinesq equation. They are
both important equations in fluid dynamics and have lately received significant at-
tention in mathematical fluid dynamics. Recently, the anisotropic Navier-Stokes
equations were investigated in [1, 7, 19–23, 27]. In [7], Chemin and Zhang proved

the local-in-time well-posedness in the anisotropic Sobolev space H0, 12 +ε for some
ε > 0. Meanwhile, if the initial data was sufficiently small, global well-posedness was
obtained. In [22], Paicu and Zhang proved the well-posedness for the three dimen-
sional anisotropic Navier-Stokes equations in an appropriate anisotropic Sobolev
space.

By using the Friedrichs method, the existence and uniqueness of global-in-time
weak and strong solutions of the two-dimensional Boussinesq equations with hor-
izontal viscosity only appearing in one equation were studied in [8]. In [6], Cao
and Wu established the global-in-time existence of classical solutions to the 2D
anisotropic Boussinesq equations with only vertical dissipation. They proved that
the pressure was obtained by separating it into high frequency and low frequency
modes via Littlewood-Paley decomposition. The global well-posedness and regular-
ity of solutions of the two dimensional Boussinesq system with anisotropic viscosity
and without heat diffusion were established in [11]. Stability and exponential decay
for the two-dimensional Boussinesq equations with only horizontal dissipation and
horizontal thermal diffusion in the spatial domain T × R were investigated in [10].
Stability and optimal decay for a system of three dimensional Boussinesq modeling
anisotropic buoyancy-driven fluids were proved in [25]. By the virtue of damping
term, we will prove the well-posedness of system (1.1) and (1.2).

In [5], Cao and Wu proved the global regularity for two-dimensional incompress-
ible magnetohydrodynamic equations without dissipation and magnetic diffusion.
In [4], global regularity of classical solutions to the two dimensional incompressible
magnetohydrodynamic equations with horizontal dissipation and horizontal mag-
netic diffusion were studied. By means of anisotropic Littlewood-Paley analysis,
Yue and Zhong proved the global well-posedness of the three dimensional incom-
pressible anisotropic magnetohydrodynamics equations in the anisotropic Sobolev
spaces of type H0,s0(R3) with s0 ≥ 1

2 in [26]. The global existence and regular-
ity for a system of the two-dimensional magnetohydrodynamic equations with only
directional hyper-resistivity were established in [9].

The Navier-Stokes equations and related models with damping were investi-
gated in [3, 12, 14–17, 24]. In [2], Bessaih, Trabelsi and Zorgati first introduced the



Global solution for the anisotropic 3D Boussinesq equations 2173

anisotropic Navier-Stokes equations with damping term and proved the existence
and uniqueness of global solutions for the modified anisotropic three-dimensional
Navier-Stokes equations. In [24], Titi and Trabelsi proved the global well-posedness
of solutions to a three-dimensional magnetohydrodynamical model in porous media
for β ≥ 4. In [18], the global well-posedness of the three dimensional micropolar
equations with partial viscosity and damping was proved for β ≥ 4.

In this paper, our main purpose is to establish the well-posedness for the modified
anisotropic 3D Boussinesq equations with damping. The main difficulty lies in
dealing with the anisotropy estimation. The outline of the paper is as follows. In
Section 2, we give some necessary notions and state the main results. We first
prove the existence and uniqueness of global solution of system (1.1) for β ≥ 4
with u0 ∈ H0,1(R3) and u0 ∈ H1(R3) respectively in Section 3. Then we get the
existence and uniqueness of global solution of system (1.2) for β > 3 and prove the
unique global smooth solution of system (1.2) for s ≥ 3 in Section 4.

2. Preliminaries

In this section, we introduce some useful notations and definitions. Denote x =
(x1, x2, x3), where xh := (x1, x2) is the horizontal variable and xv := x3 is the
vertical variable. Referring to the Chapter VI in [1, 13], we define the anisotropic
Sobolev spaces as follows. For any s, s′ ∈ R, assume that Hs,s′ is the set of tempered
distributions ψ ∈ S ′(R3) such that

‖ψ‖2s,s′ :=

∫
R3

(1 + |ξh|2)s(1 + |ξ3|)s
′
|ψ̂(ξ)|2dξ <∞.

The space Hs,s′ endowed with the norm ‖ · ‖s,s′ is a Hilbert space. For exponents
p, q ∈ [1,∞), Lph(Lqv) denotes the space Lp(Rx1

× Rx2
, Lq(Rx3

)) which is endowed
with the norm

‖u‖Lph(Lqv) := {
∫
R2

(

∫
R
|u(xh, x3)|qdx3)

p
q dxh}

1
p .

The space Lqv(L
p
h) can be defined similarly. Let ‖·‖Lp be the Lp(R3) norm for p ≥ 1.

For s ∈ R, let Hs := W s,2 be the usual Sobolev space endowed with the norm

‖u‖2Hs =

∫
R3

(1 + |ξ|2)s|û(ξ)|2dξ.

Now we present two main results of this paper. One is to establish the well-
posedness of the velocity anisotropic equation by energy method in Theorem 2.1 and
a higher regularity about the equation with a more smooth initial value in Theorem
2.2. The other is to prove the global solution of the temperature anisotropic equation
with different smooth conditions of initial values based on some prior estimates and
delicious calculations in Theorem 2.3 and Theorem 2.4.

Theorem 2.1. Let β ≥ 4, u0 ∈ H0,1(R3) and θ0 ∈ H1(R3) such that divu0 = 0.
The system (1.1) has a unique global solution (u(t), θ(t)) satisfying

u(t) ∈ L∞loc(R+;H0,1(R3)) ∩ L2
loc(R+;H1,1(R3)) ∩ Lβ+1

loc (R+;Lβ+1(R3)),

θ(t) ∈ L∞loc(R+;H1(R3)) ∩ L2
loc(R+;H2(R3)).
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Theorem 2.2. Let β ≥ 4, u0 ∈ H1(R3) and θ0 ∈ H1(R3) such that divu0 = 0.
The system (1.1) has a unique global solution (u(t), θ(t)) satisfying

u(t) ∈ L∞loc(R+;H1(R3)) ∩ Lβ+1
loc (R+;Lβ+1(R3)), ∇hu ∈ L2

loc(R+;H1(R3)),

θ(t) ∈ L∞loc(R+;H1(R3)) ∩ L2
loc(R+;H2(R3)),

∂tu(t) ∈ L2
loc(R+;L2(R3)), ∂tθ(t) ∈ L2

loc(R+;L2(R3)).

Theorem 2.3. Let β > 3, u0 ∈ H1(R3) and θ0 ∈ H0,1(R3) such that divu0 = 0.
The system (1.2) has a unique global solution (u(t), θ(t)) satisfying

u(t) ∈ L∞loc(R+;H1(R3)) ∩ L2
loc(R+;H2(R3)) ∩ Lβ+1

loc (R+;Lβ+1(R3)),

θ(t) ∈ L∞loc(R+;H0,1(R3)) ∩ L2
loc(R+;H1,1(R3)).

Theorem 2.4. Let β > 3, s ≥ 3, u0 ∈ Hs(R3) and θ0 ∈ Hs(R3) such that divu0 =
0. The system (1.2) has a unique global smooth solution (u(t), θ(t)) satisfying

u(t) ∈ L∞loc(R+;Hs(R3)) ∩ L2
loc(R+;Hs+1(R3)),

θ(t) ∈ L∞loc(R+;Hs(R3)), ∇hθ(t) ∈ L2
loc(R+;Hs(R3)).

3. Existence and uniqueness of global solution for
the velocity anisotropic system

This section concerns the existence and uniqueness of global solution of system
(1.1) for β ≥ 4. We will prove Theorem 2.1 and Theorem 2.2 with different smooth
conditions of initial values.

3.1. Proof of Theorem 2.1

We first consider the case that the initial value u0 ∈ H0,1(R3) and θ0 ∈ H1(R3). To
prove Theorem 2.1, we firstly need to give some priori estimates in the following.

Taking the L2 inner product of the second equation of (1.1) with θ, we get

1

2

d

dt
‖θ‖2L2 + ‖∇θ‖2L2 = 0.

Integrating over [0, t], it yields that

‖θ(t)‖2L2 + 2

∫ t

0

‖∇θ‖2L2ds = ‖θ0‖2L2 .

Taking the L2 inner product of the first equation of (1.1) with u, we have

1

2

d

dt
‖u‖2L2 + ‖∇hu‖2L2 + ‖u‖β+1

Lβ+1 =

∫
R3

θe3udx ≤ ‖u‖L2‖θ‖L2

≤ ‖u‖2L2 + ‖θ‖2L2 ≤ ‖u‖2L2 + ‖θ0‖2L2 .

