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Abstract This article aims to establish a semi-analytical approach based on
the homotopy perturbation method (HPM) to find the closed form or approx-
imated solutions for the population balance equations such as Smoluchowski’s
coagulation, fragmentation, coupled coagulation-fragmentation and bivariate
coagulation equations. An accelerated form of the HPM is combined with the
Elzaki transformation to improve the accuracy and efficiency of the method.
One of the significant advantages of the technique lies over the classic numer-
ical methods as it allows solving the linear and non-linear differential equa-
tions without discretization. Further, it has benefits over the existing semi-
analytical techniques such as Adomian decomposition method (ADM), opti-
mized decomposition method (ODM), and homotopy analysis method (HAM)
in the sense that computation of Adomian polynomials and convergence pa-
rameters are not required. The novelty of the scheme is shown by comparing
the numerical findings with the existing results obtained via ADM, HPM,
HAM and ODM for non-linear coagulation equation. This motivates us to ex-
tend the scheme for solving the other models mentioned above. The supremacy
of the proposed scheme is demonstrated by taking several numerical examples
for each problem. The error between exact and series solutions provided in
graphs and tables show the accuracy and applicability of the method. In ad-
dition to this, convergence of the series solution is also the key attraction of
the work.
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1. Introduction

Nonlinear differential equations can represent various phenomena across science,
engineering, and biology, including fluid dynamics, heat transfer, chemical reactions,
and particulate processes. The methods used to solve these equations vary based
on factors such as the equation’s type and complexity, the desired level of accuracy
and efficiency, and the availability of analytical or numerical techniques. Over the
years, numerous numerical and semi-analytical methods [21, 22,29, 38,53, 55] have
been developed and studied to address these challenges. The focus of this article
is precisely to solve the particulate processes models, particularly aggregation and
breakage equations, using semi-analytical techniques.

Particulate processes have drawn much attention of researchers because of their
technological applications in many engineering and natural science disciplines, in-
cluding granulation, crystallization, activated sludge flocculation, and raindrop gen-
eration [8,35,39,41]. The particle size distribution, which represents the amount
of a specific size within the system, affects the behavior during processing and the
final product’s performance. During processing, distinct mechanisms like nucle-
ation, breakage (fragmentation), aggregation (coagulation) or growth may occur.
Breakage refers the phenomenon in which a particle divides into two or more par-
ticles, while aggregation refers to two particles merging to form a more extensive
particle. Thus, the total number of particles increases during the breakage process,
whereas it decreases in the aggregation phenomenon as time passes, but the mass
remains conserved in both the situations. The scope of the article is limited to
the pure breakage, aggregation in single and multi-dimensions as well as coupled
aggregation-breakage equations. The mathematical formulation of pure fragmenta-
tion equation [5] is given by

w = /_:O B(x,y)S(y)u(y, t)dy — S(x)u(z,t), (1.1)

and the non-linear Smoluchowski’s coagulation equation in 1 — D is provided by,
see [57],

Ou(z,t 1 [* e
% =3 / K(z —y,y)u(z — y, t)u(y, t)dy — K (z,y)u(z, t)u(y, t)dy,
0 0
(1.2)
with the initial condition
u(z,0) = f(z). (1.3)

Here, u(x,t) for (x,t) € (0,00) x [0,T] represents the number of particles of size z
at time ¢, B(z,y) gives the breakage function, i.e., the rate at which the particles of
size y break into particles of size x and the rate at which a particle size y is chosen
to break is shown by the selection function S(y). Further, the term K(z — y,y)
denotes the rate at which particles of sizes z — y and y merge to form a particle of
size z. In equations (1.1) and (1.2), the first integral terms provide the birth of a
particle of size x during the process of breakage and aggregation, respectively, while
the second terms in both models indicate the death of particle size x.

Along with the number density wu(z,t), some integral properties, such as mo-
ments, grab the attention because of their physical interpretation. The moments
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for the number density are defined as
wi(t) = / su(z,t)de, §j=0,1,2,---.
0

The zeroth moment f(t) defines the total number of particles in the system at
time ¢, first moment pq (t) gives the total mass in system and po(t) gives the energy
dissipated by the system.

In solid processing, e.g., in foods and pharmaceuticals, product quality is char-
acterized by multiple particle properties, for example, the volume and composition
of aggregating particles. To model such phenomenon, more then one dimensional
mathematical formulation is required. Therefore, in the following, the bivariate
case is considered, i.e., particles (or individual objects) are characterized by two
properties, named z and y. The two dimensional aggregation process is governed
by

ou(z,y,t)

1 [ v
TR / / K- y—y, oy ulx -2y -y, thu( y, t)d'dy
0 0

-] K vty ute ey (1.4)

o Jo

with the initial condition
U(I’,y, 0) = Uo(l',y) 2 0. (15)

Due to complexity of these models and unavailability of the analytical solutions (ex-
cept some simple cases), several numerical [7,17,43,46,47,50] and semi-analytical
[3,23,25-27] techniques are applied to solve these problems approximately. Nu-
merical schemes to solve breakage equation (1.1) and/or coagulation model (1.2)
includes finite element method [7], quadrature method of moments [51], finite vol-
ume scheme [50], fixed pivot element [17], fast Fourier transformation method [1]
and references therein. The drawbacks of the numerical schemes lie on non-physical
assumptions such as discretization, linearization, sets of basis functions, and many
others. Recently, several authors have developed interest in semi-analytical ap-
proaches to overcome these shortcomings. These series solution techniques offer
results without making such assumptions. Some of the available strategies are
Laplace-variational iteration method [18], ADM [48], HPM [26], optimal homotopy
asymptotic method (OHAM) [10], HAM [25], Laplace ODM [27] and variational
iteration method [2]. Interestingly, some of the algorithms provided the closed form
series solutions of coagulation equation (1.2) for the aggregation kernels

K(w,y) =1,z +y,zy and 25 +y5,
with exponential initial condition (u(x,0) = e~ *,e~%/x), see [25,26, 48] for more

detailed computations. They also dealt with the breakage equation (1.1) with the
breakage rate

a—2
b(z,y) = ¢ (3:) vV 1< a <2 with selection rate S(z) = z*
Yy

having the exponential (e~*) and mono disperse (§(z—a)) being the two different ini-
tial conditions. Hammouch and Mekkaoui in [18] developed the Laplace-variational
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iteration method for solving the coagulation equation (1.2) only for two cases of
aggregation kernels, constant (K (z,y) = 1) and product (K(z,y) = zy). Moreover,
Hasseine et al. in [19] employed ADM and HPM to solve the breakage equation for
the kernel B(z,y) = w with selection function S(z) = z. In [27,28], ODM is
implemented to solve the coagulation equation using the parameters

K(z,y) = 1,2 + y and zy with u(z,0) =e™".

