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ON THE WELL-POSEDNESS AND STABILITY
FOR CARBON NANOTUBES AS COUPLED
TWO TIMOSHENKO BEAMS WITH
FRICTIONAL DAMPINGS
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Abstract The objective of this paper is to study the well-posedness and
stability questions for double wall carbon nanotubes modeled as linear one-
dimensional coupled two Timoshenko beams in a bounded domain under fric-
tional dampings. First, we prove the well-posedness of our system by ap-
plying the semigroups theory of linear operators. Second, we show several
strong, non-exponential, exponential, polynomial and non-polynomial stabil-
ity results depending on the number of frictional dampings, their position and
some connections between the coefficients. In some cases, the optimality of
the polynomial decay rate is also proved. The proofs of these stability results
are based on a combination of the energy method and the frequency domain
approach.
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1. Introduction

The system under consideration in this paper is the following:

ot — k1 (@x + ), — ko (w —¢) + T1a1, = 0in (0,1) x (0,00),

Vie — kothos + k1 (02 + ¥) + T2a21p = 0 in (0,1) x (0,00), 4
wy — kg (wz + 2), + ko (w — ) + 1303w, = 01in (0,1) x (0,00), .
2tt — kazge + ks (we + 2) + T4a42: =0 in (0,1) x (0,00)
along with the homogeneous Dirichlet-Neumann boundary conditions
0z (0,8) = ¥ (0,t) = w, (0,t) = 2(0,t) =01in (0,00), 12)

w(l,t) =1, (1,t) =w(1,t) = 2, (1,£) = 0 in (0, 00)
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and the initial data
<p(x,0) = ¥o ({E), 1/;(3:,0) :w()(x)7 w(x,()) = Wo (:C)a z(x,O) = 20 (:C) in (071)7

Pt (1}, 0) = ¥1 (l‘) ) 1/115 (SL‘,O) = 1/’1 ($) ; Wi ($7 O) =w (1‘) ) Rt (11,'7 0) =z (m) in (0’ 1) )
(1.3)
where k;, j = 0,1,2,3,4, and a;, j = 1,2, 3,4, are positive constants,

(T17T277—3a7—4) € {071}4 and (T1a72a7-377—4) 7é (0a07070)7 (14)
the functions ¢;, ¥;, w; and z;, j = 0, 1, are fixed initial data,
(b, w, 2) « (z,t) € (0,1) x (07OO> = (Lp(x7t),gb(x,t%w(w,t),z(w,t)) eR*

is the unknown of (1.1)-(1.3), and the subscripts ¢ and x denote, respectively, the
derivative with respect to the time variable ¢ and the space variable x.

In the case kg = 0, both (1.1)1-(1.1)2 and (1.1)35-(1.1)4 are reduced to the well-
known single Timoshenko beam introduced in [42], so (1.1) can be seen as coupled
two Timoshenko beams thanks to the coupling terms —ko (w — ) and ko (w — ¢).

The well-posedness and stability questions for the single Timoshenko beam have
been widely treated in the literature during the last few decades using various con-
trols, like frictional or fractional dampings, memories, heat conduction and bound-
ary feedbacks. Several stability and non-stability results have been established de-
pending on the considered controls and some connections between the coefficients;
we refer the readers to, for example, [3-5,8, 12—14, 18-20, 28-32, 35, 38,40] and the
references therein. In the particular case of a dissipation related to frictional damp-
ings, it was proved in [4, 31, 35,40] (under some boundary conditions) that the
following Timoshenko-type system:

prow — ki (0z + 1), + T1arpe =0 in (0,L) x (0,00), (L5)
1.5
P2ttt — kotew + k1 (02 + 1) + Tea2hy = 0 in (0, L) x (0,00),
where p1, p2 and L are positive constants, is exponentially stable if
k‘l ko
(7’1,7’2) = (1,1) or (7’1,7’2) S {(1,0), (0, 1)} and — = —|, (16)
P1 P2
however, when
k1, ke
(T177-2) € {<1a0)7(071)} and — 7& D) (17)
P1 P2

system (1.5) is not exponentially stable but it is polynomially stable with an optimal
decay rate, at infinity, of type % for the norm of its solution.

Similar exponential and polynomial stability results are obtained in the last few
years for Bresse type systems (coupled three wave equations) and Rao-Nakra sand-
wish type systems (coupled two wave equations and one Euler-Bernoulli equation)
under various kinds of controls; for more details, see, for example, [1,2,12,24,26,36]
and the references therein.

During the last three decades, many authors were interested by the study of
finite carbon structures consisting of needle-like tubes; see, for example, [11,23,37,
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39,41, 43-48]. In these papers, and according to various physical considerations,
several models of carbon nanotubes were descriped and classified; like single wall
carbon nanotubes (SWCNT), double wall carbon nanotubes (DWCNT) and multi-
wall carbon nanotubes (MWCNT). In the case of double wall carbon nanotubes,
the modeling is based on the Timoshenko beam theory (as in [43-48]) by neglecting
some physical properties of carbon nanotubes and/or assuming some relationships
between them.

The authors of [47] proposed the following coupled two Timoshenko beam models
to model the double wall carbon nanotubes:

pALY1 4 — kGAy (Yie — 1), — P =0,
plio1 e — Elipr g — kGA1L (Y12 — 1) =0,

(1.8)
pAYs 1 —kGAy (Yo, —@2), + P =0,

plaps 1t — Elyps zp — kGAs (Yo, — p2) =0,

where the functions Y; and ¢;, j = 1, 2, represent, respectively, the total deflection
and the inclination due to the bending of the nanotube j, the constants I; and A;,
j = 1,2, denote, respectively, the moment of inertia and the cross-sectional area
of the nanotube j, the constants p, E, G and k represent, respectively, the mass
density of the material, the Young’s modulus, the stiffness modulus and the shearn
factor, and P is the Van der Waals force acting on the interaction between the two
nanotubes and given by

where L is the Van der Waals interaction coefficient for the interaction pressure.

To the best of our knowledge, the stability problem of (1.8) is new and have not
been discussed earlier. Only in order to simplify the mathematical study, we replace
Y1, ¢1,Y2 and @9 by ¢, —, w and —z, respectively, replace kGA1, El,kGAs, El,
and L by ki, ko, k3, k4 and kg, respectively, and, without loss of generality, assume
that pA; = pI; = L = 1, where L is the length of tubes. So (1.8) is reduced to (1.1)
with (71, 72,73,71) = (0,0,0,0).

Our main objective in this paper is to treat this stability problem for (1.1)-(1.3),
where the dissipation is generated by the frictional dampings 7 a1y, Toa2:, T3azwy
and T4a42;. First, we will show the existence and uniqueness of solutions of (1.1)-
(1.3) in a given Hilbert space, and get some of their smoothness properties depending
on the fixed initial data. Second, we will provide strong, non-exponential, expo-
nential, polynomial, non-polynomial and optimality stability results for (1.1)-(1.3)
depending on the values of 7; in (1.4) and some connections between the coefficients
k;. For strong and exponential stability results, we introduce necessary and suffi-
cient conditions. Moreover, in some cases, we prove the optimality of polynomial
decay rate.

The proof of the well-posedness results is based on the linear semigroups theory.
However, the stability results are proved using the energy method combining with
the frequency domain approach and some contradiction arguments by constructing
judicious counter examples in order to prove the optimality and non-polynomial
stability results.
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The paper is organized as follows: in section 2, we prove the well-posedness of
(1.1)-(1.3). Section 3 is devoted to the proof of the strong stability for (1.1)-(1.3).
In sections 4, 5 and 6, we show, respectively, our non-exponential, exponential
and polynomial stability results for (1.1)-(1.3). Sections 7 and 8 are devoted to
the proof of our, respectively, optimal polynomial decay rate and non-polynomial
stability results. Finally, we end our paper by giving some comments and issues in
section 9.

2. Abstract formulation and well-posedness

We consider the Hilbert Sobolev spaces
Vo={veH"(0,1):v(0)=0} and V;={veH'(0,1):0(1) =0},
and we introduce the space
H =V, x L*(0,1) x Vo x L*(0,1) x Vi x L*(0,1) x Vo x L*(0,1),

where L? (0, 1) is equipped with its standard inner product (-,-) and generated norm
|| - |l. For

(I)]:(¢]7¢j7¢]5wjaw]7wjaZ]72J)Ta j:1727

we consider on H the inner product
(@1, P2)y, = k1 (01,0 + 01,020 +2) + ko (Y10, V2.0) + k3 (W10 + 21, Wa 5 + 22)
+ky (21,0, 22.0) + ko (w1 — 01, w2 — p2)

+ (@1, P2) + (U1, 2) + (W1, w2) + (21, Z2) .
(2.1)
Using Young’s inequality, we see that there exist a positive constant b; (depending
only on kj;) such that

s + I + e Il + o llws + 217 + ke 127 + Ko w — )
2 2 2 2
<b1 (Il o) + 113 0.1) + 1030 + 12130 0 ) - (2:2)

On the other hand, using Cauchy-Schwarz and Young’s inequalities, we observe
that, for any € > 1,

i s + W1+ [l + o g + 21 + K 1z + ko o = ol

> by (el + 161% +2 2, 0) ) + Rzl ll® + ks (Jlwall® + 11217 +2 (s, 2))
e 2

>k (1= 1) al + Fa (1= €) 17 + ko sl + s (1= 1)
(1= ) 2l + a2

therefore, because ¥(x = 0) = z(x = 0) = 0, one can apply Poincaré’s inequality to
1 and z, and get (co denotes the Poincaré’s constant)

Fallow + 9% + ko lal® + ks llwe + 20° + ka ll2a ]l + ko [|w — o] *
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1 1
zm(l—E)waﬁ+wm+mu—awuwm2+@(1—E)wmﬁ

+ [ka + E3(1 — €)co) [z,

then, by choosing 1 < € < 1+ %min{%, ,%}, we observe that there exists a

positive constant by (depending only on k; and cy) such that
2 2 2 2 2
killoa +0I7 + k2 [l + ks lwa + 2(1° + ka ||z + Ko [[w — ¢ (2.3)
2 2 2 2
2b (el 0.1 + 11 0.0y + Nolrs oy + I203a0 ) -

Consequently, we deduce from (2.2) and (2.3) that H, endowed with the inner
product (, ),,, is a Hilbert space and its norm || - ||3 = \/(,-)4 is equivalent to the

one of (H'(0,1) x L?(0, 1))4.
Now, we put

95:%7 ¢:¢t7 lZ]Z'ZUt7 Ezzta
~ T
= (@0 bow, b, 2, 2)

T
Do = (o, 1, Yo, Y1, wo, w1, 20, 21)

System (1.1)-(1.3) can be formulated in the following first order one:

(I)t:A(I), tE(O7OO)7
(2.4)
D (t =0) = Dy,
where A is a linear operator defined by
¢
k1 (oo + 1), + ko (w—¢) — a1
¥
kaa:x - kl ((pa: + 1/}) - 7—20421/;
Ad = (2.5)

kazpy — k3 (wg + 2) — 14042
with domain given by

eH: (p,h,w,z) € (H2(0,1)", (¢,4,d,3) € Vi x Vo x Vi x Vg,
2al0) =2 (1) = wa(0) = 2, (1)

D(A) =
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Theorem 2.1. For any ®g € H, system (2.4) admits a unique solution
e CRH), (2.6)

where Ry = [0,00). Moreover, if &9 € D(A), then the solution satisfies
deC'(Ry;H)NC (Ry; D (A)). (2.7)

Proof. First, using (2.1) and (2.5), integrating with respect to x and using the
boundary conditions (1.2), we get, for any ® € D (A),

(AD, @), = — (riaalBl1> + maas |1 + 7aas 0] + aalF?) <0, (28)

hence A is dissipative in H.
After, we show that 0 € p (A), where p (A) denotes the resolvent of A; that is,
for any
F = (fl7"' afS)T € Ha

there exists a unique ® € D (A) satisfying
Ad =F. (2.9)
From (2.5), we remark that (2.9)1, (2.9)3, (2.9)5 and (2.9)7 are reduced to

g=fi, v=fs, w=fs and Z=fr, (2.10)
and then 3
(g, 0, w,2) € Vi x Vo x V1 X V. (2.11)
So (2.9) has a unique solution ® € D (A) if there exists a unique
(0,0, w,2) € (H*(0,1)NV})x (H*(0,1)NVy) x (H?(0, 1)NV;) x (H?(0, 1)NVy) (2.12)
satisfying
©z(0) = Yu(1) = wy(0) = 2,(1) =0 (2.13)
and the equations (2.9)2, (2.9)4, (2.9)¢ and (2.9)g. Assuming that such unknown
(¢, ¥, w, z) exists, then, multiplying (2.9)s, (2.9)4, (2.9)g and (2.9)g by (@, ¥, w, %) €

V1 x Vi x V1 x Vj, respectively, inegrating by parts and using (2.10) and (2.13), we
remark that (o, w, 2z) is a solution of the variational formulation

B (g, ,w,2), (8,0,0,2)) = B(@, 10, 2), Y($,0,10,2) € Vi x Vo x Vi x Vo,
(2.14)
where B is a bilinear form on (Vi x Vi x Vi x Vp)? given by

B ((pow,2), (89,10, )
= b (o + 6, @0+ D) + by (V) + Ky (100 + 2,00+ 2)
+ha (22, 22) + ko (w — p, 0 — §)

and B is a linear form on Vi x Vy x Vi x V; defined by

B3, ,2) = — (navfi + fo, 8) — (manfs + f1,0)
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— (m3a3fs + fo, W) — (Taaaf7 + f3,2) .

