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MONOTONE ITERATIVE TECHNIQUE FOR
FRACTIONAL MEASURE DIFFERENTIAL
EQUATIONS IN ORDERED BANACH SPACE*

Haide Gou®f

Abstract This article is based on the monotonic iterative method in the
presence of upper and lower solutions, and investigates the existence of S-
asymptotic w-periodic mild solutions for a class of fractional measure differen-
tial equations with nonlocal conditions in an ordered Banach spaces. Firstly,
in the case of upper and lower solutions, a monotonic iterative method is
constructed to obtain the maximal and minimal S-asymptotically w-periodic
mild solution to our concern problem. Secondly, we establish an existence
result of S-asymptotically w-periodic mild solutions for the mentioned with-
out assuming the existence of upper and lower S-asymptotically w-periodic
mild solutions under generalized monotonic conditions and non compactness
measure conditions of nonlinear terms. Finally, as an application of abstract
results, an example is provided to illustrate our main findings.

Keywords Regulated functions, Henstock-Lebesgue-Stieltjes integral, mea-
sure differential equations, monotone iterative technique.

MSC(2010) 26A33, 34G20, 34K37, 39A99, 46G99.

1. Introduction

Fractional calculus has been widely applied in the study of linear and nonlinear
fractions differential equations (FDE) have emerged as challenges in the real world.
Many researchers in certain regions use FDEs extensively, making some problems
easier to approach, such as modeling nonlinear phenomena, optimal control of com-
plex systems, and other scientific research (e.g., see [42,43]). In addition, fractional
differential systems can describe nonlinear phenomena in physics, mathematics, and
engineering. These types of equations have attracted widespread attention in recent
years, as shown in [56,64,66] and their references.

The theory of measure differential equations (MDESs) encompasses some well-
known situations. When absolute continuous functions, step functions, or the sum
of absolute continuous functions and step functions are given, these systems cor-
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respond to typical ordinary differential equations, difference equations, or impulse
differential equations, respectively. Another advantage of considering MDE is that
we can model Zeno trajectories, as gas as a bounded function of change may exhibit
infinite discontinuity within a finite interval. This type of system appears in many
fields of applied mathematics, such as non smooth mechanics, game theory, etc.
see [5,53,67]. The early investigation of MDEs was conducted by [19, 55,62, 65].
For a complete introduction to measure differential systems, reference can be made
to [7-10,12]. Recently, the MDEs theory in the R™ space has been developed to
some extent [27,28, 52, 68].

On the other hand, as is well known, the periodic law of development or motion
of things, It is a common phenomenon in nature and human activities. However,
in real life, many the phenomenon does not have strict periodicity. In order to
better describe these mathematics, many scholars have introduced other definitions
of generalized periodicity, such as almost periodicity, asymptotic periodicity, and
asymptotic almost periodicity, pseudo almost periodicity and S-asymptotic period-
icity, see [1,20-22]. Due to the S-asymptotically periodic functions first studied
functions in Banach space by Henriquez et al. [38], including some literature on
the S- asymptotic periodic solutions of fractional evolution equations, we can refer
to [14,18,46,47,58,60]. It is worth noting that S-asymptotically period function
is first proposed and established by Henriquez et al. [38] is a more general ap-
proximate periodic function between asymptotic periodic functions and asymptotic
almost periodic functions.

The properties of periodic solutions to functional differential equations, integral
equations and partial differential equations have been extensively studied. Spe-
cially, because fractional derivative has genetic or memory properties, the solutions
of periodic boundary value problems for fractional differential equations can not be
extended periodically to time ¢ in R*. Therefore, many scholars began to study vari-
ous extended solutions of periodic solutions of fractional evolution equations(such as
almost periodic solutions, asymptotically almost periodic solutions, pseudo almost
periodic solutions, asymptotically periodic solutions, S-asymptotically periodic so-
lutions and so on). For the related research on the S-asymptotically periodic solu-
tions of fractional evolution equations, one can refer to [6,13,13-18,46,47,60]. In [63],
Shu et al. discussed the existence and uniqueness of positive S-asymptotically w-
periodic mild solutions for a class of semilinear neutral fractional evolution equations
with delay by using the contraction mapping principle on positive cones. In [48],
Li et al. discussed the positive S-asymptotically w-periodic mild solutions for the
abstract fractional evolution equation on infinite interval.

Due to the structures of such equations, investigating their solutions is chal-
lenging. To the best of the authors’ knowledge, the existence of S-asymptotically
w-periodic mild solutions for abstract damped elastic systems with delay is a sub-
ject that has not been treated in the literature. This fact and the interesting rela-
tionship between S-asymptotically w-periodic mild solutions and S-asymptotically
w-periodic functions are the main motivations of this work.

Based on previous work ideas and methods [24,25,27,30,32,39], in this work, we
investigate the existence of S-asymptotically w-periodic mild solution to fractional
measure differential equations with nonlocal conditions and delay
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Dy Pu(t) + 3 DR u(t) = Au(t) + F(t, u(t), us)dg(t), t >0,

k=1
u(t) = Q(o(u), u)(t) + ¢(t), te[-r0], (1.1)
U’/(O) = Qo(u) + ¢7

where u(-) take values in a Banach space F; °Dj stand for the Caputo fractional
derivative of order n, ap > 0 and all v, k = 1,2,--- ;n,n € N, are positive real
numbers such that 0 < f <, <--- <~ < 1. We assume that A: D(A) C E — FE
is a K-sectorial operator, and A generates a strongly continuous family {Sgz ., () }+>0
of bounded and linear operators on E, f : RT x E x B — E is a suitable nonlinear
function and g : R™ — R is nondeacreasing and continuous from the left, dg denote
the distributional derivative of g (see [68]), the functions @ : RT x G(RT,E) —
E,Qo: GRT,E) = E, 0 : G(RT, E) — E will be specified later, where G(R", F)
denotes the space of regulated functions on RY, B := G([-r,0], F). For t > 0,
us € B is the history state defined by u:(s) = u(t + s) for s € [-r,0], ¢ € B and
»(0) € D(A), ¥ € E, r > 0 is a constant.

The highlights and advantages of this paper are presented as follows:

(1) This paper is to construct the general principle for lower and upper solutions
coupled with the monotone iterative technique for the delay evolution equa-
tion involving nonlocal in ordered Banach space, and obtain the existence of
maximal and minimal S-asymptotically w-periodic mild solutions, which will
fill the research gap in this area.

(2) The main method used in this paper is the monotone iterative technique in
the presence of the lower and upper solutions, which is an effective and widely
used method to study the nonlinear differential equations as an application
of the ordered fixed point theorem. This method can not only study the
solvability of the equations, but also obtain the iterative sequence of the so-
lutions, which provides a reasonable and effective theoretical basis for solving
the approximate solutions by computer.

(3) The existence results of S-asymptotic w-periodic mild solutions were derived
using monotonic iteration technique, filling the research gap in this field by us-
ing regulated functions, Henstock Lebesgue Stieltjes integral is set to measure
driven equation involving multi-term time fractional derivatives.

(4) Some authors choose topological methods to study the existence of
S-asymptotic w- periodic solutions, which is known as fixed point theory,
which has become a very powerful and important tool for studying nonlin-
ear phenomena. Specifically, the author utilized the contraction mapping
principle, Leray-Schauder alternative theorem, Schauder theorem, and Kras-
noselkii’s theorem. However, the monotonic iterative method with upper and
lower solutions is the first to be used to study related problems in ordered
Banach spaces. Therefore, our results are novel and meaningful.

The organizational structure of this article is as follows. The second part of the
paper presents preliminary details. The third part uses monotonic iteration method
to compare the upper and lower solutions with (8, vx)-resolvent family, it is proved
that S- asymptotic w-periodic mild solution. Finally, an example was provided to
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illustrate the application of the obtained results. The conclusion section concludes
this article.

