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SOLVABILITY FOR COUPLED IMPULSIVE
FRACTIONAL PROBLEMS OF THE
KIRCHHOFF TYPE WITH P&Q-LAPLACIAN

Yi Wang! and Lixin Tian?%1

Abstract In this paper, we investigate the existence and multiplicity of non-
trivial solutions for the p&qg-Laplacian Kirchhoff impulsive fractional differen-
tial equations through variational methods. By utilizing the Nehari manifold
and fibering maps, we establish the existence of at least one nontrivial solu-
tion to such equations for any (\,u) € ©,.. Furthermore, using the idea of
truncation arguments and Krasnoselskii genus theory, we demonstrate the ex-
istence of infinitely many nontrivial solutions for the equation when Kirchhoff
functions M; and M, are degenerate considering any (A, u) € Q...

Keywords Kirchhoff fractional differential equations, p&g-Laplacian, impul-
sive problems, variational methods.
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1. Introduction

This paper focuses on investigating the existence and multiplicity of nontrivial so-
lutions to the p&g-Laplacian impulsive fractional differential equations involving
Kirchhoff functions:

[My (]| (u, v)]

DIPT DR, (oD ult)) + [Ma([[(u, 0)[[ 5] e DE®g (0D u(t))

= Fu(t,u(t),v(t), t #1;, ae. t €[0,T],

(M ([ (u, 0)[2)]P~ e Dg®, (0 Do (t)) + [Ma (]| (w, v)|)]7 e DER, (o D7 w(t))
= F,(t,u(t),v(t)), t #t,, ae. t€[0,T],
A(M ()| (u,0) [P~ DE Py (0 Dfw) ) (25)
+ A(Ma([[(u, 0)[D] D Dy (0D ) )(
A(My ([ (u, 0) 2P~ e DG Dy (0 D)) (£)
+ A([Ma(||(u,0) [9) D (ODB N(
u(0) = u(T) =0, v(0) =o(T) =0,

t;) + AC(t) I (u(t;) =0, j € Ay,

ti) + po(t;)Si(v(t;)) = 0, i € Ay,

(1.1)
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where My, My € CH(RY,RY), 1 < p,q < o0, a € (%,1], B e (%,1], oD; and D7,
denote left and right standard Riemann-Liouville fractional derivatives, respectively,
v € {a, B}, ®u(2) = |2]V22, v > 1, v € {p, q}, \, p are real parameters, ((t), o(t) €
C([0,T], ) with Ca(t) = = max{+(t),0} £ 0, 0x(t) = +max{=o(t),0} £ 0,
F :[0,T] x R? — R is continuous with respect to ¢, for all (u,v) € R?, continuously
differentiable with respect to v and v for almost every t € [0,T], F, and F, denote
the partial derivatives of F' with respect to u and v, norms || - Ha, I |5 are specified
later, 0 =t) < t; < - <ty <tpp =T,0=ty <t] <---<t, <t =T,
Ay ={1,2,---,m}, Ao ={1,2,---,n}, I;, S; € C'(R, R) for all] € A1,i€ Ay and

A(IMy(I(u, ) [2)]P7H e DFT (0 D)) (25)

+ A(Ma (|, 0) [§))77 D7 Rq (0 D] u)) (t5)

=My ([I(u(t]), vENIEIPT D™ @ (0 D u(t] )

+ [Ma (]| (u(t BN iDE Dy (oD ult)))

— My ([l (u(ty), o NIR)IP D @ (0D u(t]))

— [Ma({|(u IV D 0y (oD ult;),

and

A(My (| (u,0)[[2)]P~F DG D, (0 D5 0)) ()

+ A(Ma([[(u, ) [D) eDE By (0 D) 0))(1)
=[My(||(u(t), o) )P Dg e, (0D u(th))

+ Mo ([ (), () [§)9Y DI @y (0D u(t;7))

— M ([l (), ()2~ 1 DE 0, (o Do (t)))

— M|l (u(t ), vt DD Dy @y (0 D) u(t))),

where

(M (I (u(t5), o(E)IEP " D™ @y (0 Df ulty))
+ [Ma([| (), oEDIHI D 20D ult} )
= lim [M;([[(u(t), 0()[2)]7~" + D57 @5 (0 D u(t))

+ [Ma (]| (u(t), () [$)]77 «DE @y (0D u(t)),
and
[My (| (), o () 2)P DG @, (0D v (t/E))
+ M (|| (w(t), o (EENID) DL @ (0 DY v (t))
= i [V (| (u(®), o (@) )1 eDF (0 DF 0(t))

+ (Mo (|| (u(t), o)) D7 (0D} (1))

Fractional differential equations (FDEs) are an extension of ordinary differential
equations and integration to arbitrarily noninteger orders that have risen in promi-
nence as a result of their extensive applications in many disciplines of research and



Solvability for coupled impulsive fractional problems 3101

engineering. In actuality, several equations incorporating fractional order deriva-
tives are used to simulate a wide range of phenomena, including fluid flow, diffusive
transport comparable to diffusion, rheology, probability, and electrical networks;
see previous studies (see [2,7,13]). It should be emphasized that the existence
and multiplicity of solutions to nonlinear boundary value problems of FDEs have
been extensively investigated using critical point theory and variational methods
(see [11,12,16,19,29]). In recent years, many scholars have devoted themselves to
the study of classical p&g-Laplacian elliptic type equations over bounded and un-
bounded domains using variational methods and critical point theory (see [8,21,23]).
At the same time, we are aware of very few contributions concerning FDEs with
p&g-Laplacian and impulsive terms (see [17,18,30]). For example, Li et al. [18] were
the first to study the following impulsive fractional boundary value problem with
p&g-Laplacian operators:

1DG®, (0 Dfult)) + [u(t) P~ 2u(t) + 1 Dy®y(oD)ult)) + Ju(t)|?~u(t)
= f(t,u(t), oDPu(t), oDl u(t)), t #t;, ae. t € 0,T],
A(DF 0, (§Dfu) + (D B (D) ) (t5)
= ILi(u(ty)), j=1,2,-- ,m,u(0) =u(T) =0, ae. t €[0,7T],

(1.2)

where oDy, ODf and .DF, tD? denote the left and right Riemann-Liouville frac-
tional derivatives, respectively. Based on the Mountain pass theorem and the iter-
ative technique, Li et al. obtained the existence of at least one nontrivial solution
to problem (1.2).

On the other hand, great attention has recently been focused on the study
of Kirchhoff-type differential equations which stand out due to the presence of
a Kirchhoff function M € C’(Rar ,R(J{ ). In recent years, there have been fruitful
achievements in using variational methods to study the existence and multiplicity
of solutions for Kirchhoff-type differential equations (see [1,25,26,28] ). In addition,
some new results have been obtained in the study of Kirchhoff-type FDEs by vari-
ational methods and critical point theory when the Kirchhoff function M is given
by M(s) = a+ bs for all s € R}, where a,b > 0. For example, Kratou [15] studied
the existence and multiplicity of solutions to the Kirchhoff fractional equation with
singular nonlinearity:

Ag(t)
w7 (t)

T -1
(a6 [ laDrutorar)” Dy, (oDFu) = 240 + St ult), t € O.T),
0
u(0) =u(T) =0,

(1.3)
where a > 1, b,A>0,p>1, a € (%,1], 0<y<l<p<r, geC(0,T]). Using
the idea of the Nehari manifold technique, Kratou proved the existence of at least
two positive solutions to the problem (1.3). When 2322 = 0, Chen and Liu [5]
used the Nehari manifold method to obtain that there exists at least one nontrivial
ground state solution to problem (1.3); Chen et al. [6] obtained that problem (1.3)
has at least one solution and infinitely many nontrivial weak solutions by using the
mountain pass theorem and the genus properties. To the best of my knowledge,
there are few related results on the existence and multiplicity of nontrivial solutions
for a class of coupled p&g-Laplacian Kirchhoff-type impulsive fractional problems.

Mainly inspired by the above works, we investigate the existence and multiplicity
of solutions for problem (1.1) by using variational methods and critical point theory.
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Problem (1.1) is more general in the form of the equation. For examples, when
M; = M, = 1, problem (1.1) can be reduced to the p&g-Laplacian impulsive
fractional differential equations; when My = My =1, p=¢=2,and a = =1,
problem (1.1) is transformed into the following second-order impulsive differential

equations:

—2u"(t) = F,(t,u(t),v(t)), t #1t;, a.e. t €[0,T),
—20"(t) = F,(t,u(t),v(t)), t #t, ae. te[0,T],
(U (t;)) + AC(t5) L (ulty) = 0, j € Ay,
(W' (7)) + po(t;)Si(v(t;)) = 0, i € Ao,
w(0) =u(T) =0, v(0)=v(T)=0.

For that reason, problem (1.1) is an extension of the integer-order impulsive differ-
ential equation.

Another novel aspect of this paper is that we provide an existence result utilising
the technique of Nehari manifold and fibering maps and a multiplicity result util-
ising the Krasnoselskii genus for problem (1.1). The main challenge in employing
Nehari manifold analysis is that Kirchhoff functions M; and Ms are not specified
as Mi(s) = Ma(s) = a + bs?~! for all s € Ry, where a,b > 0, ¥ > 1, leading to
an analysis completely different from Xie and Chen [28], Kratou [15], and Fiscella
and Mishra [9]. For the purpose to obtain the critical point of the functional J) ,
associated with problem (1.1), we are devoted to analyze the behavior of functional
Jx, over its Nehari Nehari manifold Ny ,. Then, we introduce the decomposition
Ny = ./\/+ UN}? UN .- It is promptly seen that critical points of Jy #|N+ LUNT,

o+

2A
2A

o

are critical points of Jy ,. Accordingly, it is crucial to make sure that N} o =0
Con51der1ng the generality of the Kirchhoff functions M; and M, which lead to

7 u # (), condition (M1) effectively avoids this. Moreover, condition (F1) has vital
signiﬁcance in that the homogeneity and Euler identity of F enable us to successfully
establish the Nehari Nehari manifold V) ,,. Condition (F2) is also indispensable to
ensure the compactness of functional Jy ,. Motivated by Xiang et al. [27], we pro-
vide an multiplicity result for problem (1.1) by the Krasnoselskii genus. Xiang et
al. [27] investigated the Kirchhoff function M(s) = a + bs?~! for all s > 0, where
a>0,b>0,a+b>0and 0 > 1. Nevertheless, M; and M, are more general,
making the analysis more challenging. Moreover, taking into account the nonlocal
nature of Kirchhoff functions M; and My and the impact of sign-changing weight
functions ¢ and p, we establish some new estimates under the perturbing influence
of the pair of parameters (), u) to gain truncated functional Jy ,. Finally, it is
evident from conditions (M1’) and (M2’) that Kirchhoff functions M; and M are
degenerate, which forces us to discuss the (PS)-sequence compactness of truncated
functional J) , in three cases, as displayed in (ii) of Lemma 4.2 below.