Applying Gronwall inequality, we get

‖u(t)‖2L2 +

∫ t

0

(‖∇hu‖2L2 + ‖u‖β+1
Lβ+1)ds ≤ C(t, u0, θ0). (3.1)
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Taking the L2 inner product of the second equation of (1.1) with −∆θ, it yields
that, for β ≥ 4,

1

2

d

dt
‖∇θ‖2L2 + ‖∆θ‖2L2 =

∫
R3

(u · ∇θ)∆θdx

≤ ‖u‖Lβ+1‖∇θ‖ 2(β+1)
β−1
‖∆θ‖L2

≤ C‖u‖Lβ+1‖∇θ‖
β−2
β+1

L2 ‖∆θ‖
β+4
β+1

L2

≤ 1

2
‖∆θ‖2L2 + C‖u‖

2(β+1)
β−2

Lβ+1 ‖∇θ‖2L2

≤ 1

2
‖∆θ‖2L2 + C(1 + ‖u‖β+1

Lβ+1)‖∇θ‖2L2 .

Consequently

d

dt
‖∇θ‖2L2 + ‖∆θ‖2L2 ≤ C(1 + ‖u‖β+1

Lβ+1)‖∇θ‖2L2 .

By Gronwall inequality again, it is easy to get that

‖∇θ(t)‖2L2 +

∫ t

0

‖∆θ‖2L2ds ≤ C(t, u0, θ0). (3.2)

Taking the L2 inner product of the first equation of (1.1) with −∂2
3u and the inte-

gration by parts, it yields that

1

2

d

dt
‖∂3u‖2L2 + ‖∇h∂3u‖2L2 + ‖|u|

β−1
2 ∂3u‖2L2 +

4(β − 1)

(β + 1)2
‖∂3|u|

β−1
2 ‖2L2

=

∫
R3

(u · ∇)u∂2
3udx−

∫
R3

θe3∂
2
3udx

:= I1(t) + I2(t). (3.3)

For I1(t), by integration by parts, we have for β > 3

I1(t) = −
3∑

i,j=1

∫
R3

∂3ui∂iuj∂3ujdx−
3∑

i,j=1

∫
R3

ui∂i∂3uj∂3ujdx

= −
2∑
i=1

3∑
j=1

∫
R3

∂3ui∂iuj∂3ujdx−
3∑
j=1

∫
R3

∂3u3∂3uj∂3ujdx

= −
2∑
i=1

3∑
j=1

∫
R3

∂3ui∂iuj∂3ujdx+

2∑
i=1

3∑
j=1

∫
R3

∂iui∂3uj∂3ujdx

=

2∑
i=1

3∑
j=1

∫
R3

uj∂3uj∂i∂3uidx+

2∑
i=1

3∑
j=1

∫
R3

uj∂3ui∂i∂3ujdx

− 2

2∑
i=1

3∑
j=1

∫
R3

ui∂3uj∂i∂3ujdx

≤
2∑
i=1

3∑
j=1

∫
R3

|uj ||∂3uj ||∂i∂3ui|dx+

2∑
i=1

3∑
j=1

∫
R3

|uj ||∂3ui||∂i∂3uj |dx
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+ 2

2∑
i=1

3∑
j=1

∫
R3

|ui||∂3uj ||∂i∂3uj |dx

≤ 4‖|u||∂3u|
2

β−1 ‖Lβ−1‖|∂3u|
β−3
β−1 ‖

L
2(β−1)
β−3
‖∇h∂3u‖L2

≤ C‖|u|
β−1
2 ∂3u‖

2
β−1

L2 ‖∂3u‖
β−3
β−1

L2 ‖∇h∂3u‖L2

≤ 1

2
‖∇h∂3u‖2L2 +

1

2
‖|u|

2
β−1 ∂3u‖2L2 + C‖∂3u‖2L2 . (3.4)

For I2(t), applying the Hölder inequality and Young inequality, we have

I2(t) ≤ ‖∂3θ‖L2‖∂3u‖L2 ≤ ‖∂3θ‖2L2 + ‖∂3u‖2L2 ≤ ‖∇θ‖2L2 + ‖∂3u‖2L2 . (3.5)

Inserting the estimates of (3.4) and (3.5) into (3.3), we have

1

2

d

dt
‖∂3u‖2L2 +

1

2
‖∇h∂3u‖2L2 +

1

2
‖|u|

β−1
2 ∂3u‖2L2 +

4(β − 1)

(β + 1)2
‖∂3|u|

β−1
2 ‖2L2

≤(C + 1)‖∂3u‖2L2 + ‖∇θ‖2L2 .

Then, we get

d

dt
‖∂3u‖2L2 + ‖∇h∂3u‖2L2 + ‖|u|

β−1
2 ∂3u‖2L2 + ‖∂3|u|

β−1
2 ‖2L2

≤C(‖∂3u‖2L2 + ‖∇θ‖2L2).

By Gronwall inequality, we have

‖∂3u‖2L2 +

∫ t

0

(‖∇h∂3u‖2L2 + ‖|u|
β−1
2 ∂3u‖2L2 + ‖∂3|u|

β−1
2 ‖2L2)ds ≤ C(t, u0, θ0).

(3.6)

Next, we will prove the uniqueness of strong solutions of (1.1). Let (v(t), θ1(t)) and
(w(t), θ2(t)) be two solutions of system (1.1) with the same initial data. Setting
(u, p, θ) = (v − w, p1 − p2, θ1 − θ2), we get the following form:

∂tu+ (v · ∇)u+ (u · ∇)w −∆hu+ |v|β−1v − |w|β−1w +∇p = θe3,

∂tθ −∆θ + (v · ∇)θ + (u · ∇)θ2 = 0,

∇ · u = 0.

(3.7)

Multiplying both sides of the first equation of (3.7) by u and the second equation
of (3.7) by θ, respectively, we have

1

2

d

dt
(‖u‖2L2 + ‖θ‖2L2) + ‖∇hu‖2L2 + ‖∇θ‖2L2 +

∫
R3

(|v|β−1v − |w|β−1w)udx

= −
∫
R3

(u · ∇)wudx−
∫
R3

(u · ∇)θ2θdx+

∫
R3

θe3udx

:= J1(t) + J2(t) + J3(t). (3.8)

Inspired by [3, 14–16], it yields that∫
R3

(|v|β−1v − |w|β−1w)udx ≥ 0. (3.9)
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By Sobolev embedding Ḣ
1
2

h ↪→ L4
h, we get for all u ∈ L2

v ∩ Ḣ1
h

‖u‖2L2
v(L4

h) ≤ C
∫
R
‖u‖L2

h
‖∇hu‖L2

h
dx3

≤ C‖u‖L2‖∇hu‖L2 .

Bearing in mind that ∂3u3 = −divhuh, we get

‖∂3u3‖L2 ≤ C‖∇hu‖L2 .

For J1(t), by Hölder inequality and Gagliardo-Nirenberg inequality, J1(t) can be
estimated as follows

J1(t) = −
2∑
i=1

3∑
j=1

∫
R3

ui∂iwjujdx−
3∑
j=1

∫
R3

u3∂3wjujdx

≤
2∑
i=1

3∑
j=1

∫
R
‖ui‖L4

h
‖∂iwj‖L2

h
‖uj‖L4

h
dx3 +

3∑
j=1

∫
R
‖u3‖L2

h
‖∂3wj‖L4

h
‖uj‖L4

h
dx3

≤ C‖∇hw‖L∞v (L2
h)‖u‖2L2

v(L4
h) + C‖u3‖L∞v (L2

h)‖∂3w‖L2
v(L4

h)‖u‖L2
v(L4

h)

≤ C‖∇hw‖
1
2

L2‖∇h∂3w‖
1
2

L2‖u‖L2‖∇hu‖L2

+ C‖u3‖
1
2

L2‖∂3u3‖
1
2

L2‖∂3w‖
1
2

L2‖∇h∂3w‖
1
2

L2‖u‖
1
2

L2‖∇hu‖
1
2

L2

≤ C‖∇hw‖
1
2

L2‖∇h∂3w‖
1
2

L2‖u‖L2‖∇hu‖L2

+ C‖u‖L2‖∇hu‖L2‖∂3w‖
1
2

L2‖∇h∂3w‖
1
2

L2

≤ 1

2
‖∇hu‖2L2 + C(‖∇hw‖2L2 + ‖∂3w‖2L2 + ‖∇h∂3w‖2L2)‖u‖2L2 . (3.10)

On the other hand, by Hölder inequality and Gagliardo-Nirenberg inequality again,
together with Young inequality, J2(t) can be estimated by

