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Abstract In this paper, we discuss several classes of convolution type sin-
gular integral equations with variable integral limits in class Hi. By means
of the theory of complex analysis, Fourier analysis and integral transforms,
we can transform singular integral equations with variable integral limits into
the Riemann boundary value problems with discontinuous coefficients. Under
the solvability conditions, the existence and uniqueness of the general solu-
tions can be obtained. Further, we analyze the asymptotic properties of the
solutions at the nodes. Our work improves the Noether theory of singular
integral equations and boundary value problems, and develops the knowledge
architecture of complex analysis.
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1. Introduction

Singular integral equations (SIEs) are closely related to the classical theory of
boundary value problems for analytic functions, which has a wide range of appli-
cations in many fields, such as quantum mechanics, asymptotic analysis, statistical
physics and orthogonal polynomial theory. Many scholars have systematically re-
searched convolution type SIEs and formed a rigorous theoretical system.

Gakhov [10-12] studied the general solutions of Riemann boundary value prob-
lems. Litvinchuk [29] obtained the explicit solutions of SIEs in more general cases,
and further developed the Noether theory of the general SIEs. Muskhelishvilli [36]
investigated the conditions of solvability for SIEs with convolution kernels and dis-
continuous coefficients. Lu [30, 31] considered the explicit solutions and the solv-
ability theory of convolution SIEs with constant coefficients, and obtained some
worthwhile results. Du and Shen [5] further dealt with the integral equations of
convolution type with variable coefficients. Subsequently, Li and Ren [21,22,27, 28]
developed the theory of solvability and asymptotic theory for singular integral equa-
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tions with the mixture of convolution kernel and singular integral kernel in the case
of non-normal type.

Based on the above work, in this paper, we will deal with SIEs of convolution
type with variable integral limits, and we investigate the asymptotic properties and
Noether solvability theory of solutions for such SIEs with variable integral limits
under the solvability conditions. The main aim of this paper is to solve the following
three classes SIEs with convolution kernel and variable integral limits.

(1) SIEs with two convolution kernels

Jﬁ/ w(t) dt+\/77/¢ k(T — t)dt
D v(t)

gt —T

—=dt=n(1), TER.

(2) SIEs of Wiener-Hopf with convolution kernels

AY(T \/ﬂ/ (1) T—t)dt+ w()dtzn(T), T €R*. (1.2)

Rt—T

(3) Dual SIEs with convolution kernels

¥(t) ,
AY(r \/ﬂ/ P(t)hq( T—t)dt—FE Rt_Tdt n(r), T€RT; )
Av(r) /w hgT—t)dt—i— f_(t)T n(r), TER".

In Egs. (1. )—(1.3)7 A,B,C,D are constants. The known functions h,k,n, h; €
H,,7 = 1,2. We require the unknown function ¢ € H;. The notations mentioned
above can be referred to Section 2.

It is well known that SIEs with variable integral limits, an important class of
equations in physics, is closely related to the Riemann boundary value problems.
By the Sokhotski-Plemelj formula and the principle of analytic continuation, we
transform Egs. (1.1)-(1.3) into linear Riemann-Hilbert problems with discontinuous
coefficients, and prove the existence and uniqueness of analytic solutions given by
integral-form. We propose a novel approach different from the one used in the
classical Riemann-Hilbert problems. In view of the theory of classical boundary
value problems for analytic functions, we study the properties of solutions at nodes,
and obtain the solvability conditions and asymptotic properties of the general solu-
tions. Therefore, this paper develops the theory of Noether solvability of SIEs and
boundary value problems, and extends the ones in [8,9,32-35].

This paper is arranged as follows. In Section 2, we give properties of the function
classes Hy(Hj, H3), Hi(Ha, H3), and the relation between Cauchy type integrals
and Fourier transform. In Sections 3-5, by using the boundary value theory, complex
analysis and the system of linear algebra, the explicit solutions and asymptotic
properties are obtained under the conditions of solvability, and the properties of
solutions at nodes are further analyzed.

2. Preliminaries

R, C denote the sets of real and complex numbers respectively, R := R U {oo}
As usual, C(R),C(R) denote the sets of continuous functions on R and R re-
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spectively. For 1 < ¢ < oo, the space of Lebesgue integrable functions LZ(R) =
{‘I) L], < oo} with the standard norm

B, = (/R<I><s>|qu)é,

where R™ = (—00,0), Rt = (0,00), R = (—00, 00).

Moreover, we respectively denote by H(R), H(R) as the spaces of Holder con-
tinuous functions on R and R.

In the following, we give some necessary preliminary knowledge and notations.

