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0-DRESSING METHOD FOR
THREE-COMPONENT COUPLED
NONLINEAR SCHRODINGER EQUATIONS*

Shuxin Yang!? and Biao Li®T

Abstract The dressing method based on 4 x 4 matrix d-problem is extended
to study the three-component coupled nonlinear Schréodinger (3DNLS) equa-
tions. The spatial and time spectral problems related to the 3DNLS equations
are derived via two linear constraint equations. A 3DNLS hierarchy with
source is proposed by using recursive operator. The N-solitions of the 3DNLS
equations are given based on the d-equation by selecting a spectral transfor-
mation matrix.
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1. Introduction

The study of multi-component nonlinear systems has attracted more and more
attention, since they can describe a variety of complex physical phenomena and
have richer dynamical behaviors than low-component systems. Among the vari-
ous solutions of these models, the soliton plays a crucial role in illustrating some
related phenomena. In recent years, many methods for solving soliton solutions
have been proposed, including inverse scattering transformation (IST) [2], Dar-
boux transformation (DT) [23], Hirota bilinear method [15,21,27, 28], d-dressing
method, etc. The O-dressing method, as an extension of IST, is based on the
inverse scattering theory and Lax framework. It is a powerful tool for construct-
ing and solving integrable nonlinear equations and describing their transformations
and reductions. It was first proposed by Zakharov and Shabat [35], and further
developed by Beals, Coifman, Ablowitz, ManBakov, Fokas et al. [1,4,5,12,22]. So
far, a large number of integrable equations have been successfully studied by the
O-dressing method [6,7,9-11,13,16-20,24,33,34, 39].

The coupled nonlinear Schrédinger (NLS) equations have been widely used in
nonlinear optics, deep ocean, Bose-Einstein (BE) condensation and other fields
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[3,8,14,29-31, 38]. Therefore, this paper mainly considers the three-component
coupled nonlinear Schrédinger (3DNLS) equations [36]:

. 1

i+ g + o(lur* + |ua|? + |us|*)us = 0,

. 1

Wzt+§U2m+0(\ul|2+|uz|2+ lug|*)uz = 0, (1.1)
. 1

Tus; + §u3m + a(\u1|2 + |’U,2|2 + |us|®)us = 0.

Here, u; = uj(x,t)j = 1,2,3 are the complex functions with the temporal variable
t and spatial variable x, and o > 0(< 0) stands for the attractive (repulsive) inter-
actions. There has been increasing interest in the study of the dynamic properties
of system (1.1). For example, the vector soliton solution has been derived through
the Horita bilinear method [25,26], the bright-bright solitons have been obtained by
Darboux transformation (DT) method from a trivial seed solution with us = 0 [37],
the initial-boundary value problem has been investigated by extending the Fokas
unified approach [32]. However, to our knowledge, there is still no research work on
system (1.1) by using O-dressing method. For convenience, we take o = 1 for the
following analysis.

The layout of this paper is organized as follows. In Section 2, starting from
the 0-equation, we propose a new Lax pair with singular dispersion relation for
system (1.1) using the O-dressing method. In Section 3, based on the relationship
between O-dressing transformation matrix and potential matrix, we derive a 3DNLS
hierarchy with source. In Section 4, the N-soliton solutions formula of system (1.1)
are constructed. Finally, the conclusions will be drawn based on the above sections.

