Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 14, Number 5, October 2024, 2558—-2571 DOI:10.11948,/20230032

SOME COMMON FIXED-POINT RESULTS IN
GENERALIZED F-METRIC SPACES

Yiquan Li', Chuanxi Zhu?>"" and Yingying Xiao®'

Abstract In this paper, we establish a new common fixed-point theorem
for multivalued mappings with the greatest lower bound property in general-
ized F-metric spaces. Also, we propose some new theorems via more general
contractions.
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1. Introduction

In 2013, Ahmad et al. proposed the concept of a complex-valued metric space, and
obtained common fixed-point results for multivalued mappings with the greatest
lower bound property [3]. As a generalization of the b-metric spaces [8], the notion
of a complex-valued double-controlled metric space was presented in [17]; After
that, Amiri et al. have established common fixed-point theorems for multivalued
mappings with the greatest lower bound property in this space [6]. Recently, with
the establishment of the concept of a F-metric space [11], there are also many
interesting results appeared. For instance, by using orbital a-admissibility, Aydi
et al. have improved the fixed-point theorem for a-)-contractive mappings [7], or
several generalizations of the fixed-point results of Reich and Jungck were given
in [15]. Furthermore, numerous authors aim to extend and innovate many known
results in the corresponding papers, such as Zhu et al. introduced the concept of
a generalized F-metric space [20], and proved some fixed-point theorems satisfying
Geraghty contraction or JS-contraction, etc, which generalized many fixed-point
results in F-metric spaces. For more details, see [1,2,4,5,9,10,12-14, 16, 18, 19].
Inspired by the above results, we have some new opinions with generalized F-metric
space, some examples and corollaries are used to enrich our results, and we apply one
of the results to solve a class of linear algebraic equation problems, which satisfies
all the conditions of Corollary 3.5.
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2. Preliminaries

Firstly, let f be the family of all functions f : (0, +00) — R, satisfying
(F1): f is nondecreasing;
(F2): lim S, =0 if and only if lim f(S,) = —oo, where {S,,} C (0, +00).
n— oo n—00

Definition 2.1 ( [20]). Let X be a non-empty set, consider the mapping D : X x
X — [0, +00). For all &1, &, & in X, suppose that there exist (8, f) € [0, +00) X F,
such that

(Dl) D(fl, 62) =0 if and only if 51 = 52;

(D2) D(&1, &2) = D(&2, &1);

(D3) f(D(&1, &2)) < f(D(&, &) + D(&s, &2)) +6, if D(&, &) > 0,

then the function D is called a generalized F-metric on X, and (X, D) is called
a generalized F-metric space.

Example 2.1. Let X =R, f(§) = — &, § =

1
§€|€1_£2‘, &1 # &2,
07 51 :€2-

Definition 2.2 ( [20]). Let (X, D) be a generalized F-metric space and {,} be
a sequence in X.

(1) For any € > 0, if there exists a positive integer N such that D((,&,) < e for all
n > N, then {,} is called F-convergent to ¢ € X;

(2) For any € > 0, if there exists a positive integer N such that D(&,, &) < € for
all n,m > N, then {&,} is called a F-Cauchy sequence;

(3) A generalized F-metric space (X, D) is called F-complete if any F-Cauchy
sequence in (X, D) is F-convergent.

From [3], we investigate the multivalued mappings with the greatest lower bound
property in generalized F-metric spaces, some similar definitions are given as fol-
lows:

Definition 2.3. Let (X, D) be a generalized F-metric space and NCB(X) be the
set of non-empty, bounded and closed subsets of X. For each £; in R, we denote

Al&) ={& eR: & <&

In addition, for each x € X and A, B € NCB(X),
(i) Az, B) = Upe g A(D(2,0)) = Upe plu € R: D(x,b) < u};
(ii) A(A, B) = (Nye a Ala, B)) (M g Ab; A)).