2. Preliminaries

Throughout this paper, let (E, || -||) be an ordered Banach space with partial order
“<” induced by the positive cone K = {u € Elu > 0} (6 is the zero element of
E), K is normal with normal constant N. Let r > 0 be constants, we denote by
Cy(RT, E) the Banach space of all bounded and continuous functions from R* to
FE equipped with the norm

[ulloc = sup [lu(t)]|
teR+
and G(R™", E)) denotes the Banach space of regulated functions on R* equipped
with a norm ||ul|e = sup ||u(?)||, B := G([—r,0], E') the Banach space of regulated
teER+

functions from [—r, 0] to E with the norm

[élls = sup ]II¢(S)H~

s€[—r,0

Let SAP, (E) represent the subspace of C,(R™, E) consisting all the E-value
S-asymptotically w-periodic functions endowed with the uniform convergence norm
denoted by || - ||. Then SAPF, (F) is a Banach space (see [38], Proposition 3.5]). If
u € SAP,(F), then it is not difficult to test and verify that the function ¢t — wuy
belongs to SAP,,(B) (see [46,47]).

For the rest of this paper, we define by

Q= {u € G([-r,00), E) N Cy([-7,00), E)| ul{—r 0 € B and ulg+ € SAP,(E)},
that € is a Banach space equipped with the norm

lulloa = sup Ju(@)].

te|—r,00
Define a positive cone Kq by
Ko={ueQu() e K, te[-ro00)},

with the normal constant IN. Then € is an ordered Banach space with the partial
order relation “<” induced by the cone Kq. Similarly, B is also an order Banach
space whose partial ordering “<” induced by a positive cone

Kp = {¢> € B|¢(S) €K ,s€ [—7",0]}

with the normal constant V.

A partition of [a, ] is a finite collection of pairs {([t;—1,t:],€;),i = 1,2, ,n},
where [t;_1,t;] are nonoverlapping subintervals of [a,b], e¢; € [ti—1,t;],i =1,--- ,n
and U, [t;—1,t;] = [a,b]. A gauge 6 on [a,b] is a positive function on [a,b]. For a
given guage § we say that a partition is d-fine if [t;—1,¢;] C (e; — 0(e;), e; + d(e;)),
i € {1l,---,n}. Let u(t~) and u(t*) denote the left limit and right limit of the
function u at the point ¢, respectively.
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Definition 2.1. [61] A function u : [a,b] — E is said to be regulated on [a, b], if
the limits

lim u(s) =u(t"), t € (a,b] and lim u(s) = u(t"), t € [a,b)

s—t— s—tt
exist and are finite.
Denote by G([a,b], E) the space of all regulated function from [a,b] into E.
a

Obviously, the space G([a,b], E) is a Banach space endowed with the supremum
norm.

Definition 2.2. [61] A set B C G([a,b], E) is called equiregulated, if for every
€ >0 and 7 € [a,b], there exists 6 > 0 such that

(i) fu € B,t € [a,b] and t € (7 — §,7), then [|u(r™) —u(t)||z <.

(i) If u € B,t € [a,b] and t € (1,7 + 0), then ||u(t) — u(r1)|| g <e.
Lemma 2.1. [61] Let {u,}>2, be a sequence of functions from [a,b] to E. If uy,

converge pointwisely to ug as n — oo and the sequence {u,}52 1 is equiregulated,
then u,, converges uniformly to ug.

Lemma 2.2. [9,61] Let B C G([a,b], E). If B is bounded and equiregulated, then
the set ¢o(B) is also bounded and equiregulated, where co(B) define the closed convex
hull of B.

Lemma 2.3. [51] Assume that B C G([a,b], E) is equiregulated and, for every
t € [a,b] the set {u(t) : uw € B} is relatively compact in E. Then the set B is
relatively compact in G([a,b], E).

Next, we will review the definition of Henstock-Lebesgue-Stieljes integral.

Definition 2.3. [61] A function ¢ : [0,b] — F is said to be Henstock-Lebesgue-
Stieltjes integrable w.r.t. ¢ : [0,b0] — R, if there exists a function denoted by
(HLS) [, :[0,b] = E such that, for every ¢ > 0, there is a gauge d. on [0,b] with

|2 vtentatt-atei)-((Ls) | weat~rzs) [ wisaats)) | < e
for every d.-fine partition {(e;, [ti—1,t]) :4=1,2,...,n} of [0,D].

Denote by HILS] ([a,b],R)(p > 1) the space of all p-ordered Henstock-Lebesgue-
Stieltjes integral regulated from [a, b] to R with respect to g, which norm || - [|grsz
defined by

olhnsy = ((129) [ 1oio)lPaote)”

Lemma 2.4. [32] Let p,q > 1 such that l l =10 e ]HHLSP([ b] R™) and

g : [a,b] — R be regulated. Then the functzon H(t fo (t — s)PU(s)dg(s) is
requlated and

1) - 107 < ([ (0= 97a00)) @00, 1€ (a0
1) - 1) < ([ 6" = 9Pdgts) W@ ee o)

+

where AT g(t) = g(t™) — g(t) and A™g(t) = g(t) — g(t™).
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Lemma 2.5. [23] Let fort € [a,b], Z(t) be weakly relatively compact in E. Suppose
that B C L,,([a,b], E) is a bounded set and there is a function N(-) € L, ([a,b], RT)
such that ||[b(t)||g < N(t) p-a.e. t € [a,b] for all b € B. If for every b € B,b(t) €
Z(t) for p-a.e. t € [a,b], then B is weakly relatively compact in L, ([a,b], E), where
L} (la,0], E) be the set of all p-integrable functions, p is a measure.

Definition 2.4. [57] An (8, yx)-resolvent family {Sg -, (t)}:>0 on E is said to be
positive, if Sg ~, (t)x > 6 for each > 0,z € E, and ¢t > 0.

Definition 2.5. [57] An (8, yx)-resolvent family {Sg -, (t)}:>0 on E is said to be
equicontinuous, if the function ¢ — Sz, () is continuous from (0,00) — L(E) on
the operator norm || - || ().

Definition 2.6. The Riemann-Liouville fractional integral of a function
f € L}.([0,00), E) of order n > 0 with lower limit zero is defined as follows

loc

t (g1
H”f(t):/o uf(s)ds, t>0

and I°f(t) = f(t), provided that side integral is point-wise defined in [0, 00).

Definition 2.7. Let n > 0 be given and denote m = [n]. The Caputo fractional
derivative of order n > 0 of a function f € C™([0,00), E) with lower limit zero is
given by

t—s)m-n-t

D7) =10 () = [ D p(s)as,

and DY f(t) = f(t), where D™ = d™/dt™ and [-] is ceiling function.

Let A be a closed linear operator on the Banach space E with domain D(A) and
denote by p(A) the resolvent set of A.

Definition 2.8. [42]. Let F be a Banach space and let 8 > 0, v, ag, k=1,2,...n
be real positive numbers. Then A is called the generator of (8, v )-resolvent family
if there exists £ > 0 and a strongly continuous function Sg ., : RT — L(E) such
that

{)\5"’1 + iak)\'y’“ : Re(\) > m} C p(A)
k=1

and

n 1 o'e)
B \B+1 _
A ()\ + I;akw - A) w= /O g (tudt,

where Re(A) > k and u € E.

An operator A is said to be k-sectorial of angle 6 if there exist § € [0, F) and
K € R such that its resolvent is in the sector

K+ Sy = {/{—i— At A eClarg(N)] < g —1-9}\{0.)},

and

[N —A)7H| < A€ w+ Sp.

M
A —wl’
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Lemma 2.6. [42] Let 0 < 8 <7, < - <y <land ap > 0,k =1,2,...n be
given, p > 0 and k < 0. Assume that A is a k-sectorial operator of angle 25*.

Then A generates a (B, vi)-resolvent family Sg ~, (t) satisfying the estimate

C
< n , >0,
S PPN e

15,7 (£) (2.1)

for some constant C > 0 depending only on B, vg.