J2(t) ≤ ‖u‖L2‖θ‖L6‖∇θ2‖L3

≤ C‖u‖L2‖∇θ‖L2‖∇θ2‖
1
2

L2‖∆θ2‖
1
2

L2

≤ 1

2
‖∇θ‖2L2 + C‖∇θ2‖L2‖∆θ2‖L2‖u‖2L2

≤ 1

2
‖∇θ‖2L2 + C(‖∇θ2‖2L2 + ‖∆θ2‖2L2)‖u‖2L2 . (3.11)

For J3(t), by Hölder inequality and Young inequality, we get

J3(t) ≤ ‖u‖L2‖θ‖L2 ≤ ‖u‖2L2 + ‖θ‖2L2 . (3.12)

Putting all the results (3.9)-(3.12) into (3.8), it yields that

d

dt
(‖u‖2L2 + ‖θ‖2L2) + ‖∇hu‖2L2 + ‖∇θ‖2L2

≤C(1 + ‖∇hw‖2L2 + ‖∂3w‖2L2

+ ‖∇h∂3w‖2L2 + ‖∇θ2‖2L2 + ‖∆θ2‖2L2)(‖u‖2L2 + ‖θ‖2L2).
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By Gronwall inequality, it is easy to get

‖u(t)‖2L2 + ‖θ(t)‖2L2

≤C(‖u0‖2L2 + ‖θ0‖2L2)e
∫ t
0

(1+‖∇hw‖2L2+‖∂3w‖2L2+‖∇h∂3w‖2L2+‖∇θ2‖2L2+‖∆θ2‖2L2 )ds.

Then, by (3.1), (3.2) and (3.6), the uniqueness of the solution is proved, and then
the proof of Theorem 2.1 is completed.

3.2. Proof of Theorem 2.2

In this subsection, we get a higher regularity about the solution of system (1.1)
with a more smooth initial value.

Step 1. Taking the L2 inner product of the first equation of (1.1) with −∆u and
integration by parts, we obtain

1

2

d

dt
‖∇u‖2L2 + ‖∇∇hu‖2L2 + ‖|u|

β−1
2 ∇u‖2L2 +

4(β − 1)

(β + 1)2
‖∇|u|

β+1
2 ‖2L2

=

∫
R3

(u · ∇)u∆udx−
∫
R3

θe3∆udx

:= I3(t) + I4(t).

For I3(t), integration by parts, we have

I3(t) = −
3∑
k=1

∫
R3

∂ku∇u∂kudx

= −
3∑
k=1

3∑
i=1

∫
R3

∂kui∂iu∂kudx

=

3∑
k=1

3∑
i=1

∫
R3

u∂kui∂k∂iudx

=

2∑
i=1

3∑
k=1

∫
R3

u∂kui∂k∂iudx+

2∑
k=1

∫
R3

u∂ku3∂k∂3udx+

∫
R3

u∂3u3∂3∂3udx

:= I31(t) + I32(t) + I33(t). (3.13)

For I31(t), by Hölder inequality and Young inequality, for β > 3, I31(t) can be
estimated by

I31(t) ≤
∫
R3

|u||∇u||∇∇hu|dx

≤ ‖|u||∇u|
2

β−1 ‖Lβ−1‖|∇u|
β−3
β−1 ‖

L
2(β−1)
β−3
‖∇∇hu‖L2

≤ 1

8
‖|u|

β−1
2 ∇u‖2L2 +

1

8
‖∇∇hu‖2L2 + C‖∇u‖2L2 . (3.14)

For I32(t), by Hölder inequality, Gagliardo-Nirenberg inequality and Young inequal-
ity, for β > 3, I32(t) can be estimated by

I32(t) ≤
∫
R3

|u||∇hu|∇h∂3u|dx
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≤
∫
R3

|u||∇u||∇∇hu|dx

≤ ‖|u||∇u|
2

β−1 ‖Lβ−1‖|∇u|
β−3
β−1 ‖

L
2(β−1)
β−3
‖∇∇hu‖L2

≤ 1

8
‖|u|

β−1
2 ∇u‖2L2 +

1

8
‖∇∇hu‖2L2 + C‖∇u‖2L2 . (3.15)

For I33(t), since ∂3u3 = −divhuh, we have for β > 3

J3(t) = −
2∑
i=1

∫
R3

u∂iui∂3∂3udx

=

2∑
i=1

∫
R3

∂3u∂iui∂3udx+

2∑
i=1

∫
R3

u∂3u∂i∂3uidx

≤ ‖∂3u‖L2
v(L4

h)‖∇hu‖L∞v (L2
h)‖∂3u‖L2

v(L4
h)

+ ‖u||∇u|
2

β−1 ‖Lβ−1‖|∇u|
β−3
β−1 ‖

L
2(β−1)
β−3
‖∇∇hu‖L2

≤ C‖∂3u‖L2‖∇h∂3u‖L2‖∇hu‖
1
2

L2‖∂3∇hu‖
1
2

L2

+ C‖|u|
β−1
2 ∇u‖

2
β−1

L2 ‖∇u‖
β−3
β−1

L2 ‖∇∇hu‖L2

≤ C‖∂3u‖L2‖∇u‖
1
2

L2‖∇∇hu‖
3
2

L2 +
1

8
‖∇∇hu‖2L2 +

1

4
‖|u|

β−1
2 ∇u‖2L2 + C‖∇u‖2L2

≤ 1

4
‖∇∇hu‖2L2 +

1

4
‖|u|

β−1
2 ∇u‖2L2 + C‖∇u‖2L2 + C‖∂3u‖4L2‖∇u‖2L2 . (3.16)

Putting (3.14)-(3.16) into (3.13), we get

I3(t) ≤ 1

2
‖∇∇hu‖2L2 +

1

2
‖|u|

β−1
2 ∇u‖2L2 + C‖∇u‖2L2 + C‖∂3u‖4L2‖∇u‖2L2 .

By Hölder inequality and Young inequality, I4(t) can be estimated by

I4(t) ≤ ‖∇θ‖L2‖∇u‖L2 ≤ ‖∇θ‖2L2 + ‖∇u‖2L2 .

Adding the estimates of I3(t) and I4(t), we arrive at

d

dt
‖∇u‖2L2 + ‖∇∇hu‖2L2 + ‖|u|

β−1
2 ∇u‖2L2 + ‖∇|u|

β−1
2 ‖2L2

≤C‖∇θ‖2L2 + C(1 + ‖∂3u‖4L2)‖∇u‖2L2 .

By Gronwall inequality, noticing (3.2) and (3.6), we have

‖∇u‖2L2 +

∫ t

0

(‖∇∇hu‖2L2 + ‖|u|
β−1
2 ∇u‖2L2 + ‖∇|u|

β−1
2 ‖2L2)ds ≤ C(t, u0, θ0).

Step 2. Taking the L2 inner product of the first equation of (1.1) with ∂tu and the
integration by parts, we obtain

‖∂tu‖2L2 +
1

2

d

dt
‖∇hu‖2L2 +

1

β + 1

d

dt
‖u‖β+1

Lβ+1

=(θe3, ∂tu)− ((u · ∇)u, ∂tu)



2180 L. Lin, H. Liu & C.-F. Sun

≤‖θ‖L2‖∂tu‖L2 + ‖|u||∇u|
2

β−1 ‖Lβ−1‖|∇u|
β−3
β−1 ‖

L
2(β−1)
β−3
‖∂tu‖L2

≤1

2
‖∂tu‖2L2 + C(‖θ‖2L2 + ‖|u|

β−1
2 ∇u‖2L2 + ‖∇u‖2L2).

Then we have

‖∂tu‖2L2 +
d

dt
‖∇hu‖2L2 +

d

dt
‖u‖β+1

Lβ+1 ≤ C(‖θ‖2L2 + ‖|u|
β−1
2 ∇u‖2L2 + ‖∇u‖2L2).

Integrating on [0, t], we get

‖∇hu(t)‖2L2 + ‖u(t)‖β+1
Lβ+1 +

∫ t

0

‖∂tu‖2L2ds

≤C
∫ t

0

(‖θ‖2L2 + ‖|u|
β−1
2 ∇u‖2L2 + ‖∇u‖2L2)ds+ ‖∇hu0‖2L2 + ‖u0‖β+1

Lβ+1

≤C(t, u0, θ0).