Definition 2.1. Let ¢ € L'(R) N L?(R), denote the Fourier integral transform W
and inverse transform W1 as

Wb(r)] = M% /R Tulrdr, WR(E)] = / T (s (2.1)

For simplicity, (2.1) can be denoted as
Wl(r)] = @(s), WHB(s)] = (7). (2.2)
From (2.1) and (2.2), we know that
W LY(R) N L*(R) — L*(R). (2.3)

Since L*(R) N L?(R) is dense in L?(R), from the Planchere theorem [10,15], the
operator W can be uniquely extended to a self-mapping

W L*(R) — L*(R), (2.4)
and

1l = 1141l - (2.5)
We introduce the concepts of several classes Hy, Hy, H3 and Hy, H5, H3.

Definition 2.2. If & € L2(R) N H(R), we say ® € HF. If ® € Hf, then W 1d =
Y€ Hy.

Definition 2.3. If (1) ® € H(R); (2) For £ > 1, s € No, ®(s) = O([s| "), we say
® € Hy' or Hi, where Noo = {s €R | |s| > 6~ 1,v5>0}.
For ® € H3" or H, we say that W& =1 € HY or H.

Definition 2.4. If (1) ® € H(R) N H*(Nx), £ > 1; (2) ®(c0) = 0, then & € Hj"
or H3, and ¢ € H?{ or Hs.

For s € Ny, we put
={2|®(s)=0(sI™)}, h2=H'(Na), hay={P|®(c0)=0}.

If ® € ho N hs, we have

1 1
|P(s1) — D(s2)] §a|s——s—\é7 51,82 € Noo, (2.6)
2



2210 W. Zhang, Y. Lei & P. Li

where a € RT, ¢ € (0,1]. In (2.6), we let so — oo, since lim ®(s2) = 0, thus we

S9—00
have

1
[@(s1)] < a| |,
s1

which implies ® € hy. Further, we get

/ 1®(s)[2ds < a2 / 15| ~2¢ds. (2.7)
R R
When ¢ > %, it is easily seen that

@[], < 0o, id.e., ®e€L*R).

Notice that, Hy = H N hy, Hf = H N hy N hs, hence Hi ¢ Hy ¢ Hf ¢ HN L2,
further, H3 C Hy C H;.

Definition 2.5. Let ¢, g € L?(R), then their convolution is defined by

1
vrglr) = o= / B(t)g(r — t)dt. (2.8)

Obviously, we have

1 1
vro(r) = == [ watr =t = == [ aOur—d=gevtr).  (29)

this implies, the convolution is commutative. From the Holder inequality, we know
that 1 x g € L?>(R). By the convolution theorem [4,36], we have

W # ()] = W[y (7)] - Wlg(T)] = ®(s)G(s)- (2.10)

Definition 2.6. Denote the Cauchy principal integral operator V' as follow

1 1
Vo) = vt (Y00 - g L / o) o (2.11)
o Jr T —1 e—40 g T—1t
X—=+00 X X\ (t—e,t+e)

The operator V is a self-mapping under the modified notion of Cauchy principal
value integrals. Moreover, in view of the Poincaré-Bertrand formula and the Riesz
theorem [23,28], we know that V is an involution in L?(R), namely, V? = Z, where
7 is a unit operator.

Definition 2.7. We denote the operators A, K as follows

Ap(r) = p(=7),  Kio() = ¥(7)sgn(r).
Obviously, we have A% = K2 =T.
Lemma 2.1. For the function ¢ (1) = W™[®(s)], we can get

W[% A %dﬂ = —®(s)sgn(s), seER. (2.12)
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Proof. Denote Cauchy type integral ¢ (z) as

oo f’f) dt, z€C\R. (2.13)

P(z) =
Substituting (2.2) into (2.13), it follows that
—ist

e

d(
v(z) \/27r / S 2m rRt—%

From the generalized residue theorem [10-12,22], for z € C*, we have

dt.

_ w(t) _ —182
PH(z) = i ot Zdt = 7 /_ O(s)e *ds, (2.14)
and for z € C~, we have
- _ w< ) —z'sz
P (2) = i i z \/ﬂ /R+ ds. (2.15)

By the Sokhotski-Plemelj formula, we obtain

Vir) = 0 (0 +07(0) = = [ Bls)sea(s)e s = W)

where
_ +
S = lim o), v (1) = lim b (2),
z€CT 2€C™
The proof is complete. O

Lemma 2.2. For the operators W, A, V, K, we have
(1) WKV + VKW =0; (2) YWA - AVW = 0.
Proof. (1) Note that, we may write (2.12) in the following form
WY = —KW.

