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THE STUDY OF NONLINEAR FRACTIONAL
PARTIAL DIFFERENTIAL EQUATIONS VIA
THE KHALOUTA-ATANGANA-BALEANU
OPERATOR

Ali Khalouta®®

Abstract This paper studies nonlinear fractional partial differential equa-
tions via the Khalouta-Atangana-Baleanu operator. Using Banach’s fixed
point theorem we obtain new results on the existence and uniqueness of solu-
tions to the proposed problem. Furthermore, two new semi-analytical methods
called Khalouta homotopy perturbation method (KHHPM) and Khalouta vari-
ational iteration method (KHVIM) are presented to find new approximate an-
alytical solutions to our nonlinear fractional problem. The first of the two new
proposed methods, KHHPM, is a hybrid method that combines homotopy per-
turbation method and Khalouta transform in the sense of Atangana-Baleanu-
Caputo derivative. The other method, KHVIM is also a hybrid method that
combines variational iteration method and Khalouta transform in the sense of
Atangana-Baleanu-Caputo derivative. Convergence and absolute error anal-
ysis of KHHPM and KHVIM were also performed. A numerical example is
provided to support our results. The results obtained showed that the pro-
posed methods are very impressive, effective, reliable, and easy methods for
dealing with complex problems in various fields of applied sciences and engi-
neering.

Keywords Fractional partial differential equations, Atangana-Baleanu op-
erator, Banach space, Khalouta transform method, homotopy perturbation
method, variational iteration method.
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1. Introduction

Fractional calculus and its applications have attracted the attention of many sci-
entistes and researchers in recent years, not only in mathematics but also in a
variety of scientific disciplines such as physics [17], chemical kinetics [21], fluid dy-
namics [18], viscoelastic [5], electrochemistry [16], elasticity [2], engineering [23],
economics [22], financial systems [19], biology [9], medicine [20], statistics [1], com-
puting image [25], nonlinear heat conduction [6], optimal control [4], etc. Moreover,
many cosmic events that classical differential equations cannot describe can be de-
scribed by fractional differential equations.
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One of the most exciting and challenging studies today is the search for the exact
or approximate solutions of nonlinear fractional differential equations in mathemati-
cal and physical sciences. Recently, various methods have been presented for solving
nonlinear fractional differential equations. For example, in [11], the author proposed
the modified fractional Taylor series method (MFTSM) to achieve an approximate
solution for nonlinear fractional Lienard’s equations with Caputo fractional deriva-
tive. In [12], presented a novel iterative method to approximate the solution of
nonlinear wave-like equations of fractional order with variable coefficients. Homo-
topy perturbation transform method (HPTM) was presented in [13] for the approx-
imate solution of Caputo time-fractional nonlinear system of equations describing
the unsteady flow of a polytropic gas. It was proven that the method converges to
the exact solution. In [14] it was introduced Elzaki differential transform method
(EDTM) to get to numerical solution of the the fractional SIS epidemic model.

The aim of this paper is to determine sufficient conditions for the existence
and uniqueness of the solution of nonlinear fractional partial differential equations
involving Atangana-Baleanu-Caputo fractional derivative of arbitrary order o €
(0,1) of the form

ABCDXO(5¢,6) = RO(5¢,5) + NO(5¢,5) + F(5¢,5),

with the initial condition

@(%, 0) = @0(%),

where s € [a,b],b > a,¢ > 0, ABCDS‘ is the Atangana-Baleanu-Caputo fractional
derivative operator of order @ € (0,1), R and N are linear and nonlinear operators,
respectively, and F' is the source term.

In addition, we propose two semi analytical methods called Khalouta homo-
topy perturbation method (KHHPM) and Khalouta variational iteration method
(KHVIM) to find new approximate analytical solution to the proposed problem.
The KHHPM and KHVIM are a combination of the homotopy perturbation method
and the variational iteration method which were first proposed by Ji-Haun-He [7,8§]
and the Khalouta transform which is a generalization of the several well-known
integral transforms [10].