According to the fact that F' € H and using (2.2) and (2.3), it is easy to see that B
is continuous and coercive, and B is continuous. Then, the Lax-Milgram theorem
implies that (2.14) has a unique solution

(p, 0, w,z) € Vi x Vo x V1 x V. (2.15)

By considering in (2.14) the particular test functions (,0,0,0), (0,,0,0),
(0,0,1,0) and (0,0,0,2), for (p,,,2) € (C°(0,1))*, integrating by parts and
using (2.10) and the density of C2°(0,1) in L%(0,1), we get, respectively, (2.9)2,
(2.9)4, (2.9)6 and (2.9)g. Therefore, thanks to (2.11) and (2.15), we get

4
((pa:mywzasvwmmgzzgg) S (L2(0,1)) ,
so (2.12) holds. To show (2.13), we consider in (2.14) test functions (¢, 0,0,0),

(0,4,0,0), (0,0,%,0) and (0,0,0, 2) such that (¢, 1,1, %) € Vi x Vo x Vi x Vp and

¢(0) =4(1) =w(0) = 2(1) = 1,
integrating by parts and using (2.9)2, (2.9)4, (2.9)6, (2.9)s and (2.10), we obtain
(2.13). Consequently, we have proved that, for any F' € #H, (2.9) admits a unique
solution ® € D(A). By the resolvent identity, we have A\I — A is surjective, for
any A > 0 (see [27]), where [ is the identity operator. Finally, A is densely defined
(see Theorem 4.6 of [33]) and the Lumer-Phillips theorem implies that A is the
infinitesimal generator of linear Cy-semigroups of contractions on . The linear
semigroups theory guarantees the results of Theorem 2.1 (see [33]). O

Remark 2.1. From the proof of the dissipativity of .4, we observe that (2.4); and
(2.8) lead to

0
5 (1213) = 2(®r, @),
— 2 (A, D),
= =2 (nallgl® + reazllP|? + myas |01 + maaalZ|2),  (2.16)

then, if (71,72, 73,74) = (0,0,0,0), the function ¢ — ||®(-,t)||3 is constant, and so
the problem in not posed. This show that, to get the strong stability of (2.4); that
is

V&g € H: lim ||®]3 =0, (2.17)
t—o00

at least one frictional damping must be considered; this why we are assuming (1.4).

3. Strong stability

In this section, we prove our first stability result concerning the strong stability
(2.17) for (2.4) in the following three cases:

(11,72, 73,74) = (1,0,0,0),
{(kg k) (g n m7r)2 k- ko] [(k;g — ky) (g + m7r>2 Yk - kg] (3.1)

T 2
£ k2 (§+m7r) . Vm eN,
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(7'1,7'2,7377'4) = (0?0717O)a
{(m k) (g n mﬂ)2 Yk — ko] [(k4 — k) (g + mw)Q Yk — kl] (3.2)

2 (T 2
#* ki (2 +mﬂ') ,Vm e N
and
(T17 72,73, 7—4) ¢ {(07 Oa 07 0)7 (1a 07 07 0)7 (Oa 0) 17 O)} (33)
Theorem 3.1. The strong stability (2.17) holds if and only if (3.1) or (3.2) or
(3.3) is satisfied.

Proof. A C, semigroup of contractions e*4 generated by an operator A on a
Hilbert space ‘H with a compact resolvent p (A) in H is strogly stable if and only if
A has no imaginary eigenvalues; that is

a(A)NiR =0,

where o(A) is the spectrum set of A (see [6]). According to the fact that 0 €
p (A) (proved in section 2) and since D(A) has a compact embedding into H, the
linear bounded operator A~! is a bijection between H and D(A), and A™! is a
compact operator, which implies that o(A) is discrete and has only eigenvalues.
Consequently, to get the equivalence between (2.17) and (3.1)-(3.3), it is sufficient
to prove that (3.1) or (3.2) or (3.3) holds if and only if

ker (iAI — A) = {0}. (3.4)
In section 2, we have proved (3.4) for A = 0. So let A € R* and

¢ = (LP, 957 1#7 "Ea w, W, z, 5) S D(A)
such that
iANP — AD = 0. (3.5)
We have to prove that ® = 0 if and only if (3.1) or (3.2) or (3.3) is satisfied. From
(2.8) and (3.5), we find

0= Rei)||®|)3,

= Re (iA®, D),

= Re (A2, ®),,

=~ (naa| gl + maaa |62 + myas @] + Taad] Z]?)
then R

ma1||@l1? + aaz 9] + Tsas|@]|* + Taaal|Z]? = 0. (3.6)
It is enough to consider the two cases

(7_1;7-277—377—4) € {(1707070)a(0717070)}' (37)

Indeed, the proof in cases

(Tla 72,73, T4) € {(Oa O, 1, 0)7 (Oa 0, 07 1)}
is identical to the one that will be given in cases (3.7) because (1.1);-(1.1)2 and
(1.1)3-(1.1)4 play symmetrical roles, since, by replacing (¢, 1, k1, k2) by (w, 2, k3, k4)

and conversely, we get the same system (1.1). Then, clearly, ® = 0 holds also in
the other cases, where at least two frictional dampings are present.
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3.1. Case (7'1,7'2,7'3,7'4) = (1,0, 0,0)
In vertue of (2.5)1, (3.5); and (3.6), we have

o=3=0. (3.8)
Then (2.5), (3.5) and (3.8) lead to
v =iMy,
W = tAw,
Z =1iAz,
k1t + kow = 0, (3.9)

k2wza: + (>\2 - kl) ’l/] =0,

ks(wy + 2) + ()\2 - ko) w =0,

k4zw:1; + ()\2 - kfg) z — k‘gww =0.

The equation (3.9)4 is equivalent to
W= —1),. (3.10)

Combining (3.9)s and (3.10), we obtain

k
k3(wx+z)—k—; (A2 —ko) | =0.

x

Since h := kg(wy +2) — Z—(‘) (A% — ko) ¢ satisfies h(0) = 0 (according to the definition
of D(A)), then h = 0, which implies that (using (3.10))

k1

ok (/\2 - ko) Y. (3.11)

k

Now, to solve the equation (3.9)5, we distiguish three subcases.

Subcase 1. \? = k;. Equation (3.9)5 implies that, for some c;, c; € C, ¥(z) =
c1x + co. Therefore, the boundary conditions

¥(0) = 2(1) =0 (3.12)

lead to ¢; = ¢o = 0; that is ¢» = 0. Consequently, according to (3.8), (3.9)1, (3.9)2,
(3.9)3, (3.10) and (3.11), we find ® = 0.

Subcase 2. A2 < k;. Equation (3.9)5 lead to, for some ¢y, ¢y € C,

¢($) = cC1€ \% %(kl_)\z)i + 028_ \% %(kl_,\Z)w.
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Similarly, (3.12) implies that ¢; = ¢ = 0, which leads to ® = 0 as in subcase 1.

Subcase 3. A2 > k;. From (3.9)5, we have, for some ¢y, ¢ € C,

W(z) = c1 cos ( kiz (A2 — kl)x> + cosin ( k%(v - kl)x> .

The boundary conditions (3.12) lead to ¢; = 0 and

1
c2=0 or HmEN:@/k—()ﬁ—kl):g—i—mw. (3.13)
2

Therefore
Y(x) = egsin ( ki (A2 — kl)x> ) (3.14)
2
and so, using (3.10) and (3.11),
w() = — 2 Y 0 Cpyeos (L (02 = ke (3.15)
ko V k2 ko

and

2(z) = ¢ [kf;{g (A2 — ko) — kf% (A2 - kl)} sin < ki (A2 — kl)x) . (3.16)

2

then, by combining (3.9)7, (3.15) and (3.16), we see that

co=0 or

[(ka — ks)A2 + kiks — koka] [(ka — ka) A% + kika — koks] — kak3 (A2 — k1) = 0.
(3.17)

Assume by contradiction that co # 0. Then, according to (3.13), we have, for some
m €N,

2
A2 = ko (g n mﬂ) + ki (3.18)

By combining (3.17)2 and (3.18), we get a contradiction to (3.1);. Consequently,
co = 0, hence we arrive at ® = 0.

On the other hand, if (3.1)2 does not hold, then there exists A € R defined by
(3.18) such that ¢\ is an eigenvalue of A with a corresponding eigenvector given by
(3.8), (3.9)1-(3.9)3 and (3.14)-(3.16), for any c € C*.

3.2. Case (7’1,’7’2,7’3,7’4) = (O, 1,0,0)

From (2.5)3, (3.5)3 and (3.6), we have

=1 =0. (3.19)
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Then (2.5), (3.5) and (3.19) lead to

¢ =iXp,

W = 1Aw,

Z=1iAz,

k1¢zz + (A2 — ko) ¢ + kow = 0, (3.20)
p =0,

k3 (w, + Z)ac + ()\2 - kO) w + koyp = 0,

kozpw + ()\2 — kg) z — kzw, = 0.

The equation (3.20)5 with the boundary condition ¢(1) = 0 imply that ¢ = 0, and
then, using (3.20)4, we get w = 0. Therefore, (3.20)g and the boundary condition
z(0) = 0 imply that z = 0. Consequently, using (3.20)1, (3.20)2 and (3.20)3, we
conclude that ® = 0. Finally, (3.4) holds and thus the proof of Theorem 3.1 is
ended. O

4. Lack of exponential stability

The subject of this section is to show that, in the following cases:

(T177—27 T37T4) S {(13 07070)7 (07 17070)7 (0707 17 O)u (070707 1)7 (17 17 07 0)7 (0707 1u 1)}7

(4.1)
(11,72, 73,74) € {(1,1,0,1),(1,1,1,0)} and ks # kq, (4.2)
(11, 72,73,72) € {(0,1,1,1),(1,0,1,1)} and ky # ko (4.3)
and
(11,m2,73,74) € {(1,0,0,1),(1,0,1,0),(0,1,0,1),(0,1,1,0)}
and  (k1,k3) # (ka, ka), (4.4)

system (2.4) is not exponentially stable; that is the following property is not satis-
fied:
V@ € H, ey, c2 >0 [|R()],, < cre” ', VE>0. (4.5)

Theorem 4.1. In cases (4.1)-(4.4), the exponential stability (4.5) does not hold.
Proof. It is known that the exponential stability (4.5) is equivalent to (see [22,34])

IRCp(4) and sup H(m - A)*HE(H) < o0, (4.6)

Tt is sufficient to prove that the second condition in (4.6) does not hold. To do so,
we prove that there exists a sequence (\,,), C R, n € N, such that

lim H(z’AnI - A)’IH = 0
n—00 L(H)
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This is equivalent to prove that there exists a sequence (F,), C H satisfying

”Fn”;.[ = ||(f1,n7 t 7f8,n)THH <1, VneN (47)

and
lim || (iApd — A) " Fpll3 = oc. (4.8)

n—oo

For this purpose, let

- T
(bn = (‘Pm@md’mlﬁmwmwmzmén) = (Z)\nI_A)il F’f“ V’I’LGN
Then, we have to prove that (®,), C D (A), (4.7) holds,
li_>m |®rllg =00 and X, P, — AP, =F,, Vn € N. (4.9)

From (2.5), we observe that the second equality in (4.9) can be presented as
iIAPn — Pn = fin,

iMPn — k1 (Onz + V), — ko (Wn — ©n) + T101Pn = fon,

iAnthn = = fan,

i)\n'&n - k2¢n,7;w + k1 (Spn,w + wn) + 7—2a21;n = .f4,na

(4.10)
AWy — Wy, = f5,n7
Z)\nﬁ)n - k3 (wn,z + Zn)m + kO (wn - (Pn) + 7'3043’[[/” - f6,na
iAp2n — Zn = f7,n;
TAnZn — k4zn,za: + ks (wn,a: + Zn) + T4042, = f8,n-
We choose
(4.11)

fl,n = fS,n = f5,n = f7,n =0.
Then (4.10)1, (4.10)3, (4.10)5 and (4.10)7 are satisfied. On the other hand, we put
N = g +nw

(in order to simplify the computations) and choose
on () = ag pcos (Nz), n(z) = agysin (Nz),
wp(x) = agpcos (Nz), zp(x) = aqpsin(Nz),

(4.12)
Jon(x) = =Pancos(Nx), fin(x)=—Psnsin(Nz),

f6,n (J?) = _/66,n COS (N.I‘), f&n(l') = _ﬁ&n sin (NQ]‘),
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where ¢ ,,, 8., € C. The choices (4.11) and (4.12) guarantee that ®,, € D (A) and
F,, € H. Moreover, (4.10)2, (4.10)4, (4.10)6 and (4.10)s are reduced to the following
algebraic system:

(A2 = kN2 — ko — iTia1 \p) a1, + kiNag n + koo = Baon,

kiNay ., + ()\% — koN? — ky — i72a2>\n) a2n = Ban,

(4.13)
koarn + (A2 — ksN? — ko — it3a3\,) as,n + ksNaa, = Ben,
ksNogn + (A2 — kg N? — k3 — iT4a4\n) 0tan = Bs .-
4.1. Case (4.1)
It is sufficient to treat the cases
(Tl, To, T3, T4) S {(1, 0,0, O)7 (0, 1,0, 0), (1, 1,0, 0)} (4.14)

Indeed, the proof in cases
(Tla 72,73, 7-4) S {(07 07 17 0)7 (07 Oa 0) 1)7 (Oa 07 1) 1)}

is similar to the one that will be given in cases (4.14), since (1.1);-(1.1)2 and (1.1)3-
(1.1)4 play symmetrical roles. We distinguish two subcases.