Definition 2.4. Let (X,D) be a generalized F-metric space and R : X —
NCB(X) be a multi-valued mapping. For all z,y € X, define A,(Ry) = {u €
Rlu = D(z,z2) : z € Ry}.

(i) The multi-valued mapping R has the lower bound on (X, D) if for all z,y € X
there exists ug € R such that ug < w for all u € A, (Ry);

(ii) The multi-valued mapping R has the greatest lower bound on (X, D) if there
exists a greatest lower bound of A, (Ry) in R, and we write D(z, Ry) = inf{D(z, 2) :
z € Ry}.
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3. Main results

In this section, we introduce a new common fixed-point theorem for the multivalued
mappings. In addition, we obtain other fixed-point results in this space, which
satisfy more general contractive conditions.

In [20], let @ be the set of all functions ¢ : [0,00) — [0, 00), where ¢ satisfies:
(1) continuous and nondecreasing;
(2) for any t > 0, lim ¢"(¢) =0.

n—oo
Obviously, ¢(0) = 0, and ¢(t) < t for any ¢ > 0.

Theorem 3.1. Let (X, D) be a F-complete generalized F-metric space and R, S :
X — NCB(X) be multi-valued mappings. Suppose that there exists ¢ € ®, R and
S have the greatest lower bound on (X, D) such that

¢(0(z,y)) € A(Rx, Sy) (3.1)

for all z,y in X, where 0(z,y) = ﬁD(m,y)—l—af’ﬁ%W

with A+ p < 1. Then R and S have a common fized-point.

,a,b>1and A, >0

Proof. By selecting any zg € X, from (3.1), there exists 21 € Rxq such that
(;5(0(.730, xl)) S A(Rxo, Sl‘1)
Thus for all @ € Rxg,b € Sx1, we have

d(0(xo,x1)) € Ala, Szq) = U {u eR: D(a,b) < u},
be Sz,
and
d(0(xo, 1)) € A(Rxp, b) = U {u€eR: D(a,b) < u}.

a€ Rzxg
Since x1 € Rxg, then there exists zo € Sz1 such that D(x1,z2) < ¢(0(z0,x1)).
In addition, by using (3.1), we obtain
d(0(x2,21)) € A(Rxa, Sx1).

Similarly, owing to xo € Sx1, thus there exists x3 € Rxy such that D(xg,x3) <
@(0(x2,21)). By repeating the above process, we can construct a sequence {x,},
where o, 11 € Rroy, Topts € Sony1 for all n € N, thus we have

D(zan11, Tont2) < ¢(0(x2n, Tant1)), (3.2)
and
D(z2n+42, Tant3) < ¢(0(T2n42, Tant1)), (3.3)

where

p D(22n, Rron)D(x2p41, STant1)

9($2n7x2n+1) = ED(aj?ruxZnJrl) + J 1+ D(z2n7 RIEQn) ) (34)

and

i D(zony2, Rront2)D(Tont1, STant1)
0(x , T =—D(zx , T + = .
( 2n—+2 277,—‘,—1) ab ( 2n—+2 277,—‘,—1) ab 1+ D(x2n+2,Rx2n+2)

(3.5)
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Suppose that there exists n € N such that x3, = z2,41, it can be proved that
Ton41 = Topto. 1f not, consider Definition 2.2, we have

0 < D(x2n+1, Tant2)
< ¢(0(x2n, Tant1))

< ¢(%D($2n+17 Sxap41))
< %D(anJrh ZTon+t2),

contradiction. As a result, xo,4+1 is a common fixed-point of R and S.
On the other hand, if x9,+1 = T2,42 for some n € N, then x9,, 19 = T2,43 and
Ton+2 1S a common fixed-point of R and S. If not, it can be deduced that

0 < D(Z2n+2,T2n+3)
< ¢(0(x2n+t2, Tant1))

< 6( 5 Dlwan 1, Sr2n11))
< %D($2n+1,$2n+2)
= 0.

