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NUMERICAL SOLUTION AND OPTIMAL
CONTROL FOR FRACTIONAL TUMOR

IMMUNE MODEL∗

A. M. S. Mahdy1,†

Abstract In this article, the numerical model of fractional tumor immunity
has been described. The schematic of a signal flow of the structure model
has been discussed. In the formulation of optimal control, the stability of this
model at its equilibrium point will be studied. The error-estimated model
has been studied. In addition to this, the optimal control of their form as
well as the numerical approach for the simulation of the control problem,
are both brought up and examined. The evidence that demonstrates has
been presented the existence of the solution. An algorithm modelled after the
generalized Adams-Bashforth-Moulton style (GABMS) has been used to solve
the fractional tumor immune model. The memristor-based controlled form has
been applied and proven to add a memristor impact as the returns code on
the second scheme x2 of the main scheme. This amendment is predicated on
changing the form to a memristive one for the first time because such a notion
is being utilized for the first time to control this ailment. The dissection results
have been interpreted using numerical simulations we created. To calculate
the results has relied on the Maple 15 programming language.

Keywords Fractional tumour immune, GABMS, optimal control, existence
and uniqueness, memristive.
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1. Introduction

This article aims to promote the mathematical model analysis of chest threat stages
to the patient’s chemotherapy and its effects on the heart. We offer the original
fragmented mathematical model of the stages of chest sickness along with the re-
sults on the heart. In this article, the author of the study presents their findings.
On a MIMD multicomputer, several analysts independently found the disclosure of
a chest-threatening development, namely cancer, that assaults chest tissue disor-
ders seen in [7] Cosnard and Fraigniaud. This was done while they were searching
for the roots of a polynomial. Higazy et al. presented numerical, approximative,
and optimal for the fatal Lassa hemorrhagic fever illness in expectant mothers [18].
The dynamical features of fractional financial awareness models have used optimum
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control by Mahdy et al. in [26]. Within multicellular growth systems, flux-limited
chemotaxis and multiscale biological tissue models are utilized in the research con-
ducted by Bellomo et al. [6]. Gokdogan et al. solved a fractional order model of
CD+ T-cell HIV infection in [17]. The optimum control of this model, as well as
the numerical technique for the control issue, are examined in the research con-
ducted by Kirschner and Panetta [19] on tumour-immune interaction modelling
in immunotherapy. El-Mesady et al. solved a fractional order monkeypox viral
model’s nonlinear dynamics in [9]. In [14] El-sonbaty et al. completed a dynam-
ical analysis of a brand-new discrete fractional lumpy skin disease model. In [30]
Petkovic and Dzunic regarding a productive technique for simultaneously approxi-
mating numerous polynomial roots. In addition, numerical diversions lead to Basic
transport phenomena in biomedical engineering by Fournier [16]. Drug delivery:
engineering principle for drug therapy, by Saltzman, [34]. On dynamics of iter-
ative techniques for non-linear equations with application in engineering, by M.
Shams et al., [35]. The fractional mathematical representation of growth cancer
bosom malignant has been analyzed mathematically by Abdelmohsen et al. in [1].
Global fractional financial models of awareness derived from the work of Caputo
Fabrizio in [23] Mahdy et al. El-Sayed and Salman’s [12] Regarding a Riccati dif-
ferential equation discretization procedure, which implied an equilibrium point is
reliably consistent without conditions using a grouping of starting conditions dis-
cretization of the fractional-order Chua’s system is found in [3] Agarwal, El-Sayed,
and Salman. [11] Elsadany and Matouk describe the dynamical properties of the
fractional-order Lotta-Volterra predator-prey model as well as its discretization. A
fractional-order model developed by El-Shahed et al. [13] describes the biological
control and discretization of the lesser date moth in palm palms. During the pri-
mary infection phase of HIV, the fractional modelling dynamics of CD4+ T-cells
are investigated by Arafa et al. in [5]. Mahdy [22] has solved fractional glioblas-
toma multiforme with a CaputovFabrizio derivative by utilizing the advantage of
stability, existence, and uniqueness. Qualitative and computational examination
of a mathematical model for tumour-immune interactions is found in [33] Rihan,
Safan, Abdeen, and Abdel Rahman. In [37] Yafia, a conflict model between the
tumour and immune systems uses Hopf bifurcation in differential equations with
delay. Numerical modelling of biological systems using fractional orders is found
in [32] Rihan. On fractional order cancer model by Ahmed, Hashish, and Rihan
in [4]. Mahdy et al. addressed a numerical approach to addressing the rubella
illness model in [24]. Mahdy et al. addressed dynamical characteristics and a nu-
merical solution for the fractional nonlinear rubella illness disease model in [28].
In their discussion of an ideal control for a fractional infection with tuberculosis
model, Sweilam et al. established the effects of strains with resistance and dia-
betes [36]. Fathoni et al. reported in [15] a mathematical model analysis of breast
cancer phases with cardiac adverse reactions in chemo patients. Kretzschmar talked
about the use of organoid technology in cancer research [20]. In [2], Adel et al. dis-
cussed the simulations and mathematical analysis for a covid-19 Caputo-Fabrizio
fractional model. Mohamed et al. addressed the ideal management and resolution
of the cellular DNA cancer model in [29]. Mahdy et al. used spectral collocation
and optimal control strategies in [27] to solve smoking models. The nonlinear dy-
namics and optimal techniques for controlling a novel fractional order Lumpy Skin
disease model have been analyzed by El-Mesady et al. in [10]. Mathematicians are
the primary users of the Riemann-Liouville fractional derivative; however, because



