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SOLVABILITY AND OPTIMAL CONTROLS OF
FRACTIONAL IMPULSIVE STOCHASTIC
EVOLUTION EQUATIONS WITH NONLOCAL
CONDITIONS*

Yonghong Ding™ and Jing Niu?

Abstract This paper deals with the solvability and optimal controls of a
class of impulsive fractional stochastic evolution equations with nonlocal initial
conditions in a Hilbert space. Firstly, the existence and uniqueness of mild
solutions for the considered system are investigated. Then, we derive the
existence conditions of optimal pairs to the control systems. In the end, an
example is presented to illustrate the effectiveness of our abstract results.
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1. Introduction

The purpose of this paper is to study the solvability and optimal controls to the

following nonlinear time fractional evolution equations with impulsive and nonlocal

initial conditions

dW (t)
dt

€ [Oa bL t#tzﬁ i:172a"'7p7

‘Dix(t) + Ax(t) = f(t,x(t)) + o(t, x(t)) + B(t)u(t),

where °D¢ is the Caputo fractional derivatives of order 3 < o < 1,

b
g(at)z/0 h(s,z(s))ds. (1.2)
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0<ty <ty <---<tp,<b, I; is an impulsive function, ¢ = 1,2,- - -,p, Azx(t;) =
z(t ) —x(t]), z(t}), z(t; ) denote the right and the left limit of x at t; , respectively.
The state z(-) takes values in the separable Hilbert space H, A: D(A) C H — H is
a closed linear operator and —A is the infinitesimal generator of a Cy—semigroup
T(t)(t > 0) on H. Let K be another separable Hilbert space. For convenience, we
will use the same notation || - || to denote the norms of H and K, and use (-,-) to
denote inner product of H and K without any confusion. We are also using the same
notation || -|| for the norm of L(K,H), which denotes the space of all linear bounded
operators from K into H. Suppose that {W(¢) : t > 0} is a given K-valued Wiener
process or Brownian motion with a finite trace nuclear covariance operator @@ > 0
defined on a filtered complete probability space (2, F,{F;}+>0,P). The control
function u(-) takes values in another separable reflexive Hilbert space U, B : U — H
is a linear operator. f, o, I; and h are appropriate functions to be given later.

In the past two decades, stochastic differential systems have attracted great
interest because of their practical applications in many areas, such as economics,
physics, population dynamics, chemistry, medicine biology, social sciences and other
areas of science and engineering. For more details, we refer to the books by
Da Prato and Zabczyk [11], Grecksch and Tudor [23], Liu [29], Mao [31] and
Sobcezyk [38]. Omne of the branches of stochastic differential equations is the the-
ory of fractional stochastic evolution equations. Many researchers investigated
the existence, uniqueness, controllability and asymptotic behavior of mild solu-
tions to fractional stochastic evolution equations by using different approaches,
see [2,6-9,13,14,16,17,19,27,30,32-35,40,44-47] and the references therein.

The theory of impulsive differential equations describes processes which experi-
ence a sudden change in their states at certain moments. For the basic theory on
impulsive differential equations, the reader can refer to the monographs of Bainov
and Simeonov [1], Benchohra et al. [4] and Lakshmikantham et al. [26]. Particularly,
impulsive fractional evolution equations in Banach spaces has been emerging as an
important area of investigation in the last few decades. For more details on this
theory and its applications, we refer to the the references [2,13,14,16,18,20-22, 36,
37,39,41-43,45,46]. Some works [2,13,14,16,45,46] considered fractional stochastic
evolution equation with impulsive, for example, Balasubramaniam et al. [2] inves-
tigated a class of impulsive fractional stochastic integro-differential equations in
Hilbert space of the form

‘DRa(t) = Ax(t) + J;[B(t)u(t) + f(t, (t), z(ar(t)), 2(az(t), - -, x(am(t)))]

they obtained the existence of mild solution and optimal controls for the considered
system. Dhayal et al. [16] studied the existence of optimal multicontrol pairs for a
class of noninstantaneous impulsive fractional stochastic differential systems driven
by the Rosenblatt process with state-dependent delay.
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It is well known that the study of abstract nonlocal Cauchy problem was ini-
tiated by Byszewski and Lakshmikantham [5]. Since the nonlocal initial condition
have better effects in applications than the classical initial condition, differential
equations with nonlocal conditions were studied by many authors and some basic
results on nonlocal problems have been obtained, see [9,10,12,17-21,28,32,43,48].
However, to the best of our knowledge, we have not seen the relevant papers to
study the optimal control of system governed by fractional impulsive stochastic
evolution equations with nonlocal conditions. Due to its importance in both the-
oretical and real-life applications point of view, it is significant to investigate its
existence, controllability, and other quantitative properties.

Inspired by the above discussions, in this paper, we first prove the existence and
uniqueness of mild solution for fractional impulsive stochastic evolution equations
with nonlocal conditions (1.1). Secondly, the existence of fractional optimal controls
for (1.1) is investigated. The obtained results are new and considered as a contri-
bution to the theory of fractional impulsive stochastic optimal control problem.