Therefore, we assume that x, # x,4; for all n € N. By using (3.2) and (3.4),
we have

D(zon+1, Tant+2) < &(0(x2n, Toant1))
D(22n, T2n41) + %D(x2n+17 Sn11))

D(mZna Topy1) + %D(ﬂﬁznﬂ, Toni2),

and so D(Zon41, Tont2) < ab)\ HD(x2n7m2n+l)7 where 0
Similarly, using (3.3) and (3.5), we obtain

(
D(z2n+42, Tant3) < ¢(0(x2n42, Tant1))
B

A
*bD($2n+2, Ton+1) + %D(m%ﬂ»l; Ston+1))

A
< JD($2n+2ax2n+1) + %D(x2n+1; Tont2)s

A
(Ton+1, Tonte), where 0 < % < 1.
A
T4 D(2y—1,%,). Then,

thus D(22n42, Tan+3)
As a consequence, D(Zp, Tnt1)

A+ Aty
D(xy, Tpi1) bﬂD(xn_l,xn) < <{ ,u} D(xg, 1),
it follows that
1Lm D(xp,xny1) = 0. (3.6)

Now, it will be shown that {z,} is a F-Cauchy sequence. According to math-
ematical induction, suppose that lim D(z,,2,4+k) = 0 for some k € N, consider
n—oo

(D3), we have

f(D(xnv xn-i-k-i-l)) < f(D(xn’ xn-i-k) + D<xn+k7 xn+k+1)) +9.
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From (3.6), we can get lUim D(x,,Znik) + D(Tptk, Tnyr+1) = 0. Moreover, ac-
n— o0

cording to (F3), we obtain

lim f(D(l‘n, xn-l—k-i—l)) S lim f(D(-Tna xn—i—k) + D<xn+k7 xn-‘rk:-l—l)) + ) S —00,
n— 00 n— 00
hence,
lim D(l‘n,xn+k+1) =0.

n— oo
As a result, lim D(xy,,zp4x) = 0 for all & € N, thus {z,} is a F-Cauchy
n—oo

sequence and there exists an element 8 in X such that x,, — S.
Finally, we will prove g is a common fixed-point of R and S. From (3.1), we
obtain

¢(9(x2n76)) S A(RZCQ»,“SB) g A(:EZnJrleﬁ)a

and
$(0(8,w20+1)) € A(RB, Swani1) C ARB, w2ns2),
where \ D( Rz9,)D(5,58)
A M D(Zon, [iTan )
9($2n,ﬁ) - abD($2naﬂ) + ab 1 +D(x2naRx27I)
and

A D(B, RB)D(xan+1, STon

Therefore, there exist two sequences {u,} C RS and {v,} C Sf3, such that

A D (w20, Rr2n) D(B, S
Pleno) < D )+ G A

and

p D(w2041, ST2n41)D(B, RB)

A
D(tp, xon12) < ¢(—=D(B, Ton+1) + o 1+ D3, k)

ab

).

It follows that

lim D($2n+171}n) < nh_)IIéo (ﬁ(%D(xQn’ﬂ)—F %D(m2n7$2n+l)D(ﬁysﬁ)) _ ¢(O) _ O,

n—00 14 D(x2pn, T2p41)
and
. . A i D(xont1, Zoant2)D(B, RB)
Jim D(un, Tant2) < lim ¢(JD(B79:2”+1) +3 1+ D(3. kD) )
= ¢(0)

i.e.

li_)m D(zap+41,v,) =0, (3.7)
and

li_>m D(uy, apt+2) = 0. (3.8)

According to (D3), we have

F(D(B,vn)) < f(D(B,x2n+41) + D(T2n41,v0)) + 9,
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from (37)7 we get IL)m f(D(ﬂavn)) S IL)m f(D(ﬂ,x2n+l) + D(xQn—&-lavn)) + 0 S
—o0, then
lim D(5,v,) =0,

n— oo

ie. v, = fB.
Similarly,

f(D(u’ﬂvﬁ)) < f(D(Un, x2n+2) + D($2n+2aﬂ)) + 67

from (3.8), we get
lim D(u,, ) =0,

n—oo
ie. u, = B.
Owing to RS and S are closed subsets, it follows that 8 € (R8() SB), thus
the proof is completed. O

Example 3.1. Let X =[0,1], D(&1,&) = (&1—&)? forall &1, & in X, f(z) =lnx
and § = In 2.