Definition 2.9. [38] A function u € Cu(R™, E) is called S-asymptotically w-
periodic if there exists w such that

lim |lu(t+w) —u(t)|| =0, Vt>0.

t—o00
In this case, we say that w is an asymptotic of u. It is clear that if w is an asymptotic
period for u, then every kw,k =1,2,--- , is also an asymptotic period of u.

In view of Lemma 2.14 in paper [29], we give the definition of a mild solution
for the problem (1.1) below.

Definition 2.10. Let 0 < f < v, < - <y < land a > 0,k =1,2,...n
be given and A be a generator of a bounded (8, yx)-resolvent family {Sg ~, (£)}+>0-
Then a regulated function u(-) : RT — FE is said to be mild solution of problem
(1.1) if u(t) = Qo(u),u)(t) + ¢(t),u'(0) = Qo(u) + ¢ and satifies the following
integral equation

u(t) =534, (1)[Q(o (), u)(0) + ©(0)] + (1 * Sp.4,) (1) [ + Qo(u)]

+ ) ar(145-m * S5, (O[Q(0 (1), w)(0) + o (0)]

k=1
—|—/ T3, (t — s)F(s,u(s),us)dg(s), t>0, (2.2)
0

where T, (t) = (@s*S3,,)(t). Moreover, if u is S-asymptotically w-periodic, then
it is called S-asymptotically w-periodic mild solution of problem (1.1).

Moreover, we noted that by the estimate (2.1) and (2.3) and (2.4) in paper [29],
hence there exists a constant C' > 0 such that, we have

1T ()l 2y < CEP7E. (2.3)
Denote M := sup ||Ss,, (t)]| < 400, M > 0., in view of (2.1) and (2.3) and (2.4)
>0

in paper [29], we have

t
9115y * Sp (D] < C / 148 (t = T)pyy e (T)dT

=Cp1_c (t)
=Ct°. (2.4)

And then, we note that

/°° 1 gt = |K\_ﬁ7r
o 14 |&|tAHL (B+1)sin(577)
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for 1 < f 41 < 2 and therefore Sg 4, (¢) is integrable. Hence, we have

o1 2000 = | [ 3051

t
< / 1S5 4 (5) 1 ds
t C

< - ds
B /0 LA+ [R|(sPH1 4+ 370 ags™™)

o0 1
<C —d
/o 1+ [w]s?H1 "

Cls| 7 r
(B +1)sin(577)

Moreover, we denote

~ Clr|~ 7
M = sup (g1 # S (O] = 2™ (2.5)
t>0 (

Bg+1) sin(ﬁ)'

In addition, we present the definitions of lower and upper solutions for the
nonlocal problem (1.1).

Definition 2.11. If a function v € Q with v|g+ € C(RT, E)NCTA(R*, E) satisfies
Av(0) < A[Q(u)(0) + #(0)] and

*DIPu(t) + 3 DiFu(t) < Av(t) + F(t,o(t), v)dg(t), ¢ >0,
k=1
v(t) < Qo (v),v)(t) + (1), te[-r0]
v'(0) < Qo(v) + 9,
then v(t) is named a lower solution of nonlocal problem (1.1). And if the inequalities

in above are all reversed, then v(t) is named an upper solution of nonlocal problem
(1.1).

We give the definition of upper and lower mild solution to problem (1.1).

Definition 2.12. If a function v € () satisfies
v(t) <Sp4, (1) [Q(0(v),v)(0) + p(0)] + (p1 % Sp.4,) (D) [Y + Qo(v)]

+ Y a(Pregom * S5, (D[Q(0(v),v)(0) + (0)]

k=1
¢
[ Tl 9P 0(6),0)dg(s),
then v(t) is named a lower mild solution of nonlocal problem (1.1). And if the

inequality in above is reversed, then v(t) is named an upper mild solution of nonlocal
problem (1.1).
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The Hausdorff measure of noncompactness of a bounded subset S of E is defined
to be the infimum of the set of all real numbers ¢ > 0 such that S can be covered
by a finite number of balls radius smaller than €, that is,

a(S)=inf{e >0: S Cc U B(,7i),& € E,ri<e(li=1,...,n),n € N},

where B(;,r;) denotes the open ball centered at &; and of radius ;.

Lemma 2.7. [4,41] Let S, T be bounded subsets of E and A € R. Then

(1) a(S) =0 if and only if S is relatively compact;
(2) S CT implies a(S) < a(T);
(3) a(S) = a(S);
(4) a(S UT) = max{a(S), a(T)};
(5) a(AS) = |Ma(S), where AS = {x = Az:z € S};
(6) a(S+T) < a(S)+a(T), where S+ T ={x=y+z:y€S,z€Z};
(7) afco(S)) = a(S).
Let W be a subset of G([a,b], E). For each fixed t € [a,b], we denote W (t) =
{z(t): 2 € W}.

Lemma 2.8. [9] Let W C G([a,b], E) be bounded and equiregulated on [a,b]. Then
a(W(t)) is regulated on [a,b].

Lemma 2.9. [9] Let W C G([a,b], E) be bounded and equiregulated on [a,b]. Then
a(W) = sup{a(W(t)) : t € [a,b]}.

Lemma 2.10. [11] Let E be a Banach space and B C E be bounded. Then there
exists a countable subset By C B, such that a(B) < a(By).

Denote by LS,([a,b], E) the space of all functions f : [a,b] — E that are
Lebesgue-Stieltjes integrable with respect to g. Let py be the Lebesgue-stieltjes
measure on [a, b] induced by g.

Lemma 2.11. [36] Let Wy C LS,([a,b], E) be a countable set. Assume that there
exists a positive function k € LS,([a,b],RT) such that |w(t)|| < k(t) pg-a.e. holds
for all w € Wy. Then we have

a(/: Wo(t)dg(t)) < 2/aba(W0(t))dg(t).

Lemma 2.12. [44] Let T > 0. Assume that a,m € G([0,T],R"). If the function
y € G([0,T],R") satisfies the inequality

y@ém@+%a®MWM$

for every t € [0,T1], then

y@gmw+édwmmﬂwmmww.
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3. Main result

For v,w € Q with v < w, we denote the order interval {ulv < u < w} C Q by [v, w].
Furthermore, we denote {u(t)|v(t) < u(t) < w(t),t € [-r,00)} in E by [v(t), w(t)]
and {u¢lve <wup < wy,t € [0,00)} in B by [vg, wy], respectively.

Theorem 3.1. Let E be an ordered Banach space, whose positive cone K C E is
normal. Let 0 < B < v, <<y <landap >0,k=1,2,...n be given. A is
an k-sectorial operator of angle WTW, k=1,2,---,n with kK <0, and A generates
a positive and compact (B3, yi)-resolvent family {Sg -, (t)}+>0 on E. Assume that
w > 0 is a constant and the nonlocal problem (1.1) has a lower mild solution v
and an upper mild solution w(® with v(® < w©®) . If o € Kg, Q(o(u),u)(0)+¢(0) €
KND(A) andy € K, F: RY x E x B— E is continuous as well as the following
conditions are established:

(H1) For each constant R > 0, there exists P(-) € HLS)(RT,R") for some p > 1
such that

sup |[|F(t, u(t), ur)|| < P()W(R), ¢ >0,
lull<R

where W : [0, +00) = RT is a continuous nondecreasing function and

W(R)
R

lim inf

= woy < +00.
R—+o0

(H2) (1) There exists w > 0 such that for allx € E,¢ € B

lim [|F(t +w,2,0) — F(t,2,)| = 0.

(2) F(t,u,u;) is measurable for allu € G(RT, E).
(H3) For any t € RY, x1,19 € E and ¢1,d2 € B with v(O)(t) <ax1 <a9 < w(o)(t)
and v < ¢y < ¢y <),

F(t7$2,¢2) - F(t7.’171,¢1) > 0.

(H4) (1) The nonlocal functions Q(o(u),u),Qo(u) is increasing in order interval
[U(O)’ w(‘))];

(2) Q:RY x G([-r,+),E) — E,Qq : G([-r,+),E) — E are continuous
and compact mapping, o : G([—r,+00), E) — E is continuous and there are two
positive constants cg, c1,do,d; such that

1Qo(w)| < collull +do, [[Qo(u), w)ll < erflull +di, u € G([—r,+00), E).