Recently in [56], HPM is combined with the Pade approximates and results are ob-
tained for various physically relevant kernels such as Shear stress, bilinear, Brownian
and Pulvermacher kernels for larger time and spatial domains.

In the literature, it was observed that ADM, HPM, and HAM provide the closed
form solutions, but some drawbacks are observed in these techniques. In [9,16], it
was found that a large number of iterations are required to obtain a more accurate
approximation. When dealing with chaotic systems, in [20] authors found that
time, time step, and the number of terms must be handled with extreme caution.
Further, Obidat [38] has drawn attention to various drawbacks of ADM, including
its delayed convergence and inability to handle boundary conditions for solving
non-linear PDEs. These shortcoming were avoided by Obidat in [38]. To overcome
these issues for model (1.2), recently, ODM [28] has been implemented to solve
it, but the accuracy is still maintained only for a small period of time. Recently,
HPM is accelerated by approximating the nonlinear term and incorporating the
Elzaki transformation for differential equations [24] in order to improve the accuracy
of the truncated solution. Thus, the first aim of this article is to obtain more
accurate solutions to the pure breakage and Smoluchowski’s coagulation equations
by applying the accelerated homotopy perturbation Elzaki transformation method
[24].

For the second task of this work, combined aggregation-breakage equation is
considered which is an intriguing issue for academics. The problem was resolved
using a class of numerical or stochastic methods. Lee and Matsoukas [32] employed
a stochastic process, namely the constant-N Monte Carlo method, to solve the ag-
gregation with a binary breakage equation. In 2002, Mahoney et al. used the finite
element method for aggregation, growth, and nucleation equations [34]. Further,
number density and moments were computed with the help of the method of mo-
ments by Madras et al. in [33]. The models (1.1) and (1.2) were also solved by im-
plementing the finite volume method for several test cases. Since, numerical schemes
have some limitations and till date, there is no literature on semi-analytical schemes
for coupled aggregation-breakage model, here we implement the AHPETM for solv-
ing the combined equation for two test cases. Moving further towards the next
aim, it is known that the analytical solutions for the bivariate aggregation equation
are available only for limited cases, see [15] and references therein. Several numeri-
cal methods, such as moving sectional [30], finite difference [36], Monte Carlo [37],
sectional quadrature [4], dual quadrature [14], finite volume schemes [44,45] and
references therein, are considered to solve the equation. Therefore, here we fill this
gap of series solution for finding the approximate results for bivariate aggregation
PBE.

The article is organized as follows: Section 2 discusses a brief outline of the
Elzaki transformation. In Section 3, the general methodology of HPM and AH-
PETM are presented. In Section 4, AHPETM is developed for aforementioned
population balance equations. Further, Section 5 gives a detailed convergence anal-
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ysis of the proposed iterative scheme. In Section 6, the developed formulations
are adopted to demonstrate solutions for several kernels and the supremacy of the
scheme over HPM, ADM, HAM, and ODM solutions are shown by means of nu-
merical simulations.

2. Elzaki transformation and its properties

Tarig Elzaki developed the Elzaki transformation in 2011 [11,12], which is the modi-
fication of the general Laplace and Sumudu transformations to solve the differential
equation in the time domain. In [11,12], authors show the efficiency and accuracy
of the Elzaki transformation on a large class of differential and integral equations.
To understand the definition of the transformation, consider a set

A= {f(t) :3M, k1, ke > 0,|f(t)] < Me%7 ift € (—1)7 x [O,oo)}

then the Elzaki transformation is defined as
E[f(t)] = T[] = v/ fe~wdt, t>0,
0

and the inverse of Elzaki transformation [13] is defined as

E~NTW]] = 1 /OOO e T [i] vdv.

oM

3. Methodology

In this section, we review the basics of HPM and AHPETM for solving general
differential equations. Then the schemes are applied to solve multi-dimensional
coagulation and coupled coagulation-fragmentation equations.

3.1. Review of HPM

Let us consider the general differential equation
D(c) —h(z)=0, z€Q (3.1)

with the boundary conditions

B ( ac) =0,7 €99, (3.2)

“ on

where D and B are the differential and boundary operators, respectively. One
can usually decompose the differential operator into linear (L) and non-linear (V)
operators, implying that equation (3.1) becomes

L(c)+ N(c) — h(z) = 0. (3.3)
Now, according to HPM, a homotopy H : Q x [0,1] — R is constructed that satisfies

Hlo(z,p)] = (1 = p)[L[v(r,p)] = Ll(co)l] + p[Dv(r, p)] = h(z)] = 0, (3-4)
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where ¢ is the initial guess for the equation (3.1) and p is the embedding parameter
that increases monotonically from 0 to 1. According to the HPM, we can write the
solution of the equation (3.1) in the form of series as

v=> prop =vo+por+p va 4. (3.5)
k=0

Substituting equation (3.5) in (3.4) and letting p — 1, the solution is obtained as
follows

C:;Evzgvk' (3.6)

3.2. Accelerated homotopy perturbation Elzaki transforma-
tion method (AHPETM)

Consider a non-linear differential equation

J"c
T + Lle(x, t)] + Nc(z, )] = b(x) (3.7)

with the initial conditions ¢'(x,0) = g;(z), i = 0,1,2,---,n — 1, where c'(x,1)
denotes the i*" order derivative of c(x,t) with respect to t. Taking Elzaki transfor-
mation and using its properties on equation (3.7) finally provide, by following [24],

n—1
Ele(z,t)] = Z V"2 (2, 0) + v Eb(x) — Lc(x,t)] — Nle(z, t)]]. (3.8)
k=0

Now, applying the homotopy perturbation method to the equation (3.8), we get
n—1
(1 =p)(Ele(z, )] — Ele(z,0)]) +p (E[C(x, DI SR CN)
k=0

—v"E[b(z) — L[c(z, )] — N[c(m,t)]]) =0. (3.9)

Let the unknown function ¢(x,t) and non-linear operator N[c(z,t)] can be written
in series form as

c(z,t) = Z Upp" (3.10)
n=0
and
Nle(x,t)] = > Hup" (3.11)
n=0

where H,, represents the accelerated He’s polynomial with

n n—1
Hy(x,t) = N()_v;) = > H;, forn>1and Hy = N(v). (3.12)
=0 =0
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Substituting the values of ¢(x,t) and Nc(x,t)] from the equations (3.10) and (3.11)
into equation (3.9) give

ivnp 2 +2’“:1:0 +p{

n=0 =

Zvnp JrZan H

n=0

Applying inverse Elzaki transformation and comparing the coefficients of powers of
p, the components of series solution, i.e., vis are given in Table 1 and hence the

Table 1. Components of series solution

0 c(z,0)
vy STl Bk (2,0) + ETH{omEb(x) — Llvo] + Hol}

Vo 7E71{’UnE[L[U1] +H1}}

Un, —E~Yv"E[L[vp1] + Hn1]}

solution of the equation (3.7) is obtained by taking p — 1 in the equation (3.10).