In order to precisely establish the existence result for problem (1.1) in Section
3, we introduce the following assumptions conditions:

(M1) There exist constants 1 < pdy,qd2 < p,q < k < p?,¢%, m,m2 > 1,0 < & <

1 <81, (0 =p)eam > (p° —p)d1, 0 < & <1 <3, (0 — q)éama > (¢* — q)02,
510 > 19151[7, (2]) +p2)519 < 51, 520' > 19252(] and (2(] + q2)529 < 52 such that

Gar < My(x) < [My(2)]P e < m[My(2)]P> M (2)2® < 6127,
&yt < 9aMs(y) < [M2(y)]q‘1y < [Mz(y)}q‘QMé(y)y2 < by,
for all z, y > 0, where M (z fo M (s)]P~tds, Ma(y fo My (s)]9Lds;
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(H1) There exist positive constants a;, b; with @ = max{a;}, b = max{b;} for all
j€e€A, i€ Ay, 0< <1< p,qsuch that

|I;(2)z| < aj|z|‘9, and |S;(2)z|< bi|z|‘97 Vz € R;
(HQ) For all] € Al, 1€ AQ, Ij, K; : R — R such that
Li(su(ty)) = s" "' I;(u(t;)), and S;(sv(t;)) = s S;(v(t})),

for all s > 0 and (u,v) € R?;

(F1) F(t,u,v) is o-homogeneous and satisfies Euler identity with ¢ > 1, ¢ >
P2, ¢%, that is

F(t, su,sv) = s F(t,u,v), and uF,(t,u,v) + vF,(t,u,v) = o F(t,u,v),

for all (u,v) € R?;
(F2) There exists constant C, > 0 such that

|F(t,u,v)| < Cy|(u,v)|7, for all (u,v) € R?,
where |(u,v)|= (u® + v?)2.

In order to obtain the multiplicity result by the Krasnoselskii genus for problem
(1.1) in Section 4, we give the following assumptions conditions:

(M1’) There exist 91,95 > 1 such that
[M;(2)]P~ e <91 My (x), and [My(y)]?7 ty < 92 Mao(y), for all z,y € RY;

(M2') M;(0) = M3(0) = 0, and for any 7,7 > 0, there exist m; = mq(7) > 0 and
mg = ma(T) > 0 such that

Mi(z) > my, for all x > 7, and Ms(y) > ma, for all y > 7;

(F1’) There exists 77 with ¥, = max{pd;,qd2} < 7 such that for any £ > 0, there
exists C. > 0 for which

IV F(t,u,0)|< Fue (u,0) |7 1 47C | (u, 0)[171, for all (u,v) € R,

holds, where |(u,v)|= (u2 4 v2)2 and VF = (F,, F,);
(F2') There exists 0 << < 6 < 1 such that
0 <SF(t,u,v) < VF(t,u,v) - (u,v), for all (u,v) € R?
(F3') F(t,—u,—v) = F(t,u,v) for all (t,u,v) € [0,T] x R?, I;(—z) = —1;(z) and
Si(—2) = —=8i(z) forall z € R, j € Ay, i € As.
Remark 1.1. Kirchhoff problems are said to be non-degenerate if inf+M (s) >0
SERy
and degenerate if M (0) = 0 and ir}iM (s) > 0. some recent results concerning the
se

degenerate case on Kirchhoff-type problems are referred to in [10,25,27].

Our main results are as follows:
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Theorem 1.1. Assume that (M1), (H1), (H2) and (F1), (F2) hold. Then, for any
(A, ) € ©,, problem (1.1) admits at least a nontrivial solution.

Theorem 1.2. Assume that (H1), (M1'), (M2 ) and (F1')-(F3) hold. Then, for
any (A, 1) € Oy, problem (1.1) admits infinitely many nontrivial solutions.

The paper is structured as follows: In Section 2, we recall some definitions of
fractional calculus and discuss the variational formulation of problem (1.1). In
Section 3, we introduce the Nehari manifold structure and fibering maps analysis
related to problem (1.1) to obtain the existence of the solution. In Section 4, we
apply Krasnoselskii genus theory to investigate the infinitely many solutions for
problem (1.1).

2. Preliminaries

In this section, we present some preliminary findings that will be utilized in the
subsequent sections.
For 0 < v <1 and 1 < v < oo, the functional space that incorporates this
boundary condition will be denoted by E, ,, as the closure of C§°([0,T], R), where
E,, = {u € LY([0,T], R)| oD}u(t) € L*([0,T], R),u(0) = u(T) = O},

endowed with the norm
T 1
2l = ( / 0D} 2(1)[" ), Ve € By .

Lemma 2.1 ( [14]). Let 0 <y <1 and 1 <v < co. For any z € E, ,,, we have

el < sy I0DF el = Avslel 1)
furthermore, when v > %, % + % =1, we have
T N -
2lloe < TG Do 1% loD} zl[v = Ayoll2lly.0, (22)
where A, =ty Ay = S .
T RO T p ) (r= 14y o

Let E, = Eq p X By and Eg = Eg 4 X Eg 4, which are reflexive Banach spaces
endowed with the norms

1 1
1w 0)lla = (lullg,p + 10l16,5)7 s and [|(u, 0)lls = (lllf 4 + [lvlE )7
Then, set £, g = Fo N Eg endowed with the norm
(s )l = 11w V)l + (s 0) |55 V(u,v) € Eap. (2:3)

For all T > p,q and (u,v) € E, g, by (2.2), we have

1y )| <27 (el Zo oy + 1911 Zo0,17))
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<27 A, (g + 10llE )
SM(ﬁ)”(Uﬂv)”g,ﬁv (24)

where M(v) = 25’1Tj27p, the inequality 2' 7% (a + b)" < a® + b < (a + b)* for all

2>1 and a, b > 0 is applied.

Lemma 2.2 ( [14]). Let ]% <a<l, % < B <1,1<p,q< 0. The fractional
derivative spaces F, and Eg are reflexive and separable Banach spaces.

Lemma 2.3 ( [14]). Let% < a<l, % < B <1, 1<pq<oo. Assume that
the sequence {z,} converges weakly to z in E, or Eg , i.e., z,, — z. Then {z,}
converges strongly to z in (C([0,T], R))?, i.e., ||2n — 2||oc — 0 as n — oco.

Lemma 2.4. Let {(un,vn)}n and (u,v) be in Eqp such that (un,v,) — (u,v)
weakly in Eq g and (un,v,) — (u,v) a.e. in R. Then

(s o) [[& = [[(un = w00 = 0)[I7 = [[(u, 0)[[E + 0n(1), as n — oo,

([t o) I = 1 (n = w, v = )1 = [I(u, )15 + on(1), as n — oco.

Proof. The basis of our argument is derived from Lemma 3.2 in [20]. However,
we have chosen to omit the proof for brevity. O

Definition 2.1. We say that the couple (u,v) € E, s is a weak solution to problem
(1.1) if for all (x,y) € Eq4 g, it satisfies

T
[Ml(ll(%v)ll’;)]”*l/0 @y (o D5 ult))oDi'x(t) + ®plo Dy v(t))o Di'y (t)dt

+ [1\42(|I(1w)||%)]”_1/0 ®y (o Df u(t))o Dy z(t) + @4 (0D v(t))o D} y(t))dt

- Z AC(t5) I (ulty))z(ty) — Z po(ty)Si(v(t;))y(t;)

T
:/0 F,(t,u(t),v(t)z(t) + F,(t, u(t), v(t))y(t)dt. (2.5)

Problem (1.1) possesses a variational structure, and its solutions can be regarded
as critical points of the functional Jy ,, where

o o m o pu(t;)
Taul0) =S Tl ) 2) + STl o)) =3 [ Ay

n

v(t}) T
=3[ mettsi s = [P, o) (2.6)

i=1
for any (u,v) € Eq 5. Then, J) , : Eo 3 — R is of class C'(E, 3, R) and
(A pulw,0), (z,9))

T
=[Ml(||(%v)ll’.i)]pfl/0 @p(oD5"ult))oDi'x(t) + ®plo D7 v(t))o Di'y (t)dt

T
+ [Mz(ll(%v)ll%)}"_l/O ®y oDy u(t))o Dy’ w(t) + @4 (0D v(t))o D} y(t)dt



3106 Y. Wang & L. Tian

= AT ult)alty) = 3 pelE)Si(o(t)y(E)
T
- / Fout, u(t), o(8)a(t) + Fult,ult), o(t))y(t)dt, (27)

for any (u,v), (z,y) € Eqp.

Lemma 2.5. If the function (u,v) € Eq4 g is a weak solution of problem (1.1), then
(u,v) is a classical solution of problem (1.1).

Proof. If (u,v) € E, g is a weak solution of problem (1.1), then (2.5) holds for
any (z,y) € Eq 3. Choose a function (z,y) € C§°(t;,t;41) x C§°(t;, t;,,) for any
j € Ay and i € Ag. Then, (2.5) becomes

tj+1 tis1
(ol ([ asoDpweDgdi+ [ @y aDEveDE )

t; t;

’
t'i+1

tjt1
gl o)) ([ @uDfuaD nde + [ @D 00D v

t; t

’
i

tjt1 i
:/ F,(t,u,v)zdt —|—/ Fy(t,u,v)ydt. (2.8)
t; t

By using Definitions 2.1, 2.2 and Proposition 2.4 of [29], we have
tit1 tiys
(o2 ([ @stoDpweDgwde+ [ @ aDE0DE )

tj t{i
i1 it
()91 ([ 0y0Df D ade + [ @yuDfvI0D]udt)
tj tfi

1 ti+1 t'/i+1
(ol ([ i@t [ DR @, DR 0ar)

t; t

/
k3

it ([ Dh@ e+

t t

+

it

DY@, 6D )yit).
(2.9)
Hence, we can obtain from (2.8) and (2.9) that
(M, 0) [P £ D3Py (0 Ditu(t)) + [Ma (] (u, 0) [5)]7" ¢ D@4 (0D u(t))
:Fu(tvu(t)7v(t))» vt e (tjutj+1)a (2'10)
and
M ([ (a, 0) )P e D@ (0 Df0(2)) + [Ma(|(w, 0)[ )] «Dyy (0D v (1))
=F,(t,u(t),v(t)), Yt € (t;,ti,1), (2.11)

which shows that (u,v) satisfies the equation of problem (1.1) a.e. on [0, T]\{t1,
“otm} X [0, TN{t}, - -, t,}. Moreover, according to Proposition 2.6 of [29] and
My, My € CH(R$, RY), we have