The rest of this paper is organized as follows: In Section 2, we give some defini-
tions and preliminary results to be used in this paper. In Section 3, the existence
and uniqueness of mild solutions are proved. Existence of fractional optimal con-
trols is shown in Section 4. Finally, In Section 5, an example is provided to illustrate
the applications of the obtained results.

2. Preliminaries

Let (2, F,{Fi}+>0, P) be a filtered complete probability space satisfying the usual
condition, which means that the filtration is a right continuous increasing family and
Fo contains all P-null sets. Let {ex, k € N} be a complete orthonormal basis of K.
{W(t) : t > 0} is a cylindrical K-valued Brownian motion or Wiener process defined
on the probability space (2, F,{F;}+>0, P) with a finite trace nuclear covariance
operator @ > 0, we denote T7(Q) = > po; Ax = A < oo, which satisfies that
Qex, = gek, k € N. Let {Wy(¢),k € N} be a sequence of one-dimensional standard
Wiener processes mutually independent on (Q2, F, {F; }+>0, P) such that

W(t) = VAWi(t)er, t > 0.
k=1

Forthermore, we assume that 7; = o{W (s),0 < s < t} is the o-algebra generated
by W and F, = F. Let LY = Lo (Q%K, H) denote the space of all Hilbert-Schmidt
operators from Q:K into H with the inner product (¢, 0) = Tr(dQe*). It also
turns out to be a separable Hilbert space. The collection of all Fp-measurable,
square-integrable H-valued random variables, denoted L?(2,H), is a Banach space
equipped with the norm |z 2 = (E||z(w)|?)2, where E denotes the expectation
with respect to the measure P. For more details on stochastic integrals, see the
books of [11,31].

Let C([0,0], L?(Q, H)) be the Banach space of all continuous mappings from [0, b]
to L*(Q, H) with the norm [|z]lc = (sup;c(o g El|lz(t)]|2)2. Let

PC([0,b], L*(Q, H)) ={z : [0,b] — L*(Q,H),z(t) is continuous at t # t;,
left continuous at ¢ = ¢;, and the right limit x(¢;")
exists for i = 1,2, - -, p}.
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PC([0,b], L?(2,H)) be the space of all F;-adapted measurable stochastic processes
x € PC([0,b], L*(Q, H)) with the norm ||z|lpc = (sup;e( 4 Ellz(t)||?)=. It is casy to
see that (PC, || - ||pc) is a Banach space. We suppose that U is a separable reflexive
Hilbert space from which the controls u take the values. Let

L%Z(J, U)={u:J xQ = U: uis F —adapted measurable stochastic

b
processes and ]E/ [u(t)[|2dt < oo}.
0

Let Y be a nonempty closed bounded convex subset of U. Define the admissible
control set

Usa = {u(-) € L%(J, U)| u(t) € Y,t € J}.

We assume that the control function v € U,q and B € L*(J, L(U, H)), || B/~ stands
for the norm of operator B on Banach space L*°(J, L(U, H)), where L*>(J, L(U, H))
is the space of operator valued functions which are measurable in the strong operator
topology and uniformly bounded on the interval J.

In the rest of the manuscript, we suppose that A generates a compact Cy—
semigroup T'(¢)(¢t > 0) of uniformly bounded linear operator in H. That is there
exists a positive constant M > 1 such that | T'(¢)|| < M for all ¢t > 0.

The following result will be used in the sequel of this paper.

Lemma 2.1. (see [11]) For any p > 1 and for arbitrary LS-valued predictable
process x(+) such that

o B [ x| < w0 ( [ @) e .

s€[0,t]

Definition 2.1. (see [25]) The Riemann-Liouville fractional integral of order @ > 0
of a function y : (0, 4 c0) — R is given by

L t —8)% y(s)ds
i [ =yt

provided the right side is pointwise defined on (0, +00).

Igy(t) =

Definition 2.2. (see [25]) The Riemann-Liouville fractional derivative of order
a > 0 of a function y : [0, + oco) — R is given by

1 dy [f y(s)
Dgy(t) = " d
oy () F(n—oz)(dt) /0 (t —s)a—ntl %
where n = [a] 4+ 1, provided that the right side is pointwise defined on (0, +00).

Definition 2.3. (see [25]) The Caputo fractional derivative of order a > 0 of a
function y : [0, + co) — R is given by

n—1
“Dgy(t) = D [y(t) — Y 7P (0],
k=0 "

where n = [a] 4+ 1, provided that the right side is pointwise defined on (0, +00).
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Remark 2.1. (i) If y(t) € C™[0, +00), then

1 by
cDYy(t) = ds = I" %y ().
590 = Fray |, et = B )
(ii) If y(t) is an abstract function, then the integrals which appear in Definitions
2.2 and 2.3 are taken in Bochner’s sense.