Then the problem (1.1) has minimal and mazimal S-asymptotically w-periodic mild
solutions u,u € [’U(O), w(o)], which can be obtained by the monotone iterative proce-
dures starting from v(©) and w©) | respectively.

Proof. For each u € [v(® w(®)], we have u; € [U(?),w(g)] = O+ 5),wOt +
5)] € SAP,(B) for t € Rt,s € [-r,0]. Define an operator Q : [v(® w(®)] —
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G([*T, +OO), E) by

+ D (@145 * Sp.) (D[Q0(w), u)(0) + ¢(0)]

S (D[Q(a(w), u)(0) + @(0)] + (w1 * Sp., ) () [¢0 + Qo(w)]

(Qu={ I 3.1)
4 [ Tt =9 F(s,uls)udo(s), 20,
0
Q(U(u)7u)(t) + (p(t), te [—’I‘, 0]'
By (H2)(2), the integral fot T3, (t — 5)F(s,u(s), us)dg(s) is well defined. Clearly,

if @ admit a fixed point in G([—r, +oo) E), then the system (1.1) admits a mild

solution.
Now, we complete the proof by six steps.

Step I. The set {Qu : u(-) € Q} is equiregulated.
For any b > 0, ty € [—r,b), we have
1(Qu)(t) — (Qu)(tg)ll
<[1(Sp.. () = Sy (t)[Q(o (), u)(0) + (0)]]]
+ ||[(<P1 % Sy ) (t) = (91 % gy ) (8] [¥ + Qo (w)]|

OékM B—
+ ‘/ (t —s)P~*ds
1F1+5 ’yk

- 8% kds Qo (), ) (0) + (0)]
T30 (6 = 8) = T (= )] (s, u(s), )l dg(s)

[ Wt = )P (s, us) ) dg (o)

[958, (8) = Spm (to) Ly - 0(O)]| + Mt —t5 |- [ + Qo(w)]|
8= _ (tg‘)l-l-ﬁ—’m

F M|y 1), w)(0) + ¢

FWR) [T 8) = T 65 = 9l P(s)das)
+ CW(R) /t (= 5" P(s)dg(s)
=J1(t) + J2(t) + J3(t) + Ja(t) + J5(1),

where

J1(t) = 196, (t) = Sp. (t5) | () - 1Q(a(w), u)(0) + (0],
Jo(t) = Mt —t3 |- |9 + Qo(w)],
8= _ t+ 1+B8—k

ZakM] er e e MG ORIORTZOLE
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Ji(t) = W(r) / Tt~ 5) — Ty (1 — 9)ll 0y P(s)dg(5),

t

Js(t) = CW(r) / (t — )P~ P(s)dg(s).

t

By J2(t) and J3(t), we get that Jo(t) — 0 and J3(t) — 0 ast — t{ independently
of u € 2. Since the compactness of Sg ~, (t) and T ~, (¢) for t > 0, we have J1(¢t) = 0
and applying dominated convergence theorem, we get that Js(t) — 0 as t — to+

independently of u € 2. Let H(t) = fot (t— )87 P(s)dg(s). In view of Lemma 2.4,
we get H(t) is a regulated function on RT. Therefore,

t

Js(t) =CW () / (t — )5~ P(s)dg(s)

<ow) (1w - HEI+ [ ="

— (tf = )" ) P(s) |dg(s))
—0 as t —td,
we have [|(Qu)(t) — (Qu)(tJ)||q — 0 as t — t& independently of u € Q.
Similarly, one can demonstrate that for any to € (—,b], [|(Qu)(t) — (Qu)(t{)|la
— 0 ast — t7. According to the arbitrariness of b, one can find that u(t) is defined

on [—r,+00). On the other hand, it is easy to see lim; o ||u(t + w) — u(t)|| = 0.
Hence, assert that {Qu : u(-) € Q} is equiregulated.

Step II. We verify that Q : 2 — € is continuous operator.
Let {u(™} C Q be a sequence such that u(™ — w(t) in Q as n — oo, then,

u™(t) = u(t) in E and uﬁ") — uy in B for every t > 0 as n — oo. For t € Rt by
the continuity of F' and Q, Qq, when n — co, we have

F(t,u™ (), u™) = F(t,u(t),us), - Qo(u™) = Qo(u),

Qo (u™,u™) = Q(o(u), u)

and
IF G u™ (@), ug™) = F(tult), u)|| < 2P0W (). (3:3)
Moreover, for each t > 0, we have
[Q(u™)(t) — Qu)(¥)|
<83 Qo (w™),u™) — Q(o(u), w)|
+ (01 % S5 ) (D1Qo(u™) — Qo(u)|
) k(145 * S5 ONQ(e (™), u™) = Q(o(u), u)|

k=1
* C/ (t = )7 F(s,ul™ (s),ul™) = F(s,u(s), us)|[dg(s).  (3.4)
0

By (3.3)-(3.4) and the dominated convergence theorem for the Henstock-Lebesgue-
Stieltjes integral, for each ¢ > 0, we get that [|Qu(™)(t) — Q(u)(t)|q
— 0 as n — oo.



Monotone iterative technique for fractional ... 2685

Moreover, by Step I, it can shown that {Q(u(™)}%, is equiregulated. Therefore,
by Lemma 2.1, we get that Q(u(™) converge uniformly to Q(u). Thus, Q is a
continuous operator.
Step ITI. We show that Q([v(®), w(®)]) c Q.

For any u € [v(® w®)], the operator (Qu) is defined on [~r,00), and since
@ € B, we have Qu|[_, g € B. Thus, we show that the function

[t =834, (0)[Q(0(u),u)(0) + ©(0)] + (1 % S5, ) (DY + Qo(u)]

+ ) k(P11 * S5 (D[Q( (), u)(0) + 2(0)]
k=1

+ /t T3, (t — 8)F(s,u(s),us)dg(s) € SAP,(E), t>0. (3.5)
0

Since ulg+ € SAP,(F) and u; € SAP,(B) for all t > 0, ||u(t + w) —u(®)|| < e
and ||ui+, — ut]|p < € become arbitrarily small by choosing ¢ large enough. Hence,
by the continuity of F', there exists a constant t.; > 0 such that, for every t > %, 1,
we have

|F(ult +w), ue) = Pt u(), )| < 5 (3.6)

and we can find a positive constant t. o sufficiently large such that for ¢t > ¢, o, by
(H1), we have

”F(t + w7u(t + w)aut+w) - F(tau(t + w)a ut+w)|| < (37)

DN o

Then for t > t. := max{tc1,te2}, by (3.5), we get

flt+w) = f(1)
=583 (t +w)[Q(o(u), u)(0) + ¢ (0)]
+ (1% Sp ) (8 + w)[9 + Qo(u)]

+ Y (@1 g * S5 (t+w)[Q0(w),w)(0) + ¢ (0)]
k=1

+ /0 Tp, (t+w — 8)F(s,u(s), us)dg(s)

= 57 (£)(0) = (1 % S, ) (D) [0 + Qo(u)]

n

=D an(Prep- * S, ([Q(0(w), u) (0) + (0)]

k=1
= [ Taale = )P ). )dglo)
=S5 (¢ + )2(0) = . (D Q((w), ) (0) + 2(0)]
+ (01 S )t +w) = (91 % S32,)(1) [¥ + Qolw)]

) k(P15 * o) (E+w)[Q(o(w), w)(0) + (0)]
k=1

= (146, * S5, (B)[Q(0(w), w)(0) + (0)]

k=1



2686 H. Gou

w

+ A T3, (t+w — s)F(s,u(s), us)dg(s)
+ / Thon (1 — $)(F(s + w,u(s + ), tss) — F(s,uls), us))dg(s)
+ / Ty (t = $)(F (s, uls + ), a) — Fsu(s), us))dg(s)
=J1(t) + J2(t) + J3(t) + Ja(t) + J5(1). (3.8)
Then
1+ @) — FOI < RO+ 101+ 101 + 101+ 1501 (3.9)

Hence, we have

17 ()]
<1583 (E + @) [Q(a (w), w) (0) + @O + [[Sp ., (H[Q(e(w), u)(0) + @(O)]|
S5 (E + ) + 155,71 (D) - Qo (w), w)(0) + L (O)
< 2C11Q(a (w), w)(0) + ¢(0)]]
T Rl S ot )

it is implies that ||.J1(¢)|| tend to 0 as t — oo.