4. AHPETM for coagulation fragmentation equa-
tions
In the below section, AHPETM is extended to solve Smoluchowski’s coagulation,

pure fragmentation, coupled coagulation-fragmentation and bivariate coagulation
equations.

4.1. Smoluchowski’s coagulation equation (SCE)

Consider the non-linear aggregation equation (1.2) with initial condition u(x,0) =
uo(z). Applying Elzaki transformation, an integral form is obtained as

Elu(z,t)] =v?u(z,0) + vE [; /: K(x —y,y)u(x — y,t)u(y, t)dy
— /OOO K(m,y)u(m,t)u(y,t)dy]. (4.1)

In order to apply the scheme, compare equation (4.1) with the transformed equation
(3.8), which provides L[u] =0, b(z) =0 and

Nl =3 [ K= yopute =ty + [ KG y)u(x,wu(y,t)dy(. |
4.2
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Now, applying the HPM on equation (4.1) as defined in equation (3.9), we get
(1= )(Elu,)] = Blutw,0)) + p{ Elu, )] = v*ul,0
—vE B /OI K(z —y,y)u(z —y, t)u(y, t)dy — /OOO K (z,y)u(z, t)uly, t)dyD =0.
(4.3)

According to the methodology defined in Section 3.2, u(z,t) = >~ ,v,p™ and the
non-linear operator N{u] = Y ° H,p", where H, for SCE is given by

1 xT n n
25/0 K(z—y,y) Y vilz—y,t)Y_ vi(y,t)dy
=0 =0
n—1
/ K(z y vi(x, t)Zvi(y,t)dy—ZHi,nZ 1 (4.4)
=0 =0

with Hy = N[vg]. Using the above defined decomposition in equation (4.3) and
comparing the powers of p, the n*® component of the series solution is

Upt1(z, t) = {vE( /K 4 i(z —y,t) Zvl (y,t)
/OOOK(:U,y)Zn:vi(x,t)gvi(y,t)dy>;Hi}, n>0, (4.5)

=0

where vg(z,t) = u(z,0) and hence, the n term truncated series solution is calculated
by

TSCE (g, 1) .= i vj(z,t). (4.6)

4.2. Fragmentation equation (FE)

Considering the pure fragmentation equation (1.1) and applying Elzaki transforma-
tion, the following integral operator form is achieved

(o)
Blute. 0] = vule, )+ B ([ Blo)Shuts. 0y — Sepute0)) . (47
Next, equation (4.7) is compared with the equation (3.8) for the implementation of

AHPETM. It is observed that for the case of pure breakage equation Nu(x,t)] =
b(x) = 0 and

- [ BESwut 0ty + S,

By following the steps discussed in the previous Section 3.2, a homotopy is generated
as follows

(1 p){Elu(z. )] — Efu(z, 0)]} +p(E[u<x,t>l ~ u(z,0)
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B [ L " B, y)S@)uly, dy — S(@)ul, t)] ) (4.8)

According to the proposed method, AHPETM introduces the solution of unknown
function u(x, t) in the form of infinite series as u(z,t) = Z;io vj(z,t). Substituting
this into equation (4.8) and comparing the coefficients of the powers of p, provide
the iterations for the solution as follows

Unsr(2,t) = B! {UE U:O B(x,y)S(y)vp(x, t)dy — S(a:)vn(x,t)] } . n>0
(4.9)

where vo(x,t) = u(z,0) and the n term truncated solution will be provided as

n

U (2, t) = wj(x,t). (4.10)

Jj=0

4.3. Coupled coagulation-fragmentation equation (CCFE)
The CCFE is governed by

/K —y,y)u(z — y,t)u(y, t)dy — / K(z, y)u(z, t)u(y, t)dy
+/’wawwmww@—smmu@. (4.11)
Applying Elzaki transformation on both sides leads to

Elu(z,t)]

=v?u(z,0) +vE B /OI K(x —y,y)u(z — y,t)u(y, t)dy
— /000 K(z,y)u(z, t)u(y, t)dy + /OO B(z,y)S(y)ul(y, t)dy — S(x)u(z,t)|. (4.12)

x

For the implementation of AHPETM, expression (4.12) is compared with (3.8) and
the following observations are made

bz) = 0, mmz—/Mmeaww%mw+ﬂmMam
and
i =y [ K-y p0uwn+ [ Kt gum)

Following the procedure defined in Section 3.2, the iterations to solve the equation
(4.11) are as follows

’Un+1($, t)

n n

1 xT
EI{UE<2/O K(z—y,y) Y vilz—y,t) Y vi(y,t)dy

1=0 =0
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n

[ K o) S vl 0dy - 3 Bk [ B)Sw ey
i=0 z

=0 =0

- S(x)vn(x,t)> } for n > 0 (4.13)

where vg(x,t) = u(z,0). Let us denote the n term approximated series solution for
CCFE as

WOCFE (g 1) .= ivj(:c,t). (4.14)
7=0

4.4. Bivariate Smoluchowski’s coagulation equation (BSCE)

Consider 2D aggregation equation (1.4) with initial condition u(z,y,0) = ug(z,y)
and applying Elzaki transformation, leads to form as

Elu(z,y,t)]
2 1 ! Y / oo ! /
=v u(m7ya0)+UE§ K(J?—.’I},y—y,.%‘,y)u(l'—$,y—y,t)
o Jo
o o)
x u(z',y', t)dy'dx’ — / / K(z, 2y, v )u(z,y, t)yu(x',y, t)dy'dx’|. (4.15)
o Jo

In order to apply the AHPETM, equation (4.15) is compared with the transformed
equation (3.8), implying that L[u] =0, b(x) =0 and