For x € H, define two operators .7 (¢)(t > 0) and .7 (¢)(t > 0) as follows:

Z(t)z = /0 T OT 0 edd, S (B =a /0 T O 0)zde,  (21)
where

Ca(e) _ éa—l—l/apa(e—l/a),
pal0) =+ Z(—l)"_lﬂ_a"_lw&n(nﬂ'a), 6 ¢ (0,00).

™
k=0

Ca(0) is a probability density function defined on (0, +o00) which satisfies

) 20.0c 000, [T GO =1, [ 06018 = o

rira @2

The following lemma about the operators 7 (¢)(¢ > 0) and . (t)(¢ > 0), which
can be found in [48], will be used throughout this paper.

Lemma 2.2. The operators 7 (t)(t > 0) and Z(t)(t > 0) satisfy the following
properties:
(i) For any fized t > 0, T (t) and L (t) are linear and bounded operators in H,
i.e., for any v € H,
| 70l o), |20l g el (23
= =T

(ii) For every x € H, t - 7 (t)x and t — 7 (t)x are continuous functions from
[0,00) into H.

(i1i) The operators 7 (t)(t > 0) and Z(t)(t > 0) are strongly continuous.

(iv) If the semigroup T(t) is compact, then T (t) and #(t) are also compact
operators in H for t > 0, and hence they are norm continuous.

Lemma 2.3. (Krasnoselskii’s Fixed Point Theorem, see [48]). Let X be a Banach
space, let Y be a bounded closed and convex subset of X and let Fy, Fy be maps of
Y into X such that Frx + Foy € Y for every pair x, y € Y. If Fy is a contraction
and Fy is completely continuous, then the equation Fyx + Fox = x has a solution
onY.

According to [33,41], we adopt the following definition of the mild solution of
(1.1).

Definition 2.4. For any given u € U,q, a stochastic process x is said to be a mild
solution of (1.1) on [0,b] if z € PC([0,b], L?(2,H)) and satisfies
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(i) () is measurable and adapted to Fi;
(ii)x(t) satisfies the following integral equation

£(t) =7 (t)g(x) + / (t— ) LAt — )[f(s, 2(s)) + B(s)u(s)]ds

+ /0 (t —s)* 1Lt — s)a(s, z(s))dW (s) + Z T (t —t;)i(z(t;)).

0<t; <t

3. Existence and uniqueness of mild solution

To prove the main results, we list some assumptions:

(H1) Let f : [0, b] x H — H be a continuous function. Suppose also that the
following assumptions are satisfied:
(1) There exists a constant Ly such that

1£t, )| < Ly(1+ (12 |?), t€J, z€H.

(ii) For some r > 0, there exists a constant L; such that for all t € J and
x, y € H satisfying ||z[|? <7, |ly||*> <,

£t @) = f& I <Ly lle—y |

(H2) Let o : J x H — LS be a continuous function. Suppose also that the following
assumptions are satisfied:
(i) There exists a constant L, such that

llo(t, x)||2Lg <Ly(l4+ ||z |?), teJ, »eH.
(ii) For some r > 0, there exists a constant L, such that for all ¢ € J and
x, y € H satisfying [[«]* <r, |y|* <,
lo(t, ) —a(t, Yliig < Loz -y

(H3) Let h : J x H — H be a continuous function. Suppose also that the following
assumptions are satisfied:
(i) There exists a constant Ly, such that

|h(t, 2)|? < Lp(1+ ||z ||*), t€J, =€ H.

(i) For some r > 0, there exists a constant L; such that for all ¢ € J and
x, y € H satisfying ||z]|> <, ||y||*? <,

(¢, @) = h(t, y)I* < Ly |z —y |*.

(H4) Let I; : H — H be a continuous function for every i = 1,2, ---,p. Suppose also
that the following assumptions are satisfied:
(i) There exist constants M; (i = 1,2, - -, p) such that

HIZ(‘T)H2 S]\474”33“27 i:1a27"'7pa r € H.

(ii) For some r > 0, there exist constants M; (i = 1,2, - -, p) such that for all
t € J and z, y € H satisfying ||z]|> < r, |jy||* <,

[ Ii(z) = L(y)|* < Myllz —y|* i = 1,2, -, p.

We are now ready to state our main results.
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Theorem 3.1. Assume that —A generates a compact Co-semigroup T(t)(t > 0)
of uniformly bounded operators in Hilbert space H. If the assumptions (H1)(i),
(H2)(i), (H3) and (H4) are satisfied, then impulsive fractional stochastic systems
with nonlocal conditions (1.1) has at least one mild solution in PC([0,b], L*(Q, H))
provided that

p
1
N+ M°pY M; < = (3.1)
=1

and

(3.2)

DN =

p
MWL, + M?pY» M; <
=1

are satisfied, where

M2 b2()¢—1

N = M?¥’L bL L, = - .
bt coblp +cobos  Co Ma) 2a-1

Proof. For any constant r > 0, let
By = {z € PC([0,0], L*(Q, H)) : [[llpe <r}.