Similarly, we can verify that
WK =YW, (2.16)

hence

WEKY = VYWY = -VKW.
(2) From (2.1) and (2.2), we know that

WIB(s)] = WHe(=s)] = ¢(=7), W y(7)] = Wp(~=7)] = &(~s),
which implies
Wwl=Aw, A'=W?  KA-AK=0, (2.17)
it gives rise to
AVW = AWK = AW AK = WKA = VWA.

This completes the proof. O
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Lemma 2.3. If € Hy, and Wi (0) = 0, we have WV € Hy, further Vi) € Hy.
Proof. By assumption, we have W1 = ® € H{. Notice that

lim ®(s) =0,

S5— 00

and ®(0) = 0, one has K& € H and
/ |®(s)sgns|*ds < oo, i.e., K& € L*(R),
R

thus we get WV € Hy, further, Vi € H;. O

Lemma 2.4 (Lemma 2.1, [24]). If ¢,g9 € Hy(Hz, H3), then ¢ x g € Hy(Ha, H3),
thus we have ®G € H{(H3,H3); if v € Hy,g € Hyo(Hs), then ¢ x g € Hy(Hs),
further, ®G € H3(H}).

Lemma 2.5. Let ® € f[, we denote the Cauchy type integral as follows

@(z)/R(I’(S) ds, 2¢R, (2.18)

s —Z

then we can get
W) =" (s), W (1)]=2"(s), 7(s) =P (s) =D(s),  (2.19)
where
P(r), 7>0; 0, T>0;

Yt (1) = ¢ (1) =
0, T <0, —(1), 7<O0.

Proof. From (2.16) and Sokhotski-Plemelj formula, we have

BH(5) = W) + VU] = 2= [ ()L +smn(r)el dr = Wit (),
for the negative boundary value, we have

B (5) = WOV = 2= [ ) (sen(r)=1)e' dr = Wi ()]
Further,

T (s) — @7 (s) = W (1)] = W™ ()] = WIh(7)] = @(5).

This proof is complete. O
From (2.19), we know that the positive and negative boundary values ®* (s) of
®(2) are the single sided Fourier integral transforms of 1% (), respectively.

3. SIEs with two convolution kernels
We solve the following SIEs with two convolution kernels and variable integral limits

B [T c [
A¢(7)+E/O w(t)h(f—t)dmﬁ/T D(E)k(T —t)dt
LD [0

mJpt—T

(3.1)
dt =n(1), TE€ER,
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where A, B,C, D are constants, and D # 0. The functions h,k,n € H;, and the
unknown function ¢ € Hj.

Expanding t to t € R, then Eq. (3.1) can be transformed into

A¢( m/'(/) th—t)Sgl’l dt—’_ﬁ/w le—t

(3.2)
D w()dt:n(ﬂ, TER,

m Rt—T

where B o B o
hi(r) = 5h+(7) + 513_(7), ki(7) = §h+(7) - 5]?_(7)7
in which ()41 () %1
segn(T segn(T
i) = B E ), k) = B E ),

that is to say,

N fos)

h(r), 720 Sh(r), T>0;
hl(T):{ c kl(T):{C
Sk(r), 7<0, Sk(r), 7<0.

Applying the Fourier transforms to both sides of (3.2), then we have

Ad(s) + H(S) /R (1) dt + K(s)®(s) — Dsgu(s)®(s) = N(s), (3.3)

e t—s

where

WIlhi(7)] = H(s), Wki(7)] = K(s), WIn(r)] = N(s), Wi ()] = 2(s).
Denote the Cauchy type integral
@@):2ih/ff)m 2 €C\R, (3.4)
by the Sokhotski-Plemelj formula, we can get
B (5) ~ B (3) = Bls), BF(s) 4D (s) = /R 20 . (3.5)

Substituting (3.5) into (3.3), then we shall solve the following Riemann problem
in place of (3.3)
Ot (s) = J(s)® (s) + No(s), s€ER, (3.6)
where
A — H(s) + K(s) — Dsgn(s) _
J(s) = , o(s) = .
A+ H(s)+ K(s) — Dsgn(s) A+ H(s)+ K(s) — Dsgu(s)

Moreover, we can write J(s ), No(s) in the forms

0.+ K00 .
H(0) 2H(()) ’

Tls) = 1_A+H(s)+K(s)fD’ s €RT,
1-— 2H(s) seR™,

A+ H(s)+K(s)+ D’
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) _
A+H@T§my s=90,
N(s
No() =\ AT HE ke =D R
N(s) seR™.