In addition, let R¢ = [0,35], S& = [0,53], ¢(¢) = §, a = v2,b = 2 and
A = p = 5. Anyone can easily check that D(&;, R&) = 55£2, D(&,5&) = 35162

— 400
and A(RE;, S&) = A((5: — §2)2).

10~ 20
Suppose that 2£; < &, we have
& Lo 1 2
5052y o — —
(10 20) < 00(51 §2)
1 , 1 L& 361,
< _ _— it
S0 ) T aoTy SL 3 4002
1, i == D(&, R
= (FB-D(&, &) + R (&1, Be1) D(&2,5¢2))

(V2)?
= ¢(0(&1,62)),

then ¢(0(&1,€2)) € A(RE, SE2).

Therefore, the conditions of Theorem 3.1 are satisfied, R and S have a common
fixed-point £ = 0.

If two multi-valued mappings R and S are supposed to be equal, then Theorem
3.1 reduces to below corollary.

(V2)2 1+ D(&, R&y)

Corollary 3.1. Let (X,D) be a F-complete generalized F-metric space and R :
X — NCB(X) be a multi-valued mapping. Suppose that there exists ¢ € ®, and R
has the greatest lower bound on (X, D), such that

¢(0(z,y)) € A(Rx, Ry)

forallz,y in X, where 6(z,y) = a—ﬁD(z,y)—Fiw, a,b>1and X\, u>0

ab 1+D(z,Rx)
with A+ p < 1. Then R has a fized-point.

Obviously, if two multi-valued mappings R and S are supposed to be self-
mappings, then the following corollary holds.
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Corollary 3.2. Let (X, D) be a F-complete generalized F-metric space and R, S :
X — X be self-mappings. Suppose that there exists ¢ € ® such that

D(Rz,Sy) < ¢(0(x,y))

forallz,y in X, where 0(z,y) = ﬁD(x,y)—l—(%%W, a,b>1and X\, u>0

with A+ p < 1. Then R and S have a common fized-point.

In [12], let L be the family of all continuous and nondecreasing functions w :
[0,4+00) — [0, +00), where w satisfies:
(1) w(0) =0, and w(x) > 0 for each = > 0;
(2) lim z, =0 if and only if nhﬁn;o w(zy) = 0, where {z,} C (0, +00).

n—oo

Theorem 3.2. Let (X, D) be a F-complete generalized F-metric space and R, S :
X — X be self-mappings. Suppose that there exists w € L such that

D(Rx, Sy) < M(z,y) — w(M(z,y)) (3.9)
for all x,y in X, where
M(z,y) = max{D(xz, Rz), D(y, Sy), D(x,y)}.

Then R and S have a unique common fixed-point.

Proof. By selecting any xg € X, we can construct a sequence {x,} such that
Tont1 = Rro, and xopn 40 = Sxoni1. If 29, = @9, for some n € N, then xg,11 =
ZTon42, and SO o, is a common fixed-point of R and S.

In fact, if X9, 41 # Xont2, from (3.9), we have

D(xon+1, Tant2) = D(Rxon, Stant1) < M(Ton, Tont1) — w(M (Ton, T2nt1)),
where

M (xon, Tont1) = max{D(zaon, Tont1), D(T2n+1, Tant2), D(Ton, Tont1)}

= D(Z2n+1, Tant2)-
It follows that
0 < D(@2n41, T2n+2) < D(Tant1, Tans2) — w(D(T2n41, Tans2)) < D(@2n+1, Tant2),
contradiction. Similarly, if 9,11 = Z2,42 for some n € N and x5, 12 # T2,+3, then