It is easy to see that B, is a bounded closed convex set in PC([0, b], L%($2, H)).

Define two operators F; and F5 on B, as follows:

(Fa)(t) =7 (Dg(x)+ Y T(t—t)L(=(t:)), t €0, b,

o<t; <t

(Fox)(t) :/0 (t —8)* LA (t — s)f(s,2(s))ds + /0 (t —5)* LA (t — s)B(s)u(s)ds
—|—/ (t —s)* LF(t — s)o(s,x(s))dW (s), t €0, b].
0

Obviously, x is a mild solution of (1.1) if and only if the operator equation z =
Fix + F>x has a solution.

Next we prove that F; + Fy has a fixed point by Krasnoselskii’s Fixed Point
Theorem. For this, we proceed in several steps.
Step 1. We prove that there exists a positive number ro such that Fyz+ Fhy € By,
whenever z, y € B,,.

In fact, choose

o BN+ coll B Jy Ellu(s) [?ds)
T T —s(N+ MY M)

then for every pair z, y € By, and t € J, by Lemma 2.1, Lemma 2.6, conditions
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(H1)(i), (H2)(i) and Hoélder inequality, we have

E|[(Fiz)(t) + (Fay)(1)|?
2
<5E|.7 (t)g(x)||* + 5E

> Tt —ti)Li(x(t:))

0<t; <t

+5E /0 (t—8)* Lt — 5)f(s,y(s))ds

2

2

+5E /0(t—s)a—ly(t—s)B(s)u(s)ds

2

+5E /O(t—s)a’ly(t—s)a(s,y(s))dW(s)

b /4
§5M2b/ Li(1+E||z(s)|?)ds + 5M%p >~ Mi(Bll(t:)|?)
0 i=1

¢ t
+5co / Ly(1+E[ly(s)[?)ds + 5e / E|| B(s)u(s)|%ds
0 0

5M? [* 5202 I12)ds
+ Tarag [, (¢ = 9L 1+ Bly(s) )

p
<EMP62Ly (1 + 70) 4+ 5Mpry Z M; 4 5¢obL (1 + 1)

=1

b
+ 5o BI% / Elju(s)|2ds + 5¢o Lo (1 + o)
0

p b

= 5(N+M2pZMi)ro + 5(N+co||BHio/ E||u(s)||2ds)
i=1 0

<rg.

It then follows that F} + F» maps B, to B,,.

Step 2. F} is a contraction on B,,.
For any =, y € By, and t € J, it follows from (H3) and (H4) that

E|(Fiz)(t) — (Fiy) )|

gmHﬁ(t) | 015 0(6) = B s

2

+2E|| Y 7 (t — t) L (ts) — Ly (k)]

i=1

p
<(M*V’Ly+ 2M°py M)||z — yllpe,
=1

which implies that

p
1Fie — Fiyllpe < 2(M*6PLy + Mp) M)z —ylpe.

i=1
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By (3.2), we easily see that F is a contraction on B,.

Step 3. F3 is a completely continuous operator.
Firstly, we show that the mapping F5 is continuous on B,,,. For this purpose, let
Tm — 2 in B,, then we have

[t zm(t) = f(E, (1), o(t, zm(t)) = o(t, x(t), (m — o0).
Moreover, by Holder inequality and Lebesgue dominated convergence theorem, we
can get
2

E\ [ =97 = 9)[505: 2 (9) = S, ()]s
0

g(r(ﬂi)) / (- s / CEllF (s, @m(s)) — fls, 2(s)|Pds

< () [ Bt o — 56wt

=0 (m — ).

On the other hand, from Lemma 2.1, Holder inequality and Lebesgue dominated
convergence theorem, we obtain

e [
< (p) [ €= Blots, o)) = . ()17

— 0 (m — 00).

2

t—8)2 LA (t — s)[o(s, Tm(s)) — a(s, x(s))]dW (s)
2

By the above discuss, we obtain the following relation:

E|| Fy(m) — Fa(x)||?

\ [ =9 7= ) [56. ls) — fls, ()]s

2
<2E

2

+2 E’ /0 (t—s)* LSt —s)[o(s, zm(s)) —o(s, z(s))]dW(s)

— 0 (m — ),

which means that Fy(z) is continuous in B, .

Secondly, we prove that for any ¢t € J, V(t) = {Fa2(z)(t), = € By, } is relatively
compact in H. It is obvious that V' (0) is relatively compact in H. Let 0 < ¢t < b be
given. For any € € (0, t) and v > 0, define an operator F" on B,, by

(F"z)(t)
:oé‘/0 / 0¢a(0)(t — s)a—lT((t —8)0)[f(s,x(s)) + B(s)u(s)|dods

+a/0 / 0Ca(0)(t — ) T((t — 5)0)0 (s, z(s))dOdW (s)
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:T(e“u)a/o h /OO 0Ca(0)(t — 8)*IT((t — 5)*0 — €*v)[f(s,2(s)) + B(s)u(s)]dfds
+T(e%)a/0 - /oo 0L (0)(t — )2~ T((t — 5)°0 — *v)o (s, 2(s))dIdW (5).