A+H(s)+K(s)+ D’
Since H, K, N € Hf, then we know that

o, H(e) = lip Kls)= iy, N(s) =0,
which implies lim J(s) = 1. In this case, s = oo is not a node of (3.6).
S§—>00
Let Jy(s) = A+ H(s)+ K (s)—Dsgn(s) have some zero-points dy, da, - - - , d,, with
the orders ay, ag, - - - , oy, respectively; let Jo(s) = A— H(s)+ K (s) — Dsgn(s) have
some zero-points ey, es, -+ ,e, with the orders By, s, - , 8, respectively, where
d; #ej, 03, 5;(i=1,2,--- ;m;j=1,2,--- ,n) are non-negative integers. Let

Ei(s)=[[(s —d)™,  Eas) =[] (s —e)™,

=1 j=1

and
artaz+-Faym =M, pi+Pfe+- -+ 0= M.
Next, we only consider the case of non-normal type, that is, M7 > 0, My > 0.
Without loss of generality, we take any fixed points 29 = a +ib € CT, and
25 = a—ib e C~, and rewrite (3.6) as
Ea(s)(s — 25)™

ot (s) = WP(S)‘IT(S) + No(s), s€ER, (3.7)

where
Es(s)(s — z5)™"
Ei(s)(s — z9)M2

and P € H. Note that, the solution ®(s) of (3.6) is continuous along R, and

J(s) = P(s),  P(s) £0,

lim ®(s) = 0.
§— 00
Denote
, 1 P(-0) 1. P(-0)
— e p— = —— 3.8
Yo = Ao+ M0, Ao 27Targp(+0)7 10 o D‘P(—FO) B (3.8)

and we say £ the index of (3.7) which satisfies k = [A\g]. Let
A==k Y=k,

hence v = X +ing, A € [0,1).
In order to prove the solvability of (3.6), we first introduce the sectionally holo-
morphic function

@ (z — 25) "€ Tmz > 0; (3.9)
X(z) = 3.9
(z — z9) " 0(®) | Imz <0,
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in which we have put

To(2) = % /Rlnpo(s)sd_sz, 2€C\R, (3.10)
and s—zs\" XT(s)
) = (222) po. P9 =30
Obviously,
Kln>— 0 _ InPy(s) — InP(s), (3.11)
s — 20

where InPy € H, and we take a continuous single-valued branch of lnz:z‘z which
satisfies

lnM =0, or lnio % _ +i.
+00 — 29 +0 — 2o
Therefore, we rewrite (3.7) in the form
Es(s)(s — 25)M X+
Dt (s) = 2(5)(s — 20) () ®(s) + No(s), (3.12)

Ei(s)(s — 20)M2 X~ (s)

for convenience, we deal with (3.12) in the problem R_;, that is, ®(c0) = 0.
For homogeneous problem of (3.12), we consider the function
O(2) —-M
————(z2— 2 L | 0
X(2)Ea(2) (z—2z5) , Imz >0,
(2= 2)" ™, Imz<0
XGE(7) (z — 20) , Imz <0.

From the principle of analytic continuation, we know that (z) is analytic in C.
Moreover, by the generalized Liouville theorem, we have

H—Ml—Mg—l

Qz) = Un—n,—m,-1(2) = Z CromMy—My—1-t2",
t=0
where Cy, - ,Cx_n,—m,—1 are arbitrary complex constants. Therefore, the ana-

lytic solution of (3.12) is given by

@ Ey(2)(z — zé)”le(z)UK,Ml,MQ,l(z), Imz > 0,
@1 z)=
F1(2)(z — 20)M2 X (2)Up—_pr, —nay—1(2), Imz < 0.

When k < M; + Ms, we have Q(z) = 0, thus ®1(z) = 0.
To solve the non-homogeneous problem (3.12), we introduce the following func-
tion
Xo(2), Imz > 0,
Y(z) =
(z — 28)"(z — 20) " Xo(z), Imz <0,

where Xo(z) = e0(*) then (3.12) is written as

‘I)+(S)E1 (S) _ q)_(S)EQ(S) i No(S)El(S)
YVH(s)(s —25)M Y (s)(s—20)M2  YH(s)(s — 25)"

(3.14)
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Define

V() = L/Rxp*(s) 9 eC\R, (3.15)

S —Zz

where
No(s)En(s)
YH(s)(s —z5)™’

Via the generalized Liouville theorem, we know that

T*(s) = U e H.

Ut (s) — U (s) = U*(s).