1 [T v
Nlu] =— 5/0 /0 Kz —a'y—y, 2y )ux -2y -y, thu(a',y' t)dy'dz’
v K@ g dyd (4.16)
0 0

Thanks to equation (3.9), applying the HPM on equation (4.15) enables us to have
(1 =p)(Elu(z,t)] — Elu(z,0)]) +p<E[U(I7 y,1)] = v*u(z,y,0) —vE
1 * Y / / / / ! / / / ! !
3 Kz —a'y -y 2",y u(x -2’y -y thu(a’,y', t)dy' dx
o Jo
o0 (oo}
- / / K(z, 2y, v )u(z,y, t)u(z’, y’,t)dy’dw’}) =0. (4.17)
o Jo

Again, following the idea of Section 3.2, u(z,y,t) = >~ v,p" and non-linear
operator N[u] = > °  H,p" where H, is being given by

1 T n n
Hy, =5 / K@—a,y—y,2" ) vilw—a',y—y,t)> vy, t)dyda’
0 i=0 i=0
o) n n n—1
- / K(xa SU/, Y, y/) Z Ui(xa y7t) Z vi(x/a y/a t)dy’d$, - Z H1
0 i=0 i=0 i=0
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Using the above defined decomposition in equation (4.17) and comparing the powers
of p, we get the n'? component of the series solution as follows

L[* v =
Un+1(x7y7t) :E_l{UE(2/ / K(‘/E_l‘/ay_ylvxlvyl>zvi(x_xlay_y/at)
0 0 0

i=

S ute iy dyds’ — [ [ K@) D oot
i=0 o Jo 0

1=
n

v,;(z:’,y’,t)dy'dx') }, for n > 0, (4.19)
i=0

where vg(x,y,t) = u(x,y,0). Let us denote the n term truncated solution by

UBSCE (g 4 ) = Zvj(amy,t). (4.20)
7=0

5. Convergence analysis

5.1. Smoluchowski’s coagulation equation

Consider the Banach space X = C([0,T] : L}[0,00), ||.||) over the norm defined as
o
|lu]| = sup / lu(z, s)|dz < cc.
s€[0,to] JO
Let us use equation (4.1) in the operator form as
u(z,t) = Nu]

where

Nu] = u(z,0) + B~ {oE[N[u]]} (5.1)
and Nu] is given by

Nlu] = % /Ox K(z —y,y)u(z —y,t)u(y, t)dy — /0ij K (x,y)u(z, t)u(y,t)dy.

Theorem 5.1. Let us consider the coagulation equation (1.2) with kernel K (x,y) =
1 for all x,y € (0,00). Ifvi are the components of the series solution computed
using (4.5) and VICF being the n term truncated solution provided in equation
(4.6), then WICE converges to the exact solution u with the error bound

1-A
where A = t2e? 0L (|lug|| + 2toL? + 2toL) < 1 and L = |juol|(T + 1).

SC
lu — WREF < [[oa ]l

Proof. Two separate phases complete the theorem’s proof. The contractive nature
of the non-linear operator N is initially demonstrated. Then convergence of the
truncated solution towards the exact one is established.

Step 1. As presented in [48], equation (5.1) can be written in the equivalent form
as

g lute Dy explAle. bl = g expfle. ] [ K@ = y)uts = pt)uts. 0y
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where H|[z,t,u] fo IS K y,s)dyds. Thus the equivalent operator N is
given by

Nu] =ula0) expl~H(a,t)] + 5 [ explH(e.s,0) = Hz. )

X K(z,y)u(x —y,s)u(y, s)dyds.
0

Since N is contractive (Singh et al. established in [48]) and equivalent to N|[u], the
non-linear operator Nu] is also contractive, i.e.,

[Nu— Nu*|| < d|ju—u*| (5.2)

where § := tge?"L(||ug|| + 2toL? + 2toL) < 1 (for suitably chosen t;) and L =
luol(T + 1).

Now, using the definition and basic properties of Elzaki and Laplace transfor-
mations as well as employing (5.2), we get

INu—Nu|| = |[EZHoE(N (w)} = B~ {oB(N (u"))}
0

1 [>/1 [
- ‘ 7/ (2/ (Nu — Nu*)e_t”dt) e udv
27T 0 v
1 [>/1 [
S L (/ 5||u _ u*”e—tvdt) et”dv
2

7/ L6l — e dv

v

e { el - i)

< dtgllu — u*|| for a suitable t.

Step 2. Now, in this phase, an n term truncated solution is computed using the
iterations defined in (4.5) and then error is estimated. Given that,

n
PICE — Z vi(z,t)
i=0

=u(z,0) + E_l{vE(N(uo))} + E_l{vE(N(uo +uy)— Ho)b+-+-
n—1 n—2
+EwB(N u) - > Hi)}
=0 =0

=u(z,0) + B~ {oE(N[vo] + N[vg +v1] + -+ + N[vg + v1 + - + vp_1]

— (Ho+ (Ho+ H1)+---+ (Ho+Hi+---+ Hy,—2)))}
=u(z,0) + E~ {oE(N(¥;°F))}
=Nw3E],

Using the contractive mapping of N leads to

IRST — W) < AT — wCE,
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and thus, we have

SCE SCE SCE SCE
[Wogr — W7l < APey™™ — W= o).
Using the triangle inequality for all n,m € N with n > m, we have

| W58 — WSCE| < WSO — WCE| 4+ |WSCF — WCE| 4+ | WEGE — w5CE)

n—1 2 m-+1
< (An—l +An—2 4. —I—Am)H\I/fCE _ W§CE\\
A™(1— AP
= WHMH
e
S T A lwall

which converges to zero as m — oo, implies that there exists a W such that
lim ¥SCF = W, Therefore,

n— oo

oo

u(z,t) = Zvi = nhﬁn;@ WSCE — g,
i=0

which is the exact solution of the coagulation equation (1.2). The theoretical error
is obtained by fixing m and letting n — oo in the above formulation. O
5.2. Pure breakage equation
Let X = C([0,77] : L*[0,00), ||.|]]) be a Banach space with the norm

|lu]| = sup / e u(z, t)|dz, where A > 0. (5.3)

te[0,to] JO
Now, equation (1.1) can be rewritten in the operator form as
u = L[u] = u(z,0) + E~'wE(L[u])

with L[u] being the right-hand side of equation (1.1).