2. Spectral problem and Lax pair

2.1. The spatial spectra problem
We consider the 4 x 4 matrix O-problem in the complex k-plane,
I = YR, (2.1)

with a boundary condition 9 (z,t, k) — I,k — oo, then a solution of the equation
(2.1) can be written as

Y(k) =1+ 2Lm_//%d;ﬂdézI+1/JRCk, (2.2)

where C}, denotes the Cauchy-Green integral operator acting on the left. The formal
solution of O-problem (2.1) will be given from (2.2) as

Y(k)=1-(I — RCy)™ " (2.3)

For convenience, we define a pairing [9]

1,9 27”//]" kYdk Ndk, (f) = (f,1 27rz//f Ydk A dk,

which can be shown to possess the following properties

(f.9)" = (9, F), (fR,9)=(f,9R"), (fCk,9)=—(f,9Ch). (2.4)
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It is easy to prove that for some matrix functions f(k) and g(k), the operator Cj
satisfies

g(R)[f (F)Ck]Cr + [9(k)Cr] £ (k) Cr = [9(k)Cr][f (k) Ci]. (2.5)

It is well known that the Lax pairs of nonlinear equations play an important
role in the study of integrable systems. Such as Darboux transformation, inverse
scattering transformation, Riemann-Hilbert method, algebro-geometric all depend
on on their Lax pairs. Here we prove that if the transform matrix R(x,t, k) satisfies
a simple linear equation, the spatial-time spectral problems of system (1.1) can be
established from (2.1).

Proposition 2.1. Let the transform matriz R satisfies
R, = ik[J, R], (2.6)

where J = diag(1,—1,—1,—1), then the solution 1) of the 0-equation (2.1) satisfies
the following spatial spectral problem

where

*

* *
0 —ul —uj —u3

up 00 0

Q= = ilJ, (PR)]- (2.8)
uz 00 0
us 0 0 0

Proof. Please state your proof here. Using (2.3) and (2.6), we get
Yy = ik RosCl(I — RCy) ™' — ikpos RCy(I — RCy) ™ . (2.9)
According to the definition of C), we can obtain
itk RCy = i(YR) +ik(y — I). (2.10)
Since RC, =1 —1-(I — RCk) , then we have
RCy(I — RCy) ' =(I - RCy)™ ' — I (2.11)
Substituting (2.10) and (2.11) into (2.9), we obtain
Ve = —i(YR)JY +iJk(I — RCy) ™ — ik J. (2.12)
From (2.10), we can get
k(I — RCy)™ = (YR) + kyp. (2.13)

Substituting (2.13) into (2.12), we have Eq.(2.7). O
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2.2. The time spectral problem

Proposition 2.2. Suppose that R satisfies the linear equation
Ry =[R, 9, (2.14)

where

QO =0, +9, = —ik?J + % // ‘Z(f)]‘jdg A dE, (2.15)

which comprises both a polynomial part Q,(k) and a singular part Q(k) and w(§) is
a scalar function. Then the solution v of the 0-equation (2.1) leads to time spectral
problem

Y~ iK1 = T(Q ~ Q)+ KQ. (2.16)

Proof. We first use the polynomial dispersion relation onlyQ) = Q, = —ik?J.
From equations (2.2), (2.3) and (2.15), we find that

Yy = —i[k*YRC)J(I — RCy,) ™ — k*J(I — RCy) ™Y — ik*yJ. (2.17)
Through the following direct computation,

k*RCy = (CYR) + k(Y R) + k(¢ — 1),
k*(I — RCp)™" = ((CYR) + (WR)* + k(Y R) + k*)1p,

then (2.17) is changed to

e = —il{CYR), TN — il(YR), T R)Y — ik[(R), T + ik*[J, )]

, . (2.18)
= 2iJ(CYR)*T T + QY RYY + kQy + ik [J, ).
By virtue of (2.6), (2.7) and (2.8), we have
(R)o = Q(R) +ilJ, (kY R)],
(R = Q(UR)9 4 21T (kY R)*!,
(kg R)I = LIQUR)" — 1Qu, (2.19)

(R) = (R)"* = J(J(YR) — J($pR)"*) =

|

(R = ~57Q.
Substituting (2.19) into (2.18) leads to the time-dependent linear equation
Yo = UT(LIQURY™ — 2Qu) + QURYY + KQY + k[, y]
= QIUOR) — (BRI + (hQ — 2T )b + iK1, 0 (220)
= L@~ Q)+ EQ + iK1, 0).
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3. Recursive operators and equation hierarchy

In this section, we derive 3DNLS equations with a source. First, we define the 4 x 4
matrix M = ¢ Jy~!. By using the Eq.(2.8) and definition of M, we can prove the
following proposition.