Subcase 1. (4.14) with k3 # k4. We choose

Orn = o = fan =0, gy =2 g ksPan
n n n 5 n ko ’ n /{30(]64—163)]\77

k3825 ks(ko — k3)Ba.n
L= CHI n= "2 N\ = /ks N2+ k.
fe, ko (ks — ks) B, ko (ks — ks)N 3 0

(4.15)

We see that (4.13) is satisfied. Moreover, according to (4.11)a, (4.12)3, (4.12)4 and
(4.15), it appears that

| 2

2 2 2 2
1 Eullz, = I fonll” + 1 fanll” + | fonll” + 1l fam
< B3, +Bin+BentBin

k3 k2(ko — k3)?
S5§n[1+ 2 : 2 23(0 32) 2|
’ ko(k4 — kg,) ko(k4 — kg) N

then one can choose 3, = € > 0 independent of n and small enough so that (4.7)
holds. On the other hand, from (4.12)3, we have

[@nll7, > ks lwne + 2ol

1
= k3 (—az N + Oé4,n)2/ sin?(Nz)dz
0

%

1
%(_a?),nN + a4,n)2/ [1 —cos (2Nz)] dz
0

k
?3(_@3,71]\[ + a4,n)27
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hence (4.8), since (4.15); implies lim ag,N = oo and lim a4, =0, and so
n—oo n—oo

nl;rréo |®nll,, = oo. (4.16)

Subcase 2. (4.14) with k3 = k4. We choose

QA1 pn = 02 n = B4,n = 07 Qa3 n = 5;(,)717 QY n = _BkQ(;n’
k3B n
ﬁG,n = _ﬁQ,na 58,71 = 352’ s >\n = k3N2 -+ ng

ko
As in the previous subcase 1, we remark that (4.7), (4.13) and (4.16) are satisfied,

by choosing 32, = € > 0 independent of n and small enough.

4.2. Case (4.2)

We distinguish two subcases.
Subcase 1. (11, 72,73,71) = (1,1,0,1) with ks # k4. We take

a1 = Q2n = ﬁ4 =0 a3 n = 527’” Ay p = %
,n n n ’ n kO ; n k’o(k4 — kg)N’
o — WBan ks (ko = ks — ias BN F o) B
o ko(ka = k3)’ s ko(ks — k3)N )
Notice that (4.13) is satisfied and
lim Bg, = _w
n—oo ! oM oo (ka — Fg) .

Then, by choosing 3, = € > 0 independent of n and small enough, we get (4.7)
and (4.16).

Subcase 2. (1y,72,73,71) = (1,1,1,0) with ks # k4. We choose, for ¢ > 0,

Q1 p = 02n = ﬂ4,n = ﬁ6,n = Oa

€ € [(kg—]424)N2+k‘0—k‘3+ia3\/k4N2—‘rk‘3

QY n =

a3.n =

koN’ e ’
€ kse
ﬁQ,n = N; ﬁ&n = ki’ >\n = k4N2 + k‘3.
0
We observe that (4.13) is satisfied and
. o (kg - k4)€
A an = = #0 (4.17)

By choosing € > 0 small enough, we get (4.7). Moreover, from (4.12)2, we have

2 2
HCI)TLHH > ky Hzmw”
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1
:k:40¢421)nN2/ cos?(Nx)dx
0

k 1
= éain]\ﬂ/ [1+4 cos (2Nz)] dz
0
k4
= ?ai,nN27

which implies (4.16), since (4.17).

4.3. Case (4.3)

By symmetry, the proof is similar to the one given in case (4.2), where k; and ko
play the roles of k3 and kg4, respectively.

4.4. Case (4.4)

As before, by symmetry, the proof for (1, 72,73,74) = (0,1,1,0) is similar to the
one that will be given for (71, 72,73,74) = (1,0,0,1). So we need to consider only
the cases

(11, 72,73,74) € {(1,0,0,1),(1,0,1,0),(0,1,0,1)}. (4.18)

Because we are assuming in this case that (k1, ks) # (k2, k4), then we have ky # ko
or k3 # k4, so we distinguish the next four subcases.

Subcase 1. (71,72,73,74) € {(1,0,0,1),(0,1,0,1)} with k3 # k4. The choices
considered in Case (4.2) - Subcase 1 lead to the desired result.

Subcase 2. (11,72,73,74) = (1,0,1,0) with k3 # k4. Using the choices considered
in Case (4.2) - Subcase 2, we get the desired result.

Subcase 3. (711,72,73,71) = (0,1,0,1) with ky # ko. We choose

Qgn = Qan = Ps,n =0 [e%1 :ﬁ&n o) :M
" " o " ke " ko(ka — k)N

By = k3 B6,n By = k1 (ko — k1 — iaaVE1N? + ko) Ben
P ko(ky — k)t TRT ko(ky — k)N ’

Ap = \/k,‘l]\f2 + ko.
Notice that (4.13) is satisfied and, for any Ss , = ¢ > 0 independent of n,

_ik’n/EaQb’G,n
ko(ka — k1)

lim Naj, =00, lim as, =0 and lim B4, =
n— oo ’ n— oo ’ n—oo

(4.19)

Then, by choosing € > 0 small enough, we get (4.7). Moreover, from (4.12);, we see
that

2 2
[Pnll3 = Frllon.a + onl

1
=k (—a1, N+ az,n)2/ sin?(Nz)dz
0
k1 5 [t
> ?(_al,nN_FOQ,n) / [1 —cos (2Nz)] dx
0
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k
= é(_al,nN + a2,n)2a

so (4.16) holds, since (4.19).

Subcase 4. (1,72,73,74) € {(1,0,0,1),(1,0,1,0)} with k; # ko. We take, for
€>0,

Q3 n = O4n = 62,77, = BS,n =0, Q1n = koeNu
o _6[(1{31—]{32)N2+k0—k1+ia1 k2N2+k‘1]
2 koky N2 )
€ kie
BGJL:N7 64,71: ?107 )‘n: k2N2+k'1.
We observe that (4.13) is satisfied and
. _ (k‘1 - k‘g)e

By choosing € > 0 small enough, we get (4.7). Moreover, using (4.12)1, we get

1 ll3, > k2 lln.all”
1
:kgag,nNz/ cos?(Nz)dx
0

k 1
= ?2043,”]\[2/ [14 cos (2Nz)] dz
0
ko
= ?O[%nN27

which implies (4.16), since (4.20). This ends the proof of Theorem 4.1. O

5. Exponential stability

In this section, we give necessary and sufficient conditions for the exponentailly
stability (4.5).

Theorem 5.1. The exponentailly stability (4.5) for (2.4) holds if and only if

(Tl,TQ,Tg,T4):(].,1,1,1) (51)

or
(7—177—237_&7-4) € {(1,1,0,1),(1,1,1,0)} and k3 :k4 (52)

or
(7—177-2a7—3a7—4) S {(0a17171)7(1a05171)} and kl :kQ (53)

or

(T177-2a7377-4) € {(1? Oa 07 1)7 (15 07 170)? (Oa 1707 1)’ (07 17 17 O)}
and (klvk?)) = (k27k4)' (54)
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Proof. According to the results of section 4, (4.5) does not hold if (5.1)-(5.4)
are not satisfied. On the other hand, from the results of section 3, we remark
that the first condition in (4.6) holds if (5.1) or (5.2) or (5.3) or (5.4) is satisfied.
Moreover, the exponential stability (4.5) is equivalent to (4.6) (see [22,34]). So, to
get Theorem 5.1, it is sufficient to prove that the second condition in (4.6) holds in
cases (5.1)-(5.4).

We assume by contradiction that the second condition in (4.6) is false. Then
there exist sequences (A,),, C R and (®,),, C D (A), n € N, such that

| ®nll,y =1, ¥YneN, (5.5)
lim |A,| = o0 5.6
n—oo
and
nlgréo |(IAn — A) @p|l4 = 0. (5.7)
Let, as in section 4,
- T
o, = (Wn,tf’mibmi/)mwm@mzm5n) . (58)
We will prove that
lim @, =0, (5.9)

which is a contradiction with (5.5). The limit (5.7) is equivalent to the following
convergences:

i)\n@n - @n —0 in Vvla

iAn@Pn — k1 (One +¥n), — ko (Wn — ©n) + 1101, — 0 in L?(0,1),

IApUp — 12)71 —0 in Vo,
Z)\nlz)n - k2wn7ww + kl (‘Pn,w + wn) + T2a'27;n —0 in L2 (Oa 1) )

(5.10)
AWy — Wy, — 0 in V7,

iAWy — k3 (Wnz + 2n), + ko (Wn — ) + 73030, — 0 in L?(0,1),

iAnzn — Zn — 0 in Vo,

iAnZn — kazn e + k3 (Wn,g + 2n) + TaasZ, — 0 in L2 (0,1),

where “— 0”7 means “converges to zero when n converges to co”. Taking the inner
product of (i A, I — A) ®,, with ®,, in H and using (2.8), we get

Re ((iApI — A) @y, @)y = Re (—AD,, D,),,
= 1101 )| B|1* + T2a2||9||* + Taas|[@|* + Taasl|Z]?,
so, (5.5) and (5.7) imply that

T1a1]|@n|? + T2a2]|Pn|? + T3as||wnl? + TaaslZa]|* — . (5.11)
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5.1. Case (5.1)
By combining (5.1) and (5.11), we find

Py Uy Wny Zp — 0in L2(0,1), (5.12)
and then (5.10)1, (5.10)3, (5.10)5 and (5.10)7 imply that
M@y Antns ApWn, Apzn — 0in L?(0,1), (5.13)
so, from (5.6) and (5.13), we conclude that
Oy Yy Wn, Zpn — 0in L?(0,1). (5.14)

Taking the inner product of (5.10)2 with ¢, in L? (0,1), integrating by parts and
using (5.5) and the boundary conditions, we entail

1 <927n; An‘pn> - <k1wn,w + kO(wn - @n) — a1Pn, ‘Pn) + k1 ||90n,IH2 — 0, (5-15)
then, combining (5.5), (5.13), (5.14) and (5.15), it follows that
One— 0in L?(0,1). (5.16)

Similarly, taking the inner product in L2 (0,1) of (5.10)4, (5.10)s and (5.10)s with
U, w, and z,, respectively, integrating by parts, using the boundary conditions
and (5.5), we find

i (W, Aptn) — (k32n.o — ko(wn — o) — agtin, wn) + ks |we > =0 (5.18)

and
i Zpy Anzn) + (ks(Wn o + 2n) + GaZn, 20) + ka || 202 ||* = O, (5.19)

then, by combining (5.5), (5.13), (5.14) and (5.17)-(5.19), we arrive at
Vnas Wnoas Zna — 0in L2 (0,1). (5.20)

The limits (5.12), (5.14), (5.16) and (5.20) lead to (5.9).