Theorem 5.2. Let VI'F be the n term truncated series solution of the fragmenta-
tion problem defined in equation (1.1). Then WEE converges to the exact solution
and provides the error estimates

le =@l < 75l (5:4)

where vy is provided in equation (4.9), if the following conditions hold

r—1

B1. B(z,y) = P -
JY #B(a, y)dz = .

B2. S(x) < xF, where k=1,2,3,---,

B3. X is chosen such that eM —1 < 1,

where r = 1,2,3,--+ and c is a positive constant satisfying

< 1 for suitable tg.
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Proof. Let us begin with the proof that the operator £ is contractive. In order
to do so, we use the fact that the operator L[u] is a contractive operator under
the assumptions mentioned in B1-B3, i.e., |L[u] — L{u*]|| < p|lu — u*|| where p =

Kt
)\k—_& < 1 by following ( [48] Theorem 2.1). Now, thanks to Elzaki and Laplace

transformations, one can write

I£u] = Llu]| = |E~{vE(L[u])} — E=H{vE(L[u"])}|

1 [~/1 [
= —/ —/ (Lu — Lu*)e~"dt | " vdv
2T 0 U2 0

1 [e/1 [
< — (/ pllu — u*|6t“dt> e dv
2 0 v Jo

1 *1
=57 | Sl lhetan

— e { Setphu -}

< |lu — u*|| where ¥ = ptg.

We proceed further to obtain the estimate (5.4). By using the iteration formula
(4.9), the n-term truncated solution is computed as

WEE —p~ {uBlul} + E~H{vE[]} + -+ B {vE[v, ]}
:E’l{vE[vo +or+ -+ o1}
=E" B[V ]}

Therefore, we have
[NZEE T ] N ZA A B NS Tl
The above can be used to establish the following, for all n,m € N with n > m,

1o = WPl < 0 = B 05 = O e R - 0
<@ 9T 9[- |

_ 9™ (1 —9n=™)

= W”%H
<7

) U1]|-

Thanks for Hypothesis B4, the above tends to zero as m — oo which means that

there exists a ¥ such that lim WP = W, Thus, we obtain the exact solution of
n—00

the breakage equation (1.1) as

oo

u(x,t) :ZU" = lim UI'F =y,

; n—00
=0
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5.3. Bivariate Smoluchowski’s coagulation equation

Consider a Banach space X = C([0,7] : L'[0,00) x L'[0,00), ||.||) with the enduced
norm

ful = swp [ [ Juta g )ldody < oc.
1Jo  Jo

s€[0,to

To demonstrate the convergence analysis, let us write the operator form of the
equation (4.15) as

u = Qlul, (5.5)

where Q is given by

Qlu] = uo(w,y) + B~ E[Q[u]]] (5.6)

and
]' * Y Vi / / / ! ! ! / ! A
Qlu] = -3 Kz -2y -y, 2"y )u(z — 2"y — ', (', v, t)dy'dz
o Jo
+/ / K(z, 2"y, v )u(z,y, u(x’ o, t)dy' dx’.
o Jo

The iterative scheme’s convergence concept is splitted into two components, firstly,
we establish that the operator @ is contractive (Theorem 3) and then proceed
further to discuss the worst case upper bound for error (Theorem 4) below. To
show the operator Q is contractive, initially we prove that @ is contractive. To do
so, an equivalent form of the equation (1.4) is taken as

z py
Sl iRy, )] =5 el o) [ [ K@y yy)
0 0

X ’LL(Z‘ - xlv Y- y/a t)u(m’, y/a t)dy’d.]?’, (57)

where R(z,y,t,u) = fg ISy K (@, 2 y,y yu(a’,y  t)dz'dy'dt. Thus the equiva-
lent operator A is given by

1 t
N[U} :U(I, Y, O) exp[fR(x, Y, ta U)] + 5 / eXp[R(‘Ta Y, s, U) - R(‘Ta Y, ta U)]
0
z Yy
X / / K(x—a 2"y —y v ule—2'y =y, s)u(@,y/, s)dy'dz’ ds.
0 0
(5.8)

Since, A" and @ are equivalent, it is sufficient to show that N is contractive.

Theorem 5.3. The operator Q, defined in equation (5.6) is contractive for all
u,u* € X if the following conditions

o K(z,2',y,y') =1 Va,2’,y,y" € (0,00) and
o A =t2e20L(||ul| + 2tgL? + 2toL) < 1 where L = |lug||(T + 1) hold.

Proof. Consider u,u* € X, then

Nu] = Nu*] =u(z,y,0) exp|[—R(z,y,t,u)] — u*(x,y,0) exp[—R(z, y, t,u")]
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1 t T Yy
43 [ el s - Reg] [ [ u—ay -y
0 0 0

1 t
X u(xl7y/7 s)dy'dajlds - 7\/ eXp[R(I7ya S,’LL*) - R(x,y,t,u*)}
0

2
€y
X /0 /0 u*(x — 2’y — vy, s)u*(2',y', s)dy' da' ds.

Let us define an another operator

Hlz,y,s,t] = exp{R[z,y, s,u] — R[z,y,t,u]} — exp{R[z,y, s,u”] — R[z,y,t,u"]}.
It can be easily proven that

|z, y,5,4]] < (¢ — ) exp{(t — ) BHu — u*|| < By lu— ]|
where By = te'® and B = max{||ul|, ||u*|}. Further,
Nu] = Nu"]
=ug(z,y)H (z,y,0,t) + /H:vy,st/ / wlx—2',y—y,s)

x u(x',y, s)dy' dx'ds + 2/ exp[R(x,y, s,u*) — R(z,y,t,u")]
0

z gy
X [/ / u*(z— 2"y — o' s){u(a’,y',s) —u' (2, y', s) dy' da
0 0
Ty
[ et =y =) o= oy = o aa'dy s (59)
0 0

To show the non-linear operator N is contractive, a set D is defined such as D =
{v € X: ||lu]| < 2L}. Taking norm on both sides of (5.9) provides

fT1
VT = NIl <Bs = ol + Bulla =) [ 1?] @

K 1 * *
# [ B[S0l + Dl - ol s

1 1 N N
<B4 [luol + gelul® + geClull + 171D Ju = 7]

1
<tge?tol [||uo| +2tg L% + 5150(2L + 2L)} lu —u*|
=0/ — ],

for a suitable choice of ty. So, the operator N is contractive if
§ = toe?'ol [[lugl| + 2toL* + 2toL] < 1, hence Q is contractive. Now we are in

position to demonstrate that Q is contractive. Consider,

1Qu — Qu*|| = |1~ (vE [Qu]) — B~ (vE [Qu*))|

1 > _'U v
= ||%/ (1}2 i tdt) e’ odv|
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1 > 1 > *|| ,—vt vt
< ~ [ 1Qu—Qurlledt ) e"dp
0

