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LONG TIME BEHAVIOUR OF THE
SOLUTIONS OF NONLINEAR WAVE
EQUATION*

1

Jianjun Liu' and Duohui Xiang"f

Abstract In this paper, we consider the nonlinear wave equation
utr — Au+ mu + f(z,u) =0, z € T := (R/27Z)%,

where m > 0 and f is an analytic function of order at least two in w. The long
time behaviour of its solutions is proved by Birkhoff normal form.
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1. Introduction and result
Consider nonlinear wave equation on d-dimensional torus
upe — Au+mu+ f(z,u) =0, x€T? (1.1)

with given initial data w(0) = w(0,2) and @(0) = 0,u(0,x), where m > 0 and
f(x,u) is analytic function of order at least two with respect to u at the origin.
For (1.1) with nonlinearity of the form f(u), i.e., not containing the spatial variable
x explicitly, the long time behaviour of the solutions has been proved by Bernier,
Faou and Grébert in [5]. More precisely, they show that for almost all m > 0 and
all » > 2,50 > (d+1)/2, there exists s, depending on 7, sg such that for any s > s,
if the initial datum satisfies ||(w(0),%(0))|| gsx gs—1 < € for small enough £ > 0, then
[u(t)<n.ll;;5 < 2e and [lu(t)sn,|[mso < e” for any ¢ < £ %, where H® is the
Sobolev space on T?, u(t)<y. and u(t)sy. denote the low and high modes parts

according to the threshold N, = 5_5*22750, respectively. In the following theorem,
we study more general nonlinearity f(z,u). For convenience, we keep fidelity with
the notation and terminology from [5].

Theorem 1.1. For almost all m > 0 and any given r > 1, there exists T,e, > 0
such that for any s > 2sg > d + 1 with s — 25y > 2r(2r7 + d), if the initial data
(u(0),4(0)) € H® x H*™1 satisfies € := ||(u(0),1(0))|| grs x ro—1 < €4, then

lu(t)<n.llys < coe and [fu(t)sy. a0 < " (1.2)
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__r Y .
for any t < e 20, where N. = € <=20 and the positive constant ¢y depends on
m,s.

Birkhoff normal form for long time behavior of solutions of Hamiltonian partial
differential equations has been widely investigated by many authors. For nonlinear
wave equations, see [1-5,10,17,23] for example; for nonlinear Schrodinger equa-
tions, see [4,9,12,14,19,20] for example; for equations with unbounded nonlinear
vector field, see [8,13,15,16,18,21,22] for example; for equations without external
parameters, see [6,7,11] for example.

For (1.1), the frequencies of linear equation are w, := +/|a]2 +m, a € Z*. If
one wishes to get the usual long time stability, it is necessary to meet the following
non-resonant conditions: any given integer [ > 3, there exists v, 7 > 0 such that for
any k = (k1,-- ,kp) € (ZYP,h = (ha,- -+ , hy) € (Z4)7 with p+ ¢ <, one has

gl

_ e > 1.3

lw, 4 -+ Wi, — Why Wh, | > sk, )T (1.3)
expect that (|k1],--- ,|kp|) and (Jh1],-- - , |hg]) are equal up to a permutation, where
w3 (k, h) denotes the third largest number among {|k1],- - - , |kp|, |1, -+ ,|hq|}. But

when d > 2, (1.3) is not satisfied due to the combinations with two high frequencies
in opposite signs, i.e., without loss of generality |kp|, |hq| > N > ps(k, h) for some N
large enough. In [5], the non-resonant conditions of this type are removed, and as a
result, the corresponding monomials z, - - -2k, Zp, - - - Zp, are remained in the normal
form. Of course, these terms essentially affect the long time stability. Novelly
observing that these terms preserve the L? norm of high modes, the authors derive
the result of long time behavior from the normal form. During the proof of energy
estimate of high modes in higher Sobolev space H*®, the conservation of momentum,
ie.,

k14 +ky—hy—-—hg=0, (1.4)

is crucially used to bound |k,|%* — |hg|?.