Then the set {(F¥x)(t) : = € B, } is relatively compact in H because T'(e®v) is
compact. From (H1)(i), (H2)(i), Lemma 2.1, Lemma 2.6 and Hoélder inequality, we
get that

E||(Fia)(t) — (Fz)(#)]

a/o /0” 0Ca(0)(t — 8)*IT((t — 5)“0)[f (s, 2(s)) + B(s)u(s)]dds

2
< 4E

2
+4E a/t_ 0 (0)(t — ) 1T((t — 5)°0)[f (s, 2(5)) + B(s)u(s)|d0ds

2

+4E ozA ’ 0Ca(0)(t — 8)*IT((t — 5)*0) o (s, 2(s))dOdW ()

2

+4E||« /ti /OO 0Ca (0)(t — 5)* I ((t — 5)*0)o (s, 2(s))dOdW (s)

AL [ Bl 505,006) + Bt as [ vcaiorin)

4M2a262a—1 t ,
* G T @, EW () + Bt

2

+ 4M3a? /Ot(t — 5)2@DE||o(s, z(s))HZLgds(/Ou 9<a(9)d9>

AMPa”

I'2(1+a)

2 21201 b Y i

<W2§b1<mf<1+m> +2(BII%, / E||u<s>||2ds) ( / 9<a<9>d9)
_ 0 0

4M2a262a71 b
2L (1 2\1B||2 E 2q
b s (2 e 2181 [ Bl )

AM2a2p2e1 v 2

— L. (1 0¢,(0)do

F B L ([ o))
4M2a262a71

T G-y ot o) 06y = 0)

t
| = VBl o(s.a(o)gas
t—e

Hence, there are relatively compact sets arbitrarily close to the set V(¢)(¢ > 0) in
H. Therefore, the set V(t) is relatively compact in H.

Finally, we prove that Fy(B,,) equicontinuous on J.

For any = € B,, and 0 <t; <ty <b, we have

E||(Fia)(t2) — (Fio) ()]

/j(@ — ) Sty — 8) [ (s, (s)) + B(s)uls)]ds

2
+ 6
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+ 6E /o 1 [(t2 — s)¥ 7t — (t; — s)afl]Y(tg —8)[f(s, z(s)) + B(s)u(s)]
t1 2
+ 6E /0 (t; —s)! [ (ta —5) = F(t1 — 9)] [f(s, 2(s)) + B(s)u(s)]
4 6E /t Yt — 5)2 L (b — 8)or(s, 2(s))AW (s)
4 2
+ 6E /0 [(t2 — 8)h — (t; — s)a_l]Y(tg —s)o(s, z(s))dW(s)
+6E /O (ty = ) [ F (b — ) — F(tr — )]0, 2(s))dW(s)

=L + I+ I3+ Iy + I5 + Ig.

In order to prove E|(Fz)(t2) — (Fx)(t1)]|?> = 0(t2 —t; — 0) , we only need to show
I; — 0 independently of z € B,, when t —t; = 0fori=1,2,--.,6.
For I and I, we obtain by (H2)(i), (H3)(i), Lemma 2.1 and Lemma 2.6 that

2
I, = 6E

/t “(ta— 8) LS (1 — 8)[ (5, w(s)) + B(s)us)]ds

< Fﬁj‘{;/:(tg — )22 /:E|f(s, 2(5)) + B(s)us) [2ds
_ SM[2L(1+ 1) + 2B, S Blus)|?ds] (2 — 1)
- I'2 () 200 — 1

—>0(t2—t1—>0),

2
I, = 6E

/tl2 (ty — 8)* LA (ty — s)o(s, x(s))dW(s)

6M2 [ 202
<22 _ g)2a—2[ 2
< oty | = 9 2Bl ol
6M2Lg(1 + 7”0) (tz — t1)2a_1
- I'?(«a) 200 — 1

%O(t27t1*>0).

In a similar way, for Iy and I5, we get

2

I, = GIEH /0 1 [(t2 — 8)* " = (t1 — 8)* ]St — 8)[f(s, z(s)) + B(s)u(s)]

6M? (" — gl = —sa_12s " s, z(s s)u(s)||*ds
< gy [, (=927 = (=9 s [CEISG, a(e) + Bo)u)|Pd

_ SM2[2Lsb(1 + 70) + 2] BIIZ, Jy Ellu(s) |?ds]
B ()

X /0 [(ta — )" = (t1 —s)* '] 7ds

—)0(t2—t1—)0),
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2

I = GIEH /Otl [(t2 — )27 = (11 — 5)° ]S (t2 — 5)o (s, a(s))