(M (| (), v (ENIRP +DF™ @y (0 Df u(ty))
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(Mo (| (), v ()G e DE Dy (o D ulty))
= Lim [My([|(u(t), v() 2P~ ¢ D77 @y (0 Df ult))

+
t—>tj

+ [Ma([|(u(t), v(0)[5)]7 ! DL ®q (oD u(t)),

and
[M (| (), o)) PP DG @y (o Ditu(t7))
+ (Mo (|| (u(t7), o@D IDNT DE @ (0D v(8))
= T (M (l(u(®), o) 2P D5, (0 D50 (e)
M ([ (u(t), 0I5 DE 2 (0D 0(1))
exist. Multiplying (2.10) by z and multiplying (2.11) by y. Then, integrating

between 0 and T', we have

T
[Ml(ll(uvv)lli)]p*1/0 D7 (®p(oDi'u))x + D7 (P (0 Di'v))ydt

T
{Mz(ll(uav)llé)]q_l/o D (@g(oDf )z + D7 (R(0 D] v))ydt

T
:/ F,(t,u,v)x + F,(t,u,v)ydt. (2.12)
0

On the basis of Proposition 2.5 in [29], we have

T
[Ml(ll(%v)llﬁ)]“l/0 D7 (@p(oDi'u))x + DT (Pp(0Df'v))ydt

+ [Ma (]| (w, 0) | 4)] 7 / DR (40D )z + D (@4 (o D) v))ydt

[A(Badie 2P Df @, 0DF) ) (1)

M-

1
+ A, ) I DE @4 (D)) (1))

<.
I

+Z[ (101 () )1 D5, (0D5) ) (1)
(0 I DR 8,67 )

T
[Ml(ll(u,v)\lﬁ)}pfl/ @y (0D u)o Dy + @ (0 D v)o Di'ydt
0
T
(Mol (s o) 31 / g(0D]u)o D) x + By (0D} v)o D ydt.  (2.13)
0
Hence, combining with (2.5), (2.12) and (2.13), we have

S [A (DA 2P DD, 68w ¢)

Jj=1
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+ A(IMa (1w 0) [D1 DF @ (0D u) ) (t) + A1) (u(t;)|aty)
30 [A(PAI IR DF (605 ) ) (1)

+ A(IMa (1l 0) [ eDF @ (0D70) ) (£) + nelt)S:(v(E)) | y(#)
=0.

Therefore, we have

A(M([[(u, 0) )P~ DT @, (0 D5 w))(t5)

+ A(Ms(||(u, 0) |7 DE 04 (0D u))(t)) + AC(45) T (u(t;) = 0, j € Ay,
and

A([My (][ (u, ) [F)PH e D™ @y (0 D5 0)) ()
+ A(Ma(]| ()15 DE 24 (0D 0))(t) + polt) Si(v(#)) = 0, i € Ag,
which means that (u,v) satisfies the impulsive conditions of problem (1.1). Mean-

while, since (u,v) € E, g, it follows that (u,v) also satisfies the boundary conditions
of problem (1.1). We complete the proof. O

Definition 2.2. Let ¢ € R and Jy, € C'(E, 3, R). The functional J , satisfies
the (PS). condition if any sequence {(un,v,)} C Eq g such that Jy ,(un,vn) — ¢
and J} | (un,vn) — 0 as n — oo in E}, 5, where E}, 5 is the dual space of E, g, has
a convergent subsequence in F 3.

3. Existence of nontrivial solutions

In this section, we introduce the Nehari manifold for problem (1.1) to analyze
the behavior of Jy ,. It is assumed, without further mention, that the structural
assumptions required in Theorem 1.1 are satisfied.

Now, we define the Nehari manifold associated with functional problem Jy , as

N = { (w,0) € Bas\{(0,0)} & (J5 ,(u, ), (u,v)) = 0.
It is easy to see that (u,v) € N, if and only if
M (] s )21 (s )17, + [P (1 (s, 0) 1)1 1 (s, 0) 1

m

= DAL (ulty))ulty) = D polti) Si(t:) u(t)
j=1 i=1

- /T F(t,u(t), v(t))dt = 0. (3.1)

Specifically, we derive several topological properties of the Ny ,,, which are expressed
as

Ny ={ (wv) € Ea s\{(0.0)} : 71, (1) = 0}
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:{(Su7 SU) S Ea,ﬁ\{(oa 0)} : ‘71:77)(5) - 0}7

where J,, : [0,400) — R is the fibering map given by 7, ,(s) = Jx u(su, sv) for
any s > 0 and (u,v) € Eq, ie.

17 P p 17 S| (w. )%
Juw(s) = M (" (w, v)[a) + 2 Ma(s [ (w,0)[[5)

m su(ty) n sv(t])
_ ;/O X((t5)1;(2)dz — ;/0 po(t;)S;(2)dz
— 5% /T F(t,u(t),v(t))dt. (3.2)
0

Therefore, for any (u,v) € E, g, we have

T () =[Ma (87| (u, 0) B~ sP 7 (w, w) 16+ [Ma (7] (u, 0) 15)]7 7 I (u, 0) 1

m

=S G ult)ults) — 5D o) S (o)t
T
— o5 ! u(t), v )
| P, (3.3)

and

Tt o(8) =872 (p — DM (s (u, 0) [B)1 7| (u, 0) |7
+5972(q — 1)[Ma(s7|(u, 0) [ )17 | (u, 0) 1§
+ 5772 p(p — 1)[My (7| (u, 0) 8177 M (8[| (u, 0) ) (s 0) 12
+5%772(q — 1)[Ma(s7| (w, 0) | 5)]72 M (7| (w, 0) 1) | (w, 0) 5

—(0-1)s"? ( Z AQ(t5) L5 (u(t;))ult;) + Z u@(té)&(v(té))v(t;))
—o(o— 1)3"—2/0 F(t,u(t),v(t))dt. (3.4)

Then, for any (u,v) € Ny, by (3.3), we have

T o (1) =M (Il ) 2177 (s, 0) 12, + (M2 (s 0) 1)1 1, 0) 1

- Z AC(t5) L (ult))ulty) — Z po(t;) S (v(t;))v(t;)
Jj=1 , =1
-0 F(t,u(t),v(t))dt,
0

and by (3.1) and (3.4), we have

Ttw(1) —(p DMy (]| (u, v)llp)]" M 012, + (g = DM, 0) 5] (u, 0)]15
DI )R (I (s 0) 1) (s 0) 12
[Mz(ll( ) 15192 Mg (1l (u, 0) 1) (w, 0) |15
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= (0= D) ( DAL (ult;)ulty) + Y et SiCw(th)o()
j=1 i=1

T

—o(o - 1)/ Pt u(t), o(t))dt
0
=(p — 0)[M (]| (u, 0) [2)1P~ I (u, 0I5, + (g = ) [Ma (][ (w, 0) |19 (w, 0) I

+ p(p — V) [M (|| (u, 0)[[2)]P~2 M ([| (s, ) [2) | (u, 0)]|2P
+qlg — 1) [Ma (]| (u, v) [ §)17 > M (|| (w, 0)[|5)[] (w, ) |13

T
—o(o - 9)/0 Pt u(t), o(t))dt

=(p = )M (|| (a, )27 (s 0) 15 + (@ = o) [Ma (]l (s, 0)15)]7 I (u, 0) 15
+p(p = DIMu (|| (u, ) [[2)1772 M7 (1| (s 0) 2 (s, 0) 1P
+a(q = D[Ma(]|(w, )51 M3 (1l (u, 0) 4] (w, 0) 3

= o) (oA wlt)ulty) +

Following the methodology developed by [24], Ny , is partitioned into the following
three constituent elements:

N, = {(0) € Nl (1) 2 0f, and AR, = {(u,0) € ol 71, (1) = 0}

po(t)Si((t)w()).  (35)

i=1

Lemma 3.1. For any (\, ) € ©°, we have N)(l“ =0, where

0" = {(/\,u) € R\{(0,0)}: 0 < (malA| ||¢lloe) 77 + (nblu] [|o]loc) 77 < Qo},

and

_ (M)* (min{Ba,Bﬁ}Z“‘) e
07 \2r (0 —0)A7 o(o —0)C. M(o) '

Proof. We debate through contradiction. Suppose there exists a pair (A, u) € ©°
such that A g, .. 7 0; in this scenario, we can distinguish between two cases.

Case L. (u,v) € N}, and ZAC( )L (ult))ulty) + Zu@(t')s( (t)v(t;) = 0.

=1

Evidently, considering (3.5) and (M1), it can be inferred that

0<((p- 6 +plp - D)0l + (0= )+ ala — D2 ) w1
Bl B3l ol
<0,

which is a contradiction, where B, = (c—p)&1+p(1— p) >0, B = (0—q)&a+q(1—
g)% >0, due to o > p*,¢*, (0 = p)érm > (p* = )i and (0 = @)éamz > (¢° — ).

Case IL (u,v) € N}, and fj AC(t) I (u(t))ult;) + Z po(t;)Si(v(t;))v(t;) # 0.

j=1 i=1
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Considering (M1) and (3.5), it can be concluded that

T
51 K
oo =0) [ Pttt o®)it > (0= 0)6 + 0= 1)) w0l

+ (=006 + ala =) o)
> min{Ba, Bs}2' || (u, v)[|5,55 (3.6)

where B, = (p— 6)&1 +p(p — 1)%, Bg = (q—0)& +q(q— 1)% Moreover, by (F2)
and (2.4), we have

T
o(o —0) /0 F(t, u(t), v(t)dt <o(o = 0)C.||(u, v) |7
<o(o = )C.M(0)]|(w,v)[7 - (3.7)

Consequently, we can deduce from (3.6) and (3.7) that

[, v)]

(min{Ba,BB}Qlfﬁ) s
7~ oo — 0)C, M(o)

On the other hand, by (M1) and (3.5), we have
(0 — 9)(§: AC(t5) L (ult) )ulty) + z": pe(t;)Si(v(ty)v(t;))
=1 i=1
> min{BZi Bs}2' 7" |(u, )15 - (3.9)

In addition, according to (H1) and Hoélder inequality, we have

i AC(t5) L (ult) )ults) + z”: pe(t;)Si(v(ty)v(t;)

j=1 i=1

< (malAl I¢lloe + nblul llolloe ) A (el + 015 )

6
0 0 z
(el , + o0 ,)%)”

p—6

P

p—0

SAZ,p<(mE|/\\ 1¢lloo + mb| ] ||g||oo)ﬁ) r

<248, ((malA] 1<) 77 + (blal oll)7) 7 ll(w,0)|65  (3.10)

Apparently, from (3.9) and (3.10), we have

p—0

2%(0 = 0)A% (| C]1-0) 77 + (Bl [loloc)757) "7 | 2
1ot < ( e ELE )

From (3.8) and (3.11), we get

(ma| Al [IC]ls0) 77 + (nble] Jlolloo) 77
( min{B;, Bj} )p%e (min{Ba, Bﬂ}21_“)%i-ﬁ
2% (0 — Q)Ag,p o(o —0)C.M(0) )

which contradicts (), ) € ©°. This completes the proof. O
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Lemma 3.2. For any (\,u) € O, the functional Jy ,,(u,v) is coercive and bounded
below on N ,,.