The most important features of the proposed methods can be summarized in
the following points.

1- The KHHPM and KHVIM can be applied to analyze the solution of linear
or nonlinear fractional problems without any type of discretization, linearization,
perturbation, or restrictive assumptions.

2- The KHHPM and KHVIM gives a series solutions which converge rapidly
within few number of iterations.

3- The KHHPM and KHVIM are accurate and effective with minimal effort to
achieve results.

4- The KHHPM and KHVIM are used to investigate the analytical and numerical
solutions of fractional partial differential equations which naturally arises in applied
sciences and engineering.

The remainder of this paper is organized as follows. In Section 2, we start with
some basic definitions and theorems of fractional calculus and Khalouta transform,
respectively. In Section 3 and 4, we study the existence and uniqueness theorem and
propose two algorithms for KHHPM and KHVIM to solve the nonlinear fractional
partial differential equations via the Atangana-Baleanu-Caputo fractional derivative
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which are considered as the main contributions in this paper. In Section 5, we
present an example illustrating the main result. In Section 6, we provide results
and discussions on the proposed methods. Finally, concluding remarks are given in
Section 7.

2. Preliminaries and results

In this section, we demonstrate some important ideas and consequences of frac-
tional calculus that have recently been developed by [3]. In addition, the Khalouta
transform and some of its useful theorems used in this paper are also presented.

Definition 2.1. Let a function ©(.,s) € H'(0,T),T > 0 for each fixed » € I =
[a,b] € R and 0 < a < 1, then the Atangana-Baleanu fractional derivative in
Riemann-Liouville sense is defined as

O P e PR

and the Atangana-Baleanu fractional derivative in Caputo sense is defined as

ABO DO (5,¢) = AB(2) /O§ O'(5,7)Eq <M) dr, (2.2)

l—« 11—«

ABRD2O(2,¢) =

where AB(«a) represents the normalization function that satisfies the conditions
AB(0) = AB(1) = 1 and E,(.) represents the special function known as Mittag-
Leffler function for one parameter is defined as [15]

>0,z €C.
;Fm—l—l @ i

Definition 2.2. The fractional integral associate to the Atangana-Baleanu frac-
tional derivative of order 0 < a < 1 is defined as

-

ABI(x@(% C) AB( )

=~ 00,¢) + m /O§ O, 1) (s — ) Hdr.

Now, we present a new result related to the Khalouta transform of the Atangana-
Baleanu fractional derivative. The Khalouta transform is a new integral transform
that is applied to solve ordinary and partial differential equations, defined and
developed by [10].

Definition 2.3. The Khalouta transform of the piecewise continuous function
O(5,¢) on I x [0,T] and of exponential order is given by the following integral

s [ 5
KH [9(%7§)] :K:(%vsa'%n) = 7/ exp (_> @(%,§>d§787’}/,7’] > 0. (23)
M Jo n
The basic properties of the Khalouta transform are given in the following theo-
rem [10].

Theorem 2.1. 1) If O(3,<) and ¥ (s¢,<) be piecewise continuous and of exponential
order, then for all constants A and p, we have

KH [AO(5¢,¢) + p¥(52,6)] = AKH [O(5¢,¢)] + pKH [¥(5¢,9)] .
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2) If the n'™ derivative of ©(s¢,s) with respect to 7s” is O (5,<), then its
Khalouta transform is given as

n n—1 n—k
" s s
K [0, 0)] = 1 Kssr) = X () 0Ws 001
k=0

3) If the Khalouta transform of ©(3¢,¢) and ¥(s¢,<) are K(s¢,s,7v,1) and V(x, s,
v,1n) respectively, then

KH[(© * ¥) (5,¢)] = /OOO O(5,9) U (3¢, — 7)dr = %K(%, 5,7, 1)V (52, 8,7, 1),

where KH[(© * W) (5¢,¢)] 4s the Khalouta convolution of the functions ©(sz,<) and
U(5,5).