6M2 n a—1 a—112 2
<oy [ (=9 =t = 9Bl o) s
w " — S a—1 —_ — 8 a—1 2 S
< FQ(a) /0 [(tQ ) (tl ) ] d

*)0(t2*t1*>0)

Further, for I3 and Ig, if t1 = 0, 0 < ty < b, it is easy to see I3 = Ig = 0, so for
t1 > 0 and 0 < ¢ < t; small enough, we have that

2

I3 ZGEH /0 1(t1 —5)* 7 A (ta — s) = F(t1 — 8)] [ f(s, 2(s)) + B(s)u(s)]ds

2

<128 [ 0= 90 (= 9) - A0 - 9] [0 w(60) + Bls)ulo)]ds
+ 12E :

/t 1 (t1 — ) [ F(ta — 5) — F(t1 — 5)] [ £ (s, 2(5)) + B(s)u(s)]ds

1—¢&

b
<12 sup S (t —s) = (t1 = $)|*(2Lb(1 + ro) + 2IIBII§0/ E|lu(s)|*ds)
0

SE[O,tl—E]
t%a_l _ 620471
20 — 1
oM \? b g2t
12( =— ) (2Lb(1 2||B|I? E 2
12 ) Lppa4 o) +20B1E [ Elulo) ) 5
—0 (tg —t; — 0 and € — 0).
t1 2
Ig :6]EH / (t1 — )7 S (ta — 5) = F(t1 — )] o (s, z(s))dW(s)
0
2

§12]EH /Ohg(t1 — P St — ) — S (01— 5)]o (s, 2(s))ds

t1 2
+12E / (t1 — ) [ F(t2 — 5) — F(t1 — 5)]o(s, z(s))ds
tlfé"
t20£—1 _ 620(71
<12 sup L (ta — ) — L(t1 — 5)||*Lo (1 +179) 2
s€[0,t1—¢] 200 — 1
2M \? g2a-l
12 —= ) Lo(1 S ——
+ (F(a)) (L +r0)5 =

—0 (ta —t; — 0 and € — 0).

This implies that Fy(B,,) is equicontinuous.

Hence by the Arzela-Ascoli theorem one has that F3 is a completely continuous
operator. Thus, by Lemma 2.7, F} + F; has at least a fixed point « € B,,, which is
just the mild solution of system (1.1).

This completes the proof of Theorem 3.1. O

Furthermore, if conditions (H1)(ii) and (H2)(ii) also hold, we can obtain the
uniqueness theorem for system (1.1).
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Theorem 3.2. Assume that —A generates a compact Co-semigroup T'(t)(t > 0) of
uniformly bounded operators in Hilbert space H. Suppose the assumptions (H1)-(H})
hold, then impulsive fractional stochastic systems with nonlocal conditions (1.1) has
an unique mild solution in PC([0,b], L?(Q,H)) provided that (5.1) and

p
4<M2b2Lh + M2PZMZ' +CoLfb+CoLgb) < 1, (33)

i=1
are satisfied.
Proof. Introduce the mapping F : PC([0,b], L*(2,H)) — PC([0,b], L*(Q, H)) by
(Fa)(t) = (Fu)(t) + (Fa)(1), £ € [0, b].

Clearly, the mild solution of system (1.1) is equivalent to the fixed point of the
operator F. By Step 1 of Theorem 3.1, we know that F(B,,) C By,. For any
z1,%2 € By, and t € J, we have

E[|(F2)(t) — (F1) (1)
<4E|| 7 ()[g(w2) — g(x1)]|* + 4B Y T (i) [Li(wa(t:)) — Lz (t))]]|”

o<t; <t
t

HAE| [ (¢ =) L (= 8)[f (5, wa(s)) = F(s, @a(s))ds||”

+ 4EH ; (t—s)* Lt — s)[o(s, z2(s)) — o(s, xl(s))]dW(s)H2

b
§4M2b/0 E||(s, a(s)) — (s, z1(s))|*ds

+ 402 Y | T () — L (1)

=1
4M2 b2a—1 t 9
o [, Bl oa(e) = s (o)
4M2 b2a71 t 9
* To(ay a1y Elotes 22 = ots, o)
b /4
§4M2bfh/ E||I2(S)*I1(S)H2d5+ 4M2pZMZE||I2(tZ)7$1(t1)}|2
0 =1
4M2 b2a—1 . t 5
+m2a7_1Lf/o ]Eng(s)—xl(s)H ds
4M2 b2a71 o t 5
+1"2(a)2a—1L0/0 EHzg(s))—zl(s)H ds
p
SAMT 2 — e + 40 Y Wil —
i=1
4M2 b2a—1 o 9 4M2 b2a—1 o 9
+ mﬁ%‘b”x? —a1fpe + mm%b“@ —a1fpe

P
=4 (M2b2Lh + MQpZMi +coLsb+ COLab) H“”? - H?Dc

i=1

2
Z:FGH.’L‘Q — lePC'
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Hence
[(Fa2) = (Fa1)|pe < kllza — 1 ]pe-

We have by (3.3) that F' is a contraction mapping on B,,,. Thus, by the well known
contraction mapping principle we know that F' has a unique fixed point = € B,,,
that is, z(¢) is the unique mild solution of system (1.1).