Proof. For any (u,v) € N ,, we can deduce from (2.6), (3.1), (M1) and (3.10)
that

1
JA,;L(“, U) =Jx “(u, U) - ;(Jg\,;l,(ua U)a (u7 U)>

1 1 1 1
SR Ll + G2 - Lalwoly

11 _ e - » \ 5
— (5 + 2248, (mal\] 1) 77 + mblul llelloo) 77 ) 7 i, 0)4 5

>min{Ca, Ca}2' || (u, v)||% 4

1 1 _ _p_ - 2 \5
— (5 + 21240, (0mA] 1€0120)72% + (Bl oll) %) 7 1, 0)] 5

where C, = %g—ll - %51 >0, Cg = %g— %52 > 0, considering 10 > ¥161p,
&0 > ¥902q and 6 < k. This completes the proof. O

In the following result, we illustrate that N ., and N are non-empty. In order
to deal with sign-changing functions ¢ and p, we define

2 = {(u,0) € Ba gl 30 M) (ult)ulty) + D nelt)Si(u(t))u(ty) 2 0},

BE — {(u,v) c Ea75|/0T F(t,u(t), v(t))dt = o}.

Lemma 3.3. (i) For any (u,v) € AT NBT and (\, p) € O, there exist positive
constants s, = 5.(U, V), Sex = Sux(u,v), 8T = sT(u,v) and s~ = s~ (u,v) with
0< st < 8x <8 < Sux such that (stu,sTv) € NIW (s7u,s7v) €Ny, and

Iy u(sTu,sTo) = 03911<2 Iap(su,sv), Iy (s7u, s v) = . Dax I pu(su, sv);

(1i) For any (u,v) € AT NB~, there exists a unique st = st (u,v) > 0 such that
(stu,stv) € N;u and

I pu(sTu, sTv) = min Jy ,(su, sv).
s>0

Proof. For given (u,v) € E,g\{(0,0)}, let us consider the function £, ,(s) :
Rt — R as

Luw(s) =sP O [My(sP]| (w, 0) [5)]1P 1wy )15, + 5970 [Ma (]| (w, 0) |51 (w, 0) 17
T
—gs®? u(t), v . .
/O Pt ult), v(t))dt (3.12)

Then, for any s > 0, if (su, sv) € Ny, we can infer that

=D M) ulty)ulty) + Y po(t) Si(u(th)o(tr).
j=1 i=1
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By (3.12), we have

£,0(5) =0 = 0)s”~ T [Mu(sP || (w, 0) [P | (w, 0) 15
+p(p = 1) M (87| (u, 0) 1)1 2 MY (5 | (u, 0) B (u, 0) 2P
+ (g — )57 [Ma (s (u, 0) 1)) I (u, 0) 1
+q(q = 1)s™1 07 [Ma(s7] (u, 0) | )]77 My (7| (u, 0) )] s 0) 15
T
~ (o — 0)s7—01 / Pt u(t), o(t))dt, (3.13)
0
and so if (su,sv) € N, then
Tewso(1) = s"T1L (s). (3.14)
Hence, (su, sv) € N;u (or Ny ) if and only if £, (s) > 0 (or <0).
(i) Let (u,v) € AT NB+. We note that £,,(0) =0, £,,(s) = —o0 as s = +o0.
By (3.7), (M1) and (3.13), we have

£,(s) >min{Ba, Ba}2! " (u, v) 1§ 55"

—(o(0 = OCM(0)|(u, v)[Z 5)s7 ", (3.15)
which implies lim £/ (s) > 0 and lim £, (s) = —oco. Then, define the function
s—0t ’ 5—00 ’

P(s): RT = R as

P(s) =min{Ba, Bs}2' " (u, v) |5 55"~
= (0(0 = 0)CM(0)||(u,0)[17,5)s7 .

Due to k < o, there exists a unique syax, Where

(B
max 0’(0’ — G)C*M(U)H(U;,UM Z:BK(U —9_ 1) s

such that P(s) is increasing on (0, Smax), decreasing on (Smax, +00). Hence, there
exists a unique sp > Spax such that P(sg) = 0. Then, we can deduce that £, ,(s)
exists a minimal root s. > sg such that £  (s«) = 0, £7 (s.) < 0. Therefore,
there exists s.« > s, such that £, , is increasing on (0, s.), decreasing on (., Si«).
Taking into account the sign of £, ,(S.), we discuss it in the following two cases.

Case I. £, ,(s.x) < 0. By (3.7), (3.12) and (M1), we have

Lu0(s) Zmin{ér, &32' "0 (u,0) |15 5 — 057 CM(0) || (u, v)I|Z, 5-
Let the function P;(s) : R™ — R be defined by

P1(s) =min{&r, &32" || (u, )5 55" — 0 C.M(0)||(u, v)I|Z 5577

Then, there exists unique

sy = ( mg{fl,fz}al*n(’i —0) >vi~
ocC M(0)||(u,v)| 2:8“(0 —0) ’
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such that

r;lgacpl(S) =P1(s1)

- K (min{§17§2}21_“(n - 9)) 5:?

. . 11—k o 7
=min{&;, 527" (u,v) a5 o_0 oC,M(c)(o —6)

Hence, we have £, ,(s.) > mggcpl(s) = P4 (s1) > 0. Moreover, for any (\, i) € 69,

where
0F = {0 € F{(0,0)} 10 < (mal| I¢]-0)77 + (bl flol) 77 < @1},

and

min{&1,£ 127" (0 — k) ) o (min{fl, &2 (K — 0)) ne= -p%e.

@ == 70.M(o)(o ~0)

Then, for any (A, ) € 69, we have

0< Z AC(t) L (ulty) )ulty) + Z po(t;)Si(v(t;))v(t;)

p—0

P

<248, (malA] 1¢loe)7 + (nBlal llelloe) 77 ) " Il v)1I% 5

<Pi(s1).

Up to now, there exist unique s* < s, and s, < s~ < S, such that
Luw(sT) =D M) (ult)ulty) + Y pet)Si(v(t))o(#;) = Luw(s™).
j=1 =1

That is, (stu, sTv), (s u, s~ v) € Ny . Moreover, by (3.14), we have (sTu,sTv) €
./\/')\":H, (s7u,s7v) € /\/}:H. Further, considering

Ti(9) = 8" (L) = SO ML ult)uty) = 3 pelE)Siw(ED(E).

we have J ,(s) < 0 for all s € [0,sT), J ,(s) > 0 for all s € (s7,s7) and
Ju.w(8) <0 forall s € [s7,s.). Hence, we have

Iap(sTu,sTo) = min Jy ,(su,sv), and Jy (s u,s7v) = max  Jy,(su, sv).
0<s<s— 54 <85<Sux

Case IL. 0 < £, ,(84x) < Ly,0(8«). Then, there exists sufficiently small € € (0,
p=0
2Ag76||(u,v)||i7ﬂQ1” ) such that for any (A, u) € O, where

1_ N € 720
o' ={(\ 1) € RA{(0,0)}: (@ - AT o)

< (malA] [¢lloe) 77 + (bl llelloe) 77 < Q1 .
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we have

Su,v(s**) Spl(Sl) — £

m

< Z AC(t5) L (ulty) )ult) + Z pe(t;)Si(v(ty))v(t;)

p—0

P

<248, (mal\] 1<) 77 + (blal flelloe) 77 ) 7 (s 0) 4, 5

<Pi(s1)-

As analyzed in casel, there exist unique sT < s, and s, < 8~ < 5. such that
(stu,stv) € ./\/')\"'IL and (s~u,s”v) € Ny ,. moreover, we have

Iap(sTu, sTo) = ogigr(lr Iapu(su,sv), and Jy ,(s"u, s v) = o max I u(su, sv).

(i) Let (u,v) € AT NB~. Apparently, £,.,(0) =0, £, ,(s) = +o00 as s — +o0.
According to (3.13), we can deduce that £;, ,(s) > 0 for all s > 0, that is £, , is
increasing on (0, 4+00). Since, (u,v) € AT, there exists unique s™ > 0 such that

Suo(sT) = Y M) (ulty)ulty) + Y po(t)Si(o(t))o ().
j=1 i=1
That is, (stu,sTv) € Ny . In addition, (3.14) implies that (stu,sTv) € N, and
Iap(stu, sto) = rn>i{)1J>\7u(su, sv). O
Lemma 3.4. For any (\,p) € ©%, thencf ,= inf Jy,.(u,v) <0, where
H (u,v)EJ\f;H

02 = {(\, 1) € RA\{(0,0)} : 0 < (mal| (1) 77 + (nBlu] lollo) 7% < Qa,

and

max{Q1, Q2 }2' 7"\ 7% p(s=0)
)7 )l

Q2 = ( @
449, ”

Proof. Let (u,v) € ./\/'IH. By (3.5), we have

T
o(oc—0) /o F(t,u(t),v(t))dt
<(tr =003+ oo = 12w )5 + (0 = 0032+ plo = )2 [0},
Then, from (2.6), (3.1) and (M1), we have
C;M SJ)\,;L(U7U)
<G+ o= 00+ pp - D) - g6 Iw vl

+ (1672 + %((q —0)01 +q(qg — 1)%) - %52)H(u7v)”g
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p—06

4 _ _p_ - 2\ p
42 A0 ((mal 1) 757 + (abla o)) 7 )5 (336)

Taking into account that piy, g > 1, 0o > 1, (2p+p?)510 < &1, and (2¢+¢?)520 <
&o, it follows from (3.16) that

Cj\iu <Jxpu(u,v)

1
<-3 max{ 9y, Q2}21_“||(u,v)||';,3

4 _ p _ N\
* éAi,p((maMl IClloo) =7 + (nb|u IIQHoo)"“’) [ (u, 0) 1% 5
<0,

where Q1 = & — (2p+p?)§10 and Qy = & — (2¢+ 2)d20. This completes the proof.
O

Lemma 3.5. Let (u,v) € N;u and (A, ) € ©° there is a number e > 0 and a
continuous function ¢ : ©.(0,0) C E, 5 — R such that