D(z2p43, Tant2)
D(R$2n+27 S$2n+1)

M (22n 12, Tant1) — W(M (T2 y2, Tant1)),

D(zop12, Tont3) =

IN

where

M (22n+42, Tont1) = max{D (T2 42, Tant3), D(T2ni1, Tant2), D(Tant2, Tons1)}

D(x2p12, Toant3)-

So we have

0 < D(Zon+2,Tan+3) < D(@ant2, Tonys) — wW(D(Tant2, Tants)) < D(Tont2, Tonys),
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contradiction, thus we get xo,12 = To,13, and o, 12 is a common fixed-point of R
and S.
As a consequence, we suppose that z,, # x,1 for all n € N, and it can be easily
deduced that
D(22n+1, T2nt2) < D(@2n, T2n+41), (3.10)
and
D(z2n42, Tant3) < D(Tont1, Tant2)- (3.11)
Owing to (3.10) and (3.11), we obtain D(zy, Znt1) < D(Tp-1,2,) for alln € N.
Moreover, {D(zy, s +1)} is @ monotonous nonincreasing sequence and we assume
that nl;rrgo D(zp, 1) =€ > 0.

If e > 0, so by letting n — oo at both sides of (3.10) and (3.11), we get
e<e—uwle) <e,

contradiction. It can be easily shown that lim D(z,,z,41) = 0, following the
n—oQ

proof process of Theorem 3.1, we get {x,} is a F-Cauchy sequence and there exists
an element 8 in X such that z,, — 5.
Now, we will prove 3 is a unique common fixed-point of R and S. If 8 # Rp,

then
0 < inf{D(z,B) + D(z,Rx) :x € X}

< inf{D(zan, ) + D(zan, Rx2,) : n € N}

< 0asn— oo,

contradiction, thus 8 = Rf.
Uniqueness: Suppose that 5 and 7 are two common fixed-points of R and S,

B # n, so that
0 < D(B,n) = D(RB,Sn) < M(B,1) —w(M(B,n)),

where

M(B,m) = max{D(8, RB), D(n, Sn), D(8,1m)} = D(B,1).

Hence,

contradiction.
It follows that D(8,n) =0, i.e. 8 =, the proof is completed. O

Example 3.2. Let X =R, for all z,y in R, Rz = % +x, Sy = % + 1, and
w(t)=1— % forall t > 0.

Furthermore, let f(t) = —1, 6 =1, and

e‘z7y|) xz % y’
0, T =y.

D(may>:{

It can be proved that (X, D) is a generalized F-metric space (see [11]), and

el et Ry £ Sy,

D(Rx, Sy) =
( v) {0, Rx = Sy.
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Suppose that 2 < 4|z — 1| < |z — y|, we have

z= l[z—y]

el el < o3

)

and
o~

e 2y‘ +1 S elx—yl.

Thus,
D(R.T,Sy) < D(x,y) —U.}(M(S(},y)) < M(m,y) —W(M(.’L',y))7

where M (z,y) = max{D(x, Rz), D(y, Sy), D(z,y)}.

Obviously, the conditions of Theorem 3.2 are satisfied, R and S have a unique
common fixed-point £ = 1.

It is clear that if R and S be equal, then Theorem 3.2 reduces to the following
corollary.

Corollary 3.3. Let (X,D) be a F-complete generalized F-metric space and R :
X — X be a self-mapping. Suppose that there exist ¢ € ® and w € L, such that

D(Rz, Ry) < ¢(M(z,y)) — w(M(z,y))
for all x,y in X, where
M (z,y) = max{D(z, Rx), D(y, Sy), D(z,y)}.

Then R has a unique fixed-point.

Theorem 3.3. Let (X, D) be a F-complete generalized F-metric space R, S : X —
X be nondecreasing mappings. Suppose that there exists a continuous and nonin-
creasing mapping T : X — [0,1), such that

for all x,y in X, where
M (z,y) = max{D(z,y), D(z, Rz), D(y, Sy)}.