21 Jo v

1 [=/1 [
< — (/ Olu— u*||e“tdt) e’tdv
2T 0 v Jo

1 1
= %/0 ;E(éHu —u*|))e dv

_ {iwm - u*)}

= dtol|lu — u*||
= Alju —u*|.
Hence, the above accomplishes the contractive nature of Q. O

Theorem 5.4. Assuming that the criteria of Theorem 5.3 holds and vis are the el-
ements of the series solution calculated by equation (4.19). Then the series solution
converges to the exact solution with the error bound

n

= WECSE| = = |,
whenever A < 1 and ||v1]] < oo.
Proof. The proof is similar to the Theorem 5.1, hence it is omitted here. O

Remark 5.1. It is worth mentioning that the iterations and hence the finite term
series solutions, computed using the HAM [25], HPM [26], ADM [48] and ODM [28]
are identical to the iterations obtained using the AHPETM for the breakage equa-
tion which is linear. As a result, we have omitted the numerical implementations
for pure breakage equation. So, the main focus of all the approaches is on approxi-
mating the non-linearity, which has no bearing on the linearity in the equations.

6. Numerical results and discussion

This section verifies numerically the effectiveness of the suggested approach for coag-
ulation, combined fragmentation-coagulation, and bivariate aggregation equations.
Three physical test cases are considered and results for the number density and
moments are compared with the precise solution as well as established and recently
developed methods (ADM, HPM, HAM, ODM) for SCE. Due to the improved and
significant results noticed in SCE, the numerical implementation is made for solving
the coupled CFE and BSCE. Two test cases of CFE and one example of BSCE are
taken into account to justify the effectiveness of our scheme.

6.1. Smoluchowski’s coagulation equation

Example 6.1. Consider the case of constant aggregation kernel K (x,y) = 1 with
the exponential initial data u(z,0) = e~* and for this the exact solution
4 20
7t = 75 9 _ma
u(x,t) CEE e

is discussed in [48].
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Employing the equations (4.5) and (4.6), first three components of the series
solutions are given as follows

1
voz,t) =%, wvi(x,t) = ite_x(ac —2),
3 2 2
(@ 1N o p T 3 3
va(a, £) =t <144 2t 6)6 + (8 1 1)
1
t) =———— 37 t*27 + 1463 (7 — 4t)2" t — 2Dt2(2t — 3)a®
v3(z,t) 10622560" ¢ < '+ (7 )z° + 588( )t ( 3)x

— 29408 (t(t(4t — 21) + 36) — 24)z*

+ 11760(5(t — 4)t((t — 3)t + 6) + 48)2®

— 35280(¢(t(t(4t — 35) + 120) — 240) + 192)x?
t(

+ 70560 <t< £(2t — 21) + 90)
- 240) + 288)  — 10080(£(£(t(4t — 49) + 252) — 840) + 1344)).

It is essential to mention here that the components v; are quite complicated and due
to the complexity of the terms, it is hard to find a closed-form solution. Therefore, a
three-term truncated solution is considered. However, thanks to MATHEMATICA,
one can compute the higher order terms using equation (4.5). To see the accuracy

(a) AHPETM (n = 3) (b) Exact Solution

Figure 1. Number density for AHPETM and exact solutions for Example 6.1

of proposed method, the approximated three-term and exact solutions are plotted
in Figures 1(a) and 1(b). One can scrutinize that the AHPETM solution shows a
remarkable agreement with the exact one. Table 2 depicts the numerical errors of

Table 2. Numerical errors at t = 0.5,1,1.5 and 2 for n = 3,4, 5, 6.

n | t=05 t=1 t=1.5 t=2

3 0.0014 0.0153 0.0543 0.1239

4 1.366x10* 2.656x1073 1.294%10~2 3.632x10~2
5 1.072 x 107° 3.7972x107* 2.5718 %1073 9.0682x1073
6 7.154 x 1077 4.6146x107° 4.3241x10~* 1.8931x1073
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AHPETM at different time levels for n = 3,4,5 and 6 using the formula

m
Error = A, = Z [t (@4, t) — w(zi, )| hgy (6.1)

i=1
where m defines the number of subintervals, h; the length of the interval and u(z,t)
is the exact solution provided in [48]. As one can notice, the inaccuracy grows as
time increases for a fixed number of terms and error decreases when more terms in
the approximated solutions are taken into account. Further, to see the beauty of

: . :
0 Bl HPM M
o o 0sp | — 2 =
AHPETM (n=6) o ODM ODM
ODM (n=6) i e ol AHPETM AHPETM
04 15
g 015 g
i 10
0 , 010
: 05
008
0 i Ty 1 )
000 I O
; I I | ! | | | |
2 0 I 2 3 ] 5 0001 0100 0 1000
10+ 0001 0010 0.100 1 10 100 Time Time
(a) Number density at t = 2 (b) Error at x =5 (c¢) Error at t =2

Figure 2. Number density and error

our algorithm, errors between exact and AHPETM solutions are compared with the
errors between exact and other well-established approximated solutions obtained via
HPM/ADM/HAM and ODM in Figure 2. It is important to point out here that the
HAM [25]/ADM [48]/HPM [26] provide the same iterations and hence the identical
finite term series solution for the considered model. It is noticed that HPM is
very badly approximated in comparison to ODM while AHPETM further improves
the error of ODM very significantly. Figure 2(a) represents the concentration of
particles at time ¢ = 2 and the solutions obtained using HPM and ODM blow up
where the AHPETM solution matches well with the exact solution. Results for
error from Figure 2(b) indicate that all the schemes are quite efficient for a short
time where as for a significant time, the errors due to HPM and ODM are relatively
very high compared to AHPETM. Further, Figure 2(c) depicts the error plots of
approximated solutions with precise solution for a fixed time ¢ = 2 and it is observed
that the AHPETM performs well over HPM and ODM for large space domain.