5.2. Case (5.2)

We are assuming in this case that ks = k4. We distinguish two subcases.

Subcase 1. (71,72,73,74) = (1,1,0,1) and k3 = k4. According to (5.11), we get
Py Uny Zn — 0in L?(0,1), (5.21)
so (5.10)1, (5.10)3 and (5.10)7 lead to
An®ns Aathn, Anzp — 0in L?(0,1), (5.22)
hence, from (5.6) and (5.22), we deduce that

©Ony Yy 20 — 0in L2(0,1). (5.23)
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As for (5.16) and (5.20) in the previous case (5.1), taking the inner product in
L?(0,1) of (5.10)3, (5.10)4 and (5.10)g with ¢,,, ¥, and z,, respectively, integrating
by parts and using the boundary conditions, we get (5.15), (5.17) and (5.19), then,
combining with (5.5), (5.22) and (5.23), it appears that

Pnes Unyzs Zne — 01in L2 (0,1). (5.24)
From (5.5) and (5.10)5, we have
(Apwy,),, is bounded in L?(0,1), (5.25)
then, by combining (5.6) and (5.25), we find
wy, — 0 in L?(0,1). (5.26)

Taking the inner product of (5.10)g with z, , in L? (0,1), integrating by parts and
using the boundary conditions, (5.5) and (5.24), we obtain

<Z>\nﬁ)na Zn,x> — ks <wn,x9ca Zn,ac> — 0. (527)

Similarly, taking the inner product of w,, , with (5.10)s in L? (0, 1), integrating by
parts and using the boundary conditions, (5.5), (5.21) and (5.23), we find

> =0, (5.28)

(Wnzs IAnZn) + ks (Wn za, 2n,2) + k3 [0 o
therefore, adding (5.27) and (5.28), and noticing that k3 = k4, we deduce that
g [ I + (IAnts 2 ) + (W, iAnZn) — 0. (5.29)
But we observe that
(IAntn, 2na) = = (Wn, 1Anzn,a) = = (Wn, iAnzna = Zna) = (Wn, Zn,a)
and, using also inegrating by parts,

<wn,m7 Z)\nén> = - <Z>\nwn,T7 2n>
= - <ZAnwn,w - wn,xy 2n> - <1Dn,m7 2n>

= - <7;/\nwn,w - wn,a:v 2n> + <U~}n7 5n,:1:> 3

so, by adding the above two identities and using (5.5) and the limits (5.10)5 and
(5.10)7, we see that
(X o) + (W iAnZn) — 0, (5.30)

then, by combining (5.29) and (5.30), we conclude that
Wy — 0 in L2 (0,1). (5.31)

Taking the inner product in L? (0,1) of (5.10)g with w,, integrating by parts, using
(5.5) and the boundary conditions and exploiting (5.26) and (5.31), it follows that

(iAp Wy, Wy ) — 0. (5.32)
Because

<Z)\nwnawn> = - <wn71)\nwn> = - <"I)nal)\nwn - 'J)n> - ||'1I)n||2 5
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then, by combining with (5.10)5 and (5.32), we obtain

W, — 0in L?(0,1). (5.33)
Finally, the limits (5.21), (5.23), (5.24), (5.26), (5.31) and (5.33) imply (5.9).
Subcase 2. (71,72,73,71) = (1,1,1,0) and k3 = k4. From (5.11), we have

Py Yy Wn — 0 in L?(0,1), (5.34)
then (5.10)1, (5.10)3 and (5.10)5 imply that
An@ny A, Apwn — 0 in L (0,1), (5.35)
then, according to (5.6) and (5.35), we deduce that
©Ony Yy Wy — 0in L?(0,1). (5.36)

Similarly to the prrof of (5.16) and (5.20), taking the inner product in L? (0,1) of
(5.10)2, (5.10)4 and (5.10) with ¢,, ¥, and w,, respectively, integrating by parts
and using (5.5) and the boundary conditions, we obtain (5.15), (5.17) and (5.18),
therefore, by combining with (5.35) and (5.36), we observe that

Ons Unzy Wne — 0in L2 (0,1). (5.37)
Using (5.5) and (5.10)7, we see that
(Anzn),, is bounded in L?(0,1), (5.38)
then, by combining (5.6) and (5.38), we get
2, — 0in L?(0,1). (5.39)

Taking the inner product of (5.10)g with z, . in L? (0, 1), integrating by parts, using
(5.5) and the boundary conditions and exploiting (5.34) and (5.36), we obtain

(A, Zn.2) — k3 (Wn zs Zn.e) — k3 || Zn.a||” = 0. (5.40)

Similarly, taking the inner product of w,, , with (5.10)s in L? (0, 1), integrating by
parts and using (5.5), (5.37) and the boundary conditions, we find

(Wnzy TARZn) + ka (Wh 20, Zn,z) — 0. (5.41)
Therefore, adding (5.40) and (5.41), and noticing that k3 = k4, we conclude that
— ks || 2n0l” + (iAntn, 2n0) + (Wi a,iAnZn) = 0. (5.42)

As in the previous subcase 1, we remark that (5.30) holds, then, combining with
(5.42), we deduce that

Zna — 0in L?(0,1). (5.43)
Taking the inner product in L2 (0, 1) of (5.10)s with z,, integrating by parts, using
(5.5) and the boundary conditions and exploiting (5.39) and (5.43), it follows that

(iAnZn, 2n) — 0. (5.44)
But we remark that
(iMZn, 2n) = = (Znsidnzn) = — (Znyidnzn — Z0) — |2l (5.45)
then, by combining with (5.10)7 and (5.44), we find
%, — 0in L?(0,1). (5.46)

Consequently, (5.34), (5.36), (5.37), (5.39), (5.43) and (5.46) lead to (5.9).
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5.3. Case (5.3)

By symmetry, the proof is similar to the one given in case (5.2), where k; and ko
play the roles of k3 and k4, respectively.

5.4. Case (5.4)

As before, by symmetry, the proof for (1, 72,73,74) = (0,1,1,0) is similar to the
one that will be given for (71, 72,73,74) = (1,0,0,1). So we need to consider only
the three cases

(7—177—237_3;7—4) € {<130a0a 1)7 (130’ 1>0)7 (Oa 1,07 1)} and (klv k3) = (kQ’k4)'
(5.47)

Subcase 1. (11,72, 73,74) = (1,0,0,1) and (k1, k3) = (k2, k4). According to (5.11),
we see that
@y Zn — 0in L2(0,1), (5.48)

so (5.10); and (5.10)7 lead to
MPns Anzn — 0in L2 (0,1), (5.49)
then (5.6) and (5.49) imply that
©Ony Zn — 0in L2(0,1). (5.50)

Taking the inner product in L? (0,1) of (5.10)2 and (5.10)g with ¢,, and 2, respec-
tively, integrating by parts and using the boundary conditions and (5.5), we get
(5.15) and (5.19), then, combining with (5.49) and (5.50), it appears that

Gy Znaz — 0in L2(0,1). (5.51)
From (5.5), (5.10)5 and (5.10)5, we have
(An),, s (Anwy), are bounded in L?(0,1), (5.52)
then, by combining (5.6) and (5.52), we find
Yn, wy — 0in L?(0,1). (5.53)
We observe that (5.27), (5.28), (5.29), (5.30) and (5.32) are satisfied also in this
subcase 1, since k3 = k4 and (73, 74) = (0, 1) as in Case (5.2)-Subcase 1, so, similarly,

this leads to
Wp 2y Wp — 0in L2 (0,1). (5.54)

Taking the inner product of (5.10)9 with 1, , in L? (0, 1), integrating by parts and
using the boundary conditions, (5.5), (5.48), (5.50) and (5.53), we obtain

(iM @y V) — k1 (P s Unw) — K1 [0z ])® = 0. (5.55)

Similarly, taking the inner product of ¢,, , with (5.10)4 in L? (0, 1), integrating by
parts and using the boundary conditions, (5.5) and (5.51), we find

<<)07L,(I)7 Z'/\7L77Zn> + ko <<Pn,9cx7 wn,x> — 0, (5-56)
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therefore, adding (5.55) and (5.56), and noticing that k; = ks, we deduce that

= 1 Wna® + (XnBns V) + (Pnes iAntin ) = 0. (5.57)
On the other hand, we have
(MBns Vs = = (B iAatns) = = (B, Mt = P ) = (P Pin)
and, using also inegrating by parts,
N R
=~ (IMn#ns = Bns ) = (Pues O )
= —(Pnna = Pras B )+ (Prs e

so, by adding the above two identities and using (5.5) and the limits (5.10); and
(5.10)3, we see that

(DnBs Une) + (P it ) = 0, (5.58)
then, by combining (5.57) and (5.58), we conclude that
Yne — 0in L?(0,1). (5.59)

Taking the inner product in L? (0, 1) of (5.10)4 with v,,, integrating by parts, using
(5.5) and the boundary conditions and exploiting (5.53) and (5.59), it follows that

<Mn¢n,wn> 0. (5.60)
Because
(a0 ) = = (G ihatn ) = = (Bsidaton — ) = [
then, by combining with (5.10)3 and (5.60), we obtain
U — 0in L?(0,1). (5.61)

Finally, the limits (5.48), (5.50), (5.51), (5.53), (5.54), (5.59) and (5.61) lead to
(5.9).

Subcase 2. (71,72,73,74) = (1,0,1,0) and (k1,ks) = (ko,k4). From (5.11), it
appears that
@, Wy — 0in L?(0,1), (5.62)

so (5.10); and (5.10)5 lead to
An@ny Apwy — 0in L2(0,1), (5.63)
then, using (5.6) and (5.63), we find

Oy Wy — 0in L?(0,1). (5.64)
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Taking the inner product in L? (0,1) of (5.10)2 and (5.10)g with ¢, and w,,, re-
spectively, integrating by parts and using the boundary conditions and (5.5), we
get (5.15) and (5.18), then it follows from (5.63) and (5.64) that

ey Wne — 0in L?(0,1). (5.65)

Thanks to (5.5), (5.10)3 and (5.10)7, we have
(Aa®n),, s (Anzn), are bounded in L? (0,1), (5.66)

then, by combining (5.6) and (5.66), we find
Py 2n — 0in L2 (0,1). (5.67)

We notice that (5.55), (5.56), (5.57), (5.58) and (5.60) hold also in this subcase 2,
since k1 = ko and (71, 72) = (1,0) as in Case (5.4)-Subcase 1, so we get

Vnzr Yn — 0in L2(0,1). (5.68)

On the other hand, we see that (5.40), (5.41), (5.42), (5.44) and (5.45) are still
satisfied in this subcase 2 because k3 = k4 and (73,74) = (1,0) as in Case (5.2)-
Subcase 2, then we arrive at

Znwy Zn — 0in L?(0,1). (5.69)

Consequently, the limits (5.62), (5.64), (5.65), (5.67), (5.68) and (5.69) lead to (5.9).