If f € F is an invertible function, then R and S have a unique common fized-
point.

Proof. By selecting any zy € X, according to the property of R and S, we can
construct a nondecreasing sequence {x,}, such that zo,1 = Rxa, > x2, and
Tonto = STapy1 > Ton41 for all n € N. Inspired by the proof process of Theorem
3.1 and Theorem 3.2, we also assume that x,, # x,1 for all n € N. From (3.12),
we get

D(zon+1, Tant+2) = D(Rxon, Stont1) < (Tx2n — TZont1) M (T2n, Tant1),
where

M(CL’Qn, $2n+1) = max{D(xzn, $2n+1), D($2m 302n+1), D($2n+1, $2n+2)}

= max{D(Ton, Ton+1), D(Ton+1, Tant2)}-
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If M(xon,Tont+1) = D(Z2n41, Tant2), then
D(2on i1, T2ng2) < (Toon — Trony1)D(T2n11, T2ny2),
contradiction. Hence,
D(zop+1,%ont2) < (Txop — Txoni1)D(Xon, Tont1)-
Similarly, we have
D(2ony3, Tant2) = D(Rxoni2, STony1) < (Tr2n12 — To2n41) M (Tony2, T2nt1),
where

M($2n+2, $2n+1) = maX{D($2n+2, $2n+1)7 D($2n+27 962n+3), D(£U2n+1, $2n+2)}

= max{D(v2n+2, T2n+1), D(Tant2, Tany3) }-
Obviously, M (zan+2, Tont1) = D(Tan+2, Tont1), hence,
D(22n+43, Tant2) < (Toanyo — Txon11)D(T2n42, Tant1)
As aresult, D(xp, xpt1) < (Txp—1 — Txy)D(xp—1,x,) for all n € N; we obtain

D(xnaxn-i-l) < T.’L‘ |- Tl‘
=~ n— ns

D(xnflvxn)
and so " n
D
DlohTh41) o §N(7,  — Tay) = T — Tt < oo,
b1 D(xkflaxk) k=1
then

lim D(xp, Tpi1)

=0
k—o0 D(xk,l,xk) ’

which implies there exist x € (0,1) and ny € N such that D(z,,zn11) <
Kk D(xp—1,2y) for all n > ng, it can be easily proved that

lim D(zp-1,2,) =0.

n—oo

By continuing the proof process of Theorem 3.1, we get {x,, } is a F-Cauchy sequence
and there exists an element 8 in X such that z, — 5.
Now, we will prove R = 3, if not, owing to (Ds), we have

f(D(B,RpB)) < f(D(B,2n42) + D(x2n42, RB)) + 0
= f(D(B, xant2) + D(RB, Sxont+1)) +6
§ f(D(ﬂaxQn—‘rQ) + (Tﬂ - Tx?n-i-l)M(ﬂ,xQn—i-l)) + 57

where
M(ﬁ) x2n+1) = maX{D(ﬁv x2n+1)a D(Bv Rﬁ)a D(l‘2n+1, x2n+2)}

= D(B,Rp) as n — oc.
It yields that

f_l[f(D(ﬁvRﬁ)) - 6] < D<Bvx2n+1) + (TB - Tl‘gn.:,.l)D(ﬁ,Rﬁ),



2568 Y. Li, C. Zhu & Y. Xiao

by using the property of T', we obtain lim f~1[f(D(B3, RB)) — 4] < 0, then
n—oo

which is contradict with D(8, R3) > 0. Therefore, 8 = Rf.
Similarly, owing to the continuity of T', we have

F(D(B,8B)) < f(D(B,22n41) + D(22n41,56)) + 6
= f(D(B,v2n+1) + D(Rw2,,58)) +6
< f(D(B,w2n41) + (Tx2n — TB)M (220, B)) + 6
= —00 as n — 00,

as a result, g = S0.
Uniqueness: Assume that § and + are two common fixed-points of R and S,
v # 3, and so

clearly, M (3,~) = D(8,7), thus,

0< D(B,7) < (T8 - T7)D(8,7), (3.13)

and
0 < D(v,B8) <(Ty—TB)D(v, B). (3.14)

According to (D), if T8 # T+, it can be proved that (3.13) and (3.14) cannot
be established at the same time. As a consequence, D(5,7) = 0, i.e. 8 = =, the
proof is completed.