In addition to this, integral properties associated with number density are plot-
ted in Figure 3. The zeroth (total number of particles), first (total mass) and second
(energy dispersed by the system) moments are displayed and comparison are made
with the precise moments. In Figure 3(a), AHPETM offers superior approximations
in the zeroth moment while HPM under predicts the result and deviates almost ex-
ponentially from the exact one. ODM shows much better approximation than HAM
but still suffers fluctuations. In Figure 3(b), the first moments of AHPETM and
HPM exhibit close correspondence with the precise moments, whereas ODM demon-
strates a decline in precision. Notably, AHPETM and HPM yield solutions that
conserve mass effectively, contrasting with ODM’s inability to replicate the model’s
dynamics accurately. As shown in Figure 3(c), AHPETM continues to be the best
option as the second moment produced by AHPETM and HPM coincides with the
exact ones but ODM does not offer a decent estimate.
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Figure 3. Zeroth, first and second moments

Example 6.2. Let us take aggregation kernel K (z,y) = z+y with the exponential
initial condition u(z,0) = e~®. The exact number density is provided in [42] as

e(e_tfz)mftfl (2\/1 — e*t:r)
V1—etx ’

where I; is the Bessel function of the first kind.

u(z,t) =

Using the equations (4.5) and (4.6), first few components of the series solution
are determined as

1
vo(z,t) =%, wvi(z,t) = ite*"” (2* — 22— 2),

1
va(z, ) _%t%*z <tx(x5 — 10z — 2023 + 24022 — 1202 — 240) + 60z — 3602°

— 1802 + 1080z + 360).

Continuing in a similar fashion, it is easy to compute the higher order components
to find better-approximated results. A four-term truncated solution is considered
here and the results are compared with the HPM and ODM solutions using the
same number of terms.

L3fT
15 y
— M 5 — M
0 — HPM — ODM o oo
AHPETM — Bact
AHPETM / AHPETM
e .
o 03
g /\ 19 1)
] 5 5
0 1 E £
3 ] ]
-0 03 03 \ \
-10 " v L
s 00 —— 00 v

L L L L L N L L L
0 5 10 15 20 00 05 10 135 20 10 001 1 100
Size Time Time

(a) Number density at t = 2 (b) Error at x =5 (c) Error at t = 1.5

Figure 4. Number density and error
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Table 3. Absolute error for z = 5 at different time levels

t Exact AHPETM ODM HPM AHPETM error ODM error HPM error
0.2 | 0.0129 0.0129 0.0118 0.0131 2.71288x107° 1.0352x1073 1.4248x10~*
0.4 | 0.0146 0.0151 0.0053 0.0184 5.3035x10~4 9.2238x1073 3.8424x1073
0.6 | 0.0138 0.0162 -0.0177 0.03868 2.3932x1073 3.1524x102 2.4873x1072
0.8 | 0.0121 0.0179 -0.0601 0.1026 5.8862x 1073 7.223x1072 9.060 x10~2
1.0 | 0.0101 0.0203 -0.1226 0.2523 0.0102 0.1327 0.2422

1.2 | 0.0082 0.0220 -0.2034 0.5428 0.0137 0.2117 0.5345

1.4 | 0.0067 0.0197 -0.2989 1.042 0.0131 0.3057 1.0357

1.6 | 0.00545 0.00506 -0.4031 1.8325 0.038 0.4085 1.8271
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As observed in the previous case, AHPETM is again found to be more accurate
than HPM and ODM, see Figure 4. This is clear from Figure 4(a) which displays
the number density at ¢ = 2 for all the schemes. Further, Figure 4(b) and Table 3
demonstrate that for a fixed = and at different values of time ¢, AHPETM provide
the best results over both HPM and ODM. In fact, the errors due to HPM and
ODM grow almost exponentially as the time increases, while AHPETM performs
consistently. Finally, Figure 4(c) depicts that the error due to AHPETM is not
only significantly smaller than the existing approximated solutions of HPM and
ODM but also close to zero for large spatial domain. Moving further, approximated

25 HPM (1=4)
+ HPM(=) % HPM(n=d) o | x BMEH )

AHPETM (1=
— AHPETM (n=4) ODM (=4) o et 5 0DM —Am )
o 20 AHPETM (1=4) ¥ =

Zeroth Moment
First Moment

Second Moment

LR &% o & & & & & & &%
0 05
00 09
00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14
Time Time Time
(a) Zeroth moments (b) First moments (c) Second moments

Figure 5. Zeroth, first and second moments

and exact moments are compared for AHPETM in Figure 5. Surprisingly, ODM
under predicts the zeroth moment and over predicts the first and second moments,
respectively, while HPM and AHPETM gave almost identical findings and provided
an excellent approximations to the exact zeroth, first and second moments. One
important point to note here is that the AHPETM four term series solution can
approximate the moments accurately up to time ¢ = 1.5, while the ODM with 7
terms can only achieve the same level of accuracy up to time ¢ = 0.4. This shows
the superiority of the proposed scheme.

Example 6.3. Consider the case of product aggregation kernel K (x,y) = xy with
the exponential initial condition u(x,0) = e~* and the precise solution is provided
in [40] as

2\ tR a3k exp(—(t + 1))

u(z,t) = kZ:O (k+1)T(2k +2)

Using the recursive scheme defined in equation (4.5), a five term truncated
solution is considered. Due to complexity of the terms, only few given here as

1
vo(z,t) =e %, wi(x,t) = Ete_rx (2* —12),
va(,t) = s (e "2? (ta” — 144tz + 3024t2® 4 7562 — 4536027 + 272160)) .

Figure 6 contrasts the error between the exact and truncated solutions obtained
via HAM/HPM/ADM, ODM, and AHPETM. The figure demonstrates that the
AHPETM outperforms both HPM and ODM results. Figure 7 further indicates the
scheme’s superiority as the unexpected behavior of the HPM and ODM solutions are
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Figure 6. AHPETM, HPM/ADM/HAM & ODM errors
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Figure 7. Number density and error
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Figure 8. Zeroth, first and second moments

noticed, where as the AHPETM offers better estimates of the exact solution. Figure
8 continues by contrasting the analytical moments with the approximated moments.
In situations where the HPM and AHPETM moments are almost identical and closer
to the exact moments, as seen in the prior occurrences, ODM moments explode.

Remark 6.1. It has been noted that both AHPETM and HPM offer a more precise
approximation for the moments, whereas ODM does not achieve the same level of
accuracy. Conversely, ODM offers a more accurate approximation than HPM for
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the number density, and AHPETM enhances the results for number density even
further. Consequently, AHPETM demonstrates greater efficiency compared to both
HPM and ODM.

From the above illustrations, it can be seen that in all contexts, AHPETM
performs better than ADM, HPM, HAM, and ODM. Therefore, due to the novelty
of the proposed scheme, we use AHPETM to solve the more complex models such
as coupled aggregation-breakage and bivariate aggregation equations.