4) The Khalouta transforms of some special functions are as follows

KH[1] = 1,
KH[¢] = ?
n n,n

KH [ﬂ X =012,

n. S
KH > —1,

[F(a+ 1)] a2

sa

KH[Eq(—as®)] = —>— a € R.

Theorem 2.2. Let K(3,s,v,n) be the Khalouta transform of the function ©(s,¢).
Then the Khalouta transform of the Atangana-Baleanu fractional derivative in
Riemann-Liouville sense is expressed as

s*AB(«)

s — oy (SO‘ _ ,yanoz)

KH [*PRD2O(5,¢)] = ( )’C(%S,%n)-

Proof. Using the definition of Khalouta transform (2.3) and the Atangana-Baleanu
fractional derivative in Riemann-Liouville sense (2.1), we get

KH [*PRDEO(x,¢)] = KH [“;‘li(z) d% /O "0, 1) B (O‘(f_;)a) dr} .

Applying the properties of the Khalouta transform given in Theorem 2.1, we get

KH [4BRDPO(5,¢)] = %@KH LZ <@(%7 <) * Eq ( 1a_§aa>)]

ey

AB(a) [ =KH {@(%, o) % B (—&)}

1—a _%KH [O©(5¢,0) x E4 (0)]

=““B(“)< ol m,s,%n))

I—a \ s*+ 29"

AL -

This completes the proof. O
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Theorem 2.3. Let K(3,s,v,n) be the Khalouta transform of the function ©(s,¢).
Then the Khalouta transform of the Atangana-Baleanu fractional derivative in Ca-
puto sense is expressed as

s* AB(a)
oy (So‘ _ ,Y(xnoz)

KH [ Dz605,9)] = ( ) (Ko 70m) — ©062.0).

Proof. Using the definition of Khalouta transform (2.3) and the Atangana-Baleanu
fractional derivative in Caputo sense (2.2), we get

KH [AB° D20 (,5)] = {1_0[ / o'( ( (f__;)a>d7]

Applying the properties of the Khalouta transform given in Theorem 2.1, we get
AB(«) ag®
ABC na
KH [P DO (5,¢)] = ﬁKH [(@’(%,g)*Ea <_1—a>)]

11—« s 1_a
B /11[37(0) s& i’Y ’I’} (IC(%NS?’%"?) - @(%7 0))
:( s* AB(a)

oy (SO‘ _ ,Yoznoz)

) (K(52,8,7,m) — O(5,0)).

This completes the proof. O

3. Existence and uniqueness results

In this section, our main objective is to use Banach fixed point theorem to estab-
lish existence and uniqueness results to the nonlinear Atangana-Baleanu-Caputo
fractional partial differential equation

ABCD?@(%, ¢) = RO(s2,¢) + NO(5¢,6) + F(,9), (3.1)

with the initial condition

O(5,0) = Og(x), (3.2)

where » € [a,b],b > a,¢ > 0, ABCD? is the Atangana-Baleanu-Caputo fractional
derivative operator of order 0 < o < 1, R and N are linear and nonlinear operators,
respectively, and F' is the source term.

Theorem 3.1. Let O(.,s) € H*(0,T),T > 0 for each fived sc € I = [a,b] C R, then
O(52,5) is a solution of equations (3.1)-(3.2), if and only if it is a solution of the
integral equation

—a (RO(5¢,¢) + NO(5¢,¢) + F(5¢,5))

O(4,5) = Oo(s) + (a)

R@ (56,7) + NO(3¢,7) + F(5¢,7)) (s — 7)* " dr.

(=)
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Proof. The proof is clear and direct. Applying the integral operator ABI? to
equation (3.1), we have

O(3,5) — Og(3) =AP I*(RO(5,5) + NO(3¢,5) + F(,5)).