Proposition 3.1. @Q defined by (2.8) satisfies a coupled hierarchy with a source M

Qe + 20, JA"Q = T, (k) M(R))], n=1,2,...,

M, —ik[J,M] = [Q, M]. (3.1)

Proof. Differentiating Q with respect to ¢ gives
Qv = ilJ, (Y R)4]. (3.2)
Because of 9f(k)Cy, = f(k), then we have
(VR)e = (k)

_Alr. _ —1
= ?[I (I = RCk); 7]1 (3.3)
— O[YR.(I — RC)™Cy
= Ry(I — RC},) L.
By using the properties (3.3), we can obtain
Qr = i[J,(WR(I — RCy)" ", I)] = ilJ, YR, I - (I + RTCy) ™). (34)

From the d-equation (2.1), we have
out = Ry,

which leads to
(W HT =1-(I+RTCy)™.

Therefore, using (2.4) and (2.14), Eq. (3.4) can be simplified to
Q¢ = i[J,((0)Q ™" + 40y~ )]. (3.5)

Here we shall consider €, = a, k" J, a, = const and the fact that Q, — 0 as k — oo,
then the above equation can be further simplified like

Qe = i[J, (¥Q0Y™1)] +i[J, (9v)2 )]

= ion[J, (O(K" M (K)))] + i[J, (w(k) M (k))] (3.6)
= 2ia, J(O(k" M (k)T 1)) 4 i[J, (w(k) M (k))].

By using (2.7), it can be checked that M(k) satisfies the equation
M, —ik[J, M] — [Q, M] = 0. (3.7
From Eq.(3.7), they satisfy the following equations
M = [Q, M°M],

MO = 2ik MO +[Q, M%a9],
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which lead to
MY = ]+ 01[Q, M°T7],
M = i(A - k)™'Q,
where

A= —*J( -[Q.0;11Q.1)).

The operator A usually be called as recursion operator. We expand (A — k)~! in
the series

(A—k)h == kN
j=1

By using 0k" 9 = 76(k)d; n+1,4 = 1,2,..., we can derive that

oo

D> (OETHNTIQ = —A"Q.
J=1
Substituting it into (3.6) leads to the Eq.(3.1). O

4. N-soliton solutions of cmKdV equation

In this section, we will construct the N-soliton solutions of the syetem (1.1) still
based on the d-equation (2.1),we first introduce a spectral matrix R as

0 —a; €200 §(k — k) —b;e2®®)5(k — k) —c;e?®® (% — ;)
a;e?® R 5(k — kj) 0 0 0
R= TFZ;\I:l (4.1)
bRV §(k — kj) 0 0 0
;20§ (ke — kj) 0 0 0
where k;, k; 12: ,j =1,2,...are constants distinct from each other, (k) = —kz—k>t.

Subbtltutlng ( ) mto ( .8) leads to
Uy = —2i<1/)R>21

- _l//(wzz(C)Rzl(C) + a3 () R31(C) + 124 (O)Rar (€))dC A dC
' (4.2)

N
Z 210(k ki )+b e2z€(k )1/)2 ( )—I-C 6219(k )w ( ))

Jj=1
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Substituting (4.1) into d-equation (2.1) and resorting the properties of SA function,
we can obtain

L [ aQReQ) e N e )
wzz(k)—1+2m// C % dcndC=1 ; = o1 (),
N —
P21(¢ bie ~2i0 (k1) _
Yaalk / / Lol g g = =3 BT ), (4.3)
271'@ ; s
N L=
1 ¥21(¢)R14(C) _ ¢, e=2i0(km) _
ky=oo | | — =5  dndi==2 ———vaulkn),
vaalh) = 5 [ [ P00 g 3 )
then introducing notation A,, B;, C,, written as
a . b o ‘ o
A,k :73967219(1%), B (k) = %67219(191), c,.(k — _Cm_ —2i0(km)
. =k i k— kK (%) k — kp,