Subcase 3. (Tl,Tg,T3,7'4) = (0, 1,0, 1) and (k?l,k‘?,) = (k‘g, k4) The identity (5.11)
implies that ~
Yn, Zn — 0in L?(0,1), (5.70)

then (5.10)3 and (5.10)7 lead to
My Anzn — 0in L2(0,1), (5.71)
so, using (5.6) and (5.71), we obtain
Yn, Zn — 0in L?(0,1). (5.72)

Taking the inner product in L? (0, 1) of (5.10)4 and (5.10)g with v, and z,, respec-
tively, integrating by parts and using the boundary conditions and (5.5), we find
(5.17) and (5.19), then, combining with (5.71) and (5.72), it follows that

Ve Zne — 01in L?(0,1). (5.73)
According to (5.5), (5.10); and (5.10)5, we have
(An),,» (Anwy), are bounded in L? (0,1), (5.74)
then, by combining (5.6) and (5.74), we get
Oy Wy — 0in L?(0,1). (5.75)

We remark that (5.27), (5.28), (5.29), (5.30) and (5.32) hold also in this subcase 3,
since k3 = k4 and (73,74) = (0,1) as in Case (5.2)-Subcase 1, hence

Wy 2y Wy — 0in L (0,1). (5.76)
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Taking the inner product of (5.10)9 with 1, , in L? (0, 1), integrating by parts and
using the boundary conditions, (5.5) and (5.73), we obtain

<Z>\n¢n7 wn,x> -k <<Pn,:c;c7 ¢n,x> — 0. (577)

Similarly, taking the inner product of ¢,, , with (5.10)4 in L? (0, 1), integrating by
parts and using the boundary conditions, (5.5), (5.70) and (5.72), we find

<<Pn,x7i)\n1/~)n> + ko <§0n,x;c7¢n,x> + k1 H‘pn,x”Q — 0, (578>

therefore, adding (5.77) and (5.78), and exploiting the property k1 = ko, we deduce
that

iy lnell® + (nBns Yne) + (@nes iAnthn ) = 0. (5.79)

On the other hand, we observe that (5.58) holds, and then, by combining with
(5.79), we conclude that
One — 0in L?(0,1). (5.80)

Taking the inner product in L? (0, 1) of (5.10)2 with ¢,,, integrating by parts, using
(5.5) and the boundary conditions and exploiting (5.75) and (5.80), we get

(IAn Py on) — 0. (5.81)
Because
(iAnBn, Pn) = = (Bns iAnn) = = (B, Ann — @) = | Bull”,
then, by combining with (5.10); and (5.81), we obtain
@n — 0in L?(0,1). (5.82)

Hence, the limit (5.9) holds according to the limits (5.70), (5.72), (5.73), (5.75),
(5.76), (5.80) and (5.82). Finally, the proof of Theorem 5.1 is completed. O

6. Polynomial stability

In this section, we study the decay rate of solutions in the following cases:

(7—177-277-377—4) € {(07 170a 0)7 (0707 Oa 1)}7 (61)
(7—177—277-377—4) S {(1717()’0)7(070’171)}’ (62)
(Tl,T27T3,T4) S {(171,0,1)7(17171,0)} and ]ﬂg 75]64, (63)
(7_177—277—377_4) € {(0717131)7(1707131)} and kl #kZ (64)
and
(7—177—27 7_377—4) S {(17 Oa 07 1)7 (17 07 170)7 (Oa 1707 ]-)7 (07 ]-7 ]-7 0)}
and  (k1,k3) # (k2, k4), (6.5)

where the strong stability (2.17) is satisfied but the exponential one (4.5) does not
hold (see sections 3 and 4). We will prove that the decay rate of solutions in these
cases is at least of polynomial type; that is, there exists § > 0 such that

V®y € D(A), e >0: [|[(t)|ly < et™, vt >0. (6.6)
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Theorem 6.1. The polynomial decay (6.6) is satisfied in cases (6.1)-(6.5) with

1

1g n case (6.1),

1

d=< — i , 6.7
17 in case (6.2), (6.7)

1

3 in cases (6.3)-(6.5).

Proof. It is known by now (see [7,9,10]) that (6.6) holds if

iRCp(A) and sup |A|7%
IA[>1

(A — A) HM) < 0. (6.8)

We have proved in section 3 that the first condition in (6.8) holds in cases (6.1)-
(6.5). So we will prove that the second condition in (6.8) is also satisfied. This will
be done by contradiction arguments. Let us assume that the second condition in

(6.8) is false, then, there exist sequences (®,),, C D(A) and (\,),, C R, n € N,
satisfying (5.5), (5.6) and

: 1
nh—>H;o|>\"|5 (A I — A) @yl = 0. (6.9)

The contradiction will be obtained by proving (5.9). Let define ®,, by (5.8). From
(6.9), we get

An|? [iAnon — Bn] = 0 in Vi,

‘)\n|% I:ZA’H()ZTI - kl (<PnT + 7/}7L)I - kO (wn - @n) + Tla1§5n] — 0 iIl L2 (Oa 1) 9

Pal¥ [iAnthn = 0] =0 in o,
‘)\nﬁ |:Z)\n1z}n - kan,zm + kl (Qon,m + djn) + 7—2042'@[;71:| — 0 in L2 (07 1) )
‘)‘n|% [iApwWn — W] — 0 in Vi,

‘)‘n|% [Z)‘nﬁ]n - kS (wn,w + zn>x + kO (wn - Qon) + T3&31I]n] — 0 in L2 (Oa 1) )

An|? [iAnzn — Zn] = 0 in Vj,

‘)\n|% [i>\7L§7L - k4zn,xac + k3 (wn,x + Zn) + 7'4a42n] —0 in L? (0, 1) .

(6.10)
Taking the inner product of [A,|# (i Ay I — A) @, with ®, in H and using (2.8),
we get

Re <\An|% (iIM] — A) @y, ®">H

_‘)‘nl%Re <-A(I’na (I)n>7.[
1 ~ 7 ~ ~
Al (r10a |12 + maaa | B + 7aasl| ] + maaal 2])
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so, (5.5) and (6.9) imply that
Aal® (raall@all + maaslldn | + moas Bl + s Za)1) 0. (6.11)

Multiplying (6.10)1, (6.10)3, (6.10)5 and (6.10)7 by |Ax| ¢~ and using (5.5) and
(5.6), we obtain
©Ons Yy Wny 2n — 010 L2(0, 1) (612)

Multiplying (6.10)1, (6.10)3, (6.10)5 and (6.10)7 by |/\n|_% and exploiting (5.5) and
(5.6), we deduce that

(An@n), > Aatn),, (Anwn), s (Anzn), are bounded in LQ(O, 1). (6.13)

Multiplying (6.10)2, (6.10)4, (6.10)¢ and (6.10)s by |)\n|7%71 and using (5.5) and
(5.6), it appears that

(A;lapn,m)n ) ()\;lwn,m)n , ()\,_Llwn,m)n ) ()\;lzn’m)n are bounded in L? (0,1).
(6.14)

Taking the inner product of (6.10)y with |/\n|_% ¢n in L?(0,1), using (5.5) and
(5.6), integrating by parts and using the boundary conditions, we find

l 2

~ . ~ ~ 2
—{@ny iAnon — On) = 1Bnll” + k1 llon,z
- <k1wn,x + kOwn - kosﬁn - 71041@77,, SDTL> — O’

then, using (5.5), (6.10); and (6.12), we observe that the first and last terms of this
limit converge to zero, and so

ki llonell” = lléa ] — 0. (6.15)

Similarly to the proof of (6.15), taking the inner product of (6.10)4, (6.10)s and
(6.10)s with, respectively, \)\n|7% Uns |)\n|7% wy, and |)\n|7% 2, in L?(0,1), using
(5.5) and (5.6), integrating by parts and using the boundary conditions, it follows
that

- 2
ka ”ﬂ]n,m”Q - ’ Ynll —0, (6.16)
ks ||wn,x||2 - ||U~)n||2 —0 (6.17)

and , ,
k'4 ||zn,;ﬂ|| - Hzn” — 0. (618)

Taking the inner product of (6.10); with i\,p, in L?(0,1) and using (6.13), we
find

3 2 ~ 2 ~ 1. -
Al 2 loall = 18al7] = (Zns Pal? (Anpn = B0)) >0,
so, according to (5.5) and (6.10)1, it is clear that the last term of this limit converges
to zero, hence

1 ~
Pal® X2 lleall® = l1nl*] = 0. (6.19)

Similarly to the proof of (6.19), taking the inner product of (6.10)3, (6.10)5 and
(6.10)7 with, respectively, iX\,n, iApw, and i\, z, in L?(0,1), we arrive at

Pl X2 100 - [0

2] o0, (6.20)
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1 ~
Aal® (A2 lwn* = 1] *] =0

and .
Pal? [R2llzall® = 12alP] = 0.

Now, we notice that we need to treat only the cases

1
(71,7275, 71) = (0,1,0,0) and § = .

1
(71,72, 73,72) = (1,1,0,0) and § = —

(T17T27T31 T4) € {(17 07 07 1)7 (]-7 Oa 170)7 (17 17 170)7 (17 ]-707 1)7 (07 1707 1)}

1
dé=—=
an 3

since (as in section 3), the proof in cases

1
(7_177—277—3,7—4) = (0,0,07 ]_) a,nd 5 = E’

1
(11,72, 73,71) = (0,0,1,1) and § = o

1
(71,72, 73,74) € {(0,1,1,0),(1,0,1,1),(0,1,1,1)} and § = ,

is, by symmetry, identical to the one that will be given in cases (6.23).

6.1. Case (1,7, 73,7) = (0,1,0,0) and 0 = &
In vertue of (6.11), it is clear that

Adby, — 0in L2(0,1),
and then, according to (6.20), we get

MOy — 0in L*(0,1).

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

Taking the inner product of (6.10); with A 8w, in L?(0,1), integrating by parts

and using the boundary conditions, (5.5) and (5.6), we find
B\l 2 (il + b (e + ) + a2, M%) = 0,
therefore, using (5.5), (6.24) and (6.25), we observe that
(iDnthn + k1 (Pn + ¥n) + aztn, M40 ) = 0,

hence, by combining the above two limits, we arrive at

N — 0in L2 (0,1).

(6.26)

Taking the inner product of (6.10)4 with X,,*%¢,, . in L? (0, 1), integrating by parts

and using (5.5), (5.6) and the boundary conditions, we arrive at

kl/\Z”‘Pn,x”Q + k2>‘§z <7/)n,a:7 ‘Pn,ﬂcw> + <Z/\79ﬂ/~/n + klAfﬂ/’n + a2/\§ﬂf~1na <pn7x> — 0,
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therefore, exploiting (5.6), (6.24) and (6.25), we entail

<Z>‘?ﬂ[;n + kl)\id)n + a2>\§ﬂzjn7 Son,x> — 0,
so, by combining the above two limits, we get

kl)‘i”(pn,m”Q + k2)‘781 <¢n,zv @n,zx> — 0. (627)

Taking the inner product of (6.10)2 with A,,;*%), . in L? (0, 1), integrating by parts
and using (5.5), (5.6) and the boundary conditions, it follows that

— ki A |+ ko (wn.o = @nws Antin) = (iAnPras Anton ) = KA Xy (@, U ) = 0.
(6.28)
On the other hand, exploiting (5.6), (6.25) and (6.26), it appears that
— kA3 [nalI? + Ko (Wne — ©nas NSt ) — 0. (6.29)
Moreover, we have
= (Annzs Aathn) = (e A" ¥n) =1 (A0 (Prz = D) Un)
therefore, using (6.10); and (6.25), we find
— (iA By Aothn) = 0, (6.30)
then, from (6.28), (6.29) and (6.30), we deduce that
XS (Pnwas Un) — 0, (6.31)
therefore, by combining (6.27) and (6.31), we obtain
A pne — 0in L2(0,1), (6.32)
hence, by combining (6.15) and (6.32), we see that
@n — 0in L?(0,1). (6.33)

Taking the inner product of (6.10)2 with A, *%w,, ., in L? (0, 1), integrating by parts
and using (5.5), (5.6), (6.14) and the boundary conditions, it follows that

kO)\inn,m”2 - kl)\i <Q0n,:vza wn,:}c:v> - )\i <Z)\n95n,:ru wn,z> (634)
— k1 (N2 0, Ay Wize ) — Ko (A2 0,z Wnoa) — 0.

By exploiting (6.14), (6.26) and (6.32), we get
— k1 (30 A7 Wm0 ) — ko (A2 om0y W) — 0. (6.35)
Moreover, we see that
=22 (iM By Wnoz) = (IS (IXnPnz — Prz) s Wi ) + (AbPrws Wi ) s
then, according to (6.10); and (6.32), we conclude that

- /\72L <i)‘n92’n,xa wn7m> — 0, (6.36)
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and so, by combining (6.34), (6.35) and (6.36), we obtain

ko2 ||wn 2 || — k1 A2 (0w Wnozz) — 0. (6.37)

On the other hand, taking the inner product of (6.10)s with A, '%¢;, 4, in L? (0, 1),
integrating by parts and using (5.5), (5.6), (6.14) and the boundary conditions, we
entail

- k3)\i <wn,wwa <pn7wm> - <7;1Dn,xa A:?L(Pn,w> + kig <)\7:12n,xma A:?L(Pn,:v>
- kO <wn,z — Pn,x, )\%(an> — 0. (638)

Thanks to (6.14) and (6.32), it appears that
ks (A7 2n.za X ) — ko (Wne = @nes Anpna) = 0. (6.39)
On the other hand, we have
— (0 A Pnz) = (1 ((AnWne = Bnz) s N@ne) + (Wnzs A ) »
so, using (6.10)5 and (6.32), we find
— (0,2 A) e ) — 0. (6.40)
By combining (6.38), (6.39) and (6.40), we get
X% (Wn w2y Pnjez) = 0, (6.41)
hence, (6.37) and (6.41) imply that
AWy, — 0 in L?(0,1), (6.42)

and then, using (6.17),
W, — 0in L*(0,1). (6.43)

Taking the inner product of (6.10)g with A,,*®z, , in L? (0, 1), integrating by parts
and using (5.5), (5.6), and the boundary conditions, it follows that