Again define

Yz )((Z)_,EZ;Ml —U(z), Imz >0,
W(z) = 3.16
¥ _ PGB —U(2), Imz<0 o
Y(2)(z — 20) ’ ’

obviously, W(z) is analytic in C\ {z}}, thus we can obtain the solution of (3.12)
with singularities at d; and e;. Hence, we shall construct a Hermite interpolation
polynomial

Qo(2) = boz® + -+ +by_12 + by, (3.17)

where p = My1+Ms—1, and by, - - - , b, € C. Note that, ,(z) is uniquely determined,
and it has zero-points of the orders o;(i = 1,2,---,m), 8;(j = 1,2,--- ,n) at d;,
e;, respectively, which implies

w\r1(L 1
[0 (2)(2 — 25)"] " g, = QD (2) Joca,,
*\ k(L
[0(2) (2 — 25)"] ") e, = QLD (2) |,
where
Li=12--,0,—1,i=12,---.m; Ly=1,2,--- ,@-71, 7=12,---n

By the Riemann boundary value theory, (3.12) has the particular solution

2z My
12;1()2’()(2’—75)) [W(2)(z = 29)" = Qo(2)],  Imz >0,
Py(z) = Y () (e~ ;) 1s)
W [P(2)(z — 25)" — Q,(2)], Imz <O,
where

(z—2)"X(2)=Y(2) ze€C\R.
In view of linearity, we obtain the general solution of (3.12) as follows
X(2)(z — 25)M B Y (2)F(2), Imz >0,

D(z) = (3.19)
X(2)(z — 25)M2Ey Y (2)F(2), Imz <0,

where
F(z) = V(z)(2 = 20)" — Qp(2) + E1(2) E2(2)Ux—nt, —n1,-1(2)-
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Obviously, ®2(z) has the singularity at z = z§ when x < 0. Due to ® € Hy, we
must have

ds
U*(s)——— =0, v=1,2,--- x| 3.20
JRACT o u (3.20)
Taking the boundary values of Y (z), then we obtain
I _o Xo(s)
V) = VRGIX(), Y ()= o (321)
0

hence we have
No(s) Xo(s)v/ Po(s)

T (s) = 9 + E1(s)(s — z5)r— M Fi(s),
and
o No(s)Er(s)(s = z5)M2 M Xo(s)(s — 25)M2 .
¥l = BB JRmEe) )
where

Fuls) = F(s) — 0(5) + Br(8) Ea()Us - aty -2ty 1(5).
By (2.19) we get the following closed-form solution
Nols) | Nols)(s — z) M= B (5)
2 2Py(s)Es(s)
KD (Pl
(s — )" y/Pols) \En(s) ™

Next, we consider the properties of the solutions at s = 0.
Suppose that s = 0 is an ordinary node, that is, A € (0,1), then v # 0. Since

(3.22)

My (5= z5)M>
) Fals) )

lim ®(s) = lim ®(s) = &(0),

s—=0+t s—0~
then by (3.21) we can prove that
S'Yer*(s)
YH(s) =87/ Po(s)e™ ), Y (s) = : (3.23)
vV Po(s)
where I'.(s) = I'o(s) — ylns, and I, € H. From (3.9) and (3.10), we have
+0 — 25
+0 — 20

InPy(£0) = InP(+0) + kln = InP(+0) £ ki, (3.24)

again from (3.9) and (3.24), we obtain

Po(+0) = €37 \/P(+0) = "™ MFES o= 5 3 10P(-0) — o=vmi | /(7).

According to [8,30,31,36,40], when s > 0, it is clear that (3.25)
e~ ITig=Y
V(s) = S Ao+ Lols), (3.26)
where
Ao = €T A(+0) cot yr — A(=0) cscym,  A(s) = No(s)Er(s) 7
Po(s)(s — 25)M
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and Wo(s)|s|*" € H, \* € (0,\). Therefore, substituting (3.23)-(3.26) into ®*(s),

one has No(10) No(—0)
+0)cscym | 4. o(—
Pt (+0) = S0 TR sy 0 3.27
(+0) 2ie27mi {e No(+0) (3.27)
As in [6,8,25,29,42], when s < 0, we have
eVTig—Y
where .
Ay = —cotyme "™ A(—0) + A(+0) cscym,
it gives rise to
No(40) cscym . No(—0)
P (—0) = ———~—— D™ — . 3.29
(=0) e © No(+0) (3.29)

By comparing (3.27) with (3.29), and e¥™ # 1, we know that ®T(+0) = &+ (-0)
if and only if ‘
3™ No(+0) = No(—0). (3.30)

Since ®(s) is continuous at s = 0, then we have
O (0) = &7 (0) =0,
and ®(0) = 0. Further, Ny(0) = 0, and so
N(0) = 0. (3.31)

If (3.31) is valid, for s € Ny = {|s| < ¢,Ve > 0} , we have ®* € H;.