Numerical solution and optimal control for... 3035

it needs the formulation of fractional order beginning conditions, which has not yet
been given a physically relevant explanation, this approach is not appropriate for
real-world physical problems. An alternate approach proposed by Caputo offers
the benefit of providing initial conditions for fractional-order differential equations
at the integer-order level. The Grunwald-Letnikow formulation tackles the issue
from the derivative side, in contrast to the Riemann-Liouville technique, which
gets its definition via repetitive integration. Numerical algorithms are the main
applications of this method. The fundamental definitions of the Caputo fractional-
order integration and differentiation are the most crucial concepts in the theory
of fractional-order differential and integral equations [31]. Additionally, there are
other benefits to employing fractional derivatives, such as: 1. Systems with mem-
ory can be modelled using fractional derivatives. 2. Systems with memory, which
are found in the majority of physical issues, models in extended thermoelasticity
theory, and biological systems are naturally related to fractional order differential
equations (FDEs). 3. Although at a slower rate, FDEs exhibit the genuine biphasic
decline behaviour of illnesses and elastic media. 4. Regarding modelling compli-
cated systems, such as biological systems, extended thermoelasticity theory models,
and physical difficulties, FDEs are a better fit than integer-order ones.

The document is ready as follows: illustrating the part 2 marking and pre-
liminary work. The O.C. for the fractional tumor immune and the existence of
a uniformly stable solution control are covered in section three. In section 4, we
solved the non-linear fractional cancer model using GABMP. Numerical simulation
implementation is covered in section 5. Section 6 presents the numerically computed
model. The memristor-controlled form has been studied in section 7. We presented
the findings and the next steps (future work) in section 8.

2. Marking and preliminaries

The advantages and basic simplification of the idea of fractional calculus will be
covered in the next section [4, 8, 21,24,25,31].