However, in the present paper, the nonlinearity f(z, ) contains the spatial vari-
able x explicitly so that (1.4) is not true. Then we solve this problem by eliminating
more terms than [5]. Precisely, we eliminate the monomials 2y, - - -2y, Zs, - - - 2, With
|kpl, |hq| > N > ps(k,h) and |[k,| — |hy|| > CoN for some positive constants Cj.
See Theorem 2.1 for the normal form and see (3.19) for the energy estimate of high
modes in higher Sobolev space.

This paper is organized as follows: in Section 2, we give a normal form theorem,
seeing Theorem 2.1, which is a modified version of Theorem 5 in [5]. In section 3,
we apply Theorem 2.1 to the nonlinear wave equation (1.1) and thus prove Theorem
1.1. The main step is to control the high modes, and the key is to estimate the
higher Sobolev norm with the help of L? norm, seeing (3.19). Besides, instead of
Lemma 3 in [5], we estimate the high modes directly from the vector field in the
same way as the low modes, seeing (3.21).

2. Normal form theorem

Define the Hilbert space 12(Z<, C) of the complex sequences ¢ = {&,},cz¢ such that

I€)12 = (a)**[€al® < o0 (2.1)

a€zZd
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with (a)? := 1+ |a]? =1 +a? +--- + a%. Notice that for complex function u(z) =
Y aczd §a€¥® on T¢ with a -z = ajz; + -+ + agzq, the Sobolev norm ||ul|zs is
equivalent to the norm ||£||s. The scale of phase spaces

l? D lg > (575) = ({ga}aGZdv {ga}aGZd)
is endowed by the standard symplectic structure —i)_ 4 d&q A d€,. For a Hamil-

tonian function H (&, ¢), define its vector field

- .(OH OH
and for two Hamiltonian functions H (¢, €) and F(&,€), define their Poisson bracket
. OH OF 0H OF
.y ==13 (56 o8 ~ 58, 56 23)

acZ

In a brief statement, we identify CZ* x CZ* ~ CU2*2" with Uy = {1} and use
the convenient notation z = (25);=(5,a)cu, xz4, Where

B &q, when § =1,
= €4, when § = —1.

Set (j) = (a) and define

212 = D2 Izl = €2+ 113, (2.4)

j€Us x 74
In particular, for any j € Uy x Z¢, decompose z = z<nN + z>n with

z;, for (j) <N ] 0, for (j) <N
(z<n); = { 0, for (j) > N and  (z>); = {zj, for () > N~ (2:5)

For j = (j1,-* ,jr) = (Ok,ax)i_; € (Us x Z4)", denote the monomial z; =
2j, -+ - zj.. For a homogeneous polynomial P(z) of order r, namely

Po- Y B
j€(U2x24)"

define the p-modulus

Pli=S e sup [P, (2.6)
aczd dra1+-+drar=a

Similarly to the proof of Lemma 5.1 and Lemma 5.2 in [1], one has the following
estimate of vector field
IXp(2)]ls < CIPLullz]5 (2.7)

with constant C' depending on 7, s, u. For two homogeneous polynomials P, Q of
order 71,79 respectively with finite p-modulus, similarly to Lemma 5.9 of [1], one
has the following estimate of Poisson bracket

|{PaQ}|u < 7'17"2|P|M|Q|u- (2.8)
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Theorem 2.1. Fiz a positive integer r. Consider the Hamiltonian function
H=Hy+P=Y wdltl®+P, (2.9)
acZe

where the frequencies w := {wq }qeza and the higher order perturbation P satisfy the
following two assumptions respectively:

(1) for any positive integer 1, there exists v, 7,Co > 0 such that for any N > 1 and
j = ((5;€,ak)§€ 1 € (UQ X Zd) bi1,by € Zd with <ak> < N, <b1> <b2> > N, we

have
|01wa, + -+ - + Swa, | > %, when § & ), (2.10)
[B100y + -+ Sy + iy | = =L, (2.11)
[01Way + <+ + Swa, + wh, + wpy| > NT’ (2.12)
|61Wa, + -+ + Oiwa, + wp, — Wy | > NT’ when ||by| — |ba| > CoN, (2.13)
where o] = {j = (6, ar)_, | 3 permutation o, s.t. Vk, 8 = =04y, |ak| =

las, |} is the set of resonant multi-indices;