Taking the L2 inner product of the second equation of (1.1) with ∂tθ and the
integration by parts, we have for β ≥ 4

‖∂tθ‖2L2 +
1

2

d

dt
‖∇θ‖2L2 = −((u · ∇)θ, ∂tθ)

≤ ‖∂tθ‖L2‖u‖Lβ+1‖∇θ‖
L

2(β+1)
β−1

≤ C‖∂tθ‖L2‖u‖Lβ+1‖∇θ‖
β−2
β+1

L2 ‖∆θ‖
3

β+1

L2

≤ 1

2
‖∂tθ‖2L2 + C‖u‖2Lβ+1‖∇θ‖

2(β−2)
β+1

L2 ‖∆θ‖
6

β+1

L2

≤ 1

2
‖∂tθ‖2L2 +

1

2
‖∆θ‖2L2 + C‖u‖

2(β+1)
β−2

Lβ+1 ‖∇θ‖2L2

≤ 1

2
‖∂tθ‖2L2 +

1

2
‖∆θ‖2L2 + C(1 + ‖u‖β+1

Lβ+1)‖∇θ‖2L2 .

Consequently

d

dt
‖∇θ‖2L2 + ‖∂tθ‖2L2 ≤ ‖∆θ‖2L2 + C(1 + ‖u‖β+1

Lβ+1)‖∇θ‖2L2 .

Integrating on [0, t], by (3.1) and (3.2), we obtain

‖∇θ‖2L2 +

∫ t

0

‖∂tθ‖2L2ds ≤ C(t, u0, θ0),

which completes the proof of Theorem 2.2.

4. Well-posedness of global solution for the temper-
ature anisotropic system

In this section, we will prove that system (1.2) has a unique global solution with
different smooth conditions of initial values.
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4.1. Proof of Theorem 2.3

We first consider the case that the initial value u0 ∈ H1(R3) and θ0 ∈ H0,1(R3). We
will get the existence and uniqueness of global solution of system (1.2) for β > 3.

Taking the L2 inner product of the second equation of (1.2) with θ and the
integration by parts, we have

1

2

d

dt
‖θ‖2L2 + ‖∇hθ‖2L2 = 0.

Integrating on [0, t], we obtain

‖θ(t)‖2L2 + 2

∫ t

0

‖∇hθ‖2L2ds = ‖θ0‖2L2 . (4.1)

Similarly, taking the L2 inner product of the first equation of (1.2) with u, we have

1

2

d

dt
‖u‖2L2 + ‖∇u‖2L2 + ‖u‖β+1

Lβ+1 = (θe3, u) ≤ ‖θ‖L2‖u‖L2 ≤ ‖θ0‖2L2 + ‖u‖2L2 .

By Gronwall inequality, we obtain

‖u(t)‖2L2 +

∫ t

0

(‖∇u‖2L2 + ‖u‖β+1
Lβ+1)ds ≤ C(t, u0, θ0). (4.2)

Taking the L2 inner product of the first equation of (1.2) with −∆u and the inte-
gration by parts, for β > 3, we have

1

2

d

dt
‖∇u‖2L2 + ‖∆u‖2L2 + ‖|u|

β−1
2 ∇u‖2L2 +

4(β − 1)

(β + 1)2
‖∇|u|

β+1
2 ‖2L2

=

∫
R3

(u · ∇)u∆udx−
∫
R3

θe3∆udx

:= K1(t) +K2(t). (4.3)

For K1(t), by Hölder inequality and Young inequality, for β > 3, we get

K1(t) ≤ 1

4
‖∆u‖2L2 + C

∫
R3

|u|2|∇u|
4

β−1 |∇u|2−
4

β−1 dx

≤ 1

4
‖∆u‖2L2 +

1

2
‖|u|

β−1
2 ∇u‖2L2 + C‖∇u‖2L2 . (4.4)

For K2(t), by Hölder and Young’s inequalities, we have

K2(t) ≤ ‖∆u‖L2‖θ‖L2 ≤ 1

4
‖∆u‖2L2 + ‖θ‖2L2 . (4.5)

Putting (4.4) and (4.5) into (4.3), we have

d

dt
‖∇u‖2L2 + ‖∆u‖2L2+‖|u|

β−1
2 ∇u‖2L2 + ‖∇|u|

β+1
2 ‖2L2 ≤ C‖∇u‖2L2 + C‖θ‖2L2 .

By Gronwall inequality, we obtain

‖∇u‖2L2 +

∫ t

0

(‖∆u‖2L2+‖|u|
β−1
2 ∇u‖2L2 + ‖∇|u|

β+1
2 ‖2L2)ds ≤ C(t, u0, θ0). (4.6)
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Taking the L2 inner product of the second equation of (1.2) with −∂2
3θ and the

integration by parts, we have

1

2

d

dt
‖∂3θ‖2L2 + ‖∇h∂3θ‖2L2

=−
∫
R3

∂3u · ∇θ∂3θdx

=−
2∑
i=1

∫
R3

∂3ui∂iθ∂3θdx−
∫
R3

∂3u3∂3θ∂3θdx

≤‖∂3u‖L2
v(L4

h)‖∇hθ‖L∞v (L2
h)‖∂3θ‖L2

v(L4
h) + ‖∂3u‖L∞v (L2

h)‖∂3θ‖2L2
v(L4

h)

≤C‖∂3u‖
1
2

L2‖∇h∂3u‖
1
2

L2‖∇hθ‖
1
2

L2‖∇h∂3θ‖
1
2

L2‖∂3θ‖
1
2

L2‖∇h∂3θ‖
1
2

L2

+ C‖∂3u‖
1
2

L2‖∂3∂3u‖
1
2

L2‖∂3θ‖L2‖∇h∂3θ‖L2

≤1

2
‖∇h∂3θ‖2L2 + C‖∇u‖L2‖∆u‖L2‖∇hθ‖L2‖∂3θ‖L2

+ C(‖∇u‖2L2 + ‖∆u‖2L2)‖∂3θ‖2L2

≤1

2
‖∇h∂3θ‖2L2 + C‖∇u‖2L2‖∇hθ‖2L2 + C(‖∇u‖2L2 + ‖∆u‖2L2)‖∂3θ‖2L2 .

Consequently

d

dt
‖∂3θ‖2L2 + ‖∇h∂3θ‖2L2 ≤ C‖∇u‖2L2‖∇hθ‖2L2 + C(‖∇u‖2L2 + ‖∆u‖2L2)‖∂3θ‖2L2 .

By Gronwall inequality, we obtain

‖∂3θ‖2L2 +

∫ t

0

‖∇h∂3θ‖2L2ds ≤ C(t, u0, θ0). (4.7)

Now, we will prove the uniqueness of solutions of system (1.2). Let (ū, p̄, θ̄) and
(ũ, p̃, θ̃) be two solution of (1.2) with the same initial data. Assume that u = ū− ũ,
p = p̄− p̃, θ = θ̄ − θ̃, it is easy to get the following form:

∂tu−∆u+ (ū · ∇)u+ (u · ∇)ũ+ |ū|β−1ū− |ũ|β−1ũ+∇p = θe3,

∂tθ −∆hθ + (ū · ∇)θ + (u · ∇)θ̃ = 0,

∇ · u = 0.

(4.8)

Taking first the L2 inner product of the first equation of (4.8) with u and the second
equation with θ, respectively, the integration by parts, and then taking all results
into account, we have

1

2

d

dt
(‖u‖2L2 + ‖θ‖2L2) + ‖∇u‖2L2 + ‖∇hθ‖2L2 +

∫
R3

(|ū|β−1ū− |ũ|β−1ũ)udx

= −
∫
R3

(u · ∇)ũudx+

∫
R3

θe3udx−
∫
R3

(u · ∇)θ̃θdx

:=

5∑
i=3

Ki(t). (4.9)
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Inspired by [3, 14–16], it is easy to prove that∫
R3

(|ū|β−1ū− |ũ|β−1ũ)udx ≥ 0. (4.10)

For K3(t), by Hölder inequality, Gagliardo-Nirenberg inequality and Young inequal-
ity, we have

K3(t) ≤ ‖u‖2L4‖∇ũ‖L2

≤ C‖u‖
1
2

L2‖∇u‖
3
2

L2‖∇ũ‖L2

≤ 1

4
‖∇u‖2L2 + C‖∇ũ‖4L2‖u‖2L2 . (4.11)

For K4(t), by Hölder inequality and Young inequality, we have

K4(t) ≤ ‖θ‖L2‖u‖L2 ≤ ‖θ‖2L2 + ‖u‖2L2 . (4.12)

For K5(t), we get

K5(t) = −
2∑
i=1

∫
R3

ui∂iθ̃θdx−
∫
R3

u3∂3θ̃θdx

≤ ‖u‖L2
v(L4

h)‖∇hθ̃‖L∞v (L2
h)‖θ‖L2

v(L4
h) + ‖u‖L∞v (L2

h)‖∂3θ̃‖L2
v(L4

h)‖θ‖L2
v(L4

h)