Suppose that s = 0 is a special node, then A = 0, v = iny. We have ¥y € H
near s = 0. If ny # 0, from [24, 30, 31,36], (3.27) and (3.29) are still fulfilled, and
Uy (£0) exist and may not be equal. Return to (3.27) and (3.29), we should modify
Ot (+0) to

No(+0) escym | . No(—0) . ;
ot == T edymi 2 v P 1 o [\ —A
(+O) 2ie2Ymi -6 N0(+0)_ +U(O) 0(+O) Siquos [ 0(5) ]’
(3.32)
and
No(+0) cscym [ . No(—0)] . ;
dH(—0)= L1 i _ 28 v Py(—0) 1 o [\ — A
(=0) 2iecvmi |© No(10) | T OOV (=0 Tim s [Fo(s) = A,
(3.33)
where o)
e s * Ml
o(s) = s—z ,
)=

and when k > p+ 1,
by — E1(0)E2(0)Cy sy — a1, —1
(25)"

Since ®T(4+0) = ®T(—0), and ¥q(s) is continuous at s = 0, then we have

A=(=1)"

\IIO(:tO) = Aa
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in this case, (3.30) holds, and so (3.31) holds. On the other hand, if (3.31) is
valid, thus ®(s) is continuous at s = 0. When x > p + 1, we have the condition of
solvability F(0) = 0, that is to say,

be = E1(0)E2(0)Crmnry—nsp—1 + (—25) " ¥(0); (3.34)

when k£ < o+ 1, the constant b, takes the value

LR [T,
b, = : /R ds. (3.35)

211 s

If no = 0, then v = 0, therefore J(+0) = J(—0). We can also prove that
®(0) = 0 if and only if (3.31) is valid. Under the condition (3.31), we have ® € H,
and ®(0) = 0. Moreover, when x < p + 1, we have the following conditions of
solvability

bo=- =by_ =0, (3.36)

then Q,(2) is a polynomial with the degree x — 1. When k = 1, Q,(2) = b,. In this
case, we require that

U(s)(s = 20) [s=a,;=bo;  W(5)(5 = 20) ls=e, = bo, (3.37)
and
/ U*(s)(s —d;) """ tds = 0; / U*(s)(s —e;) "2 1ds =0, (3.38)
R R
are satisfied, where
v=1,2-,04—-1,1i=1,2,--- ,m; wvpu=12,---,8,-1,j=12,---,n

When k <0, 2,(2) = 0. Moreover, when x < 0, in order that &3 € HY, we need
(3.22) and the solvability conditions as follows

/R L) gy 0; /R P75 4 — o, (3.39)

s—d; 5—€;

Combining (3.38) and (3.39), when x < 0, we require that the following (3.40) holds

/R\Il*(s)(s —d;)""ds = 0; /R\I!*(s)(s —e;) 2ds =0, (3.40)
where
v =12 a5 1=1,2,--- m; wva=12,---,85 j=12,---,n
Under the assumptions and solvability conditions, (3.1) has the solution
Y1) = L/ ®(s)e T ds, (3.41)
Vor Jr

where ®(s) is given by (3.22).
The results about the solutions of (3.1) are formulated in the following theorem.
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Theorem 3.1. Under the case of non-normal type, the necessary condition of solv-
ability for problem (3.6) is (3.31).

(1) If s = 0 is an ordinary node, (3.31) holds. When & > o+ 1, Eq. (3.1)
has k — o — 1 linearly independent solutions. When k = o+ 1, (8.1) has a unique
solution. When k < o+ 1, (3.1) is solvable if (3.36) holds. When k =1, (3.87) and
(8.38) hold, and when r < 0, (3.20) and (3.40) hold.

(2) If s = 0 is a special node, (3.1) is solvable if (3.31) and (3.34) are valid.
The solutions of (3.1) belong to the class Hj.

Remark 3.1. Suppose that J;(s), Jo(s) have common zero-points jq, - - , jrr with
the orders d1,-- - , 0y respectively, where j,(1 < p < k') are different from d;(1 <
i <'m) and e;(1 < j < n), the additional solvability condition should be fulfilled

NOGy =0, 1=1,---,5, 1.

Remark 3.2. SIE with a convolution kernel and variable integral limits is a special
case of Eq. (3.1), i.e., h(7) = 0 or k(7) = 0. In this case, the process of analysis is
not fundamentally different from (3.1), and will be omitted.