Using Definition 2.2, we can write

O(5,¢) = Og(x) + /llB_(z) (RO(5,5) + NO(3,¢) + F(5,5))
- g a—1
+m/{) (R@(%,T>+N@(%,T)+F(%’T>) (§—7’) dr.
This completes the proof. -

Theorem 3.2. Consider the nonlinear Atangana-Baleanu-Caputo fractional partial
differential equation (3.1) with initial condition (3.2). If RO(5,<) and NO(s,<)
are Lipschitz functions with | RO1 — ROs|| + |[NO1 — NOy|| < L ||©; — O2||, where
©1 and Oy are different functions and L is a Lipschitz constant which verifies the
following condition

AB(a)T()
(1—a)T(a)+Te’

then equations (3.1)-(5.2) has a unique solution in H(0,T).

L <

Proof. To prove this result, let B is the Banach space with the norm on 2 = I'x
[0,T] defined by

195, ¢)|| = (m%x |O(5,6)| for all ©(.,¢) € H'(0,T),» € I = [a,b] C R,

and consider the operator 7 : H(0,T) — H'(0,T), defined by

1-—

(R@(% S)+ NO(5,¢) + F(5,9))

T AB(@)T () / (RO(#,7) + NO(G2, 7) + F(36,7)) (s — 1) dr.

Finding a solution to equations (3.1)-(3.2) is equivalent to finding a fixed point
of T.

Now, for all ©1(sz,5),O2(5,¢) € H(0,T) and s € I = [a,b] C R, we have
[(T©1)(5,¢) = (TO2)(5:9)||

1—
H a §(RO1(2,6) = RO(36,6) + NOa(36,6) — NO3(4,6))

@ S RO1(5,7) — RO2(5,7) a1
—_— -7 dr
+AB(a)F(a) /0 (+N@2(%7 T) — NOqo(, T)) N )

1-—
S AB(a )L”®1(% ,S) — O2(5¢, 6|
- * a—1
+WLH@1(%7T)_@2(%,§)” A ({—’7’) dr
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11—«

- AT(Q)L [©1(5,) — O2(5¢,¢) |
a ¢
+mL 191(5¢,6) — O2(5¢,9) || o
(1—a)T(a)+T*
= ( AB(a)T' () > FOee) = Oal Il

Since ((1 —a)T(a) +T*
AB(a)T ()
point theorem, 7 has a unique fixed point O(s¢,¢) € H*(0,T). Thanks to Theorem
3.1, then O(5,5) € H(0,T) is a unique solution for equations (3.1)-(3.2).
The proof is complete. O

) L < 1, then T is contraction and by Banach fixed

4. Semi-analytical methods

In this section, we discuss two different methods that are used to solve the non-
linear Atangana-Baleanu-Caputo fractional partial differential equation (3.1) with
initial condition (3.2). Furthermore, we illustrate the convergence and absolute
error analysis of these methods.

4.1. Khalouta homotopy perturbation method (KHHPM)

Theorem 4.1. The solution of the nonlinear Atangana-Baleanu-Caputo fractional
partial differential equation described by equation (3.1) is given by

O(x.c) = lim 3 Ok(s26) =Y Ou(x:), (4.1)
k=0 k=0

with
—kH ' |2 T KH[RO,- Hy-
Or(9) e KH (RO () + Hia(0)]].
where KH [.] is the Khalouta transform and Hy(©) are He’s polynomials.

Proof. Operating the Khalouta transform on both sides of equation (3.1), we get
KH [ABCD?@(%, )] = KH[RO(5,5) + NO(5,<) + F(5,9)].