≤ C‖u‖
1
2

L2‖∇hu‖
1
2

L2‖∇hθ̃‖
1
2

L2‖∇h∂3θ̃‖
1
2

L2‖θ‖
1
2

L2‖∇hθ‖
1
2

L2

+ C‖u‖
1
2

L2‖∂3u‖
1
2

L2‖∂3θ̃‖
1
2

L2‖∇h∂3θ̃‖
1
2

L2‖θ‖
1
2

L2‖∇hθ‖
1
2

L2

≤ 1

4
‖∇u‖2L2 +

1

2
‖∇hθ‖2L2 + C‖u‖L2‖∇hθ̃‖L2‖∇h∂3θ̃‖L2‖θ‖L2

+ C‖u‖L2‖∂3θ̃‖L2‖∇h∂3θ̃‖L2‖θ‖L2

≤ 1

4
‖∇u‖2L2 +

1

2
‖∇hθ‖2L2

+ C(‖∇hθ̃‖2L2 + ‖∂3θ̃‖2L2 + ‖∇h∂3θ̃‖2L2)(‖u‖2L2 + ‖θ‖2L2). (4.13)

Putting (4.10)-(4.13) into (4.9), we have

d

dt
(‖u‖2L2 + ‖θ‖2L2) + ‖∇u‖2L2 + ‖∇hθ‖2L2

≤C(1 + ‖∇ũ‖4L2 + ‖∇hθ̃‖2L2 + ‖∂3θ̃‖2L2 + ‖∇h∂3θ̃‖2L2)(‖u‖2L2 + ‖θ‖2L2).

By virtue of Gronwall inequality, we obtain

‖u(t)‖2L2 + ‖θ(t)‖2L2 +

∫ t

0

(‖∇u‖2L2 + ‖∇hθ‖2L2)ds

≤(‖u0‖2L2 + ‖θ0‖2L2)e
∫ t
0

(1+‖∇ũ‖4
L2+‖∇hθ̃‖2L2+‖∂3θ̃‖2L2+‖∇h∂3θ̃‖2L2 )ds.

The uniqueness of the solution of system (1.2) is proved. This completes the proof
of Theorem 2.3.
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4.2. Proof of Theorem 2.4

In this subsection we suppose higher regularities on the initial values, i.e. u0 ∈
Hs(R3) and θ0 ∈ Hs(R3). In this case the existence and uniqueness of global
smooth solution of system (1.2) can be obtained. To begin with, we deduce some
priori estimates.

Step 1. Taking the L2 inner product of the second equation of (1.2) with −∆θ and
the integration by parts, we have

1

2

d

dt
‖∇θ‖2L2 + ‖∇∇hθ‖2L2 =

∫
R3

(u · ∇)θ∆θdx

≤ ‖∇u‖L∞v (L2
h)‖∇θ‖2L2

v(L4
h)

≤ C‖∇u‖
1
2

L2‖∇∂3u‖
1
2

L2‖∇θ‖L2‖∇∇hθ‖L2

≤ C‖∇u‖
1
2

L2‖∆u‖
1
2

L2‖∇θ‖L2‖∇∇hθ‖L2

≤ 1

2
‖∇∇hθ‖2L2 + C(‖∇u‖2L2 + ‖∆u‖2L2)‖∇θ‖2L2 .

Consequently

d

dt
‖∇θ‖2L2 + ‖∇∇hθ‖2L2 ≤ C(‖∇u‖2L2 + ‖∆u‖2L2)‖∇θ‖2L2 .

By Gronwall inequality and (4.6), we have

‖∇θ(t)‖2L2 +

∫ t

0

‖∇∇hθ‖2L2ds ≤ C(t, u0, θ0). (4.14)

Step 2. Taking the L2 inner product of the first equation of (1.2) with ∂tu and the
integration by parts, for β > 3, we have

‖∂tu‖2L2 +
1

2

d

dt
‖∇u‖2L2 +

1

β + 1

d

dt
‖u‖β+1

Lβ+1

= −
∫
R3

(u · ∇)u∂tudx+

∫
R3

θe3∂tudx

≤ ‖|u||∇u|
2

β−1 ‖Lβ−1‖|∇u|
β−3
β−1 ‖

L
2(β−1)
β−3
‖∂tu‖L2 + ‖θ‖L2‖∂tu‖L2

≤ 1

2
‖∂tu‖2L2 + C(‖θ‖2L2 + ‖|u|

β−1
2 ∇u‖2L2 + ‖∇u‖2L2).

Moreover,

‖∂tu‖2L2 +
d

dt
(‖∇u‖2L2 + ‖u‖β+1

Lβ+1) ≤ C(‖θ‖2L2 + ‖|u|
β−1
2 ∇u‖2L2 + ‖∇u‖2L2).

Integrating on [0, t], we get

‖∇u(t)‖2L2 + ‖u(t)‖β+1
Lβ+1 +

∫ t

0

‖∂tu‖2L2ds ≤ C(t, u0, θ0). (4.15)

Taking the L2 inner product of the second equation of (1.2) with ∂tθ and the
integration by parts, we have

‖∂tθ‖2L2 +
1

2

d

dt
‖∇hθ‖2L2
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= −
∫
R3

(u · ∇)θ∂tθdx

≤ ‖u‖L3‖∇hθ‖L6‖∂tθ‖L2 + ‖u‖L∞v (L4
h)‖∂3θ‖L2

v(L4
h)‖∂tθ‖L2

≤ C‖u‖
1
2

L2‖∇u‖
1
2

L2‖∇∇hθ‖L2‖∂tθ‖L2

+ C‖u‖
1
2

L4
h(L2

v)
‖∂3u‖

1
2

L4
h(L2

v)
‖∂3θ‖

1
2

L2‖∇h∂3θ‖
1
2

L2‖∂tθ‖L2

≤ 1

4
‖∂tθ‖2L2 + C(‖u‖2L2 + ‖∇u‖2L2)‖∇∇hθ‖2L2

+ C‖u‖
1
2

L4
h(L2

v)
‖∂3u‖

1
2

L4
h(L2

v)
‖∇θ‖

1
2

L2‖∇∇hθ‖
1
2

L2‖∂tθ‖L2

≤ 1

4
‖∂tθ‖2L2 + C(‖u‖2L2 + ‖∇u‖2L2)‖∇∇hθ‖2L2

+ C‖u‖
1
4

L2‖∇u‖
1
2

L2‖∆u‖
1
4

L2‖∇θ‖
1
2

L2‖∇∇hθ‖
1
2

L2‖∂tθ‖L2

≤ 1

2
‖∂tθ‖2L2 + C(‖u‖2L2 + ‖∇u‖2L2 + 1)‖∇∇hθ‖2L2

+ C‖u‖L2‖∇u‖2L2‖∆u‖L2‖∇θ‖2L2

≤ 1

2
‖∂tθ‖2L2 + C(‖u‖2L2 + ‖∇u‖2L2 + 1)‖∇∇hθ‖2L2

+ C‖∆u‖2L2 + C‖u‖2L2‖∇u‖4L2‖∇θ‖4L2 .

Consequently

‖∂tθ‖2L2 +
d

dt
‖∇hθ‖2L2 ≤C(‖u‖2L2 + ‖∇u‖2L2 + 1)‖∇∇hθ‖2L2 + C‖∆u‖2L2

+ C‖u‖2L2‖∇u‖4L2‖∇θ‖4L2 .

Integrating on [0, t], we get

‖∇hθ(t)‖2L2 +

∫ t

0

‖∂tθ‖2L2ds ≤ C(t, u0, θ0). (4.16)

Step 3. Applying the operator ∂t to the first equation of (1.2), and then taking
the L2 inner product to the result with ∂tu and the integration by parts, we obtain

1

2

d

dt
‖∂tu‖2L2 + ‖∇∂tu‖2L2 +

∫
R3

∂t(|u|β−1u)∂tudx

= −
∫
R3

(∂tu · ∇)u∂tudx+

∫
R3

∂t(θe3)∂tudx

≤ ‖∇u‖L2‖∂tu‖2L4 + ‖∂tθ‖L2‖∂tu‖L2

≤ C‖∇u‖L2‖∂tu‖
1
2

L2‖∇∂tu‖
3
2

L2 + ‖∂tθ‖L2‖∂tu‖L2

≤ 1

2
‖∇∂tu‖2L2 + C(1 + ‖∇u‖4L2)‖∂tu‖2L2 + C‖∂tθ‖2L2 .