Definition 2.1. According to Caputo, the derivative fractional Dq of g(t) is de-
noted by [11,19]:

Dqg(t) =
1

Γ(m− q)

∫ t

0

(t− ξ)m−q−1g(n)(ξ)dξ, for m− 1 < q ≤ m,m ∈ N. (2.1)

Definition 2.2. The following [9] can be used to introduce purpose cDq
+ for the

order derivative fractional Caputo q overall space for q > 0:

cDq
+g(t) =

1

Γ(m− q)

∫ t

−∞
(t− ξ)m−q−1Dmf(ξ)dξ. (2.2)

2.1. Suggest model

Ahmed et al. use a collection of fractional differential equations in [4] to simulate
the interplay between the immune system and cancer. The model includes two
immune effectors (x2 and x3), which interact with cancer cells x1 and have a type
III Holling function (for example, natural killer cells and cytotoxic x1 cells). In the
instance of Type III’s Holling, the number of victims squandered per predator first
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rises gradually as victim density rises, but levels eventually fall as victim density
rises even higher. In other words, while victim density is low, predators’ response
to their prey is reduced; when victim density increases, this response also decreases.

In the work that is being done currently, a numerical solution to the fractional
order cancer model is being looked at [4, 25,32]:

4εx1 = ax1 − r1x1x2 − r2x1x3,

4εx2 = −d1x2 +
x2

1x2

x2
1 + k1

,

4εx3 = −d2x3 +
x2

1x3

x2
1 + k2

.

(2.3)

Observe that, the standard structure of this system is as follows if ε = 1:

dx1

dt
= ax1 − r1x1x2 − r2x1x3,

dx2

dt
= −d1x2 +

x2
1x2

x2
1 + k1

,

dx3

dt
= −d2x3 +

x2
1x3

x2
1 + k2

,

(2.4)

where 4ε is the Caputo fractional derivative, for time t, a, r1, r2, d1, d2, k1, k2 are
constants positive.

With initial conditions

x1(0) = x10, x2(0) = x20, x3(0) = x30. (2.5)

The signal flow diagram of the structure under study (2.3) is shown in Figure 1.
It is very helpful to represent the dynamical systems using a signal flow graph; for
more discussion of a signal flow graph, read [18,25,26].

Mahdy et al. in [25], the model’s approximate solution utilizing the RDTM has
been described. In [25], the stability of the system under study’s equilibrium point,
the FDE, and a signal flow graph have all been investigated. Furthermore, [25]
have examined the stability in MATLAB’s Simulink before and after control using
Poincare maps and Lyapunov exponents.

Figure 1. The signal flow diagram of the structure model.
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3. Preparation of the fractional optimal control of
the model

Let the scheme specified given in (2.3), in <3

χ = {(z1, z2) ∈ L∞(0, Tf )2| 0 ≤ z1, z2 ≤ 1, ∀t ∈ [0, tf ]},

where Tf is the final time z1 and z2 are the control functions. The quadratic is the
control variable next:

J(z1, z2) =

∫ Tf

0

(Ax1 +Bz2
1 + z2

2)dt. (3.1)

There are so many immune activators no natural inside resolution is metric via A,
B, and C. Minimizing the next goal work is:

J =

∫ Tf

0

ηdt, (3.2)

with the constraints

4εx1 = µ1, 4εx2 = µ2, 4εx3 = µ3, µr = µ(x1, x2, x3, z1, z2), r = 1, 2, 3. (3.3)

The beginning conditions for the following scenarios are met:

x1(0) = x10, x2(0) = x20, x3(0) = x30. (3.4)

The cost function is as follows:

J∗ =

∫ Tf

0

[H −
3∑
r=1

λrµr]dt, (3.5)

where λr is the multipliers Lagrange.

So, we will define the objective function of Hamiltonian (3.5) as:

H = η +

3∑
r=1

λrµr. (3.6)

We have applied the necessary and sufficient conditions of FOPC from (3.5) and
(3.6), and we obtained the controlling functions z∗1 , z

∗
1 are given via as follows:

z1 =
λ2x1x3

2C
, z2 =

λ2x1x3

2B
. (3.7)

The outcomes correspond with the proof presented in [25]. And satisfy the stability
of the model at the disease-free equilibrium, also which the model has two equilib-
rium points. For extra specifics about model optimal control and stability, see, for
example, [25, 26,28].
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3.1. Resolution existence

The existence resolution of the model is shown here; they will be found in [11, 26]
as follows: Let

E1 = ax1 − r1x1x2 − r2x1x3,

E2 = −d1x2 +
x2

1x2

x2
1 + k1

,

E3 = −d2x3 +
x2

1x3

x2
1 + k2

.