This completes the proof of Theorem 3.2. O

4. Existence of optimal controls

In this section, we investigate the existence of optimal controls.
Let z* denote the mild solution of system (1.1) corresponding to the control
u € Ugyq. Consider the Lagrange problem (£2):

Find an optimal pair (z°,u%) € PC([0,b], L?(2, H)) x U, such that
J (2% u%) < J(x*,u), for all (z* u) € PC([0,b], L*(Q,H)) x Uya, (4.1)

where the cost function

T, u) = E(/Ob.i”(t,sc“(t), u(t))dt).

Assume that

L1) The functional £ :J x Hx U — RU {co} is F; measurable.

L2) For any t € J, Z(t,-,-) is sequentially lower semicontinuous on H x U.

L3) For any ¢t € J and = € H, Z(t,x,-) is convex on U.

L4) There exist two constants d; > 0, dy > 0, £ is nonnegative and £ € L'(J,R)

L(t,x,u) > E(t) + diE||z||* + doE||ul|®.

Now we are in a position to present the existence of optimal controls for problem

().

Theorem 4.1. Let hypothesis of Theorem 3.2 and (L1)-(L4) hold. Suppose that B
is a strongly continuous operator, then Lagrange problem (&) admits at least one
optimal pair, that is, there exists an admissible state-control pair

(2°,u%) € PC([0,0], L*(Q2, H)) X Uaq,
such that
T2 u?) < J(2" ), forall (z*,u) € PC([0,b], L*(Q,H)) X Uaq. (4.2)
Proof. Without loss of generality, we suppose that
inf{J(z*, u)|u € Upq} = € < +o0.

Otherwise, there is nothing to prove. It follows from (L4) that ¢ > —oco. We
obtain by definition of infimum that there is a minimizing sequence of feasible pairs
(z™, u™) € PC([0,b], L*(Q, H)) x Uuq such that

JE™u™) = g, m— oo,
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where 2™ is a mild solution of system (1.1) corresponding to u™ € Uygq.

Note that {u™} C Uzq(m = 1,2,---), which implies that {u™} € L%(J, U) is
bounded. Thus, there exists u® € L%(.J, U) and a subsequence extracted from {u™}
(still denoted {u}) such that

u™ L u (m— o0).

Since U,q is convex and closed, from the Marzur theorem [24], we deduce that
ud € Uug.

Let 2° be the mild solution of (1.1) corresponding to u°. It follows the bounded-
ness of {u™}, {u’}, one can check that there exists a positive number 7o such that
2™ |5 < 7o, [|2°]|%¢ < 7o. For t € J, we have

Elle™(t) - 2°(0)|
< AE| 7 (8)[g(x™) — g@®)]|? +4E|| S Tt — t)Liwa(ts)) — Li(2(t:))]||”
0<t; <t
+4EH/ Lot — s) [(f(s7 2™ (s)) — f(s, 2°(5)))

+ (B(s)u™(s) — B(s)uo(s))]ds

2

+4E”/ 1oLt — )o(s, 2™ (s)) — (s, 2°)]dIV (s)
§4M2b/0 E|[h(s, 2™ (s)) — h(s, J;O(s))Hgds

+4AMp Y B[\ L™ () — L (1)

2 2a—1 t
b [, w6 sts,

4M2 b2a71 t m o
+ I2(a) 20— 1 / 2EHB(5)U (s) — B(s)u (s)”ds
4M2 b2a71

T 2a—1

/ IEHU(S, ™ (s)) — (s, xo(s))Hst

p
AM2V Ly ||a™ — a1 || +4M2p > M ||a™ — wo!lic

i=1
8M?2 2ol AM? b2 . >
1-\2( )2a 1 fbe _xOHpc 1“2( )2a 1 b||x _xOHPC
8M2 b2a 1
I2(a) 2a — HB“ BUOHL2 2(J, U)

p
—4 <M2b2Lh + M?py M +2coLsb+ CoLab> o™ — 2
i=1

+ 8co|| Bu™ — BuOHL2 2.(J, v
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which means

8COHB“m - B“O”i;u U)

||J:m —x

012 <«
pe < - — "
1-— 4<M2b2Lh + M2pY " M;+2coLsb+ cOLgb>
Since B is strongly continuous, we get

0 (m — 00).

m 2 s
HBU - BUOHL;(J, v~

Consequently,

[|l=™ — xOHiC 20 (m — 00).
Thus, by (L1)-(L4)and Balder’s theorem (see Theorem 2.1 [3]), we can deduce
that (z, u) — IE( fob Z(t,z(t), u(t))dt) is sequentially lower semicontinuous in the

strong topology of L%(J, H) and weak topology of L%(J, U) C L%(J, U). Hence,
J is weakly lower semicontinuous on L%(J, U). Therefore, we obtain

™
I

m—»00

E(/Obz(t,xO(t),uO(t))dt)
T (2°,u)

= :Z:O’
2 &,

lim E< /O bg(t, 2™ (1), um(t))dt>

v

which implies that u° € U,q is a minimum of 7.