- kSHZn,:v||2 + kd <)\nwn,zv )\len,xm’> - kO <wn,z - Son,:rn Zn>
- Z <wn,z - iAnwn,ma Anzn> + <Anwn,m’ Anzn> — Oa

because, according to (6.10)s, (6.13), (6.14), (6.32) and (6.42),

k3 </\nwn,:c7 Aglzn,xm‘> — ko <wn,w — Yn,x Zn> -1 <U~)n,;c - i/\nwn,xv /\nzn>
+ <>\nwn,m7 )\nzn> — 07

we see that the above two limits lead to

Zne — 0in L?(0,1), (6.44)
and by combining (6.18) and (6.44), we get

%, — 0in L?(0,1). (6.45)

Finally, the obtained limits (6.12), (6.24), (6.26), (6.32), (6.33), (6.42), (6.43), (6.44)
and (6.45) imply (5.9), which is a contradiction with (5.5).
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6.2. Case (11,7, 73,71) = (1,1,0,0) and ¢ = ;
In virtue of (6.11), it is clear that

Al By A4, — 0 in L2(0, 1), (6.46)
and then, according to (6.19) and (6.20), we get

Mo, A4, — 0in L2(0,1). (6.47)

Taking the inner product of (6.10); with A6, in L?(0,1), integrating by parts
and using the boundary conditions, (5.5) and (5.6), we find

kA5 e 2 + (0t + k1 (s + ) + @zt At ) = 0,

therefore, using (6.46) and (6.47), we observe that

<i)\7ﬂ;n + k1 (@n,x + '(/)n) + aﬂ;na )\i'(pn> — 0,
hence, by combining the above two limits, we arrive at
M hpe — 01in L2(0,1). (6.48)

Similarly, taking the inner product of (6.10), with A, %p,, in L?(0,1) and using the
same arguments as for (6.48), we find

Xy#n,e — 0in L2(0,1), (6.49)

which coincides with (6.32). Taking the inner product of (6.10)3 with A;; 12w, 4. in
L?(0,1) and proceeding as is subsection 6.1, we get (6.37) (using (6.48) instead of
(6.26) to find (6.35)). On the other hand, taking the inner product of (6.10)g with
Ay 200 20 in L2(0,1) and following the same arguments as in subsection 6.1, we
find (6.42) and (6.43). Therefore, the prrof can be completed as in subsection 6.1
by taking the inner product of (6.10)g with A,;'*z, , in L?(0,1) to get (6.44) and
(6.45). Consequently, (5.9) holds.

6.3. Case (11,7, 73,74) = (1,0,0,1) and 6 =
According to (6.11), we have

APy AnZn — 0in L(0,1), (6.50)
and then, thanks to (6.19) and (6.22), we find

Mon, A2z, — 0in L*(0,1). (6.51)

Taking the inner product of (6.10) and (6.10)s, respectively, with ¢, and z, in
L?(0,1), integrating by parts and using the boundary conditions and (5.5), we
obtain

kl/\iH@n,xHZ + <i/\n¢n - k‘lwn,x — ko (wn - Qpn) + a10n, /\72L‘Pn> —0

and
ka2 || zn.|* + <i/\n2n + kg (wn,p + 2n) + @4Zp, )\izn> — 0,



2602 A. Guesmia

therefore, according to (5.5), (6.50) and (6.51), it is clear that

<Z)\n()5n - kl"/}n,a: - kO (wn - (pn) + al‘;’nv Ai‘pn> —0

and
(iXnZn + ks (Wn,z + 2n) + a4Zn, /\izn> — 0,

then, from the above four limits, we deduce that
MPrzs Anzne — 0in L2 (0,1). (6.52)
Similarly, taking the inner product of (6.10)2 and (6.10)s, respectively, with A, %4, ,
and A, ?w, . in L?(0,1), integrating by parts and using the boundary conditions,
(5.5) and (5.6), we arrive at
—k1||¥ona)® + (EAa@n — ko (Wn — @n) + @1Pn, Yn ) + k1 Az, Ay Pnze) — 0
and
ksl|wn o||? + (iAnZn + k32n + a4Zn, Wy ) + ka <)\nzn,$, A;lwnvm> — 0,
so, according to (6.12), (6.14), (6.50) and (6.52), it is clear that
(i@ — Ko (wn = @n) + a18n, Yna) + k1 APz, Ay Unza) = 0

and
<Z)\n2n + kazp, + G4Zn, wn,x> + ks <>\nzn,x7 Aglwn,zx> — 0,

hence these four limits imply that

Vnzs Wne — 0in L (0,1), (6.53)
and by combining (6.16), (6.17) and (6.53), it follows that

U, W, — 0in L?(0,1), (6.54)

Finally, the obtained limits (6.12), (6.50) and (6.52)-(6.54) lead to (5.9).
6.4. Case (11,72,73,74) = (1,0,1,0) and 0 = %
From (6.11), it appears that

AnPns Antly — 0 in L?(0,1), (6.55)
therefore, according to (6.19) and (6.21), we have

Mo, Nw, — 0in L*(0,1). (6.56)

The limits
M@y U — 0in L(0,1) (6.57)

can be proved exactly as in subsection 6.3, and therefore, by exploiting (6.16), we
find ~
¥n — 01in L*(0,1). (6.58)
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On the other hand, taking the inner product of (6.10)¢ with w, in L?(0,1), inte-
grating by parts and using the boundary conditions and (5.5), we obtain

kA |l wn,o|1* + (iAntin — kaznz + ko (Wn — @) + agidn, Nywn) = 0,
therefore, according to (5.5), (6.55) and (6.56), it appears that
(iAntBn — k3zne + ko (W — o) + azy, A3wy, ) — 0,
then these two limits imply that
Ay — 0 in L*(0,1). (6.59)

Similarly, taking the inner product of (6.10)g with A,;%z, . in L?(0,1), integrating
by parts and using the boundary conditions, (5.5) and (5.6), we get

_k3||zn,x ‘2 + <7f)\nwn + kO (wn - (pn) + a3wn7 Zn,w> + k3 <)\nwn,w; )\len7:vw> — 07
then, using (6.14), (6.55), (6.56) and (6.59), we obtain
<Z>\nu~)n + kO (wn - Lpn) + a3wn7 Zn,:c> + k3 <)\nwn,xa A;,lzn,a:$> — 07

hence
Zne — 0in L7 (0,1), (6.60)

and by combining (6.18) and (6.60), we find
%, — 0in L?(0,1). (6.61)
Consequetly, the limit (5.9) can be directly deduced from the ones (6.12), (6.55)

and (6.57)-(6.61).

6.5. Case (11,7, 73,71) = (1,1,1,0) and 6 = 3

The limit (6.11) implies that
MA@y Anln, Apthy, — 0in L2(0,1), (6.62)

which implies (6.55), so the proof can be finished as in subsection 6.4.

6.6. Case (11,7, 73,71) = (1,1,0,1) and 6 = 3

We deduce from (6.11) that
APy AnUn, AnZp — 0 in L*(0,1), (6.63)

which implies (6.50), then the proof can be ended as in subsection 6.3.
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6.7. Case (11,72,73,74) = (0,1,0,1) and 0 = %
The limit (6.11) leads to

A, AnZn — 0in L2(0,1). (6.64)

The limits
M2y Anzne — 0in L2(0,1) (6.65)

can be proved as in subsection 6.3. Similarly, we can prove the limits
Ny Aptbp.e — 0 in L*(0,1) (6.66)

(by exploiting (6.20) and multiplying (6.10)4 with ,,; we omit the details here).
On the other hand, taking the inner product of (6.10)s with A, %w, , in L?*(0,1),
integrating by parts and using the boundary conditions, (5.5) and (5.6), we find

k3||wn,w||2 + <Z)\n2n + kSZn + a45n7 wn,z> + k4 <)\nzn,z7 Ayzlwn,zw> — 07
then, using (6.14), (6.64) and (6.65), we find
<7f)\n2n + k3zn + 0442“, wn,z> + k4 <)\nzn,za Aglwn,zx> — 07

hence
Wy — 0 in L2(0,1), (6.67)

and by combining (6.17) and (6.67), we deduce that
W, — 0in L*(0,1). (6.68)

Similarly (using (6.10)4 and A, %@, . instead of (6.10)s and A, %w,, ., respectively,
and exploiting (6.15)), we have

Onzs Pn— 0in L?(0,1). (6.69)

Consequently, the limit (5.9) holds. The proof of Theorem 6.1 is then completed.
O

7. Optimality of the polynomial decay rate: Cases
(6.3)-(6.5)

In this section, we prove that the polynomial decay rate given in Theorem 6.1 in
cases (6.3)-(6.5) is optimal in the sense that there is no € > 0 such that

Vo € D(A), Je>0: ||0(t)],, <t 27, V> 0. (7.1)

Theorem 7.1. For any € > 0, the polynomial decay (7.1) does not hold in cases
(6.3)-(6.5).

Proof. To prove Theorem 7.1, it is sufficient to show that (see [9,10])

limsup A72 [|(IA] — A) 71| 4 ) > 0. (7.2)

A—00
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To get (7.2), it will be enough to find sequences (\,), C R, (F,), C H and
(®n)n C D(A), n € N, satisfying

M@, — AD, = F,,

(7.3)

lim A, = oo,
n—oo

lim A, ?(|®, |y > 0.
n—oo

- T
As in section 4, let @, := (Sonv ¢n7wn7wn7wnyu~}na Zn, Zn) 5 F, = (fl,nv ce »fn,S)T
and N := § +nm. Then (7.3); is equivalent to (4.10). By considering the choices
(4.11) and (4.12), we see that (F,), C H, (®)n C D(A) and (7.3); is reduced to
the algebraic system (4.13). In order to simplify the computations, we put

J1 = )\% — k1N2 — ko — iTlal)\n,

J2 = )\721 - k2N2 - kl - iTQCLQ)\n,

(7.4)
Jg = )\% — k3N2 — /{50 — iT3a3>\n,
J4 = )\% — k‘4N2 — kig — iT4a4)\n,
so (4.13) can be presented in the form
Jronn +kiNag, + koasn = Bo.n,
kiNay, + Joag, = Bapn,
(7.5)

koot n + Jsas, + ksNayn = Ben,

kSNQS,n + J4a4,n = BS,n-

Now, because we need here to prove the stronger limit (7.3)4 than the one (4.16)
needed in section 4, we have to consider other choices of A, a;,, and ;,. On the
other hand, to cover the cases (6.3)-(6.5), we need to treat only the cases (6.3) and

(’7’1,7‘277'377'4) S {(170,07 1), (1,071,0), (0,170, 1))} and (kl,k‘d) 75 (kg,k;;), (76)

since, by symmetry, the proofs in cases (6.4) and (71, 72,73,74) = (0,1,1,0) are
similar to the ones of, respectively, (6.3) and (71, 72,73, 74) = (1,0,0,1).

7.1. Case (T177'2,T3,T4) = (]., ].,0, 1) and ]{?3 % /{?4

We choose

2

k
BQ,n = 64,n = 58,71 = O; ﬂﬁ,n =1 and /\n = \/k?)NZ + kO + ﬁ, (77)
3~ M
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for n € N such that ksN? + kg + T §k > 0. We see that (7.3)2 and (7.3)3 are
satisfied, since, according to (4.11)s, (4 12)3, (4.12)4 and (7.7), we have

1
1FlZ, = [ fonll? = / cos?(Na)dz < 1. (78)

On the other hand, by a direct computations, it appears that (7.5) has the unique
solution
—koJ2Jy
U = (s — K2N?) (J1Jo — k2N2) — K2y’
» kokiJ4N
S (J3Jy — k3N?) (J1Jo — kIN?) — k3 JoJy’
Ji (J1Jz — K2N?)
= (s — KIN2) (J1Js — K2N2) — k2 oy’
—ksN (J1J2 — kIN?)
Yn = (Tads — K2N?) (J1Jo — K2N?) — K2 oy

(7.9)

We have

(J3Js — K3N?) (J1J2 — kIN?) — ki JoJy
k3 ) ksky 2 _ . k3
- An — k ks — k1)N? —iai\,
m-m@“ 0 gy ) [\ TRV i A

2
X <(k3 — ]4}2) — ’Lag/\ + ]{io — 14}1 + k. ) — k‘%N{l
ks — ky

k2
— k2 | (k3 — ko) N? —iagh, + ko — by + —
ks — k4

x [(k;; — ka)N? — iagh, + ko + Faka }

ks — k4

then, we denote by “~” the “asymptotic equivalence when n goes to infinity” and
we find

(ks — k1) (ks — ko) N* if kg & {k1, ka},
ial\/%(kg — k3)N3 if k3 = kl and k’g # kg,