On the other hand, by (2.1) we have sup,, ||tS3,,(t)|| < oo, for each 7 > 0.
Since A is an w-sectorial of angle v, % then ||£[Sg -, ](A)|| — 0 as A — 0. Thus, by
the vector-valued Hardy-Littlewood theorem (see [2], Theorem 4.2.9), we obtain

|1 %S5+, )(t)|]| =0 as t — oco. (3.10)
By (2.4), it is implies that
o148 * Spy, (B)]| = 0 as ¢ — oo. (3.11)
Hence, we have

[ T2 < (o1 # S ) (8 + @) 90 + Qo(w)] = (@1 % Sp.4, ) (H)[Y + Qo(w)]]

I
1(p1 S ) +w) = (1% S ) (O] - ¥ + Qo(w)]]-

By (3.10), we deduce that ||J2(t)| tend to 0 as t — oo.

<
<

T3 <Y an (@15 * Sgon) (4 w)[Q(o (1), w)(0) + (0)]
k=1

=D k(@115 * S5, (B)Q(0(w), w) (0) + (0]

k=1

< Z e[| [(P148-7 * Sp ) (E + w)
k

—_(901+ﬁwk #5853 ) (D] - 1Q(0(w), u) (0) + (0)]].

By (3.11), we have ||J5(¢)|| tend to 0 as t — oo.
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By (H1), we have
[ 4]l < /0 1T (8 +w = 8)[| - [ F' (s, uls), us)ldg(s)

< ow(r) /0 (w5 P(s)dg(s).

Thus, ||J4(¢)]| tend to 0 as t — oco. By (3.6), (3.7) and (H1), we have
15|

t
< / 1Tt — )] 115+ 0y uls + ), )

— F(s,u(s + w), usy)|dg(s)

b [Tt~ 9 1F(svu(s + 0, tv) = F(s,u(s). ) [dg(s)
0
<acW(r)( [ (=9 dg(s) IPlwsy + ¢ [ Tt = 5)lda(s
40w ) ([0 g0) WPl + [ 1000 = )lg(e)

te 1 t
<sCW(r)( / (¢ = )17 0dg(5)) " | Plsssg + 2¢ [ [T (¢ = 5) (),
0

which implies that ||J5(¢)|| tends to 0 ad ¢ — oo. Thus, from the above results, we
have

T [[f(t 4 w) — F(H] =0

Combining this with the definition Q, we have Q(SPA,(FE)) C SPA,(F), and
combining this fact with Step II, we obtain (Qu) € Q for any u € [v(@, w(©®)],
Q([v @, w]) c Q.

Step IV. We check that Q : [v(®), w(®] — [v(® ()] is a monotonically increasing
operator. Since {Sg -, (t)}i>0 is positive, thus (1 % S5+, ) (%), (V148 * S84, ) ()
and T, (t) = (pg * Sp~,)(t) are also positive. On the one hand, in view of
Definition 2.10, Definition 2.11, and the positivity of operators {Ss ~, (t) }t>0, (1 *
S ) (), (P148—, * S, )(t) and Tp o, () = (g * Sp,,)(t), we can deduce that
for any t € [0,00),v (t) < (Qu(®)(t), together with v(V) () = ¢(t) = (Qu(®)(¢) for
t € [—r,0], we get v < Qv Similarly, Quw® < w(© is available.

On the other hand, let u™, 4 € [0 W] with «() < 4, we can see

v () <uV(t) <u® () <wO(), tel[-ra],

v(?) < u(i) < u(f) < w(?), t € [0, 00).

Thus, by (H1), (H2) and the positivity of Sg., (t)(t > 0),T3,,(t)(t > 0), we can
get
Qu(l) < QU(Z)_

Consequently, Q : [v(@, w(©] = [v(® ()] is a monotonically increasing operator.
Now, we establish two iterative sequences {v(™} and {w™} in [v(®,w(©)] by

v(n) — Qv(n—l)7 w(n) — Qw(n—l), n = 17 2’ e (312)
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Using the monotonicity of Q, we can easily confirm that {v(™} and {w(™} satisfy:

@ <o <@ << < <™ < <w® < w® <w®) (3.13)

Step V. We prove that {v(™} and {w(™} are convergent in .

For any a > 0, let V = {v(™|n € N} and V; = {v(®V|n € N}. Then V( ) =
(QVo)(t) for t € [~r,a]. In fact, v (t) = ¢(t) for t € [~r,0], thus, {v™(t)} i
relatively compact on F for ¢t € [—r,0]. For Ve € (0,t), we define a set {(QVy)(¢)}
by

o

QVy(t) = {QV™ ()™ € Vo, t € [0,a]},
where
Q™ (t)
=55 ()[R (™), 0" 1)(0) + ¢(0)]
+ (1% Sp, w><t - e)[w + Qo™ )]

t—e ﬁ Tk
« _— o (1) =1 s
+§j ‘ / — ﬁ S0 (D1QUe "), o) (0) + p(0)d

t—e
+ / Ty (t — 5)F (5,0 (5), 0" D)dg(s), > 0.
0

And by the compactness of {S3.,(t)}+>0, we obtain that the set Q°Vpy(t) is
relatively compact in E for all € € (0,¢). Moreover, for every v(™) € Vj and ¢ € [0, al,
from the following inequality

1Qut™ () — @™ (t)]]
<[((1 % S, (1) = 01 % Sp (t =€) + Qo (0™~ V]|

— 8 ﬂ Vi
+1 Zak / BT gy San QU)o D)0) + (0]

t
[ Ta(t = 8)F(s, 00D (s), 0" D)dg(s)|

t—e

OlkM€1+ (n)
<Me(l] + collet™ ||w+do+zm<nso< -+ el o + )

+ CW(r) /t (t— s)’B*V’“P(s)dg(s)

apMelt n
<Me(] + collo™ [l + o) +ZF"“2+7M(H¢( M+ erllo®™ o + i)

+CW ) (| H @) - H(t - e
+ Tt s = (- e— )P P)dg(s)
—0 ;s e —0,
thus, the set {(QVp)(t)} is relatively compact, which implies that {v(™ (t)} is rela-

tively compact on E for ¢ € [0,a]. Thus, we have proved that {v(™)(t)} is relatively
compact on E for t € [—r,al.
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Therefore, {v(™} is relatively compact in G([—r,a], F) by the Arzela-Ascoli
Theorem, which implies that there is convergent subsequence in v(™). Combing
with the monotonicity and the normality of the cone, we have {v(™} and {w(}
themselves are convergent, i.e., there exist u,u € G([—r,al, F), such that

= 1li (n) a(t) = li (n) _
u(t) nl;rgov ), u(t) nl;rx;ow (1), t € [—r,al.

By the arbitrariness of a, we have u and @ are defined on [—r,00). On the other
hand, it is easy to see lim;_, o ||u(t+w)—u(t)|| = 0 and lim;_, o, [|T(t+w)—2u(t)|| = 0.
Hence, we can deduce that there exist u,u € €2, such that

u(t) = lim v™(t), @)= lim w™(t), te[-r o0). (3.14)

n—oo n—oo

Taking limit in (3.12), we have

u=Qu, u= 9u.

Therefore u,uw € Q are fixed points of Q and they are the S-asymptotically w-
periodic mild solution of the problem (1.1).

Step VI. We claim that u and uw are the minimal and maximal S-asymptotically
w-periodic mild solutions of the nonlocal problem (1.1), respectively.