(2) P=73%",~, P with P, homogenous of order | + 2, and there exists j1,C1, Ry > 0
such that
1P|, < CyRy 2. (2.14)

Then there exists a polynomial Hamiltonian x = >_,_; xi of order at most r + 2
satisfying
IXtlp < C2N'T (2.15)

with constant Cy > 0 depending on r,Cy and Ry such that for any given s > d/2, the
transformation of time one map <I>)1< generated by x, whose existence is guaranteed
in a neighbourhood of the origin of 12 & 12, puts H in normal form:

Ho®l = (Hy+P)o®. =Hy+ 20+ %" + %) + %, s, (2.16)
where
(i) the transformation fulfills the estimate
Iz = @5 (2)|ls < CaN"T |22 (2.17)

in a neighbourhood of the origin of 12 ®12 with constant C3 > 0 depending on s
and Cs. FEzactly, the same estimate is fulfilled by the inverse transformation;

(ii) 2O s a polynomial of order at most r+ 2 and contains only resonant mono-
mials, that is to say, for any a € 72,

{Jo, Z2OY =0, (2.18)
where Jo i =3 4y _(a) |2p|2 is the super action;

(iii) 2 = S, %"l(ii) is a polynomial of order at most v + 2 with two high
modes in opposite signs and having small norm difference: they are (6,b1) and
(=0,b2) with ||by| — |b2|| < CoN. Moreover, the following estimate holds:

12|, < CuNT=DT, (2.19)
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(iv) Z#0 =377 %l(m) is a polynomial of order at most r + 2 with at least three
high modes and
12|, < CoN =17 (2.20)

(v) %ri3 is a polynomial of order at least r + 3 and

Xzt ()]s < CaN"7||2[I 772 (2.21)

r+3

Proof. The proof is parallel to [5] except an essential difference: some terms with
two high modes of opposite signs will be eliminated, while in [5], these terms are
kept in %%, For convenience, we introduce some notations.

For any [ = 1,--- ,r, decompose homogeneous polynomials P, of order [ + 2 as
follows:

where PI(O) depends only on low modes, namely

=3 P
FE(Ua xzH) 2
p1(d)<N

Pl(i) contains only one high mode, namely

PP = Y Py,
je(Uy xz4)it2
p2(3)SN<p1(3)

Pl(ii) contains two high modes, namely

SO E D DI
FEU2x2%)*2
w3 (F)SN<p2(3d)

and Pl(m) contains at least three high modes, namely

Pl(uz) (Z) _ Z Plgnz)zj
FE(Uax2h)' T2
ns(d)>N

with p,,(j) being the m-th largest number amongst the collection {(ji) 5:':21.

We will not only eliminate the non-resonant terms of Pl(o), all terms of Pl(i), and
the terms of Pl(”) with two high modes in same sign as in [5], but also eliminate

the terms of Pl(”) with two high modes in opposite signs and having large norm
difference, i.e., (6,b1) and (=6, bz) with ||b1| —|b2|| > CoN. For the latter, the corre-
sponding homological equations are solved with the help of non-resonant condition
(2.13).

Comparing with [5], although there is no condition of zero momentum, we still
have the estimates of vector field and Poisson bracket, seeing (2.7) and (2.8). Be-
sides, the remaining proof is a standard procedure of non-resonant Birkhoff normal
form and thus we omit it. O
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3. Proof the main theorem
Write the operator A := (—A +m)'/? and let
1 1 a1,
22—2(A2u+1A 24), (3.1)
and then (1.1) is equivalent to

. . i _1 _1 +z
f=ide = 5ATE (oA z("’\/;)).

Using the Fourier expansion z(t,z) = 74 &a(t) ee® for any x € T, rewrite
(3.2) as

(3.2)

. oOH
o= —i— 3.3
b =iz (33)
with the Hamiltonian function
H=Hy+P
1 g eiwx +£ e—ia-x
= aléal? F = = d 3.4
Z w |€ ‘ + (27T)d /[[‘d (aj? Z( 2wa )) Ly ( )
acZd aczd

where
we = V/|a|2+m (3.5)

and F' is the primitive function of f with respect to the variable u, i.e., f = 9, F.