¢(0,0) =1, and ¢(2,2)((u,v) - (2,7)) € Ny,
where ©,(0,0) ={(2,2) € Ea g : (2,2)|la,p < €}
Proof. To begin, we define a function T : RT x E, 3 — R as follows:
T(Sv (272)) :SP[MI(SpH(uﬂ U) - (272)||Io)¢)]p_1”(uvv) - (Z,E)Hg

+ 8 [Ma (57| (u,v) = (2D H)]* I (w,0) — (2,215

= (oA ulty) = (1) ulty) = (1))
= D net)Si(o(t) ~ ZE)(w(t)) ~ (1))
i=1 .
- Us”/ F(t,u— z,v —Z)dt.
0

Thanks to (u,v) € N;f#, we have Y(1,(0,0)) = 0 and ZX(1,(0,0)) > 0. Applying
the implicit function theorem at (1, (0,0)), we obtain that there exists 9 > 0 such
that for any (z,%) € Eq g with ||(2,2)|la,s < €0, the equation Y (s, (2,%Z)) = 0 has a
unique continuous solution s = ¢(z,%z) > 0 and ¢(0,0) = 1. Furthermore, we have

((0,0), (7)) = jL(l) (3.17)

where

W, Z((p — D)[My (|| (u, v)[[2)1P2 M (|| (, v)[[2) ] (i, 0) |2, + [M1(||(U7U)||Z)]p_l)
T
X P/O (@p(0 D' u)o Dy z + @, (0 Dy v)o Dy Z)dt

+ ((q = 1) [Ma (]| (e, ) 5]~ M (]| (w, 0) 5] (a, 0) [ + [Mz(l\(u,v)llé)]q’l)
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T
X q/ (@4(oDPu)o DY z + @, (s D v)o DI Z)dt
0
- Z AC(t5) (L (ulty))2(ty)ulty) + I (u(t;))2(t;))
- Z po(t;) (Si(v(t:))Z(t:)v(t;) + Si(v(t;))z(t;))

T
- O’/ Fu(t,u,v)z + F,(t,u,v)zdt,
0

and Y (p(z,%), (2,%z)) =0 for all (z,%) € B.,(0,0), which means that ¢(z,2)((u,v)—
(2,2)) € N, for all (2,%) € ©,,(0,0). Moreover, we can choose 0 < € < g¢ such that

for any (2,Z) € Eq g with ||(2,%)]|a,s < € we have %—Z(gp(z,?),(z,?)) > 0, which
implies that ¢(z,%)((u,v) — (2,%)) € Ny for all (2,%Z) € ©,(0,0). O

Lemma 3.6. If (\, i) € @0, then there exists a minimizing sequence {(un,v,)} C
J\/’)\’H such that

Iau(Un, vn) = cx 4 0n(1), and J3 |, (tun, vy) = 0n(1), (3.18)
where ¢y, = ( %relf\f Iy, v).
u,v A

Proof. By Lemma 3.2 and Ekeland’s variational principle, there exists a minimiz-
ing sequence {(un,v,)} C Ny, for Jy , such that

1
e < Iap(tn,vn) <exp+ e (3.19)
and
1
Iapu(tn,vp) < Iy pu(u,v) + E”(u,’l}) — (tUn, vn)la,8, ¥ (u,v) € Nxpu, (3.20)

apparently, by (3.19), we get (3.18),. Now, we show that [[J}  (un,vn)|la,s — 0
as n — oo. By Lemma 3.5, we obtain the function ¢, : O, (0,0) — R such that
©n(2,2)(un, vn) — (2,%)) € Ny, for all (2,Z) € O, (0,0). For fixed n, choose 0 <
€ < g, and define (z¢,z.) = EH((% with (u,v) € Ey \(0,0). Set (21,e,22,¢) =

u,0) [,
On(2ze; Ze) ((Un, vn) — (2e,Z¢)), then it is clear that (21, 22.) € Ny . According to
(3.20), we have

a(res220) = Inliims ) 2 =2 (21,622 = (s 00) a3
Applying the mean value theorem, we have
<J§\”u.(un’ Vn), (21,6, 22,¢) = (Uny n)) + 0n([[(21,e; 22,6) = (Un, Vn)la8)
> = (et 22) = (s 005
Then

- <J/l\,u(um Un)a (Z6,35)> + (@n(zeaze) - 1)<J§\7M(unvvn)7 (una Un) - (Zeaze)>
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1
> = ﬁ”(zl,ea 5276) - (umvn)”a,ﬁ + On(”(zl,ev 2’2,5) — (Un,vn)| a,ﬂ)~

Considering (J} ,(21,e; 22,¢); (Un, vn) — (2e,Z¢)) = 0, we get

(on(2e, Ze) — 1><J§\,u(un7 Up) — J§\7u<zl,ev 22,) (Un, Vn) — (2¢, Ze))

(u,v)
- €<J,/\7M(Un, Un), W

1
2 = l(z1e 22.6) = (uny vn)llays + onlll(2re; 22,6) = (Un, vn)lla.p)-
Hence, we have

/ (4, 0)
<JA,,u(una 'Un)’ ||(

U, V) |la,p
1 1
<—|[(21,6: 22.6) = (Uns Vn) g + =0n ([ (21,6, 22,) = (Un, Vn)lla,p)
en €
1 _ _
+ E(‘Pn(zea Ze) — 1)<J§\,u(unvvn) - J&,p(zl,ev 22,6) (Un, vn) — (2¢,Ze)).  (3.21)
Since
(21,6, 22,¢) = (Un, vn)la,8 < €lpn(ze, Ze)|+on(ze, Ze) — 1] | (un, vn)|la,s,
and
. @n(zmze) - 1 /
lim 22— 22— L
tim P22 L < (0,0,
passing to the limit € — 0% in (3.21), there exists Ky > 0 such that
(u,v) KO /
(Ja (U, vn)s 7)< — (L +[[¢},(0,0)]|a,5)- (3.22)
. (0 las” = m ’

Below, we demonstrate that ||¢),(0,0)|q,s is bounded. Arguing by contradiction,
we assume that (¢! (0,0),(z,Z)) — o0 as n — oo. By (3.19) and Lemma 3.2, we
have sup,, ||(¢n, vn)|la,sg < 00. Then, from (3.17), the boundedness of {(u,v,)}
and Holder inequality, there exists positive constant Lg such that

_ Lo(lzllap + Zllap + 12115, + Z115.4)
j'li/n sUn (1) ’

(¢0.(0,0), (2,2))

which implies that there exists a subsequence {(un,v,)} such that 7,/ , (1) = 0,(1)
as n — oo. Following the proof of Lemma 3.1, we have (\, ) ¢ ©°, which gives a
contradiction. O

Lemma 3.7. Let {(un,vn)} C Ny . Ji, satisfies the (PS)-condition at level cy .

Proof. It follows from Lemma 3.6 that there exists {(un,v,)} be a (PS)., , se-
quence for Jy ,, i.e.

Iau(Un, vn) = ey and Jy | (tn,vn) — 00 B 5, as n — oo,

Lemma 3.2 shows that {(un,v,)} is bounded in E, g. Hence, there exists (u,v) €
E,p and a subsequence of {(uy,vn)}n, still denoted by {(un,vn)}n such that
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(Un,vn) = (u,v) in E, 5. Additionally, by Lemma 2.3, we have (u,,v,) = (u,v)
uniformly in (C([0,T], R))?, i.e. ||(un,vn) — (1,0)]l00 — 0 as n — cc.

Now, let (a,b) € E, , be fixed, 0 <y <1, 1 < v < o0, and denote by S, ,,(a,b)
the linear functional on E, ,,

T
(S10(0,0) (c1,c2)) = [ @u(D7a()DTer(®) + B0 DFb(E oD ex(t)d
0
for any (¢1,¢2) € Ey,. By the Holder inequality, we have

|(S5,0(a, 6), (ex, e2)) [ <lall5 5 lexlly.0 + 0I5 e2l.0

Thus, for any (¢1,¢2) € E, ., the linear functional S, ,(a,b) is also continuous.
Hence, combined with (uy,v,) = (u,v) in E, g, we have
(Sy,0(u,v), (un — u, v, —v)) = 0, as n — oco. (3.23)

Then, we can deduce that

on(1) :<J§W(un,vn) — In(u,v), (up — u, v, — v))
=M1 (|| (wn, v) PP~ S0 p (s V1) — Sap (1, 0), (ty, — u, vy — v))
[Mz (]|, va) [15)]7 (S50 (ns vn) — Spuq(t,0), (un — u, vy — v))
([ ([ ) 2P~ = [M (1] (s 0) )] ) S, (115 0), (g = 1,00 — 0))
([Ma([| (s ) 1] = M2 (]| (s 0) 1] (Sp,q (1, 0), (un — w0 — v))

m

=3 N T (un () = Ti(u(t;) (un(t5) — ult;))
j=1

+
+
+

- Zj; 1o(t) (Si(vn(t;)) — Si(v(t;))) (vn(t) — v(t]))
- /OT(FU,L (t s 0n) — Fu(t, 0,0)) (u — )t
7 /OT(FW (£, tn, 0n) — Fo(t, 1, 0)) (v — ). (3.24)
Moreover
33600 06) = L)) — )|
SW;W ||C||oo(slelglun|9*1+\\U||g§1)||un —ulloc =0, as n — oo, (3.25)
|3 o) 0 (8)) — Kl ) — (8
Sn%Tlld ||9\\oo(sleljl\>r|vn\9_1+||v\|§51)||Un = Vljoc = 0, as n — o0, (3.26)

and

‘ /OT(FW (t, Un,yvn) — Byt u,0)) (un, — )
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+ (Fy, (t, un,v,) — By (t,u,v)) (v, — v)dt

<T|F,, (t, tun,vy) — Fyu(t,u,0)| ||un — ulloo
+ T\Fy, (t, up, vn) — Fy(t,u,v)| ||[on — v]|0o
—0, as n — oo. (3.27)

From (3.23)-(3.27), we have

(Sa,p(tn, vn) — Sa p(u, v), (Un —u,v, —v)) =0, as n — oo, (3.28)
and

(Sp,q(tn,vn) — S q(u, v), (U, —u,v, —v)) =0, as n — oo. (3.29)

To illustrate our findings, we require the following Simon inequalities:

dy — do|* < D(|dy["~2dy — |do|"~2d2) (dy — d2),h 2 2, -
T\ D((|du]*2dy — |da|*2da)(dy — da)) = (|du|"+[d2|") =", 1 < h <2,

for all di, dy € R, where D is positive constant.
When 1 < p < 2, by (3.28) and the Holder inequality, we have