4. SIEs of Wiener-Hopf with convolution kernels

Next, we consider SIEs of Wiener-Hopf with convolution kernels and variable inte-
gral limits

B [T B C [ ()

o Jgpt—T

dt =n(r), 7€RT, (4.1)

where A, B, C are constants, and C' # 0. The known functions h,n € Hg, le (%, 1),
and the unknown function ¢ € H;. Extending 7 to 7 € R by adding ¥~ (7) to the
right side of (4.1), we have

AY(T) + \/%/RwJ’(t)th(T —t)dt—|—% A %dt =n(r)+¢ (1), TER. (4.2)
By applying the operator W to (4.2), we get
Ot (s) = J(s)® (s) + No(s), s € R, (4.3)
in which
B 1 B N(s)
T8 = I Bm e — ooty 09 T AT BET () — Comn(s)’
and

WIRF(r)] = H (s), Win(r)] = N(s), W[p* ()] = ®*(s), No(s) = J(s)N(s).
It follows from H, N € hg that

. 1 . 1 .
Jm Js) = 3= Jm Je) =775 Jim No(s) =0, (44)

hence s = 0, co are nodes of problem (4.3).
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Now, we give the definitions of 7., and 7g. Define

J(—o0) 1. A-C

1
omi J(+o0)  2mi A+ C

where InJ(s) takes a continuous branch such that A € [0, 1). From [30,31,36], we
know that v, # 0 since C # 0. Again denote

i = L0 1 A+ BHY(0) - C
T T AT = 9ni N I(10) ~ 2mi A+ BHY(0)+ C°

(4.6)

We call £ the index of (4.3) which satisfies \g — 1 < k < Ag. Suppose that J~!(s)
has some zero-points d;(1 < i < m) with the orders «;(1 < i < m) respectively,

then we put
m

E(s)=> (s—d)*, M=a1+-+am. (4.7)

i=1

Here, we still only discuss the case M > 0. Rewrite (4.3) as

_ XT(s)(s = 25)M

Ot (s) = X (s)B(s) D~ (s) + No(s). (4.8)

By the principle of analytic continuation and the generalized Liouville theorem,
(4.3) has the analytic solution

X(2)(z = 25)MPe_pr-1(2), Imz >0,
Dy(2) = (4.9)
X(2)E(2)Pi—p—1(2), Imz < 0.

Next, we consider the non-homogeneous problem (4.8). Put

e WA~ )" 9,02 T >0,
Dy(z2) = Y ) (4.10)
V@) = 9,2, Imz < 0,
0
where
Qp(2) =by, +bp_12+ - +boz” (4.11)

has zero-points of the orders a; at d;, and p = M — 1, this implies
QB (2) = [W(2)(z —25)" "), 1<L<a;—1,1<i<m. (4.12)

Using the theory of classical boundary value, we can verify that (4.10) is the par-
ticular solution of (4.3). Therefore, (4.3) has the general solution

X(2)(z = z5)™
B(z) = E(2)

X(2)[¥(2)(z — 25)" — Qp(2) + E(2) Pe—pr—1(2)), Imz < 0.
(4.13)

(W(2)(z — 25)" —Qp(2) + E(2)Pe—pr—1(2)], Imz >0,

Further process is the same as section 3 and will be omitted.
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Now, we discuss the properties of solutions at s = co. By [8, 26, 36], we have,
near s € Ny,
Y (s)s*= € hy.

Notice that, in (4.13), we shall write P,_as(z) instead of P,_pr—1(2).
Suppose that s = oo is an ordinary node, then Ay € (0,1), further v, # 0.
Consider the positive boundary value ®*(s) as follow

@ () = YE(EQ(9) + (s~ )" Q)] + 20 ag)
where
Qi(s) = (s —2z)ME7(s),  Qa(s) = Paonr(s) — Q(s)E~"(5). (4.15)

We can see that Q1(s) is bounded near s € N,. Moreover, when x > M, one has
Qa(s) = O(ls = z5|"=™), YT (s)Qa(s)(s — )M~ = O(|s| ). (4.16)

When § < Ao < £ < 1, we have [U*(s)| < ro near s € Nu, then

vl < g f 1= §a =52 [ 15 Sl <
where 7, 7 take constants. Further, we obtain
Y (s)¥(s) = O(|s| =), (4.17)
and by (4.15)-(4.17), when x > M, it gives rise to
dF(s) = O(|s] 7). (4.18)
When k < M, P;_p(z) =0, then we require the solvability conditions as follows
b; =0, j=0,---,p—r—1 (4.19)

In this case, Q,(z) = >.%_ b,—;2’. Moreover, when £ > 0, (4.18) is still valid; when
k=0, Q,(2) =b,, one must have

U(di)(di — 25) =by, 1<i<m, (4.20)

when £ < 0, we need that (3.20) and the following (4.21) hold

/ U*(s)(s—d;)""ds =0, (4.21)
R

where 1 <v < aq;,1 <i<m.
When % <l <Aoo < 1, there exists € > 0 such that Aoc — € > % Therefore, we
have

YT (s)U(s) = O(|s| *=+¢), s Ny. (4.22)

Similarly, we can get

Ot (s) = O(|s|*=T€), s€ Nu. (4.23)
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Combining (4.18) and (4.23), when Ao, > %, it turns out that
O (s) =O(|s|™"), s € Neo, (4.24)

where 7 > min {{, \oc — €}, thus 7 > 1. Moreover, ®* € Hj.
When 0 < A < 1, by [8,25] we know that

Y (5)¥(s) = O(ls| 7).