In the following, we identify the function z with its sequence of Fourier coef-
ficients {&,}qeza(or {2} eu,xze). In view of (3.1), there exists a constant ¢ > 1
depending on m and s such that

1 . .
M @) e xcare—s < llzllsmy < ell(w, @)l xare—r. (3.6)

In the following, we will check that the Hamiltonian H in (3.4) meets two assump-
tions (1) and (2) in Theorem 2.1.

On the one hand, we show that for almost all m > 0, the family of frequencies
{wa taeze given in (3.5) is non-resonant, namely satisfies conditions (2.10)—(2.13).
It is shown in [17] that for almost all m > 0 and any positive integer r, there exists
v, 7 > 0 such that (2.10)—(2.12) hold. Then we only need to check the condition
(2.13). For any N > 1 and j = (0k,ax)t_, € (Uy x Z%)! with [ <7 and (ax) < N,
one has

wa, = Va2 +m < VN2 —14+m<VI+mN

and thus
[01wWa, + -+ + Siwe,| < V1+mrN.

For any (bs) > (b1) > N with |bs| — |b1| > 2(1 + m)r N, one has

Why — Why :\/|b2|2 +m — \/|bl|2 +m
_ |b2]* — [b1]?
VI 2 +m+ /2 +m
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< |b2]* — [b1]?
“ V14 m(|be] + [b1])
_|ba| — |bu

vi4+m
>2y/1+mrN.

Hence, one has

|51wa1 + -+ 6lwal + wbl - wb2| Z wa - wbl - ‘61(*)(11 +- 4+ 5lwal|

>+vV1+mrN.

Taking Co = 2(1 + m)r, (2.13) holds when |[b1] — |ba|| > CoN.

On the other hand, since F' is analytic with a zero of order at least two, then
the assumption (2) in Theorem 2.1 holds.

Applying Theorem 2.1, there exists a normalizing transformation Q); such that

@ '(z) = 2. Let N = N, and then N2r@rrtd) < Ns=250 — ¢=27 By (2.17) and

(3.6), for any small enough €, one has
12/ (0) 15— < [12(0)lls— 3 + 112(0) — @3 (2(0)) 51 < 2ce. (3.7)
Then recall the notation (2.5), we have

12" (0)<nlls < 112/ (0)ls—1 < 2ee, (3.8)

1205 llag-y < N 05y < 26>, (39)

Define
= inf{t >0 |12 ()<

s =3ccor [|2/()snlls_ 1 = gﬂ} .
and we will prove that t> £ %0 in two parts.

(1) Control of the low modes 2/ (t)<n-.
Define F<n(z) = ||z§N||2% and then

Fen(2(1)) — Fen((0))] = ] [ @;,FSN}@'(t))dt'

</
0

< X gt 4 aptiin .., 5 (2 (1)) <N

12" )<nll5- (3.10)

By (2.7), (2.19)—(2.21), there exists constant C' > 0 such that

s—2sg+1

[ Xt (2'(t)<nlls SN T2 [ Xgunpguin (2 (1) <nllso-1
S CN572;0+1 ]\/v('r—l)"-|‘2,’/(IJ;)>]\/"|3(J—l
& 2
S CETJF%, (311)

s—2s

i
= Ol 2l (5wl

X, (' (1) <nlls < CN"T(N

I (2w 5)

< Cets. (3.12)
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When ¢ < & %, by (3.8), (3.10)~(3.12), one has
12'(O<n i < 1120)<nllf + [Fan (2'() — F<n (2'(0))]
< 4c%e? 4 O ToemtE

< 9c%e?. (3.13)

(2) Control of the high modes 2'(¢)sn.
By Theorem 2.1, Z(") can be written as

R = > Bi,b, (2 )2, %, (3.14)
b1,ba€Z?