Taking limit of both ends of (3.12), we can deduce from (3.14) that

u= Qu, u= Qu. (3.15)
Applying (3.13), we can get u, @ € [v(®, w(®] C Q that are fixed points of Q and
u < 4. In fact, let u € [0, 0] is an arbitrary fixed point of Q, then for every
t € [~r,00), we have v(9(¢) < u(t) < w®(t), and

v (1) = (Qu)(1) < (Qu)(t) = u(t) < (Qu ) (1) = wV (1),

namely,
oM <u< w.

Repeat this process, we get
U(n)gugw(n)7 n=12---.

Let n — oo, we can see u < u < u. Therefore u and u, respectively, are the minimal
and maximal S-asymptotically w-periodic mild solutions of nonlocal problem (1.1)
in [v©,w®] and u,7 can be obtained by the iterative sequences (3.12) starting
from v(©) and w(®, respectively. O

Theorem 3.2. Let E be an ordered Banach space, whose positive cone K C E is
normal. Let 0 < B <y, <+ <y <landar >0,k=1,2,...n be given. A is

™
an k-sectorial operator of angle VL, k=1,2,--- ,n with kK <0, and A generates

a positive and equicontinuous (8, vx)-resolvent family {Ss.~, (t)}1>0 on E. Assume
thatw > 0 is a constant and the nonlocal problem (1.1) has a lower mild solution v(®)
and an upper mild solution w® with v(®) < w©®. If p € K, Q(co(u),u)(0)+¢(0) €
KND(A) andy € K, F : Rt x ExB — E is continuous and satisfies the conditions
(H1)-(H4) and the following conditions
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(H5) For each t € R*, and monotone sequence {u(™} C [v(® w®], there exist

I'(24+8—)(1-2ML
constants Ly > 0,0 < L < QM(F(2+(,(3jfk)1k§))(;%_l \ak|2)ﬁ’”’“+1) such that

o({F(tu™ ), u)) < Ly (a0 + swa({u?P(s))),

s€[—r,0]
a({Qo(u™ (1)}) < Lya({ul™ (1)}), a({Q(o(u™(1),u™ (1)}) < Lna({ul™(t)}).

Then the nonlocal problem (1.1) has minimal and maximal S-asymptotically w-
periodic mild solutions u,u € [U(O),w(o)], which can be obtained by the monotone
iterative procedures starting from v(® and w® | respectively.

Proof. Let Q be defined by (3.1). From the proof of Theorem 3.1, we know that
Q: [ w®] = [ ] is a continuous increasing operator and v(®) < Qv
Quw® < w(® . Hence, the iterative sequences v and w™ defined by (3.12) satisty
(3.13). By {Ss,y,(t)}+>0 is an equicontinuous resolvent family, by the Step. I of
proof of Theorem 3.1, we get {v(™} and {w(™} are bounded and equiregulated in
t € [—r +00).

Next, we prove that {v(™} and {w(™} are convergent in €.

For Ya > 0, restrict {v(™} to interval [~r,a]. Let V = {v™|n € N} and
Vo = {v®»Yn € N}. Then V = (QVy). From Vy = V U {v@} it follow that
a(Vo(t)) = a(V(¢)) for t € [-r,al.

For t € [—r,0], in view of the fact that v(™ (t) = Qu("~1(t) = ¢(t), we can see

a(V(t))=0, tel[-r0]. (3.16)
For t € [0,a], we have
sup o((0P(@)) = swp a((o(t+ ) <al(PO). @17

By Lemma 2.2, we have

a(V (1) =a({QV(t)})
—a({Ssn Q™) 0= 1)(0) + (0)]
+ (1 % S, ) (O)[Y + Qo(v ™))

+ 3 ar(@rrp-m * S5 (B[R (0" D), v ) (0) + (0)]
k=1

t — 8)F (s, D (s),0(n=D s
[ o= P 605 })
<a({83., ()[Q(a ("), v 1)(0) + ©(0)]})

+a({ / S (D + Qo0 )]ds })

+ a({ i ak(P145—7 * S ) (D[R (1), 0D (0) + w(O)]})

k=1

+ a({ /Ot Tpq, (t— 5)F(57v(n—l)(8)7vgn—1))dg(8)})
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= +OZ1 +O[2 +C¥3.
First of all, we have

g = (Sp, ()[R (1), 0" ) (0) + ¢ (0)]})

<2Ma({Q(o(v™ ), v D) (0)})
=2M Lypa(V (1))

By Lemma 2.12, (H5), (2.5) and (3.17), we have
o1 1= a({(e1 * S0, O + Qo™ )]}

< QMoz({(z/) + Qo™ V) ()}

< 2Ma({Qo(v™ V) (t)})

a =a({ iaww_% * 50 (D[Qe ("), v )(0) + ¢ (0)]})

k=1

IN

22|ak|/ 1_’_5 |SB ’ch( S)HL(E)

Xa({Q(U(U("_l))vU(n_l))(o)})ds
2M Ly >, |ay]alP =t
- '2+06—m%)

o5 1= a({ /t T3, (t — s)F(s,v("_l)(S),Ugn_l))dg(s)})

a(V (1)),

| /\

/ 1T (£ — )]l ey - ({F (s, 0™ (s), o)) ds

IN

2C / (t = 8)P % a({F (s, oD (s), o)} )dg(s)

20 aS~1e+1 t
< ——L Vi(s))d .
< Sy [ eV

Consequently, for ¢ € [0, a], we have

oMLy, Y7, |ag|al s+

a(V(0) <M Lya(V (1) + bt o)
— 20 aP—1et+1 t
+2MLga(V(t))+mLf/o a(V(s))dg(s).

Since T'(2 + 8 — 1) [l — 2M Ly, — 2M Ly] > 2M Ly, 1, |ag|a® =7+ it gives that

20a° W HLT(1+ B — ) [y a(V(s))dg(s)
D2+ =)l —2MLy — 2M Lg] — 2M Ly, 375 |a[aP =41

a(V(t) <
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Hence, by Bellman inequality, a(V'(¢)) = 0 in [0,a]. Combining with (3.16), we
have a(V(t)) = 0 in [~7,a], which shows that {v(")(¢)} is precompact on E for
any t € [—r,a]. We can similarly show that {w(™)(t)} is also precompact on F
for t € [~r,a]. Hence, there are convergent subsequences in {v(™} and {w(™}.
Combining with the monotonicity and the normality of the cone, it is clear that
{v(™} and {w(™} themselves are convergent, i.e., there exist u,@ € C([—r,a], E),
such that

u(t) = lim v™(t), @)= lim w™(t), te[-rad.

n—oo n—00

According to the arbitrariness of a, one can find that v and uw are defined on
[-7,00). On the other hand, it is easy to see lim; o ||u(t + w) — u(¢)|| = 0 and

lim; o0 ||T(t +w) —u(t)|| = 0. Hence, we can deduce that there exist u, @ € €2, such
that
u(t) = lim o™ (), @)= lim w™(t), te|[-r o0). (3.18)
n—00 n—00

And by the Step. VI of proof of Theorem 3.1, u, & are the minimal and maximal S-
asymptotically w-periodic mild solutions of the problem (1.1), which can be obtained
by monotone iterative sequences starting from v(® and w(©. O

Theorem 3.3. Let E be an ordered Banach space, whose positive cone K C E is
normal, Let 0 < B <y, <~ <y <1l and a, > 0,k =1,2,...n be given. A is
an k-sectorial operator of angle %Tﬂ, k=1,2,--- ,n with kK <0, and A generates

positive and equicontinuous (B3, yi)-resolvent family {Sg., (t)}i>0 on E. Assume
that w > 0 is a constant, ¢ € Kg, Qu)(0) + ¢(0) € K ND(A) and ¢ € K,
F:R*xKxKg—E,Q:R"xG([-r,+x),E) = E,Qo : G([-r,+x),E) - E
are continuous, o : G([—r,+0), E) — E is continuous and F(t,0,0) > 0 fort > 0.
If the condition (H2) and the following conditions are established:

(H6) For any R > 0, t > 0, z1,290 € K with 0 < 1 < z9, ||z;]| < R and
o1, 02 € Kp with 0 < ¢1 < ¢2, ||¢ills <R,

F(tax23¢2) Z F(tvxlvd)l) Z 9
(HT7) For anyt >0, x € E and ¢ € B, there exist functions p;(-) € HLSE(R*,RY)

for some p > 1 and nondecreasing functions F; € C(R*,RY)(i = 1,2) as well as a
positive constant K such that

1F(t 2z, o) < pr®)Fi(llz]]) + p2() F2(ll¢ll5) + K,
where F; and p; satisfy

lim inf Fill)

l—+oo l

= (< 400, i=1,2.
(HS8) The nonlocal functions Q(o(u),u),Qo(u) are bounded and increasing for u €
G([-r,+0), K) with ||u]|c < R such that

.. . Qo(R)
lg/r;loréf iz

_ . Qo(R), R)
=1 < +00, lgggéf 7
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(:7{9) For any R > 0, t > 0, and the monotone increasing sequence {u(”)} -
B(6, R), there exist constants Ly, Ly, Ly, > 0 such that

o({F(tu™ @), u)) < Ly (au 0N + swpa({u?(s)}),

s€[—r,0]
a({Qo(u™ (1)} < Lya({u!™ ()}), a({Q(o(u™(#),u™ (1)}) < Lna({u!™(t)}).

(H10) The function s+ [,(- — s)P =" dg(s) belongs to HLS](R*,R™).
Then the nonlocal problem (1.1) has at least a S-asymptotically w-periodic pos-
itive mild solution u € G([—r, 00), K) provided that

t 1
M + Zale m + MT] + C?l;lg (/ (t — S)q(ﬁ_’)’k)dg(s)) q
0

(C1||P1||HLS§ + CGllp2lmsz) < 1, (3.19)
1,1 _
Proof. Let a be any positive constant. For given ¢ € K, |¢|ls < R. Define
Qr = {ue C([—r,00), K)|[lu(t)|| < R,t € RT;u|_.q) € B,u(t) = o(t),t € [-r,0]},

and the operator Q : Qg — K by

S ()[Q(0 (1), u)(0) + (0)] + (1 * 5.4, ) (1) [ + Qo(w)]

£3 akl(P1s 5 * S520) (D[Qo (), ) (0) + 9(0)]
(Qu)(t)=q "} (3.20)
" / Ty (t = 8)F(s,u(s), us)dg(s),  te€ [0,

Qu)(®) +¢(t),  te[-r0]

From the hypothesis (H6)-(HS8), the positivity of Sg.,(t)(t > 0) and the definition
of Qpg, it follows that the positive mild solution of nonlocal problem (1.1) in RT is
equivalent to the fixed point of Q.

Step I. We check that there is a constant Ry > 0 such that Q(Qg,) C Qg,-
In view of (2.4), we observe that as M := sup ||@145—~, * S, (£)] < +00.
>0

Indeed, if this were not so, it would follows that for any R > 0, there exists
u € Qg such that ||Qu| > R. In view of (2.5) and (3.20), for any t > 0, we have

1(Qu) ()]
<1584 (D[Q(o (w), u)(0) + 9 (0)] + (1 * S5, ) () [ + Qo(w)]

(t — S)ﬁ Tk
+ Z o [ T S, ()R 0)0) + (0

+ / Ty o (t — ) F(s,u(s), us)dg(s)|
<1185 (D[Qo (1), ) (0) + (O)]]| + [[(21 * S )(E) 16 + Qo(w)]
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| o [ iy S Q.00 + 0|

| [ Bt = s o) )doto)|
<185 (1A + (O] + 1 SO + Qo
B Tk
+||Zak [ S Q1)) + e (0)]ds|

+ / [T (8 — 8| |1 E (5, u(s), us) | dg(s)
<M (|l¢lls + Q(a(R), R) + M(||[¢]| + Qo(R))

T (Z ale) (lells + Q(o(R), R)

1 ;

+CJ-'1 /[m )Pdg(s 5+Fz /[Pz )Pdg(s) )"

1

% (/Ot(t _ S)q(ﬂ—w)dg(s))g

<(M+> " aed)(llells + Qo (R), R) + M(|[¢]| + Qo(R))

k=1
t :
+Csup ([ (6= 91 Wdgls))" FiR s
t>0 0
+ F2(R)|palawsy + K).

Hence, according to the above calculation, we can see

R<(M+> " apdi)(lells + Qo (R), R)) + M(||[1]| + Qo(R))
k=1

+ Csup (/Ot(t — s)q(f}*%)dg(s» ‘

>0

X (FL(R)|Ip1llusy + Fo(R)lIp2 sy + K).
Dividing both sides by R and taking the lower limit as R — oo, we can get
t 1
(M + Z apMy)m + M + C'sup (/ (t— s)q(ﬁ_'Yk)dg(s)) !

t>0 0

(41||p1||ms§ + CGllpllasz) = 1,

(3.21)

which is a contradiction (3.19). Thus, there is a constant Ry > 0 such that

Q(Qr,) C Qg,.

Step II. The set {Qu : u(-) € Qr} is equiregulated. For any b > 0, any tg € [—r,b),

we have

1(Qu)(t) — (Qu)(td)l
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<N(Sp () = Sp, (t0))[Q (0 (), w) (0) + ()]
+ ||[(<P1 % S5, )(t) = (91 % S ) (8)][W + Qo(w)]|
o M 78 5 Yk ds
+ - F 1 —l—ﬁ 'Yk ’/ t d

t(T

(85 5)°7+ds||Q(e(w), ) (0) + 2(0)]

+ 1 T5,0 (¢ = 8) = Tp i (tg — $)IF (s, u(s), us) | dg(s)

LS~ S~ T

[ T (6= 9P (svu(s) ) ()

<1185, (t) = Sp (t) e - Qo (1), u)(0) + (0)|

+ Mt —t5] - [l + Qo(u)|
8= _ t+)1+ﬁ Yk

+ZakM’ O p— 1Q(o(u), u)(0) + @(0)]]

+ (JT1(||U||)/0 T (8= 5) = T (8 s)lLczp1(s)dg(s)

¢+

4 Follluslls) / 1T s (£ = 8) — T (5 — )| ypa(s)dg(s)
td
e / 1T s (£ = 8) — T (5 — ) 2y A ()

+CF(Jul) [ (t= 9" pa(s)dg(s)

to

+CFfuls) [ 6= 9" pa(s)dg(s)

+CK /i (t — )P~ dg(s)
=I1(t) + Iy(t) + I3(t) + I4(t) + I5(t) + Is(t) + I7(¢) + Is(t) + Io(2), (3.21)

where

Ii(t) = 196,31 (1) = S (t) | () - 1Q((w), w) (0) + @(0) ],

I(t) = M|t = t5] - lp + Qo(w)]],
Bk _ t+ 1+B8—k

Z%M\ Ta s | 1R @ w ) + 2O,

t+

I4(t) = (JT1(HU||)/0 | Ts i (t = 8) = Ty (tg = )l Lizypr(s)dg(s),
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to

5(t) = Follluslls) / 1T (£ = 5) — T (1 — )l 0yp2(5)dg(5),
tg
L) =F / [T (t = 8) = Ty (65 — )|y A (),

(t) = CF(ul) [ (6= 5" (5)da().

0

Is(t) = CFlull) [ (¢ = 9" pas)dats).