Using Theorem 3.3 with R = S, we can easily obtain the following corollary.

O

Corollary 3.4. Let (X, D) be a F-complete generalized F-metric space and R :
X — X be a nondecreasing mapping. Suppose that there exists a continuous and
nonincreasing mapping T : X — [0,1), such that

for all x,y in X, where
M(ZL’, y) = maX{D(xv y)7 D((t, R(E), D(ya Ry)}7

then R has a unique fized-point.
Since 0 < T(x) < 1, thus Theorem 3.3 can reduce below corollary.

Corollary 3.5. Let (X, D) be a F-complete generalized F-metric space and R, S :
X — X be self-mappings. Suppose that there exists k € [0,1) such that

D(Ra, Sy) < kM(z,y)
for all z,y in X, where
M(z,y) = max{D(z,y), D(x, Rx), D(y, Sy)},

then R and S have a unique common fized-point.
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Let R =S in Corollary 3.5, it follows that

Corollary 3.6 ( [20]). Let (X,D) be a F-complete generalized F-metric space and
R: X — X be a self-mapping. Suppose that there exists k € [0,1) such that

D(Rz, Ry) < kD(z,y)

for all x,y in X, then R has a unique fized-point.

4. Application

In this section, we will apply Corollary 3.5 to solve a system of linear algebraic
equations as follows:
Consider the following linear algebraic equations:

a1121 + a12T2 + ... + a1nTn + B1 =0,
(4.1)

Ap1T1 + Ap2Ta + ... + A%y + Bn =0,

and
cuiyr + ciy2 + ...+ cipyn + 1 =0,

(4.2)
Cn1Y1 + Cn2Y2 + ... + Cun¥Yn + Brn = 0.

Then (4.1) can be written as Az+3 = O, where A = (a;;)nx n, O = (0,0,...,0)T,
r = (21,79, ....,7,)" and B = (B1, B2, ..., Bn)T. Similarly, (4.2) can be written as
Cy + B = 07 where Y= (y1;y27 "'7yn)T and C' = (Cij)nx n-

Let X = R"™, for all z,y in X, D(x,y) = lr<nla<xn\xi — %, f(z) = In 2 and

§ = In2. Moreover, we define two self-mappings R, S : R" — R" as
Rz = Bz + f3, (4.3)

and
Sy = Dy + 83, (4.4)

where B = (bjj)nxn, bis = a;; + 1 and b;; = a;5 if i # 7, and also D = (dij)nx ns
dm‘ =ci;+1 and dij = Cij if 4 75 j

Clearly, the linear algebraic equations (4.1) and (4.2) have a common solution
z* in X if and only if z* is a common fixed-point of R and S. For all 1 < i < n,
suppose that
(bijxj = dijy;) < max V(z; —y;), (4.5)

<j<n
1 SIS

J
where 0 < k < 1. From (4.3)-(4.5), we get

n

n
_ e T2 V]2 2
D(Ra, Sy) = 121?;2[2(1’”% disy))l* < max k(z; —y;)* < kM(@,y).
=
Obviously, all conditions of Corollary 3.5 are satisfied, R and S have a common
fixed-point x*, and so z* is a common solution of the linear algebraic equations

(4.1) and (4.2).
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5. Conclusion

In short, we have obtained some interesting and latest fixed-point results in gen-
eralized F-metric spaces, and also an application for solving the linear algebraic
equations. Applying these results to the field of integral equation or differential
equation is worth spending more time to study.
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