Moveover,

d

dt
‖∂tu‖2L2 + ‖∇∂tu‖2L2 ≤ C(1 + ‖∇u‖4L2)‖∂tu‖2L2 + C‖∂tθ‖2L2 .
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Noticing (4.6) and (4.16), by Gronwall inequality we have

‖∂tu(t)‖2L2 +

∫ t

0

‖∇∂tu‖2L2ds ≤ C(t, u0, θ0). (4.17)

Applying the operator ∂t to the second equation of (1.2), and then taking the L2

inner product to the result with ∂tθ and the integration by parts, we obtain

1

2

d

dt
‖∂tθ‖2L2 + ‖∇h∂tθ‖2L2

= −
∫
R3

∂tu∇θ∂tθdx

≤ C‖∂tu‖L∞v (L2
h)‖∇hθ‖L2

v(L4
h)‖∂tθ‖L2

v(L4
h) + ‖∂tu‖L∞v (L2

h)‖∂3θ‖L2
v(L4

h)‖∂tθ‖L2
v(L4

h)

≤ C‖∂tu‖
1
2

L2‖∂3∂tu‖
1
2

L2‖∇hθ‖
1
2

L2‖∇h∇hθ‖
1
2

L2‖∂tθ‖
1
2

L2‖∇h∂tθ‖
1
2

L2

+ C‖∂tu‖
1
2

L2‖∂3∂tu‖
1
2

L2‖∂3θ‖
1
2

L2‖∇h∂3θ‖
1
2

L2‖∂tθ‖
1
2

L2‖∇h∂tθ‖
1
2

L2

≤ C‖∂tu‖
1
2

L2‖∇∂tu‖
1
2

L2‖∇hθ‖
1
2

L2‖∇∇hθ‖
1
2

L2‖∂tθ‖
1
2

L2‖∇h∂tθ‖
1
2

L2

+ C‖∂tu‖
1
2

L2‖∇∂tu‖
1
2

L2‖∂3θ‖
1
2

L2‖∇∇hθ‖
1
2

L2‖∂tθ‖
1
2

L2‖∇h∂tθ‖
1
2

L2

≤ 1

2
‖∇h∂tθ‖2L2 + ‖∇∂tu‖2L2 + ‖∇∇hθ‖2L2 + C‖∂tu‖2L2‖∇hθ‖2L2‖∂tθ‖2L2

+ C‖∂tu‖2L2‖∂3θ‖2L2‖∂tθ‖2L2

≤ 1

2
‖∇h∂tθ‖2L2 + ‖∇∂tu‖2L2 + ‖∇∇hθ‖2L2

+ (‖∂tu‖4L2 + ‖∇hθ‖4L2 + ‖∂3θ‖4L2)‖∂tθ‖2L2 .

Consequently

d

dt
‖∂tθ‖2L2 + ‖∇h∂tθ‖2L2 ≤ C(‖∇∂tu‖2L2 + ‖∇∇hθ‖2L2)

+ C(‖∂tu‖4L2 + ‖∇hθ‖4L2 + ‖∂3θ‖4L2)‖∂tθ‖2L2 .

By (4.7), (4.14), (4.16), (4.17) and Gronwall inequality, it yields that

‖∂tθ‖2L2 +

∫ t

0

‖∇h∂tθ‖2L2ds ≤ C(t, u0, θ0). (4.18)

Step 4. Taking the L2 inner product of the first equation of (1.2) with −∆u and
the integration by parts, we have

‖∆u‖2L2 + ‖|u|
β−1
2 ∇u‖2L2 +

4(β − 1)

(β + 1)2
‖∇|u|

β+1
2 ‖2L2

=

∫
R3

∂tu∆udx+

∫
R3

(u · ∇)u∆udx−
∫
R3

θe3∆udx

≤C(‖∂tu‖2L2 + ‖∇u‖2L2 + ‖θ‖2L2) +
1

2
‖|u|

β−1
2 ∇u‖2L2 +

1

2
‖∆u‖2L2 .

Moreover,

‖∆u‖2L2 + ‖|u|
β−1
2 ∇u‖2L2 + ‖∇|u|

β+1
2 ‖2L2 ≤ C(‖∂tu‖2L2 + ‖∇u‖2L2 + ‖θ‖2L2).
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By (4.1), (4.6), (4.17), we have

‖∆u‖2L2 + ‖|u|
β−1
2 ∇u‖2L2 + ‖∇|u|

β+1
2 ‖2L2 ≤ C(t, u0, θ0). (4.19)

Taking the L2 inner product of the second equation of (1.2) with −∆hθ and the
integration by parts, we have

‖∆hθ‖2L2 =

∫
R3

∂tθ∆hθdx+

∫
R3

(u · ∇)θ∆hθdx

≤ ‖∂tθ‖L2‖∆hθ‖L2 + ‖u‖L∞‖∇θ‖L2‖∆hθ‖L2

≤ 1

2
‖∆hθ‖2L2 + C‖∂tθ‖2L2 + C‖u‖2L∞‖∇θ‖2L2

≤ 1

2
‖∆hθ‖2L2 + C(‖∂tθ‖2L2 + ‖u‖4L∞ + ‖∇θ‖4L2).

Consequently

‖∆hθ‖2L2 ≤ C(‖∂tθ‖2L2 + ‖u‖4L∞ + ‖∇θ‖4L2).

By (4.2), (4.6), (4.19), we have

‖u‖L∞ ≤ ‖u‖
1
2

H1‖u‖
1
2

H2 ≤ C(t, u0, θ0). (4.20)

Also, by (4.14), (4.18), (4.20), we have

‖∆hθ‖2L2 ≤ C(t, u0, θ0).

Step 5. Applying the operator ∂t to the first equation of (1.2)£¬we can get

∂t∂tu+ ∂t(u · ∇u)−∆∂tu+ ∂t(|u|β−1u) +∇∂tp = ∂t(θe3).

Taking the L2 inner product of the above equation with −∆∂tu and the integration
by parts, we have

1

2

d

dt
‖∇∂tu‖2L2 + ‖∆∂tu‖2L2 ≤ |

∫
R3

∂t(u · ∇u) ·∆∂tudx|+ |
∫
R3

∂t(|u|β−1u)∆∂tudx|

+ |
∫
R3

∂t(θe3)∆∂tudx|

:= K6(t) +K7(t) +K8(t). (4.21)

For K6(t), by Hölder inequality, we have

K6(t) ≤ |
∫
R3

∂tu∇u∆∂tudx|+ |
∫
R3

u∇∂tu∆∂tudx|

≤ ‖∆∂tu‖L2‖∂tu‖L6‖∇u‖L3 + ‖u‖L∞‖∇∂tu‖L2‖∆∂tu‖L2

≤ 1

4
‖∆∂tu‖2L2 + C‖∇u‖2L3‖∇∂tu‖2L2 + C‖u‖2L∞‖∇∂tu‖2L2

≤ 1

4
‖∆∂tu‖2L2 + C(‖u‖2L2 + ‖∆u‖2L2 + ‖u‖2L∞)‖∇∂tu‖2L2 . (4.22)

For K7(t), it is obvious that

K7(t) ≤ C‖∆∂tu‖L2‖u‖β−1
L∞ ‖∂tθ‖L2 ≤ 1

8
‖∆∂tu‖2L2 + C‖u‖2(β−1)

L∞ ‖∂tu‖2L2 . (4.23)
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For K8(t), by Hölder inequality and Young inequality, we have

K8(t) ≤ ‖∂tθ‖L2‖∆∂tu‖L2 ≤ 1

8
‖∆∂tu‖2L2 + C‖∂tθ‖2L2 . (4.24)

Putting (4.22)-(4.24) into (4.21), we obtain

d

dt
‖∇∂tu‖2L2 + ‖∆∂tu‖2L2 ≤C‖∂tθ‖2L2 + C‖u‖2(β−1)

L∞ ‖∂tu‖2L2

+ C(‖u‖2L2 + ‖∆u‖2L2 + ‖u‖2L∞)‖∇∂tu‖2L2 .