[(un = w,vn = )5 =lun = wll§,, + llvn = ©lE,,
P
2

<D( / @y (0 Dfun) — (o D)) o Dt — oDfu)dt )

—-P

T 2-p
< ([ (oDgunl + loDgulr)de)
0

ya
2

+o( [ (@007 1)~ ,DF0) (0D — WD)

2-p
Z

([ QDo + 1007017
—0, as ;)1 — 0. (3.30)
When p > 2, by (3.28), we have
[t = 1,0 = W), =l =l + o = VI,

<D(Su p(tn, vn) — Sap(u,v), (Uy, — u, v, — v))
—0, as n — oo. (3.31)

Hence, we have |[(u, — u,v, — v)||2 — 0 as n — oo. Similarly, we can obtain
[(un — u, v = v)|| — 0, as n — co. Then, we have (un,v,) — (u,v) as n — oo in
E, g. This ends the proof. O

Proof of Theorem 1.1. Let (A, 1) € O, = ©° N O N O2. Thanks to the Lemma
3.6, we can consider a (PS)Ci sequence {(un,vn)} C N;u C N, such that

Iau(tin,vn) = ¢,y and JY |, (un, vn) = 0, as n — oo.
Then, by Lemma 3.4 and 3.7, there exists (uy,,,vx,,) € Na,, such that

Ty, va ) = 0, and Iy (un s va ) = c;” <0.
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Further, we show that (ux,, v ) € NIM. We debate through contradiction. As-
sume that (u,,va.) € Ny ,. Considering (3.5), we have (u ., vx,.) € BF. More-
over, (uxu,Uapu) € Nayu and Iy, (ux s 0r,) = c;M < 0 imply (uxu,va,) € AT
Then, by Lemma 3.3, there exist s~ (uxu,vau) > st (unpu, vau) > 0 such that
(87 Urp, S UAL) € ./\/’)\_,M and (stuy ., sToy,) € /\/';' which implies s~ = 1 and
sT < 1. Hence, there exists so € (s7,s7) such that

o

+ + —
J>\7M(S UN,ps S U/\w) —0<ml<n J/\w(su/\,msvz\w) < JA,M(SOU/\JMSOW\,M)
<s<s—

<Iau(87un s s 00) = Ia (s vag) = €3

That’s a contradiction. Thus, (ux,vx,u) € NIM. Upon next, we show that
(ua,u, Uap) is a local minimizer of Jy , in E, g, which is a critical point of Jy ,
in E, g ( refer to reference [3]). Since (ux,,vx,) € /\/';f#, by Lemma 3.3, we have
sT(ux s vap) = 1 < Sse(unp, vay). Thus, by continuity of (u,v) — s.(u,v), for
fixed €y > 0, there exists pg = po(€o) > 0 such that 1+ €y < s.((ur,u,va,n) — (u, v))
for all ||(u,v)|la,s < po. Also, from Lemma 3.5, it is easy to see that for a
given p; > 0, there exists a C' map ¢ : 0,,(0,0) C E,3 — RT such that
©(u, v)((uru, va,0) — (u,v)) € N;:M and p(0,0) = 1. Consequently, for any 0 < p, =
min{pg, p1} and the uniqueness of zeros of fibering map, we have st ((ux ., va.) —
(u,v)) = p(u,v) < 14 € < si((ur,u,va) — (u,v)) for all |[(u,v)]|a,s < ps. Since
Se((un,puva,u) — (u,v)) > 1, we obtain

T (s Va) SIx (8T ((a s vap) = (,0)((wr g0 02 0) = (u,v)))
Sau((rp; vaw) = (u,v)),
for all ||(u, v)||a,8 < p«. This shows that (ux ,,vx,,) is a local minimizer of Jy , in

E, . Moreover, since (0, 0) ¢ /\/';f#, we have (ux ,, va,u) 7# (0,0), Hence, (ux ., va,pu)
is a nontrivial solution of problem (1.1). O

4. Existence of infinity many nontrivial solutions

In this section, we explore the multiplicity of solutions for problem (1.1) by applying
the Krasnoselskii genus theory. First of all, we refer to [22] to recall some basic
notions about Krasnoselskii genus.

Let X be a Banach space, and = denotes the family of sets A C X\{0}, where
A is closed in X and symmetric with respect to 0, that is if a« € A implies —a € A.

Definition 4.1. Let A € Z. The Krasnoselskii genus F(A) of A is defined as the
least positive integer n such that there is an odd mapping i € C(A4, R™\{0}) for all
a € A. If n does not exist, F(A) = oo. Moreover, F(0) = 0.

Note that condition (M1’) implies that
Mi(z) > My(1)z"*, Yz € 0,1], and Ma(y) > Mo(1)y"2, Wy e [0,1].  (4.1)

Moreover, for any € > 0, condition (F1’) gives the existence of C. > 0 such that for
a.e. t € (0,7

|F(t, u,v)|< g (u, v)|5* +C.|(u,v)[", for all (u,v) € R%. (4.2)
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Considering the nonlocal characteristics of M; and M, let us assume that 0 <
|(u,v)]|a,3 < 1. Consequently, based on (2.4), (2.6), (3.10), (4.1) and (4.2), we can
deduce that
17 p@l 17 q'ﬂQ
Iau(t;v) Z;)Ml(l)”(u7v)”a + 5M2( M (w, v)[[5

p—0

= A (A 1€ o (a elo) 7)™ w1
— e M(D, )H(u v)||” oy — Ce MM (u,0) |17 4
> M | (u, 0)[[575 — M| (w,0)[|7 5

fA*(<ma\A| ||<||m>#+<n5|m lollo)™7) 7l (w,0) 6 0 (43)

Then, we can choose £ > 0 sufficiently small such that M 5 > 0, where

MLQ:min{%mu),ému)}zl*ﬁ SM(T.), A. Agp, M, = C.M@).

Define a function 7 , : (0,+00) = R as

Tapu(X) =M1 2 X7 — M. X7
p—6

= A ((malA] [1€lloe) 77 + (mBlul flolloc)77) 7 X7,

then Jy ,(u,v) > T u(|[(w,v)]a,g) for all (u,v) € Ey g with 0 < |[(u,v)]la,s < 1.
Noticeably, 7y ,(X) = XO01T, u( ), where

Tau(X) =M, 20, X770 — M, X0
p—6

— Ac((m@A] [[Clloe) 77 + (mblul llglloc)7*7) 0, ¥X > 0.

Then, there exists a unique

M9, (0. —0) ) o7 >0,

Xo = ( M. —0)

such that 7'1/\ (Xo) = 0. Namely, Ty ,(X) is increasing on (0, Xy), decreasing on
(Xo, +00). Let ()\ ) € O, where

B0 = {()\’u) € RQ\{(O,O)} 0 < (malA| ||C||oo)p%9 + (TLB|;L| Hg”oo)pp%e < QO},

and

7. =0 -— = = T —
(M1,279*77ﬁf9)p739 (M17219*(19* — 9) %'p%@
M.7(7—0)
then we have

maX'T)\,H(X) :’77’,\),1()(0)
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— =0, (M50, (0, — 0)\ 252
=M, 29, :
b2 ﬁ—e( M.75(7 — ) )

p—0

— P T P p
— A (@A 1G1) 7 + (Bl 2l)™7) 7 0> 0.
Hence, there exist X1 € (0, Xo) and Xz € (Xo, +-00) such that 7y ,(X1) =T} ,(X2)
= 0. Taking into account that théJrT)"“(X) < 0 and Xlim Tou(X) = —o0, we have
— — 00

Txu(X) is decreasing on (0, X1), increasing on (X1, X»), decreasing on (Xs, +00).
Moreover, let (A, u) € ©1, where

O1 = {0 ) € RA{(0,0)}: 0 < (mal] [Clle) 7 + (nBlul lllloc) 77 < 2},

and

Then, if we define a function 73 .0 (0,400) = R as

TR (X) = My X770 = M X0,

o .
we can deduce that there exists unique X, = (%gi;f))ﬁ*ﬁ* such that

max 7}, (X) =73 ,(X.) = M, ”ﬁ

O, (M50, — 0)\ =52
(M > 0.

(m—9)

Hence, for any (A, u) € O4, we have
Tou(X2) =max T, . (X)

> X0 (T3, (X0) = Au(malA] €))7 + (bl [lelloo) 77) "5 )
>0.

At this point, we arrive at there exist 0 < Ko(A, p) < K1 (A, p) with Ty, (Ko (A, 1)) =
Toapw(K1(A p)) = 0. From the structure of 7, ,(X), we have T, ,(X) < 0 if
X € (OvKO()‘wu)]’ 7;\’#(X) >0if X € (KO()‘vﬂ)aKl(/\wu))v and ITA,M(X) < 0if
X € [K1(\ p), +00).

Lemma 4.1. lim Ko\, p) =0.
0.0 Ko )

Proof. From 7 ,(Ko(A p)) =0 and Ty ,(Ko(A, p)) > 0, we have

p—0

M1 2Ko(h 1) = A (mald] [¢llo0) 77 + (nblul lello) 77 ) 7 Ko, )?
— M. Ko(A, p)" =0, (4.4)

and

p—06

N1 29, Ko (0 17 = A (mal] 1¢0) 77 + (Bl lolloe)757) 7 0Ko(A )"
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— M Ko\, )™t > 0. (4.5)

Subsequently, based on (4.4) and (4.5), we have

M 5(0, — 9))%@ .

KO()‘MU’) < ( M*(ﬁ—e)

The uniform boundedness of Ky(A, 1) with respect to (A, 1) can be inferred. Con-
sequently, we choose a sequnence {(Ap, tn)}52; with (A, trn) — (0,0) as n — oo.
This choice ensures that Ko(An, tn) = Kox > 0 as n — oo. Then, (4.4) and (4.5)
imply that

MoK — MUK =0, (4.6)
and
M 20, K3~ = MAKG ™ > 0. (47)
Combining (4.6) and (4.7) , we have
M. (7= 9.) K, <0,

which implies that Ko, = 0. Considering the arbitrary nature of {(A,, pr)}, we can
deduce that  lim )Ko()\,u) =0. O

M) (0,0
Take X : RT™ — [0,1], nonincreasing and C* with R(z) = 1 if z € [0, Ko(\, p)],
N(z) = 0if z € [min{K;1(\, p),1},00). From Lemma 4.1, there exists Q2 > 0
sufficiently small when (A, u) € ©2 where

02 = {(\ ) € FA{(0,0)} 5 0 < (malA| 1¢]oe) 77 + (bl flolloe) 77 < 0},

such that Ko(X, 1) < min{K; (X, p),1}. Subsequently, for any (X, p) € ©, where
© = 0y N 1 N Oy, we hereby introduce the truncated functional

Tau(,0) =%M1<n<u,v>nz> + gmﬂuu,v)n%)

m u(tj) n v(t;)
- [ aenea =3 [ patsios
Jj= ., i=
() 0) ) / F(t,u(t), o(t))dt. (48)
0

According to (4.3), for any 0 < ||(u, v)||a,s < 1, we can observe that

T, 0) 200 (1, 0) 225 = MR (0.0 ) | (0, 0)F
p—6
= A (malA] [1¢lloe)7® + (mblul llolloe)™ ) ™ li(u, 03 5

Define a function Sy, : (0,+00) = R as

Sap(X) =M1 X7 — MLR(X)XT
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p—06

= A ((mala] 1¢lloe) 77 + (mblul lolloe)77 ) © X7,

then Jy . (u,v) > Sy u(|(w,0)]a,p) for all (u,v) € Eqp with 0 < [[(u,v)]a,p < 1.
Moreover, we can deduce that Sy ,,(X) > Ty (X)) for all X > 0, Sy ,(X) = T u(X)
for all 0 < X < Ko(\, p).