Iy(t) =CK t (t —s)P~ " dg(s).

t

By the expression of I»(t) and I3(t), we derive that I5(t) — 0 and I5(t) — 0
as t — t¢ independently of u € Q. Since the compactness of Sg ., (t) and Tj -, (t)
for ¢t > 0 yields the continuity in the sense of uniform operator topology. We get
that I;(t) — 0 and applying dominated convergence theorem on I4(t), I5(t), Is(¢)
and Io(t), we can derive that I,(t), I5(t), Is(t), Io(t) — 0 as t — tJ independently
of u € Q. Let Hy(t) = fot(t — 8)A=kpy(s)dg(s), Ha(t) = fg(t — 5)B e py(s)dg(s).
By Lemma 2.4, we known that H(t) is a regulated function on RT. Therefore, we
have

I;(t) =CF, (R)/ (t— s)ﬁ_Wkpl(s)dg(s)

<cr®) (It - meEDl+ [ -9

0
(5 = )7 )pi(s) ldg(s))

—0 as t—>tar independently of u,

and

t

Is(t) =CFa(R) / (t — 5)° = po(s)dg(s)

t

<o (R)(IHa(t) = 1)+ [ (e =)
— (5 =) 7 pa(9)ldg(s) )

—0 as t%té‘ independently of w.

Therefore, ||(Qu)(t) — (Qu)(t{)|la — 0 as t — t7 . independently of u € Qp.

Similarly, one can demonstrate that for any to € (—r,b], [|(Qu)(t) — (Qu)(t{)|la
— 0 ast — t7. According to the arbitrariness of b, one can find that u(t) is defined
on [0,00). On the other hand, it is easy to see lim;_ o ||u(t +w) —u(t)|| = 0. Hence,
assert that {Qu : u(-) € Qg} is equiregulated.

Step III. We finally show that the operator Q has a positive fixed point on Qg .
We know that Q : Qr, — Qp, is a monotonic increasing operator based on
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(H6)-(H8) and the proof Theorem 3.1.
Let v° = § € K and establish the iterative sequence {v(™} by

o™ =0 Y n=12-... (3.22)
Then according to the monotonicity of Q, one can find {v(™} c K and

=00 <M << <, (3.23)
Similar to the proof of Theorem 3.2, we can get a({v(™(t)}) =0 in [~r, a], that is,
{v(™(#)} is precompact, hence, it has a convergent subsequence v(™) — u € Q,
combined with its monotonicity (3.23) and the normality of cone K, it is easy to
know that

o™ S ue G([-ra, K), n — 00.

Taking limit of both ends of (3.22), and by the continuity of Q, we can get u = Qu,
which shows that u € G([—r,a], K) is a positive mild solution of the nonlocal
problem (1.1). By the arbitrariness of a, we get that u(t) is defined on [—r,00).
On the other hand, by the method of Step.IIl of Theorem 3.1, it is easy to see
limy o0 |Ju(t + w) — u(t)]] = 0, which implies that w(t) is a S-asymptotically w-
periodic mild solution for ¢ > 0. Hence, we know that the nonlocal problem (1.1)
has at least a S-asymptotically w-periodic positive mild solution u in G([—r, ), K).

O

4. Applications

In this section, we give an example to illustrate our main results. Let
B,y > 0(k=1,2,...,n) be such that 0 < 8 <, <--- <9, <1. Consider the
following measure driven differential equation:

Dyffut,z) + S arD¥ult,z) = Au(t,z) + Tult, z)
k=1

S+ 5) 4oy, (1,2) € R x [0,71, 5 € 7,0,

14 %
u(t,0) = u(t,m) =0, teRT, (4.1)
u(t,z) = [; 0(t,s)log(1 + |u(s, x)|)ds + o(t,x), (t,x) € [-r,0] x [0, 7],

Ou(t, x) o Ju(t, @)
02|y = DL ), 2 f0m,

where A is Laplace operator, a > 0,7 < 0 are constant, ¢g : [0,7] — R is a non-
deacresing, left continuous function, (¢, s) is a continuous function from [0, 00) X
[-r,0] to RT. Furthermore, define the operator A : D(A) C E — E by Au =
Au + 7u and

D(A) ={u€ E:u,u’ are absolutely continuous,u” € E,u(0) = u(r) = 0}.

Then it is well known that the operator A is k-sectorial with kK = 7 < 0 and angle
7 (and hence of angle 27) for all 7, < 1,k = 1,2,--- ,n). Since B,y > 0,k =
1,2,--- ,m be such that 0 < 8 < 7, <--- <9 <1, by Lemma 2.7 , we deduce

that A generates a bounded (3, yi)-resolvent family {Sg +, (t)}+>0-
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We choose the workspace E = L?([0, 7], R), which is an ordered Banach space
with L?—norm | - |2 and partial-order “ < 7, K = {u € L*([0,7],R) : u(x) >
0, a.e. z € [0, 7]} is a normal cone. Note B := G([—r,0] x [0, 7], E) with the normal
cone Kg={u € B:u(t,z) € K,t € [-r0], a.e. xz€[0,7]}. We define

sin(u(t + s))
1+ e?t

, Qu(t,z)) = /Oa 0(t, s)log(1 + |u(s, z)|)ds.

fz,ult, z),u(t + s,x)) = , teRY se[-n0],

Qolult,z)) = m

For w € [0, 7], we set o(t) = p(t,-), ¥ =¢(:), u(t) =u(t,-), w(s) =u(t+s,-) and

|ul

F(t7u(t)aut) = f(tv ) U(t, ')7u(t + s, ))7 QO(U) = mv

Qu) = / 0(t, s) log(1 + [u)ds.
0
Then, equation (4.1) can be transformed into the form of abstract nonlocal problem

(1.1) in L2([0, 7], R).
Further, from the definition of functions f and @y, we have

It u0)] < 5l Qu(utt o)l < gl IQutt.a))l < [ ot s)aslul.

We deduce that condition (H4) is satisfied with ¢ =
and d; = 0. Additionally, (H1) is satisfied with P(t)

tanddy =0, ¢ = [; 6(t, s)ds
=1and W(r) =r.

Theorem 4.1. Assume that w > 0, f: RT x [0,7] x K X Kg — E be continuous
and the conditions (H2) is satisfied. If the following conditions

(A1) f(t,2,0,0) > 0 for (t,x) € RT x [0,7], and there is a function 0 < w =
w(t,z) € G([—r,00) x [0,7]) satisfying lim;_,oo w(t + w,-) — w(t,-) = 0, such that

Dy Pw(t, x) + zn: ap’ DY w(t, )
> Au(t,x) + Tu(t,1;=)1+ flt, z,w(t,x),w(t + s,x))dg(t),
(t,z) € RT x [0,7],s € [-7,0],
w(t,0) = w(t,7) =0, teRT,
wit,z) > /an(t,s) log(1 + |w(s,@))ds + ot z),  (t,¢) € BT x [0,7],

ow(x,0)
ot

> Qo(w(t,z)) + ¢¥(x), x € [0, 7).

(A2) there exists a constant | > 0 such that for any x € [0,7],t € RT and 0 < 27 <
22 Sw(1),0 < ¢y < gp Sy,

f(t7$27¢2) - f(t7xl7¢l) Z 9
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hold, then all the conditions in Theorem 3.1 are satisfied, our results can be applied
to system (4.1). Also, the problem (4.1) has minimal and mazimal S-asymptotically
w-periodic solutions u,u € G([—r,00), L*([0,7],R) N SAP,(L?([0,7],R)) between 0
and w, which can be obtained by monotone iterative sequences starting from 0 and
w.

Proof. From the condition (Al), it follows that vog = 0 and wy = w(z,t) > 0
are lower and upper S-asymptotically w-periodic mild solutions of the problem
(4.1), respectively. Thus, by the condition (A2), one can find that the condition
(H2) holds. Therefore, from Theorem 3.1, we can obtain that the problem (4.1)
has minimal and maximal time S-asymptotically w-periodic mild solutions u,u €
G([=r,00), E)NSAPR,(F), which can be obtained by monotone iterative sequences
starting from 0 and w, respectively. O

5. Conclusions

This article establishes some results on the existence of maximal and minimal S-
asymptotic w- periodic mild solutions of fractional measure differential equations in
order Banach space by using the method of upper and lower solutions. In further
work, we investigate the existence of S-asymptotic w-periodic mild solutions for a
class of Hilfer fractional measure differential equations.
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