By virtue of Gronwall inequality, we can get from (4.2), (4.17), (4.18), (4.19) and
(4.20) that

‖∇∂tu‖2L2 +

∫ t

0

‖∆∂tu‖2L2ds ≤ C(t, u0, θ0). (4.25)

Applying the operator ∇∂3 to the second equation of (1.2), and then taking the L2

inner product to the result with ∇∂3θ and the integration by parts, we obtain

1

2

d

dt
‖∇∂3θ‖2L2 + ‖∇∇h∂3θ‖2L2 (4.26)

= −
∫
R3

∇∂3(u · ∇θ)∇∂3θdx

= −
∫
R3

∇(∂3u∇θ + u∇∂3θ)∇∂3θdx

= −
∫
R3

∇∂3u∇θ∇∂3θdx−
∫
R3

∂3u∇∇θ∇∂3θdx−
∫
R3

∇u∇∂3θ∇∂3θdx

:= K9(t) +K10(t) +K11(t). (4.27)

For K9(t), by Sobolev inequality and Young inequality, it yields that

K9(t) ≤ ‖∇∂3u‖L2‖∇θ‖L∞v (L4
h)‖∇∂3θ‖L2

v(L4
h)

≤ C‖∇∂3u‖L2‖∇θ‖
1
2

L4
h(L2

v)
‖∇∂3θ‖

1
2

L4
h(L2

v)
‖∇∂3θ‖L2

v(L4
h)

≤ C‖∇∂3u‖L2‖∇θ‖
1
2

L2
v(L4

h)
‖∇∂3θ‖

1
2

L2
v(L4

h)
‖∇∂3θ‖L2

v(L4
h)

≤ C‖∆u‖L2‖∇θ‖
1
4

L2‖∇∇hθ‖
1
4

L2‖∇∂3θ‖
3
4

L2‖∇∇h∂3θ‖
3
4

L2

≤ 1

4
‖∇∇h∂3θ‖2L2 + C‖∇∇hθ‖2L2 + C‖∆u‖8L2 + ‖∇θ‖

2
3

L2‖∇∂3θ‖2L2 . (4.28)

For K10(t), by Sobolev inequality and Young inequality, we get

K10(t) ≤ ‖∂3u‖L2
v(L4

h)‖∇∇hθ‖L∞v (L2
h)‖∇∂3θ‖L2

v(L4
h) + ‖∇∂3θ‖2L2

v(L4
h)‖∂3u‖L∞v (L2

h)

≤ C‖∂3u‖
1
2

L2‖∇h∂3u‖
1
2

L2‖∇∇hθ‖
1
2

L2
‖∇∇h∂3θ‖

1
2

L2
‖∇∂3θ‖

1
2

L2‖∇∇h∂3θ‖
1
2

L2

+ C‖∇∂3θ‖L2‖∇∇h∂3θ‖L2‖∂3u‖
1
2

L2‖∂3∂3u‖
1
2

L2

≤ 1

8
‖∇∇h∂3θ‖2L2 + C‖∇∇hθ‖2L2

+ C(‖∇u‖2L2 + ‖∇u‖4L2 + ‖∆u‖2L2 + ‖∆u‖4L2)‖∇∂3θ‖2L2 . (4.29)
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Similarly, for K11(t), it turns out that

K11(t) ≤ ‖∇∂3θ‖2L2
v(L4

h)‖∇u‖L∞v (L2
h)

≤ C‖∇∂3θ‖L2‖∇∇h∂3θ‖L2‖∇u‖
1
2

L2‖∇∂3u‖
1
2

L2

≤ 1

8
‖∇∇h∂3θ‖2L2 + C(‖∇u‖2L2 + ‖∆u‖2L2)‖∇∂3θ‖2L2 . (4.30)

Putting (4.28)-(4.30) into (4.26), we have

d

dt
‖∇∂3θ‖2L2 + ‖∇∇h∂3θ‖2L2 ≤ C‖∇∇hθ‖2L2 + C(‖∇u‖2L2 + ‖∇θ‖2L2 + ‖∇u‖4L2

+ ‖∆u‖2L2 + ‖∆u‖4L2)‖∇∂3θ‖2L2 .

By virtue of Gronwall inequality, we can get from (4.2), (4.6), (4.14) and (4.19) that

‖∇∂3θ‖2L2 +

∫ t

0

‖∇∇h∂3θ‖2L2ds ≤ C(t, u0, θ0). (4.31)

Applying the operator ∂t to the second equation of (1.2), we have

∂t∂tθ −∆h∂tθ + ∂t(u · ∇θ) = 0. (4.32)

Taking the L2 inner product of (4.32) with −∂2
3∂tθ and the integration by parts,

we obtain

1

2

d

dt
‖∂3∂tθ‖2L2 + ‖∇h∂3∂tθ‖2L2

=

∫
R3

∂t(u · ∇θ)∂2
3∂tθdx

=

∫
R3

(∂tu∇θ + u∇∂tθ)∂2
3∂tθdx

= −
∫
R3

∂3∂tu∇θ∂3∂tθdx−
∫
R3

∂tu∇∂3θ∂3∂tθdx−
∫
R3

∂3u∇∂tθ∂3∂tθdx

:= K12(t) +K13(t) +K14(t). (4.33)

For K12(t), by Hölder inequality and Young inequality, it yields that

K12(t) ≤ ‖∂3∂tu‖L∞v (L2
h)‖∂3∂tθ‖L2

v(L4
h)‖∇θ‖L2

v(L4
h)

≤ C‖∂3∂tu‖
1
2

L2‖∂3∂3∂tu‖
1
2

L2‖∂3∂tθ‖
1
2

L2‖∇h∂3∂tθ‖
1
2

L2‖∇θ‖
1
2

L2‖∇∇hθ‖
1
2

L2

≤ C‖∇∂tu‖
1
2

L2‖∆∂tu‖
1
2

L2‖∂3∂tθ‖
1
2

L2‖∇h∂3∂tθ‖
1
2

L2‖∇θ‖
1
2

L2‖∇∇hθ‖
1
2

L2

≤ 1

8
‖∇h∂3∂tθ‖2L2 + C(‖∆∂tu‖2L2 + ‖∇∇hθ‖2L2)

+ C(‖∇∂tu‖4L2 + ‖∇θ‖4L2)‖∂3∂tθ‖2L2 . (4.34)

Similarly, for K13(t), it turns out that

K13(t) ≤ ‖∂tu‖L∞v (L2
h)‖∇∂3θ‖L2

v(L4
h)‖∂3∂tθ‖L2

v(L4
h)

≤ C‖∂tu‖
1
2

L2‖∂3∂tu‖
1
2

L2‖∇∂3θ‖
1
2

L2‖∇∇h∂3θ‖
1
2

L2‖∂3∂tθ‖
1
2

L2‖∇h∂3∂tθ‖
1
2

L2
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≤ 1

8
‖∇h∂3∂tθ‖2L2 + C(‖∇∂3θ‖2L2 + ‖∇∇h∂3θ‖2L2)

+ C(‖∂tu‖4L2 + ‖∇∂tu‖4L2)‖∂3∂tθ‖2L2 . (4.35)

Using a similar method, for K14(t), we get

K14(t) ≤ ‖∂3∂tθ‖2L2
v(L4

h)‖∂3u‖L∞v (L2
h) + ‖∂3∂tθ‖L2

v(L4
h)‖∇h∂tθ‖L∞v (L2

h)‖∂3u‖L2
v(L4

h)

≤ C‖∂3∂tθ‖L2‖∇h∂3∂tθ‖L2‖∇u‖
1
2

L2‖∆u‖
1
2

L2

+ C‖∂3∂tθ‖
1
2

L2‖∇h∂tθ‖
1
2

L2‖∇h∂3∂tθ‖L2‖∇u‖
1
2

L2‖∆u‖
1
2

L2

≤ 1

4
‖∇h∂3∂tθ‖2L2 + C(‖∇u‖2L2 + ‖∆u‖2L2)‖∂3∂tθ‖2L2

+ C‖∇h∂tθ‖2L2 + C(‖∇u‖4L2 + ‖∆u‖4L2)‖∂3∂tθ‖2L2 . (4.36)

Putting (4.34)-(4.36) into (4.33), we obtain

d

dt
‖∂3∂tθ‖2L2 + ‖∇h∂3∂tθ‖2L2

≤ C(‖∆∂tu‖2L2 + ‖∇∇hθ‖2L2 + ‖∇∂3θ‖2L2 + ‖∇∇h∂3θ‖2L2 + ‖∇h∂tθ‖2L2)

+ C(‖∇∂tu‖4L2 + ‖∇θ‖4L2 + ‖∂tu‖4L2 + ‖∇u‖2L2 + ‖∆u‖2L2

+ ‖∇u‖4L2 + ‖∆u‖4L2)‖∂3∂tθ‖2L2 .

By virtue of Gronwall inequality, we can get from (4.14), (4.15), (4.17), (4.18),
(4.19), (4.25) and (4.31) that

‖∂3∂tθ‖2L2 +

∫ t

0

‖∇h∂3∂tθ‖2L2ds ≤ C(t, u0, θ0).