Lemma 4.2. For all (A, 1) € O.., the following hold:
(i) If Jxp(u,v) <0, then ||(u,v)|a,p < Ko(A\, 1) and Jy . (w,v) = Jx (@, 0) for
all (w,v) in a sufficiently small neighborhood of (u,v);
(ii) Jx,.(u,v) satisfies the local (PS). condition for all ¢ < 0.

Proof. (i) We distinguish two different cases.

Case 1. min{K;(\, p),1} = 1. If Ko(A\,p) < [[(w,0)]|la,s < 1, then Jy ,(u,v) >
Sap([(w,0)][a,8) = Tau(l[(w,v)][a,8) = 0. If ||(u,v)|la,s = 1, by the definition of
R we know that R(||(u,v)|la,3) = 0. Due to the impacts of M; and M, we have
classified Case 1 into four subcases.

Case 17. [[(u,v)]|a,p > 1 with [|(u, )|l > 1 and ||(u,v)||g > 1. Then, by (M1’),
(M2') with 7 =7 =1 and (3.10), we have

émp_l !

pUy ’q72

—

T (u,v) = min mg ™} (w,0)

p—6

= A (A 1¢lloe)7 + (blal llolloe)™ ) ™ liuv)II% 5,

where ¢ = min{p, ¢}. Define the function S; : (0, +00) — R as

p—8

S1(X) = A X = A (malA] <o) + (Bl lo]l0) 77 ) 7 X°, ¥X >0,

where Aq, = min{ﬁmp_l, q%zmg_l}Ql_g. Undoubtedly, S;(X) has a global min-

imum point at

X = (Aol ¢lo0) 77 + (1B ||g||oo>p”e>p;e>:e
min Al*g ,
with
min §1(X) =51(Xumin)
p—0
0 —= P T 2\ 0
=X fn A ((mA] [Coc) 77 + (bl lell)77) 7 (2 1)

<0.

We point out that S;(X) > 0 if and only if X > X}\,u’ where

_p_ - _p_ p=f 1
4, = (AT 1L B o) )5 y
s Al* .
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Hence, choosing (A, p) € O1,, where

el*z{(A,u) € R2\{(0,0)} : 0< (ma|A| [|¢]loo) 77 +(nb|ul ||Q||Oo)ﬁ§(A* )pge},

we have J . (u,v) > S1(||(u,0)||a,p) > 0 for all ||(u,v)|as > 1.

Case 1o. |[(u,0)|la,p > 1 with 0 < [[(u,v)[la <1 and 0 < ||(u,v)|lg < 1. Then, by
(3.10) and (4.1), we have

e
a,B

(u,v)

— 1— 1— 5
Tau(u,v) >min{ =M, (1), =My (1)}2! =7
p q
P - P 2=¢
— A (malN] <lloe) 7 + Blal llolloe)77 ) 7 (s )5 5.
Define the function Sy : (0,+00) — R as

p—

— _ » pe
S$:(X) = 8. X7 = A ((malA] €))7 + (bl llolloe)77) 7 X, VX >0,
where Ay, = min{1M(1), 105(1)}2! 7. Likewise, S»(X) > 0 if and only if
X > X3, where

p—0 1

A ((mal\ [|Clloo) 77 + (nBly] llollo) 77) 7 \ 75
2 5
X3, = ( o ) _

Hence, choosing (A, ) € O, where

02, ={(A, 1) € BAL0,0)} - 0< (malA] [Gla) 7+l llelloe) 7 < (S22)7%7 .

we have Jy . (u,v) > Sa(||(u,0)||a,5) > 0 for all ||(u,v)|a,s > 1.
Case 13. ||(u,v)]la,p > 1 with |[(u,v)|lo > 1 and 0 < ||(u,v)||s < 1. Then, by

(M17), (M2') with 7 = 1 and (3.10), we have

7)\7M(u,v)
1 _ _ _p - N\ 5
> (w,0) [ = Au (mal\] 1) 77 + (blal flolloe) 77 ) 7 (s 0) 4.
poh

Define the function Sz : (0, +00) — R as
P - P 2=¢
$3(X) = A0 X7 — A ((maA| [Cloe) 77 + (bl leloe) 77 ) 7 X7, VX 20,

where Az, = p%lmffl. Then, S3(X) > 0 if and only if X > Xi,;u where

_ _p_ - _p_ . p=0
w3 = (A [[Cllo) 77 + (nblp] flofloo)77) 7 \ 70
Aot A3* '

Hence, choosing (A, ) € Os,, where

@3*={(A7u) € R\{(0,0)} : 0< (malA| [[¢loc) 77 + (nb]u| ||Q||Oo)#§(/j:)pfg},
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we have 7)\7#(u,v) > S3(||(u, v)||a,8) = 0 for all ||(u,v)|a,s > 1.

Case 14. ||(u,v)]la,p > 1 with 0 < |[(u,v)|la < 1 and ||(u,v)||s > 1. Then, by
(M1), (M2") with 7 = 1 and (3.10), we have

J

w(“» v)

>

p—0

>—m§ | (w,0) 1§ = A ((malA] [¢oe) 7 + Blal llelloe) ) 1w, v)l1:

<
||+
[\v]

Define the function Sy : (0, +00) — R as

p—0

’Y*)p%e)TXea VX Z 07

Sa(X) = Ay X7 — A, ((IAI 1) 77 + (1l lle

where Ay, = q%mg_l. Then, S4(X) > 0 if and only if X > X{ ,.» Where
2 El

p—6 1

A-((mal)] [[¢lloo) 77 + (nblu] lolloo)77) "7 7
Xi’” :< A4* ) '

Hence, choosing (A, ) € Oy, where

@4*

{0 € BA((0.0)3 10 < (mal] [Cllo0) 727 + (bla [loloe) 77 < (522

A

)77,
we have J ,(u,v) > Sy(||(u,v)||a,) > 0 for all ||(u,v)|a,pz > 1.

Case 2. min{K; (A, p),1} = Ki(A\ p). If Ko(A ) < ||[(w,v)]|a,s < K1(A, 1), then

j)\’lt(uﬂ v) = SA,M(”(%U)”Oéﬁ) 2 IT)\,M(H(uﬂ v)| a,ﬂ) > 0. If Ki(Ap) < ||(’U,,U)||a75 <
1, considering N(||(u,v)||a,3) = 0, we have

— JE— E*
I, 0) ZM | (u, 0) |41
p—06

— A, (@] [1¢llo0)77 + (blal llollo)7 ) 7 I, )%

Due to Ty . (Ki1(A, 1)) =0, that is

p—0

MoK ()™ = Ao (malA] [¢o0)7 + (mblal lelloe)7 ) 7 Ki(A, )’
:M*Kl(/\’u)ﬁ >0,

we have J ,(u,v) > 0 for all K1 (A, p1) < [[(w,0)|la,p < 1. If || (u,v)] 0,5 > 1, arguing
similarly to Casel;-Casely, we have Jy(u,v) > 0.

Hence, from Case 1 and Case 2, for all (\,u) € O,,, where O,, = O N
O1+ N Oz, N O3, N Oy, we obtain Jy ,(u,v) < 0, then [(u,v)|las < Ko(\ p).
Moreover, we observe that Jy ,(%,0) = Jy (%) for all |(@,0) — (4,0)|as <
K1 (1) — 11, 0) . B
(ii) Let {(un,vn)} be a (PS)-sequence for Jy , on the level ¢ < 0, that is

_ — _
Ixu(tn, v) = ¢, and J |, (Un,vn) — 0 in B 5, as n — oo.
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This implies that Jy ,(un,v,) < 0 for n € N large enough. Then, by (i) of Lemma
4.2, we have ||(u,v)|la,s < Ko(A,p) and Jy ,(un,vn) = Jxu(tn,v,) = ¢ < 0 and
I3 (Uns vn) = 7;7H(un,vn) — 0 as n — co. By virtue of the coerciveness of Jy ,
in E, g, it can be inferred that {(u,,v,)} is bounded in E, g. Hence, there exists
(Tau, Ua,p) € Eap, €a >0, eg > 0 and a subsequence of {(uy,, vp)}n, still denoted
by {(tn,vn)}n such that

(Un, vn) = (Wrpu, Uap) in Ea g, ||[(tn,vn)lla = €a, ||(tn,vn)llg = g, as n — oo.

As a result of (F1'), we have

T
/0 (Fun (t’ Un, vn) - Fﬂxu (t7ﬂ)\>#’@)\7#))(un - ﬁ)\yﬂ)

 (Fug (bt 00) = Py (175050 3,)) (00— T )
—0, asn — oo.

Following a similar line of argument as presented in (3.23)-(3.26), we can deduce
that

0n(1) =( T4 (s v) = I3 (@rg0s Do) (U = T s 0 = T )
=M (| (wn, v [I2)]P
x <sa,p(un, V) = Sevp (Tn s Tage)s (U — Trpos U — m,ﬂ)>
+ [Ma (]| (un, ) 151771
X <Sg,q(un, Un) = S8,q (U V), (Un — Tr o, Un — @,H)>. (4.9)

Due to the degeneracy of M; and M, , we discuss them in the following three cases
and conclude that only the first one holds.