The Er,
∂Er

∂tr
, r = 1, 2, 3, are continuous and differentiated, this fulfils the Lipschitz

hypothesis, so the model is stable. For further details regarding the uniqueness and
existence, go to [25, 26]. This fulfils the Lipschitz hypothesis. For further details
regarding the uniqueness and existence, go to [25,26].

4. Procedure generalized Adams Bashforth Moul-
ton

This GABMP presentation may be found in this [23] and [8]. To obtain a numerical
solution to the non-linear FODEs, the GABMM is obtained and presented in this
way. Let

Dεz(t) = g(t, z(t)), 0 ≤ ε ≤ T, (4.1)

zr(0) = zr0 , r = 0, 1, ..., [ε]− 1, (4.2)

be a global question of FODEs. We get the solution z(t) in the implementation of
fractional integral on both sides of Eq. (4.1).

z(t) =

[ε]−1∑
r=0

zr0
r!
tr +

∫ t

0

(t− ω)

Γ(ε)
g(ω, g(ω))dω. (4.3)

Setting k = T
m , tn = nh, n = 0, 1, ...,m (4.3) may be outlined as next for about

positive integer m.

zn(tn+1) =

[ε]−1∑
r=0

zr0
r!
trn+1 +

kε

Γ(ε+ 2)
g(tn+1, z

p
k(tn+1) +

kε

Γ(ε+ 2)

n∑
j=0

aj,n+1g(tj , zj(tj),

(4.4)
where

aj,n+1 = {nε+1 − (n+ 1)ε(n− ε)}.
The expected significance zpk(tn+1) may be derived as

zpk(tn+1 =

[ε]−1∑
r=0

zr0
r!
trn+1 +

1

Γ(ε)

n∑
j=0

bj,n+1g(tj , zj(tj), (4.5)

in which

bj,n+1 =
kε|{(n− j + 1)ε − (n− j)ε}|

ε
.

The error estimated is

max
j=0,1,...,m

|z(tj − zk(tj)| = o(kp), p = min{1 + ε, 2}.
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5. Implementation of method

Using the GABM notation [8], this portion of the model is connected to the numer-
ical solution of models (2.2) and (2.3). Following this, the numerical scheme of the
model, eq. (4.3), with the assistance of GABMM, is presented:

x1(tn+1) = x10 +
hε

Γ(ε+ 2)
{g1(tn+1, x

p
1, x

p
2, x

p
3)}

+

n∑
r=0

br,n+1g1(tr, x1(tr), x2(tr), x3(tr)),

x2(tn+1) = x20 +
hε

Γ(ε+ 2)
{g2(tn+1, x

p
1, x

p
2, x

p
3)}

+

n∑
r=0

br,n+1g2(tr, x1(tr), x2(tr), x3(tr)),

x3(tn+1) = x30 +
hε

Γ(ε+ 2)
{g3(tn+1, x

p
1, x

p
2, x

p
3)}

+

n∑
r=0

br,n+1g3(tr, x1(tr), x2(tr), x3(tr)),

then

xp1k(tn+1) = x10 +
1

Γ(ε)

n∑
r=0

br,n+1g1(tr, x1(tr), x2(tr), x3(tr)),

xp2k(tn+1) = x10 +
1

Γ(ε)

n∑
r=0

br,n+1g2(tr, x1(tr), x2(tr), x3(tr)),

xp3k(tn+1) = x30 +
1

Γ(ε)

n∑
r=0

br,n+1g3(tr, x1(tr), x2(tr), x3(tr)),

where the quantities g1, g2, g3 is computed utilizing the points tj = jk, j = 0, 1, 2, ...,

r, g1 = ax1 − r1x1x2 − r2x1x3, g2 = −d1x2 +
x2
1x2

x2
1+k1

, g3 = −d2x3 +
x2
1x3

x2
1+k2

.