JiJy — k2N? ~ (7.10)
iag\/E(kl — k3)N3 if k‘3 75 k‘l and kig = k‘g,

— (a1a2k3 + k%) N2 if ]ﬂd = ]i)l = kQ
and

(J3Jy — k3N?) (J1Jo — kIN?) — kg JoJs (7.11)
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iask3/ks(ks — k1) (ks — k
1G4 3\/73( 3 1) (k3 2)]\75 if ky ¢ [k, ko),
kq— k3
[a1a4k§’ + kg(k‘d — ]{74)2] (kg — kg)
N4 ifk‘gzkl and k‘g?ék‘g,
kg — k3
a2a4k§’(l€3 — ki1> 4 .
—_— - N if kg 7é ]{1 and ]{33 = kQ,
ks — k3

ivks [F3a4 (a1a2’fz+ ’fi) hgaatks — k)] s i o —

3 4

therefore, by combining (7.10) and (7.11), we deduce from (7.9)3 and (7.9)4 that

i(ks — kq) .
————— ((k3 — k4)N, —k3) if k ki, k
a4k§\/g (( 3 4) ) 3) 1 3 ¢ { 1 2}7

iay\/'ks(ks — ka)
a1a4k§’ + k%(kg - k4)2

((kg — k4)N, —]4)3) if kg = k‘l and k‘3 7é ]412,

(@3,n, Qan) ~ m (ks — k1)N, —ks) if ks # k1 and ks = ko,
4hvg 3

Z(k‘3 — k‘4) (a1a2k3 + k%)
\/E[k%ém (CLlang + k%) + k%CLQ(kg — k4)2]

((ks — ka)N, —k3)

if ks = k1 = ko.
(7.12)
On the other hand, from (4.12)2, we have
2 2
1
= ks|as N — a4,n|2/ sin®(Nx)dx
0
k3 9 I
> §|a3,nN — | / [1 —cos (2Nz)] dx
0
k
= §3|a3,nN - a4,n|25
then
_9 ks _9 %‘O&g)nN—Oq}nl
)‘n ||(PTLH7-L > E)\n |a3,nN - a4,n| = 2 (714)
k3N2 + ko + kgfk4

hence (7.12) and (7.14) lead to

: —2
Jim A7 (@]l
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ks — k)2 .
(\%alg if kg ¢ {k1,k2},
473
ay (ks — kq)?

if ks = k1 and k3 # ko,
\/§[a1a4k§’ + k’g(kg — k4)2} 8 ! s ?é 2

> s — k) (7.15)
3 — M .
e if £ ki1 and k3 = ko,
\/5&4]{3 3 7& 1 3 2
ks — ky)? ks + k2
B ( 3 4) (a1§2 3+ 1) lf k3:]€1 :k’2>
\/>k3 [k:3a4 (alagkg + k ) + k‘oag(kg, — ]{?4)2]
which implies (7.3)4.
7.2. Case (7’1,7‘2,’7‘3,7’4) = (1, 1, 1,0) and ]{?3 7é k’4
We take
ksky
2,n = 54 n = B&n =0, ﬁS n=1 and A\,= k4N2 s (716)
’ ’ ’ ’ ky — k3

for n € N such that kyN?

(7.3) and (7.3)3 hold

because, thanks to (4.11)q, (4. 12)34, (4 12)4 and (7.16), we have

1
VEul2, = sl = / sin?(Nz)dz < 1. (7.17)
0

On the other hand, (7.5) admits the unique solution

A koks Jo N
b (Usdy — k2N?) (J1Jy — K2N?) — k2 JyJs’
o —koky ks N2
2T (Jsdy — K2N?) (J1Jo — K2N2) — k2Jody”
7.18
B ko (Jids — K2N?) (7.18)
W= (T — kIN2) (J1Jo — K2N2) — k2 Jady
B Iz (1 J2 — K2N?) = k3Jo
W = (T Ty — kN2) (J1Jo — K2N2) — k2 Jady
Similar computations to the ones done in subsection 7.1 show that
(J3Jy — k3N?) (J1J2 — kiN?) — kg JoJy (7.19)
—iask3v/a(ks — k1)(ks — k
iask3v/ka(ka — k1) (ky 2) 5 i ks & (hr o),
ky — ks
—arask2ka(ks — k
ashsha(ks = k2) 4 if ky = Ky and ky # ko,
ky — k3
—asask2ka(ks — k
axaskska(ks = K1) o if ky # k1 and kg = ko,
ky — ks

md\/ﬂk% (a1a2k4 + k%)
ky — k3

N3 itk =k =ko
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and

J3 (N2 = KIN?) = kg Ja (7.20)
(kg — k1) (kg — ko) (kg — k3)NC if ky & {k1, ko),
—ialx/ ki4(k4 — kg)(k‘4 — k‘3)N5 if ]{i4 = k‘l and k‘4 7é kig,

—iag\/ka(ky — k1) (kg — k3)N® if ky # ky and kg = ko,

— (a1a2ks + k) (ks — k3)N*  if ky = ky = ko,

then we deduce from (7.18)4, (7.19) and (7.20) that

i(ky — k3)?
n™~ T 5 7.21
gk Vs (721
On the other hand, from (4.12)2, we have
@013, > Fa [|2n,0 ]| (7.22)

1
= k4|a4,n|2N2/ COS2(N;U)dx
0

k 1
> —4|a47”|2N2/ [1+ cos (2Nz)| dz
0
k4 9
= dn N
-

then, according to (7.21) and the above inequality (7.22), we find (7.3)4.

7.3. Case (7’1,7’2,7’3,7’4) (1 O O 1) and (kl,kg) 7é (k’g,k‘4)

Because (ki1, k3) # (ka, k4), we distinguish the two subcases [k; # ko] and [k = ko
and 1{33 75 k4}

Subcase 1. (71, 72,73,71) = (1,0,0,1) and k; # ko. We choose

kiks

Bom = B6mn =Ps8n=0, Ban=1 and N, =4/kaN2+ ,
ko — ki

(7.23)

for n € N such that kyN? + k1 + & k > 0. We observe that (7.3)s holds, and
moreover, in virtue of (4.11), (4. 12 )a, (14 12)4 and (7.23), we have

1
HFnH; = fanl® = / sin?(Nz)dz < 1, (7.24)
0
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hence (7.3)s is satisfied. On the other hand, (7.5) has the unique solution

B ~k1N (J3Jy — k3N?)
M = (s — KZN2) (J1Js — K2N2) — K2 Jady”
Ji (J3Js — k3N?) — k3
Qg pn = 5
2T (Jsdy — K2N?) (J1Jo — K2N?) — k2JoJ4 (7.25)
a - ]foklNJ4
BT (Jsdy — K2N?) (J1Jy — k2N2) — k2 Jo s’
o —koky ks N2
T (Usdy — K2N?) (J1Jy — k2N?) — k2 Jo s
As in subsections 7.1 and 7.2, direct computations lead to
(J3Jy — k3N?) (J1J2 — kIN?) — ki JoJy
—ia1k?/Ea (ko — ks) (ks — k
ia1ki/ka (ke — k3) (ko 1) \s it ko & (ks ka),
ko — ki
. 2 kle 2
—iarkivks |(ks — ki) Ky — k1 ko | — k3
N3
k2~ ki
. ky ko k2
£k - ko = ks and ky # k
1 0#k2_k1 k2—k4’ 2 3 and kg # kq,
~ — [a1a4k2k%k§ + k%k%(kg - k4)2] N2 (726)
(ko — k1) (ka — ka)
if ko = ko K ko = ks and ks # ky
ko — ki ko —ky ’
—arask2ky (ko — k
mraakika(ky = ks) ya o0y 4 ky and ky = ky,
ko — ki
ia1kik3Vks |5 .
ALY NS if kg = kg = k
— I Rg 3 4
and
Ji (J3ds — k3N?) — kg Ja (7.27)

(ko — k1) (K — k) (ko — ka)NO if ko ¢ {ks, ka},

kik
(kg — k1) [ (ko — ka) | ——2— — ko ) — k2| N*
ko — Ky
k2
if ko # ke — 5 ky = ks and ky # ku,
2T kg — ky
~ —’L'(l4\/ k’g(k‘z — k‘l) k1k2 — k’o N3
ko — k1

ker ke k3

if oy = _
= Tk — ks

kz = ]Cg and k2 # k47

71@4\/@(]{}2 — kl)(kg — kg)Ns if kQ # kg and kQ = k4,

—k2(ky — k)N if ky = k3 = ku,
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then, by combining (7.25)2, (7.26) and (7.27), we get, for some ¢ > 0,
|g | ~ cN. (7.28)

Moreover, from (4.12)1, we see that
2 2
[@nll3 = k2 1tnall (7.29)

1
=k2|042,n|2N2/ cos?(Nx)dx
0
k2 2 772 '
2 §|012,n| N [1+ cos (2Nz)] dz
0
k
= ?2|O[27”|2N27

then (7.3)4 holds thanks to (7.28) and (7.29).

Subcase 2. (11,72,73,74) = (1,0,0,1), k1 = ko and k3 # k4. The proof is similar
to the one given in subsection 7.1 by considering the choices (7.7) to get (7.8), (7.9),
(7.10)y, (7.11)1,

JiJo —kIN? ~ —k2N? if ky = ky = ks (7.30)

and

iask?k3vks

(J3Jy — k3N?) (J1J2 — kiN?) — ki JoJy ~ P

N3 ifky = ko = ks

(7.31)

(that is (7.30) and (7.31) correspond to (7.10)4 and (7.11)4, respectively, with as =

0). Noticing that the two cases [ks = k1 and k3 # ko] and [ks # k1 and ks = ko]

considered in (7.10), (7.11) and (7.12) can not be considered here because k; = ko.

Then we deduce from (7.9)s, (7.9)4, (7.10)1, (7.11)1, (7.30) and (7.31) that, for
some c1, cg > 0,

lagn| ~ 1N and  |agp,| ~ cg, (7.32)

hence, by using (7.14) and (7.32), we arrive at (7.3)4.

7.4. Case (7’1,7’2,7’3,7’4) = (1,0, 1,0) and (k’l,k’5) 7& (]{2,]{4)

When ki # ko, the proof is similar to the ones given in subsection 7.3 - subcase
1 by considering the same choices (7.23), so (7.24) and (7.25) hold, and therefore,
by exploiting (7.25)2, we get (7.28), and then (7.3)4 holds according to (7.29). We
omit the details here.

When k; = ko and k3 # ky, we follow the same arguments as in subsection 7.2
by considering the choices (7.16), we find (7.17), (7.18), (7.19)1, (7.19)4 with az = 0,
(7.20); and (7.20)4 with as = 0 (the two cases [ky = k1 and kg # ko] and [ky # Ky
and k4 = ko] considered in (7.19) and (7.20) can not be considered here because
k1 = ka), so (7.21) holds, and then, by combining (7.18)4, (7.21) and (7.22), we
deduce (7.3)4.

7.5. Case (7'1,7'2,7'3,7'4) = (0, ]_,0, 1) and (k?l,kfg) 7é (k’g,k’4)

We distinguish the three subcases [k # ko and [k1 # ks or ky = k4]], [k3 # k4 and
[k1 # k3 or ko = ks]] and [k = ks and ky ¢ {k2, k4}]. We observe that these three
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subcases are equivalent to (k1, ks) # (ka, k4).