This completes the proof of Theorem 4.1. O

Remark 4.1. The result of Theorem 4.1 can be extended to the noninstantaneous
impulsive fractional stochastic evolution equations with nonlocal conditions. The
corresponding result that appear are also new.

Remark 4.2. In recent paper [16], Dhayal et al. studied the existence of optimal
multicontrol pairs for a class of noninstantaneous impulsive fractional stochastic
differential systems. In [15], Dhayal et al. obtained the optimal pair for a nonlin-
ear system governed by the fractional differential equation by using the resolvent
family and approximation techniques. In [14], Dhayal et al. discussed the approx-
imate and trajectory controllability for a class of fractional stochastic differential
equations with noninstantaneous impulses. Inspired by [14-16], in the future, we
will investigate the fractional stochastic evolution equations with nonlocal initial
conditions and noninstantaneous impulsive.

Remark 4.3. The uniqueness of the solution is a prerequisite for discussing optimal
control, so it is necessary that the mild solution of (1.1) should be unique.



2638 Y. Ding & J. Niu

5. Application

To illustrate the main result, we consider the following fractional stochastic control
system

o3 92 sint  ax(z,t), 1, 1 | z(z,t) | dW(t)

o@D~ 5arlat) = (G + i) Tl 1+|:c(z,t)|) dt
1

+/ K(z, s)u(s,t)ds, z€]0,1],t€]0,1],t# %,

SNNEEV]
2’ 54 | z(z,t) |
z(0,t) = x(m,t) =0, te][0,1],

z €10,1],

1
1
x(z,0) = / g(e_t +sin(xz(z, s)))ds, =z € [0,1],
0
(5.1)
where W (t) is a standard one dimensional Brownian motion defined on the filtered
probability space (2, F,{F;}t>0, P).
In order to write the above system (5.1) into the abstract form of (1.1), let
1
H = U = L2[0, 1] with the norm [w|| = (J, |w(2)[*dz)?. Define the operator
A:D(A) CH— H by
_62w
822"

We know that —A generates a compact, analytic semigroup T'(t)(t > 0) in H and

D(A)={weH| v, v" € X, w0)=w(l) =0}, Aw =

T(tw = 22 e (v, v)vn, |TH)] <e™t <1, >0,

where v, = \/isin(ns), n = 1,2,- - - is the orthogonal set of eigenvectors in A.
Moreover, we assume that K : [0,1] x [0,1] — R is continuous, and the admissible
control set

Uaa = {u € U | [Jul|pz <1}.

For any ¢ € [0, 1], let

z(t)(z) = z(z,t), B(t)u(t)(z) :/0 K(z, s)u(s,t)ds,

sint = x(z,t) 1 1 | x(z,t) |

T0 Tir10 “EEOE) =15 1+\x(z,t)|)’
| z(z,t) | 1

L(2(t)(2) = 520 ] h(t,2(1))(z) = (™" +sin(x(z, )

Then the problem (5.1) can be rewritten into the abstract form of (1.1) with the
cost function

T(z,u) :E(/Ob/; |x(z,t)|2dzdt+/0b/01 |u(z,t)|2dzdt).

We can easily check that the assumptions (H1)-(H4) holds with Ly =L, = &5, Ly =

ft,2(1))(2) =

Lo = 1o5.bn = Ln = 55 and My = My = 5. In addition,
P 1 1 1
N + M? M, < — +1.68 - — ~0.09 < —,
+ p; <3t 2% <3
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p
- — 1 1 1
M?b*Ly, + M? Mi=—+-—<~=
e p; 32725 5%

_ — — 1 1 1
M, + coL Lob< — 4+ — +1.68- — ~ 0.1 <0.25.
i+t cCo fb+Co b<32+25+ 68 50 0.1 <0.25

NE

M?V’L, + M?p
=1

Hence, by Theorem 4.1, system (5.1) has at least one optimal pair.

6. Conclusions

In this paper, the optimal controls for a class of impulsive stochastic fractional evo-
lution equations with nonlocal initial conditions in a Hilbert space is studied. More
precisely, by utilizing the fractional calculus, stochastic analysis theory, and fixed
point theorems, we obtained the existence and uniqueness of mild solutions and
optimal pairs for these equations. Finally, an example is provided to show the effec-
tiveness of the proposed results. There are two direct issues which require further
study. We will investigate the fractional stochastic evolution equations for order
a € (1,2] with nonlocal initial conditions and noninstantaneous impulsive. Also,
we will be devoted to study the optimal controls problem for fractional stochastic
partial differential inclusions with nonlocal initial conditions.
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