6. Outcomes quantitative and simulation

In their part, the GABMM for chief and parameters’ significance, is utilized for
numerical feedback outcomes of the fractional-order model (2.3). This style is a
much more efficient agent in gaining numerical solutions of FODEs.

Here, we have given the numerical simulations using the GABMM tally for
mathematical emulation. In Figures 2-7, we have represented the behaviour that
formed the models in a different order.

7. Memristor-based controlled the form

Systems with memristors are known as memristive systems. An object that keeps
track of a chosen state variable’s past is called a memristor. Restoring the memory
of a system entails leveraging its past to enhance and regulate its current dynamics.
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Figure 2. The x1 at ε = 0.9. Figure 3. The x2 at ε = 0.85.

Figure 4. The x3 at ε = 0.75. Figure 5. The relation between x1 and x2 at
ε = 0.95.

Figure 6. The relation between x1 and x3 at
ε = 0.95.

Figure 7. The relation between x2 and x3 at
ε = 0.95.

The memristive framework is the framework that obtains a memristor. The mem-
ristor will be a variable that stores the historical backdrop of a chosen condition
variable. Changing frameworks over to be memristive methods utilizing the histor-
ical setting of the framework to develop and control the framework’s elements [25].
Because of the balance of the form partial Tumor resistant form (2.3), we changed
this model into a memristive framework through the technique for adding a mem-
ristor impact to the primary condition. In this section, we utilize the memristor,
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which obtains a square nonlinearity for flux ϕ and the electronic charge φ.

φ(ϕ) = a1ϕ+ a2ϕ
2,

Therefore the inductance has designated via W (ϕ) = dφ
dt = a1 + a2ϕ where a1, a2

has second memristor variables with plus values. For extra specifics by kindes of
memristors and their implementations, see [25]. We recommend making use of the
second scheme as the internal case scheme of the memristor and adding a memristor
impact as the returns code on the second scheme x2 of the main scheme. This
would allow the memristor to function properly. After that, a three-dimensional
memristive controlled tumor-immune system can be built, and it consists of the
following:

4εx1 = ax1 − r1x1x2 − r2x1x3,

4εx2 = −d1x2 +
x2

1x2

x2
1 + k1

− φ(x2),

4εx3 = −d2x3 +
x2

1x3

x2
1 + k2

, φ = a1 + a2x2.

The memristive solution of the Tumor-Immune model is shown in Figures 8-13.

Figure 8. The phase plane x1 of the suggested
memristive Tumor-Immune form is better con-
trolled.

Figure 9. The phase plane x2 of the suggested
memristive Tumor-Immune form is better con-
trolled.

8. Conclusions

A numerical fractional model of fractional tumor immune model is explained in this
essay. Analysis is being done to determine how to control this model most effectively.
To get solutions that are approximations of the model, the GABMM is utilized. In
formulating optimum control, the stability of this model at its equilibrium point
has been studied. A numerical approach has been presented for the control form
simulation. Moreover, a numerical method has been studied with their stability
analysis. Numerical simulations can explain the suggested idea. To calculate the
results, we used Maple 15 programming. In future work, a more efficient method
based on the collocation approach with an appropriate basis can be used to solve an
optimum control issue of fractional order with a more complex form by extending
the current model.
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Figure 10. The phase plane x3 of the sug-
gested memristive Tumor-Immune form is bet-
ter controlled.

Figure 11. The phase plane x1 vs x2 of the
memristive controlled Tumor-Immune form.

Figure 12. The phase plane x1 vs x3 of the
memristive controlled Tumor-Immune form.

Figure 13. The phase plane x2 vs x3 of the
memristive controlled Tumor-Immune form.
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