Subcase 1. (Tl,Tg,T3,T4) = (0,1,0,1), k‘l 75 kg and [kjl 7é k‘3 or kl = k‘4] We
choose

kQ
64,n = 66,11 = 58,71 = 07 ﬁQ,n =1 and )\n = \/kl]\[2 + kO + A 1 & ) (733)
1— R
for n € N such that k1 N2+ ko + klkjkg > 0. We remark that (4.11)9, (4.12)3, (4.12)4
and (7.33) lead to
1
1Pl = Mol = [ cost (Nayaa <1 (7.34)

(which implies (7.3)2) and (as for (7.13))
@03, = k1 lone + all® (7.35)
1
= ki|ar, N — a27n|2/ sinQ(Nx)dac
0
1

k
> 51|041,nN - a?,nIQ/ [1 —cos (2Nz)] dx
0

k
= §1|041,nN —agnl®
On the other hand, according to (7.33), simple computations imply that the unique

solution of (7.5) is

B Jo (J3Js — k3N?)
M = (s — KIN2) (J1Js — K2N2) — k2 oy’
B —k1N (J3Jy — k2N?)
2 = (s dy — KIN2) (J1Js — K2N2) — k2 Jady (736)
. = —koJaJy
BT (Jsdy — kK2N?) (J1Jo — k2N2) — k2Jody”
A koks N J
T (Jads — K2N?) (1o — k2N2) — k2 Jody”
therefore
(J3Jy — K3N?) (J1Jo — kIN?) — kg JoJy (7.37)
—iagk? /1 (ky — ks) (k1 — k
a9 1\/7115111_ k23)( 1 4)N5 lf kl ¢ {k37k4}7
—k%(kl — kg)(kl — k4)N4 if kl = ]i)g and kl 7£ ]f4,
Y —asaskB(ky — k
a2a211_( ]ig 3)N4 if kl 7é kg and k’l = k4,
ivEr [ask2k2 + ask2(ky — ko)?
Zﬁ[anz azo(l 2)]N3 ifk1:k3:k4
1 — h2
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and
(ky — k3) (k1 — ka)N* if ky ¢ {ks, ka},
WNQ if ky = ks, k1 # kqand ko # ka,
JsJy — kZN? ~ Wl\f if ky = ks, ky # kgand kg = ky, (7-38)
—iag/Fy (kg — ks)N? if ky # ksand ky = ky,
—k3N? if ky = kg = ky,

so, according to (7.36)1, (7.36)2, (7.37) and (7.38), aq,, and @z, satisfy, for some

cy1, co > 0,

(|a1,n|a |042,n|) ~

(ClN, CQ) if kl ¢ {k37k4}7

(01, %) if by = ks, ki # kg and ko # ki,
(% %) if ky = ks, k1 # ka and ko = ka,

(ClN, CQ) if kl # ]Cg and kl = k4,

(ClN, CQ) if k’l = k3 = k4,

(7.39)

we omit the details here. Because we are assuming in this subcase 1 that [k # k3
or k1 = kq4J, then (7.39)5 and (7.39)3 can not be considered in this subcase 1, so the
properties (7.35), (7.39)1, (7.39)4 and (7.39)5 lead to (7.3)4.

Subcase 2. (7'1,7'2,7'3,7’4) = (0,1,071), k3 35 k4 and [kl }é ]Cg or k2 = kg] As
in subsection 7.1, we consider the choices (7.7) and we get (7.8), (7.9) and (7.14).
Moreover, we have

(J3Jy — k3N?) (J1J2 — kIN?) — k§ JoJy

—iask3v/ks(ks — k1)(ks — ko)
k3 — ks

N5 if kg ¢ {ky, ko),

—k%(/ﬂg — ]ﬂg)(k)g — k4)N4 if kl = k3 and kz # kg,
7@2&4]{13(]43 — kl)
ks — ky
’L\/E [a4k§kf + agkg(kg — k4)2]
ks — k4

N4 lfkl#kg and kzzkg,

N2 if by = ko = ks

(7.40)
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and

(k3 — k1) (k3 — ko) N* if ks & {k1, ka2},

E2(ks — k

ki (ks = k2) o if k1 = ks, ko # ks and ko # ka,
ks — ky

—iaskiVE

JiJy —kIN? ~ MN if by = kg, ko # k3 and ko = ku, (7.41)

ks — kg

—iag\/g(kg — k1)N3 if kl 75 k3 and kz = /{53,

—kIN? if ki = ko = k3,

so, as for (7.39), according to (7.9)s, (7.9)4, (7.40) and (7.41), ag,p, and oy, satisfy,
for some ¢y, co > 0,

(ClN,CQ) if ]{53 ¢ {kl,kg},

(cl,%) if ky = kg, by # ks and Ky # ka,
(|a3,n|7 |OZ4,n|) ~ (Cﬁl, %) if ki = k3, ko # k3 and ko = ky, (7.42)

(c1N,co) if ky # ks and ko = k3,

(ClN, 02) if kl = k‘g = k‘g.

We remark that (7.42)5 and (7.42)5 can not be considered in this subcase 2 thanks
to the assumption [k1 # ks or ko = ks], then (7.14), (7.42);, (7.42), and (7.42)5
show that (7.3), is satisfied.

Subcase 3. (71,72,73,74) = (0,1,0,1), k1 = k3 and k; ¢ {ko, ks}. We take

ﬁ?,n = 54,n = BS,n = 07 66,71 =1 and >\n =V k1N2 + kO + ba (743)

for n € N such that kN2 + kg + b > 0, where

k2(2ky — kg — kyg) k2 (kg — kg)?
h= -1 + k2 + L ) 7.44
2(ky — ko) (k1 — k) O 4(ky — ko)2(ky — k)2 (7.44)

Then (7.8) and (7.9) hold. Moreover, we see that

JoJy ~ (k1 — ko) (k1 — ka)N*,  J4N ~ (ky — kg) N3 (7.45)
and
(J3Jy — k3N ) (J1Jo — kIN?) — kg JoJy (7.46)
=[b —iaghn + b+ ko — k1| — kIN?]

[
x [b [(kl — kQ)N2 —iagAn + b+ ko — k1| — kIN?]
— k2 [(/ﬁ — ko)N? —iagh, +b+ ko — k‘1] [(lﬂ — ks)N? —idagh, + b+ ko — kl] )
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since k1 = k3. On the other hand, direct computations show that the coefficient of
N* in the right hand side of (7.46) vanishes; that is

[(k1 — ka)b — k2] [(k1 — k2)b — k2] — k3 (k1 — ko) (k1 — ka) = 0,
therefore
I3N3 if I3 # 0,
(J3Jy — k3N?) (J1Jo — kIN?) — kg Jody ~{ I,N? if I; = 0 and I» # 0,

IlN ifIgnganndll#O,

(7.47)
where
i/ [az [K2(ky — ka) + k2b— (ky — ka)b?]
+aq [k‘%(kjl — kig) + k%b — (k‘l — k‘g)b2” if m =3,
1, =

(b + k() — kl) [(b — k%) (2k1 — kQ — k4) — 2]@%] — k1a2a4 (b2 — k%) ifm= 2,

77;\/5((12 + a4)(b + ko - k’l) (b2 - k%) ifm=1.

Observing that (I1, Iz, I3) # (0,0,0). Indeed, if I; = 0, then b* = k2 or b = k1 — kq.
If b2 = k2, then

Is = ik3\/k1b(as + ay) # 0.
And if b? # k2 and b = ky — ko, then
I = —kiazaq (b° — k) # 0.
Consequently, (7.47) implies that there exists m € {1, 2,3} such that
(J3Jy — k3N?) (J1Jo — kIN?) — kg Jody ~ I, N™. (7.48)

Finally, we deduce from (7.9)1, (7.9)2, (7.45) and (7.48) the existence of ¢1, c3 > 0
such that
(lomnls [asnl) ~ (2 NV, e N3 (7.49)

hence (7.3)4 holds, since (7.35) and (7.49) lead to

— C1 —
A2 D, ||y ~ N3—m™, 7.50
22l ~ e (7.50)
The proof of Theorem 7.1 is then ended. O

8. Lack of polynomial stability: Cases (3.1) and (3.2)

In the last cases (3.1) and (3.2) (where also the strong stability (2.17) holds but the
exponential one (4.5) is not satisfied; see sections 3 and 4), we will prove that even
the polynomial stability (6.6) does not hold in general.
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Theorem 8.1. For any § > 0, the polynomial decay (6.6) does not hold in the
following two cases:

kok
(7—1;7-2,7—377—4) = (]-aovovo)u (klka) S {(k37k3)7 (k07k4)} and k3 = 04
ko + k4
(8.1)
and
koka
(7-177—277—377—4) = (0707 170)1 (k37k4) S {(kla k1)7 (kOakQ)} and kl = .
SIS
8.2

Proof. We need to treat only the case (8.1), since, by symmetry, the other case
(8.2) can be treated in a similar way.

As in section 7, to prove Theorem 8.1, it is sufficient to show that, for any
m € N*

limsup A~ || (iA] — A)~ >0, (8.3)

1
mon o

since (8.3) implies that (6.6) does not hold, for any § > L (see [9,10]).
To get (8.3), it is sufficient to find sequences (\,),, C ]R (Fn)n C Hand ($,), C
D(A), n € N, satisfying (7.3)1, (7.3)2, (7.3)s and (8.3). Let ®,, F,, N and J;,
Jj =1,2,3,4, as in section 7. Then (7.3); is equivalent to (7.5). By considering
(4.11) an (4.12) it is clear that (F},), C H and (®,,), C D(A). Let m € N* and
take

ﬂQ,n = /64,7; = ﬁG,n = 07 68,n =1 and )‘n = \/k2N2 + kl + N_m_la (84)

for n € N. It appears that (7.3)2 and (7.3)3 are satisfied (thanks to (7.17)) and the
solution of (7.5) is given by (7.18). Moreover, we have Jo = N~™~! and, according
to the connections between k; assumed in (8.1)7

J3Jy —k3N? = N7 [(2ky — ks — ka) N> 4+ 2k — ko — ks + N7,
therefore (noticing that 2k — k3 — k4 # 0 because of (8.1))

(J3Jy — K3N?) (J1Jo — kIN?) — ki Jody ~ —kT (2ko — k3 — ka) N>, (8.5)
then (7.18)2 and (8.5) imply that

koks

|~ N 8.6
|042, | kl |2]€2 _ kig _ I{;4| ( )
hence, by using (7.29) and (8.6),
lim A, || ®y]l;, > lim |a2n|
n—oo n—00 \f(f) Nm—l
- koks
V2ky |2y — ks — k] (VE2)™
>0, (8.7)

which leads to (8.3). This ends the proof of Theorem 8.1. O
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9. Comments and issues

We would like to point out in this section that there are several possible general-
izations and various interesting open questions and promising research avenues.
1. Our results hold true for one of the following Dirichlet-Neumann boundary
conditions:

©(0,t) = ¥, (0,t) = w(0,t) = 2, (0,¢) =0 in (0,00),

vz (L,t) = ¥ (1,t) =w, (1,t) =2 (1,¢t) =0 in (0,00),

vz (0,t) = ¥ (0,t) = w, (0,t) = 2(0,t) =01in (0,00),

vz (1,t) = ¥ (1,t) = w, (1,t) = 2(1,t) =0 in (0,00),
and
0 (0,t) = 1, (0,t) = w(0,t) = 2, (0,t) =0 in (0,00),
(9.2)
e(L,t) = v, (1,t) =w(l,t) = 2, (1,t) =0 in (0,00).
In cases (9.1) and (9.2), and without loss of generality (thanks to some change of
variables as in Remark 2.1 of [17] for Bresse-type systems), one can, respectively,

assume that L )
/ o(z,t)dr = / w(z,t)dr =0
0 0

1 1
Jt)de = ,t)dx =0,
/Ow(x t)dx /Oz(x t)dx

which allows to apply Poincaré’s inequality to ¢, ¥, w and z. The situation is
more delicate when [ and 9] or [p and 2] or [¢) and w] or [w and z] have the same
boundary condition at 0 or at 1, and also when [p and w] or [¢) and z] have different
boundary conditions at 0 or at 1.

and

2. Similar stability results to the ones proved in this paper can be obtained
by replacing the coupling terms —kq (w — @) and ko (w — ¢) by —ko (2 —¢) and
ko (z — 1), respectively, and adding them to (1.1)y and (1.1)4, respectively. Simi-
larly, —ko (w — ¢) and ko (w — ) can be replaced by —ko (z — ¢) and ko (z — ¢),
respectively, and added to (1.1); and (1.1)4, respectively, or they are replaced by
—ko (w — ) and ko (w — 1), respectively, and added to (1.1)s and (1.1)3, respec-
tively.

3. The frictional dampings a;¢;, asths, azw; and agz; (or some of them) can be
replaced by other kinds of dissipation like, for example, memory, heat conduction
and Kelvin-Voigt effects. Similar stability results to ours can be proved in these
situations (see, for example, [1,15,16,21] for other Timoshenko-type systems).

4. In section 7, we proved the optimality of the polynomial decay rate obtained in
cases (6.3)-(6.5). However, in cases (6.1) and (6.2), we do not know if the polynomial
deacy rates are optimal or not; perhaps, they can be improved.

5. The coupled two Timoshenko beams (1.1) studied in the present work is linaer.
It would be very desirable to obtain analogous results in the presence of some
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nonlinear terms, where such nonlinear models are more closer to the real world
than the linear ones. In particular, when the frictional dampings (or some of them)
are nonlinear; that is the linear frictional dampings a1ps, a2, azw; and aqz; are
replaced, respectively, by the nonlinear ones hi(p:), ha(w:), hs(w:) and hg(z:),
where

hjiSERth(S)ER, 1 =1,2,3,4,

are fixed functions satisfying some smoothness and boundedness conditions. An-
other research avenue is to treat the local stability problem; that is the positive
constants (or some of them) a;, j = 1,2, 3,4, are replaced by nonnegative functions

a;j :z € (0,1) —»a;(z) eRy, j=1,2,34,

which can vanish on some parts of the interval (0,1). We aspire in future works to
investigate these interesting questions.
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