When k > M, in order that ®+ € L?(R), (4.18) needs to be satisfied. When x < M,
(4.19) holds. Further, when x > 0, we must have

by =0, (4.25)

when £ < 0, we require that (4.19) and (4.21) are satisfied.

Under the assumptions and conditions of solvability, from [8,23,31], it is easily
known that ®* € L*(R).

Suppose that s = 0o is a special node, then A\, = 0. It follows from (4.4) that
Yoo 7 0, thus we can transform it to the case Ao, < % Further discussions are the
same as above.

In conclusion, we state the following result.

Theorem 4.1. Under the case of non-normal type, (3.54) is a necessary condition
of solvability for Eq. (4.3).

(1) If Moo > 3, in (4.13), we write Po_n(2) in place of Pe_nr—1(2). When
k> M, (4.1) has k — M linearly independent solutions. When k = M, (4.3) has
the unique solution. When k < M, (4.19) and (4.25) hold, in this case, (4.3) has
the general solution. When k > 0, (4.18) holds; when x = 0, (4.20) holds; when
k<0, (3.20) (md (4.21) hold.

(2) If Ao < 5, when K > M, ({.18) holds. When k < M, (4.19) holds. When
k>0, (4.25) holds and when k <0, (4.19) and (4.21) hold.

Under the conditions of solvability, (4.1) has the general solutions

Y (r) = WHR T (s)], (4.26)
where ®T(s) is given by (4.14).

5. Dual SIEs with convolution kernels

Now we deal with dual STEs with convolution kernels and variable integral limits

Ap(T) \/%/ P(E)h( T—t)dt—l—m R;/)()Tdt—n( ), TERT

P(t)

(5.1)
Ap(r \/ﬂ/ P(t) hgT—t)dt—i— tdet—n( T), TERT,

where A, B,C are constants, and C' # 0. The functions hi, he,n € Hy, and the
unknown function ¢ € Hy. Combining the two equations in (5.1) to the following

(5.2):
7/Rq/)(t) dt+—/w k(T — t)sgn(t)dt

+* w()dt n(7), TR,

gt —T

(5.2)
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where
[7y (7) + Dy (7)),

N =

1 _
hr) =5l () =hy ()], k() =
then h, k € H;. Obviously,

Sh(r), T 0; (), 720,
h(r) = 1 k()= L
§h2(7'), T <0, —§h2(r), T < 0.

We apply the operator W to (5.2) and obtain

A®(s) + BH(s)®(s) + BE(s) /R tq)ﬂdt — C®(s)sgn(s) = N(s), seR, (5.3)

v — S8

and H, K, N,® € H{. We shall solve the following (5.4) instead of (5.3)
¥ (s) = J(s)@7(s) + No(s), (5.4)

where

A+ B[H(s) — K(s)] — Csgn(s)

N(s)
J(s) =+ + B[H(s) + K(s)] — Csgn(s)’

T A+ B[H(s) + K(s)] — Csgn(s)’

No(S)

From the analysis above, it is easy to prove that (5.4) has a unique node s = 0.
Further process is similar to section 3 and will be omitted.

6. Conclusions

In this paper, we mainly focus on three classes SIEs with variable integral limits in
the case of non-normal type. By means of the theory of complex variable functions
and classical boundary value problems, Egs. (1.1)-(1.3) are transformed into the
linear Riemann problems with discontinuous property in class Hy, further, we obtain
the general solution given by integral-form. Moreover, the novel method in this
paper can effectively solve such equations mentioned in [1,3,13, 14,16, 18, 37, 39],
and we may also prove the existence and stability of solutions for Egs. (1.1)-(1.3) in
Clifford analysis (see [2,7,17,19,20,38,41]).

Recently, many scholars have studied SIEs with convolution kernels and non-
linear SIEs in multidimensional and hyper-singular fields, and gained a lot of ex-
cellent results. Based on our results in this paper, we may consider the solvability
theory of Egs. (1.1)-(1.3) in these areas. More precise details will be omitted now.
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