Case i. e, > 0 and eg > 0. It is apparent that condition (M2') implies that
M (e}) > 0, Ma(ef) > 0. Then, we have

(Se,p(Un;Vn) — Sap(@rp, Uap)s (Un — Tr s U — Uap)) = 0, asn— 00, (4.10)

<Sg7q(un,vn) — 8,37,1(@)\7“,@)\#), (wp, — U, p> Vn — 5/\,“» — 0, asn —oo0. (4.11)
Hence, arguing similarly to (3.30) and (3.31), we have

[[(tn = T, pas 0 — Oa)lle = 0, and [[(un — x 0, v — Ua,u) 5 — 0, as n — oo.
Additionally, by employing Lemma 2.4, we derive that

[Cuns va) 16 = 1w = a0 = Ox)ll6 + 1@ Ox )G +0n (1), (412)

[ (tms vn )15 = 1l (un = Tx g v = Do) 15 + (@ s Do) I + 0n (1) (4.13)
B B B
Then, we have

[(uns vn)lla = [[(@x s U)oy @nd [ (un, vn)llg = (@ s Ox )|, a8 10— 00

Therefore, we get (tn,vn) = (Txu, Ua,u) as 1 — 00 in Ey g.
Case ii. ¢, = 0 and eg > 0. The condition (M2') implies M (e},) = 0, Ma(e}) > 0.
Then, (4.11) is valid. Hence, we obtain [|(u, — Tx,u, v — Tx,u)|[ — 0 as n — oo.
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Moreover, it follows from (4.12) that (@x,,,Tx,.) = (0,0). Then, according to equa-
tion (4.13), we can deduce that the norm of ||(un,vn)|lsg = eg = [|(@r,x, Or)llg =
0 > 0, which leads to a contradiction.

Case iii. ¢, > 0 and eg = 0. The condition (M2’) implies M; (e%) > 0, Ma(ef;) = 0.
Consequently, (4.10) holds. Repeating the analysis procedure as in case Caseii yields
| (tns vn)|la = €a = [[(@x, 1 Ua,u)lla = 0 > 0, which is a contradiction. O

Lemma 4.3. For each n € N, there exists a real number € = E(n) > 0 such that
ﬁ(jky_;) > n, where 7)\,_#6 ={(u,v) € En g : Jxu(u,v) < —2}.
Proof. By (F2'), there exist Wy, Wi > 0 such that

F(t,u,v) > Wo(lu|*+[v|%) — Wy, for any (u,v) € R?.

Consider a fixed positive integer n, and let £} 5 denote an n-dimensional subspace
of Eq . The fact that £ 5 is a space of finite dimension implies that all its norms
in B 5 are mutually equivalent. Subsequently, we define

T
et =int { [ (uf+o)dtl (0, 0) € L (0,0} oo = 1} >0
0

Then, taking (u,v) € Eop with ||(u,v)]lap = 1, for 0 < § < Ko(A, 1), we can
deduce that

Tau(€u, §v) <X max [Mi(e0)]P71EP + L max [Ma(12)]77 ¢

P 0<u1<1 q 0<i2<1
59 0 P T P pp;e
+ 528 (mal] 1¢l) 72 + (uBlu] llell) 77

— EWHCE + W T

Given 0 << < 6 < 1, for any & > 0, there exists a sufficiently small £ € (0, Ko(\, 12))
such that Jy ,(§u,&v) < —¢ holds ture for all (u,v) € Ea g with [[(u,v)|la,s = 1
Let K¢ = {(u,v) € Eapgl [[(w,v)]la,s = &}, then Ke N EY 5 C {(u,v) € Eop :
T u(u,v) < —z}. By the mapping property of the genus [22, Proposition 7.5], we
have (7, ;) > 7(Ke N EZ 5) = n. O
Proof of Theorem 1.2. Let us commence by introducing some notation.

Zn = {4 CE(0,0},7(4) 2 n}, e nt swp Tau(ws0)

L. = {(u,v) € Eq gl u(u,v) =c, j//\)u(u,v) = O}.

Apparently, condition (F3') ensures that J ,(u,v) is even and Lemma 4.3 re-

veals that j{; € %,. Moreover, as J ,(u,v) is bounded from below, it follows
that —oo < ¢,, < —g(n) < 0. The (PS).,-condition of Jy ,(u,v) can be inferred
from (ii) of Lemma 4.2. Thus, ¢, is a critical value of Jy ,(u,v) for any n € N.

The inclusion ¥, C %, implies ¢, < ¢p+1. We proceed by considering two
distinct scenarios.

Case L If —co <y <ea <+ <y <Cpyp <--v, then7(Le,) > 1, indicating that
{c,} represents a sequence of distinct negative critical values of J ,(u,v).

Case II. If there exists a positive integer ng such that ¢ = ¢p, = Cpot1 =
© = Cpo+nN, for some N, > 1, then it follows that F(L.) > N, + 1. Assum-
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ing a contradiction, we hypothesize that ¢ = ¢,,, = cpo+1 =+ -+ = Cny+n, <0, then
¥(L.) < N,. Considering that J) , satisfies (PS). condition according to Lemma
4.2, we obtain that L. is a compact set and F(L.) < N, < oo. According to the
continuity property of the genus, there exists §* > 0 such that F(Us-) = (L) <
N. < oo. Since Jy, is even, by the Deformation Theorem [22], there exists an

odd homeomorphism T : E, 5 — E, 3 such that T(jf\f *\Us~) iji;f ° for some
0 < gy < —c. In addition, owing to ¢ = ¢cpo4n, = inf sup Jx,u(u,v), there
AEXny 4N, (u,v)EA
exists an A € ¥, 4y, such that sup Jy,(u,v) = ¢ < ¢+ &, i.e. A C jf\tfo.
(u,v)EA ’
—c+€o —Cc—€o .
’I‘hen7 T(A\Ug*) C T(J)\’M \U(S*) C J}\’M , 1.e.
sup I u(u,v) < ¢ — 2. (4.14)

(u,v) €T (A\Us )

Hence, we have 7(A\Us~) > F(A) —5(Us~) > no + N — N = ng, i.e. T(A\Us~) €
¥, and sup I u(u,v) > cpy = ¢, which contradicts (4.14). Consequently,
(u,0) €T (A\Us*)
it follows that (L.) > N, + 1 > 2, which shows that L. contains infinitely many
point. Furthermore, J ,(u,v) = ¢ < 0 = Jy ,(0,0), then (u,v) # (0,0). And
also, it is established that Jy ,(u,v) = Jy . (u,v) if Jy . (u,v) < 0, then there are
infinitely many nontrivial critical points of Jy ,(u,v). Therefore, problem (1.1) has
infinitely many nontrivial solutions. O

5. Examples

In this section we give two examples to illustrate the application of our results.
Example 5.1. We consider the following impulsive fractional differential equation:
15[ (u, v)[|2 «D§ (oD u(t)) + 15.5(u, 0) |5 « DF(0 D7 u(t))
= (t+ 1)|(u,v)[?u, t #ty, ae. t €[0,T],
15[ (u, v)[|2 +D§ (oD v(t)) + 15.5]|(w, v) |3 «DE (0D v (t))
= (t+ 1)|(u,v)[?®, t £}, ae. t €[0,T],
A(15]|(u, )5 DT (0D u))(t1)

51 u(12)] (5.1)
A0S, v) 3 D 6DP0) (1) + A1) =0,
A5/l (u, )2 D5~ (D5 0)) (1))
2 B—1 B ’ / |U<t/1)|0'002
+ M55 (u,0)[3 DE 6D 0)(#) + pelth) Y =0,

v(t)

For this case, M;(x) = 15z, Ms(y) = 155y, p = ¢ = 2, I1(2) = S1(z) = L2122

|(u,0) >

z € R, F(t,u,v) = (t +1)5555
We verify that all the conditions of Theorem 1.1 are satisfied. Obviously, M;
and Mo satisfy (M1) with

z )

0.52% < 0.8 x 7.5z% < 1522 < 1.2 x 1522 < 2022,
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0.4y% < 0.9 x 7.75y < 15.5y% < 1.4 x 15.5¢% < 2242,

where €, = 0.5, 91 = 0.8, 11 = 1.2, 6, = 20, o = 502, 6 = 0.002, & = 0.4, J5 = 0.9,
n2 = 1.4, 83 =22, k =4; I and S} satisfy (H1) and (H2) with

|11(2)2] < 1.2|2|%%2 and |S)(2)2|< 2.4]2(°00%
I (su) = s%%9%71 1 (u), and S;(sv) = 52002718, (v),
where a1 = 1.2, by = 2.4; F satisfies (F1) and (F2) with
F(t, su, sv) = s°2F(t,u,v), and uF,(t,u,v) + vF,(t,u,v) = 502F(t,u, v),

T+1
F(t < 502
| (,U,U)l_ 502 |(U7U)| ’
where C, = %. Thus, all the conditions of Theorem 1.1 are satisfied. Then,
Theorem 1.1 implies that there exists ©, > 0 such that for any (A, ) € O, problem
(5.1) admits at least a nontrivial solution.

Example 5.2. We consider the following impulsive fractional differential equation:
lall(u, 0)[2]7 e DE®3 (oD u(t)) + [b]] (u, v) [3]* + D7 @5 (0 D7 u(t))

= h(t)|(u,v)|*?u, t #t, a.e. t €[0,7T],
lall(w, 0)[8]7 « DEP3 (0D 0(t)) + [bll (w, v)[|F]* D73 (oD v(t))

= h(B)|(w,0)[ 20, t £, ac. te[0,T],

A(lal|(u,0) 3] DT @3(0 Dfw)) (t1)

w0 (5.2)
T+ Al w1312 DS B (oD w)) (01) + Ag(tl)aw o
A(lal|(u, )31 DG @3(oDfv))(t1)

u(¢ )09
+ Al 0) 37 1D @5 (0DFV)) (1) + u@(t’l)b% =0,

u(0) =u(T) =0, v(0) =v(T) =0,

where a > 0,b>0,a>0,b>0,0<hecC([0,T], R). For this case, p = ¢ = 3,
0.9
M(z) = az, My(y) = by, F(t,u,v) = 5h(t)|(u,0)['%, Ii(s) = aL=, Si(s) =

,ls‘o.g

SWe verify that all the conditions of Theorem 1.2 are satisfied. Obviously, M;
and My satisfy (M1’), (M2') with

[Mi(2)]*2 < 3M(x), and [Ma(y)]*y < 4Mo(y),
where J; = 3, ¥y = 4; F satisfies (F1')-(F3') with

|VF(t,u,v)|< 12¢](u, v)[* 4+13C. | (u, v)|*?,
0 <0.8F(t,u,v) < VFE(t,u,v) - (u,v),

where ¥, = 12, 7= 13,< = 0.8, § = 0.9; I, and S satisfy (H1), (F3') with
|11(2)2] < 2a|z|”?, and |S;(2)z|< 2b]2|"?,

where a; = 2a, b; = 2b. Then, by Theorem 1.2, there exists ©,, > 0 such that for
any (A, ) € Oy, problem (5.2) admits infinitely many nontrivial solutions.
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