(b1),(b2)>N
[1b1]—[b2||<2(14+m)rN

with the estimate
‘Bb1bz (Z/SN)| < CN(T_DTHZ/SN

(3.15)

3
for some positive constants C. As the Hamiltonian is real, we have By, p, (2L 5) =
Bi,b, (2 ), i.e., the operator (By,s, (z’<N))b ,, is Hermitian so that

= — 1,02

{2 (1)), 112 (6)> w13} = 0.

Thus one has

I2/(8)> 118 = 1/0) 5w = \ JREELACIONEOR 2

< / R 4 800 2 s )
<[t Xz 12,5 (7 @) snlloll' ) >nlo.  (3.16)
Notice that by (2.7), (2.20) and (2.21), there exists constant C' > 0 such that
X gpciin (2 ()5 llsg—y < ONCTIT[Z ()5 w2,y < O3, (3.17)
1Xet, 5 (2 ()5 gy < ONTT (N T2/ (D)< |51
+FO<n 2 12 @5 n - 1)
< Ce¥rts, (3.18)
By (3.9),(3.16)—(3.18) and the fact sg > 1/2, one has
12/(0)> M 115 <12 (0)> N 15 + [ X gt 4,5 (2 (8)) >N [l sp— 3 12" (>N 1o -1
<C(14t)e’ 3, (3.19)

Define Fsy(z) = ||Z>NH§O_% and then

[Fon(2(1) = Fon(2'(0))] = ’/O {H o @), Fon}(2'(t))dt

< /t {Z + B + g, Pon}(2'(1))]dE. - (3.20)
0
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Using (3.14) and (3.15), one has

{2, Fon } (' (1))]

:‘ Z (<b1>25071 - <b2>28071)Bb1b2 (Z/SN)Z;ME}ID
(b1),(b2)>N
[lb1|=]b2][<2(1+m)rN
S Z 250|<b1> - <b2>|(<b1>230_2 + <b2>280_2> ‘Bbﬂ)z (ZISN>‘ |Zl/)121/)2|

(b1),{b2) >N
[1b1|—|b2]|<2(1+m)rN

> (b1)07 % (ba) "2 |2, 2,
[b1],]b2|>N
| [ba] | <2(1-+m)r v

<CNUr-DrhdH lz<nlls ||z/>N||sof— ||Z>NH507—

250 T

ES¥N et (3.21)

é()—*

SHZ;N

where the last inequality follows from the estimate CN (’"_1)7+d+1|\z’§ s <1

and the Holder inequality [|24 y|[5,—2 < ||27>NH25O "z >N||50_2i° '. By (3.17) and
((3.18), there exists constant C' > 0 such that

{BED + Ryva, Fon } (' (0)] <Xt sz, 1 (2 ()5 N o=y 12/ ()5 Wl 50— 4
<Ce¥ts, (3.22)

By (3.19)-(3.22), it is easy for any ¢ < £~ %% to get

250 T

[Fon (2'(1) = Fon (2'(0)] <t(l25 wllo oin " et

<HO(1 + )P+ 8) ToT TV m0) |y yedrts

125 w1

S%g(m), (3.23)
By (3.9) and (3.23), we obtain

1" (0> n 12, -y < 12/ 0)sn 3,1 + [Fon (2 (1) = Fon(2(0)] < 274D, (3.24)

S0—3

Combining (3.13) and (3.24), we can conclude that # > &~ 2%
By (2.7) and (2.15), there exists constant C' > 0 such that

s— 2aQ+
12" ) < llso— 2112 ) >N llso-2)

X (') <nlly < CNTT(|' () <n|f + N .
< Ce?, (3.25)

2s9—s—1
X3 (2 ()5 llsp—y SCNT(NT =7 ') <nlI3 + 117/ <n i1 17 ()5 N 150 1)

2
< Cemts. (3.26)

So by (3.13) and (3.24)—(3.26), for any ¢ < ¢~ 0, we have

lz2(O<nlls = 123 )<nlls < N2 H)<n

s+ ||Xx(zl(t))§NHg < 4ce,
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1ol y = 1B )l y < 170wl + 1K ()l
< 2¢™ L

Going back to the original variables u, take cy = 4c? and by (3.6), we can obtain

lu(®)enllys < coe and [u(t)snllmo <<
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