From(4.3), we have

W>

N
Ya2(k) =1— Z Ap(B)[A; (kp)tbaa (k) + Bj(kp)as(k;) + Cj (p)paa (k;)],

Yos(k) = — Y Bi(k)[A (k) a2 (ky) + By (ko (ky) + C; (k) aa k)], (4.5)

N _ _ _
Yoa(k) = = > Con(k)[A; (k) ¥22(k;) + Bj(km)23(ks) + Cj (ki )tbaa (k;)],

taking z = z; , z = Z; and z = Z; respectively, we have
(I + M)os (k) + Npoa (k) + Piooa(k) = E,
Mpya (k) + (I + N)as(k) + Pipaa(k) = 0, (4.6)
Mpas(k) + Nipag(k) + (I + Paa(k) = 0,

,1)T, and M, N, P are N x N matrix
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then we can solve ¥4 (k), 1a2(k) and o3 (k)
Yaa(k) = (I +X1)7'V3,
oo (k) = (I + X2)~'Ya, (4.7)

Yos(k) = (I + X3)~ Y5,
where

X =[I+M)""P-M P (I+M)"'N—-M'(I+N)]
x [M~“(I+N)— M 'N]"'[M~'P - M~(I + P)],
Xo=[N"'I+M)-(I+N)""M'N'P—(I+N)"'P
X [(I+N)"'"P—N"YI+P)] '[(I+N)"'M-N"'M,
Xs=[P'N—-P 'I+N) '[P '(I+M)— P 'M]
x [(I+P)"*M — P~ 'M]"'[(I+P)"'N - P~Y(I+ N)],
Yi=[I+M)'P-M P71+ M )E,
Yo = [N"YI+M)—(I+N)"*M]"'N'E,
Y3 =[P7'N - P (I + N)|P7'E.
Hence, the N-soliton solutions of the system (1.1) take the form
uy = 2i(h1tpaa (k) + hotbas (k) + hathaa(k)) (4.8)
= 2ihy (T + X1) Y3 + ho(I + Xo) ™Yo + ha(I + X3)~'Y3]

= 2itr[([ + X1)71Y1h1 + (I + Xg)ilifghg + (I + X3)71Y3h3]

e det(I+X1 +Y1h1) det(I+X2 +Y2h2) det(I+X3 +Y3h3) _3
B det(I + X1) det(I + X2) det(I + X3) ’

U = 20 det(I + X1 + Zlhl) det([ + X2 + Zghg) det(I + X3 + Z3h3) _3
: det(I + X)) det(I + X>) det(I + X3) ’
(4.9)

g [detU + Xo 4 Lahy) | det(I+ Xp + Loho) | det( + X5+ Lghs)
s == det(I + X)) det(I + Xo) det(I + X3) ’
(4.10)

where

hi = (h11,hia, - han), hij = aje? ¥k
ha = (h2,1,h22, -+ ,haN), hoj = bjBQiQ(Ej),

hs = (hai,haz, - han), haj = c;e?i00),
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5. Conclusion

In this paper, we have presented the dressing method based on the d-problem to
study the three-component coupled nonlinear Schrédinger (3DNLS) equations (1.1).
By means of the 0-dressing method, we have obtained the spatial and time spectral
problems associated with the 3DNLS equations. Then we proposed a 3DNLS hier-
archy with source by using recursive operator. Finally, the N-soliton solutions of
the 3DNLS equations have been constructed based on the 0-equation by selecting a
special spectral transformation matrix. It is hoped that our results can help enrich
the nonlinear dynamics of the NLS-type equations.
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