Step 6. Applying the operator ∆ to the first equation of (1.2), and then taking
the L2 inner product to the result with ∆u and the integration by parts, we obtain

1

2

d

dt
‖∆u‖2L2 + ‖∇∆u‖2L2

= −
∫
R3

∆((u · ∇)u)∆udx−
∫
R3

∆(|u|β−1u)∆udx+

∫
R3

∆(θe3)∆udx

:= K15(t) +K16(t) +K17(t). (4.37)

By virtue of Hölder inequality and Young inequality, K15(t), K16(t), K17(t) can be
estimated by

K15(t) ≤ ‖∇u‖2L4‖∇∆u‖L2 + ‖u‖L∞‖∆u‖L2‖∇∆u‖L2

≤ C‖∇u‖
1
2

L2‖∆u‖
3
2

L2‖∇∆u‖L2 + ‖u‖L∞‖∆u‖L2‖∇∆u‖L2

≤ 1

4
‖∇∆u‖2L2 + C(‖∇u‖2L2 + ‖∆u‖2L2 + ‖u‖2L∞)‖∆u‖2L2 , (4.38)

K16(t) ≤ C‖∇u‖L2‖u‖β−1
L∞ ‖∇∆u‖L2

≤ 1

8
‖∇∆u‖2L2 + C‖u‖2(β−1)

L∞ ‖∇u‖2L2 , (4.39)

K17(t) ≤ ‖∇θ‖L2‖∇∆u‖L2
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≤ 1

8
‖∇∆u‖2L2 + C‖∇θ‖2L2 . (4.40)

Putting (4.38)-(4.40) into (4.37), we have

d

dt
‖∆u‖2L2 + ‖∇∆u‖2L2 ≤ C(‖∇u‖2L2 + ‖∆u‖2L2 + ‖u‖2L∞)‖∆u‖2L2

+ C‖u‖2(β−1)
L∞ ‖∇u‖2L2 + C‖∇θ‖2L2 .

By virtue of Gronwall inequality, we can get from (4.6), (4.14), (4.19) and (4.20)
that

‖∆u(t)‖2L2 +

∫ t

0

‖∇∆u‖2L2ds ≤ C(t, u0, θ0). (4.41)

Applying the operator ∆ to the second equation of (1.2), and then taking the L2

inner product to the result with ∆θ and the integration by parts, we obtain

1

2

d

dt
‖∆θ‖2L2 + ‖∆∇hθ‖2L2

= −
∫
R3

∆((u · ∇)θ)∆θdx

≤ C‖∆u‖L3‖∇θ‖L6‖∆θ‖L2 + C‖∇u‖L∞v (L2
h)‖∆θ‖2L2

v(L4
h)

≤ C‖∆u‖
1
2

L2‖∆∇u‖
1
2

L2‖∆θ‖2L2 + C‖∇u‖
1
2

L2‖∇∂3u‖
1
2

L2‖∆θ‖L2‖∆∇hθ‖L2

≤ 1

2
‖∆∇hθ‖2L2 + C(‖∆u‖

2
3

L2 + ‖∆∇u‖2L2 + ‖∇u‖L2‖∆u‖L2)‖∆θ‖2L2

≤ 1

2
‖∆∇hθ‖2L2 + C(1 + ‖∇u‖2L2 + ‖∆u‖2L2 + ‖∆∇u‖2L2)‖∆θ‖2L2 .

Then we have

d

dt
‖∆θ‖2L2 + ‖∆∇hθ‖2L2 ≤ C(1 + ‖∇u‖2L2 + ‖∆u‖2L2 + ‖∆∇u‖2L2)‖∆θ‖2L2 .

By virtue of Gronwall inequality, we can get from (4.6), (4.19) and (4.41) that

‖∆θ(t)‖2L2 +

∫ t

0

‖∆∇hθ‖2L2ds ≤ C(t, u0, θ0). (4.42)

Lemma 4.1. Assume that s ≥ 3 and (u0, θ0) ∈ Hs. Then we have u ∈
L∞([0, T ], Hs) ∩ L2([0, T ], Hs+1), θ ∈ L∞([0, T ], Hs), ∇hθ ∈ L2([0, T ], Hs), and
there exists a positive C(t, u0, θ0) such that

‖u‖2Hs + ‖θ‖2Hs +

∫ T

0

(‖u‖2Hs+1 + ‖∇hθ‖2Hs)ds ≤ C(t, u0, θ0).

Proof. First from (4.1), (4.2), (4.41) and (4.42), we know

u ∈ L∞([0, T ], H2) ∩ L2([0, T ], H3),

θ ∈ L∞([0, T ], H2), ∇hθ ∈ L2([0, T ], H2).
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For s ≥ 3, assume that we have gotten

u ∈ L∞([0, T ], Hs−1) ∩ L2([0, T ], Hs), (4.43)

θ ∈ L∞([0, T ], Hs−1), ∇hθ ∈ L2([0, T ], Hs−1). (4.44)

Based on above assumption, we prove

u ∈ L∞([0, T ], Hs) ∩ L2([0, T ], Hs+1),

θ ∈ L∞([0, T ], Hs), ∇hθ ∈ L2([0, T ], Hs).

Applying the operator Λs to the first equation of (1.2), and then taking the L2 inner
product to the result with Λsu and the integration by parts, we obtain

1

2

d

dt
‖Λsu‖2L2 + ‖Λs∇u‖2L2 = −

∫
R3

Λs((u · ∇)u)Λsudx−
∫
R3

Λs(|u|β−1u)Λsudx

+

∫
R3

Λs(θe3)Λsudx

:= K15(t) +K16(t) +K17(t). (4.45)

For K17(t), by Hölder inequality and Young inequality, we can deduce that

K17(t) ≤ ‖Λs−1θ‖L2‖Λs∇u‖L2 ≤ 1

8
‖Λs∇u‖2L2 + C‖Λs−1θ‖2L2 . (4.46)

For K15(t) and K16(t), by a similar method, it turns out that

|K15(t)| = |
∫
R3

Λs−1(u · ∇u)Λs+1udx|

≤ 1

8
‖Λs∇u‖2L2 + C‖Λs−1(u · ∇u)‖2L2

≤ 1

8
‖Λs∇u‖2L2 + C(‖u‖2L∞‖Λsu‖2L2 + ‖∇u‖2L3‖Λs−1u‖2L6)

≤ 1

8
‖Λs∇u‖2L2 + C(‖u‖2L∞ + ‖∇u‖2L2 + ‖∆u‖2L2)‖Λsu‖2L2 (4.47)

and

K16(t) ≤ ‖Λs−1(|u|β−1u)‖L2‖Λs∇u‖L2

≤ 1

4
‖Λs∇u‖2L2 + C‖u‖2(β−1)

L∞ ‖Λs−1u‖2L2 . (4.48)

Putting (4.46)-(4.48) into (4.45), we have

d

dt
‖Λsu‖2L2 + ‖Λs∇u|2L2 ≤ C(‖u‖2L∞ + ‖∇u‖2L2 + ‖∆u‖2L2)‖Λsu‖2L2

+ C‖Λs−1θ‖2L2 + C‖u‖2(β−1)
L∞ ‖Λs−1u‖2L2 .

By virtue of Gronwall inequality, we can get from (4.6), (4.19), (4.20) and (4.43)-
(4.44) that

‖Λsu‖2L2 +

∫ t

0

‖Λs∇u‖2L2ds ≤ C(t, u0, θ0). (4.49)
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Applying the operator Λs to the second equation of (1.2), and then taking the L2

inner product to the result with Λsθ and the integration by parts, we obtain

1

2

d

dt
‖Λsθ‖2L2 + ‖Λs∇hθ‖2L2

= −
∫
R3

Λs((u · ∇)θ)Λsθdx

=

∫
R3

(Λs((u · ∇)θ)− (u · ∇)Λsθ)Λsθdx

≤ C‖Λsu‖L6‖∇θ‖L3‖Λsθ‖L2 + C‖∇u‖L∞‖Λsθ‖2L2

≤ C‖Λs∇u‖L2‖∇θ‖L3‖Λsθ‖L2 + C‖∇u‖L∞‖Λsθ‖2L2

≤ ‖Λs∇u‖2L2 + C(‖θ‖2L2 + ‖Λs−1θ‖2L2 + ‖∇u‖L∞)‖Λsθ‖2L2 .

Consequently

d

dt
‖Λsθ‖2L2 + ‖Λs∇hθ‖2L2

≤C‖Λs∇u‖2L2 + C(‖θ‖2L2 + ‖Λs−1θ‖2L2 + ‖∇u‖L∞)‖Λsθ‖2L2 .

By virtue of Gronwall inequality, we can get from (4.1), (4.20), (4.44) and (4.49)
that

‖Λsθ‖2L2 +

∫ t

0

‖Λs∇hθ‖2L2ds ≤ C(t, u0, θ0).

This completes the proof of Lemma 4.1.
By standard method, this completes the proof of Theorem 2.4.
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