6.2. Coupled aggregation-breakage equation

Example 6.4. Considering the case of constant aggregation rate (K(z,y) = 1),
binary breakage (B(z,y) = 2/y) with the selection rate S(x) = § and for the initial
condition u(x,0) = 4re~2%  the exact solution for the problem (4.11) is provided
in [31].

Using the iterations defined in equation (4.13), components v;s of the solutions
are computed as follows

1
vo(w,t) =4ze 2, wy(x,t) = gte_zm (43:3 — 622 — 62 + 3) ,

1
va(x,t) =3780 <t2e_2m (875337 — 56t2® — 84ta® + 840tx* — 420t2® — 1260tz + 630t

+ 50425 — 25202* — 189022 + 945022 + 9452 — 1890) >

1.0
Size

(a) Number density (n = 4) (b) Time distribution

Figure 9. Number density

A four-term truncated solution is computed with the aid of “MATHEMATICA”.
At a specific period t, the number density of particles of size x is shown in Figure
9(a). It is observed from Figures 9(a) and (b) that smaller particles tend to increase
as time goes on, while larger particles start to fragments into smaller ones. The
error between the exact and truncated solutions is presented in Figure 10(a) and is
found to be nearly insignificant. Further, Figure 10(b) gives the absolute difference
between the subsequent components of the series solution and it is clear that the
difference between the second and third terms nearly vanishes, which serves as the
inspiration for the decision to truncate the solution for three terms. As shown in
Figure 10(c), the truncated solution exhibits steady state behavior for the number
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Figure 10. Error and moment

of particles as the zeroth moment is constant. This behavior was also analyzed
analytically in [31], and thus demonstrating the method’s novelty.

Example 6.5. Consider another example of the coupled aggregation-breakage
equation (4.11) with the same parameters as taken in Example 6.4 but with se-
lection rate S(x) = 2z and initial condition u(z,0) = 32ze~4*. Similar to the
previous case, here as well, steady state behavior of zeroth moment was studied
in [31].

Thanks to the formula (4.13), three terms of the truncated solution are computed
as

8
vo(x,t) =32z~ 4%, wy(z,t) = gt(f“ (32:1:3 — 242% — 122 + 3),

8
vo(z, 1) :%t%_‘“ (102475:67 — 3584tx — 2688tx® + 13440tz* — 3360tz® — 5040t2>

+ 1260tz + 80642° — 201602* — 756022 + 1890022 + 945z — 945).

1.0

Size

(a) Number density (n = 4) (b) Time distribution

Figure 11. Number density

Due to the complexity involved in the terms, a four-term truncated solution is
considered. The number density of particle in the system is presented in Figure
11(a). Further, Figure 11(b) presents the concentration of particles at different
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Figure 12. Error and moment

time levels, and an increment in smaller particles is encountered, where as larger
particles start breaking as time increases. In Figure 12(a), the difference between the
consecutive terms is presented, and the error between the third and fourth terms
seems to be vanishing, which leads us to truncate the solution for three terms.
The error between exact and approximated solutions is provided in Figure 12(b).
As expected, in Figure 12(c), AHPETM shows the steady-state nature of zeroth
moment and is exactly matching with the precise total number of particles.

6.3. Bivariate aggregation equation

Example 6.6. Let us take two-dimensional aggregation equation (1.4) with the

constant aggregation kernel K (z,2,y,y’) = 1 and the initial condition u(x,y,0) =

% exp{—ﬁl—g”1 — %} for which the parameters and the exact solution are given
1 2

in Table 4. For more details, readers may refer to [49].

Table 4. Parameters and exact solution

No, p1, p2 1
— 0.04
u(z,t) Tty (01 + )P (py 4+ 1) 72 exp (_ e (et
(ﬁ)k(((p1+1)1>1+1)k((p2+1)132+1)k(L)(’H-l)(rn-#l)—l(L)(k+1)(l)2+1)—1)
[e%s) T m1 m2
2 k=0 (o + D D) T (pa F D)

The first three elements of the series solution are provided below using the
iterations specified in equation (4.19)

’Uo(al‘, Y, t) :UQ(Z‘, Y, O)’
vy (x,y,t) =5.42535 x 10 trye 20750y (m2y2 —0.1152 x 10_4) ,

va(x,y,t) =3.10441 x 10~ 0pye 50750y (8.06248 x 10773 204/°

—9.10222 x 10**#3 x4y + 8.73813 x 102°t32%y? — 3.35544 x 10*°¢3
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+1.36533 x 10%t2xty* — 2.62144 x 10?1222y

+1.50995 x 10642 + 6t>.

(a) Number density (n = 4) (b) Truncated error
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Figure 13. Number density, error and moments

Continuing in a similar pattern, a four-term truncated solution is computed and
compared with the exact solution. Figure 13(a) gives the number density at time
t = 0.4 and it is marked that larger particles almost disappear, and microscopic
particles dominate the system. A minimal error is seen between the exact and
truncated solutions, according to the error curve shown in Figure 13(b). In addition
to this, Figures 13(c)- 13(e) present the contour plots of the errors by taking two,
three, and four terms truncated series solutions. One can observe that as the number
of terms increases, the error reduces significantly. Finally, Figure 13(f) shows that
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the approximated moments, namely 190, 11,0, 42,0, Provide a great agreement with
the corresponding exact moments.

7. Concluding remarks

This study employed AHPETM to solve the fragmentation, multi-dimensional co-
agulation, and linked aggregation-fragmentation equations. Due to the complexity
in the models, convergence analysis were discussed for fragmentation and multi-
dimensional aggregation equations considering the constant kernels. With the help
of MATHEMATICA, this article also contained the detailed numerical investiga-
tions for each of the predefined models. It was observed that, for pure fragmenta-
tion equation which is linear, all the schemes offered the same results. However,
for non-linear aggregation equation, AHPETM significantly outperformed the re-
sults of ADM, HAM, HPM and ODM even after a lengthy period of time. This
justified the method’s reliability and applicability. AHPETM was also designed
to solve non-linear 2-D aggregation and combined aggregation-fragmentation equa-
tions due to the accuracy and efficiency observed in the pure aggregation equation
and remarkable results were obtained in each case. In future, it would be interesting
to implement AHPETM for tackling static beam and other engineering nonlinear
problems [6,52,54]. One can include a convergence control parameter and Pade
approximation to enhance the approach that may offer a more refined and effective
scheme.
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