Using Theorem 2.3 and the initial condition (3.2), we have

KH [©(5¢,<)] = ©(5¢,0) + (Sa - :a%;,(aya"a)) KH [F(, )]

s — Oé(Sa _ vana)
+ ( s> AB(a)

) KH [RO(5,¢) + NO(3z,6)]. (4.2)

Taking the inverse Khalouta transform to both sides of equation (4.2) to get

, (43)

O(3¢,6) = G(s¢,5) + KH ! (Sa —a(st - v“n”‘)) e | ROG29)

s AB(«) +NO(x,5)
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where G(5¢,<) represents the term arising from the source term and the prescribed
initial condition.
According to the homotopy perturbation method, we can write

O(2,6) = > p"Om(,9), (4.4)
m=0

where p € [0,1] is the homotopy parameter.
The nonlinear term can be decomposed as

oo
NO(xs)= > p"Hn(O), (4.5)
m=0
where H,,(0) are He’s polynomials [7], that are given by

1 m m )
H,,(00,01,...,0,,) = %86?7 [N <2p29i> ,m=0,1,2,.... (4.6)
’ i=0

p=0

Substituting equations (4.4) and (4.5) into equation (4.3), we get

> 0O (5,9)
m=0
o0 e e Rfﬁpm(am(%,c)
— G(oe,) +p [KH™! ( ek ))KH "y
s* AB(«) + S pH,L(O)
m=0

Comparing the coefficients of like powers of p, the following approximations are
obtained

pO : 60(%7 §) = G(%v C),

pl:O1(s,¢) =KH™! _<Sa - jai;m;ana)) KH [ROo (5, <) + HO(G)}_ )
1 0aloe) = i | (S ST ) R (RO () + 0]
B ulone) = | (SELU T ) e R6s(o) + 0]

In general, the recursive relation is given by

Pl (Sa _ ,yana)

s* AB(cv)

PO (5e,¢) = KH ™ [( > KH [RO,—1(5¢,5) + Hpp—1(0)]

Then, the solution according to homotopy (p — 1) is given by

O(5,6) = Og(52,6) + O1(5,6) + O2(5¢,¢) + ... + O, (5¢,5).
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The above series solution converges to the closed form of equation (3.1) as m —
oo, that is

O(x,¢) = lim » Ok(s5,¢) = Y Ok(%,9).
k=0

This completes the proof. O
The following theorems study the sufficient conditions for convergence and ab-
solute error of the solution using KHHPM.

Theorem 4.2. For 0 <w < 1, wherew = L (%), then the KHHPM

series solution defined by equation (4.1) is convergent.

m
Proof. Suppose S,, be the m*" partial sum, i.e., S,, = > Ox(s,5) . Firstly, we
k=0

prove that {S,,},,~ is a Cauchy sequence in Banach Spacé B. Taking into account
a new form of He’s polynomial described in equation (4.6), we obtain

N(Sm) = Hp + Y Hy.

Now,
[Sm — Snll
= max |S;, — Syl
(32,6)€Q
= C)
(ren kzznﬂ k(5,5)
-1 Sa—a(sa_,yozn
o K s*AB(a) ) KH L%lR@k 1(%%,<) H
< (ma)?éﬂ o (s o)
s —1 ST —al(s —7y fr’
e ( s AB(a) KH L%lf{k 1056, H
-1 $Y —« (Sa — "y 77
KH [( 52 AB(a) )KH Z RO (,¢ H
= (mz)ue(ﬂ « ( o a a) ’I’Tb—l
- —1 (S els =y .
i K 5o AB(a) )KH ; Hi (52, <)]
gyt | (55—l ~ V“n(’)) KH ]
< max ( So‘zﬁlg(a) ) [R (Sm-1) = R(Sp-1)]
h (32,5)€Q 1 ¢ —a(s* — v
+KH ( s AB(a) > KHI[N (Sp-1) N(Sn—l)]:|
et N i (s — 7“77“)> KH 1) — i
< max ( N 80‘2412(04) ) [R(Sm-1) — R (Sn-1)]
T (sr5)ER 1 5% —a (s — % )
+KH < s* AB(a) > KHI|N (Sn-1) N(Sn—l)]

Since R and N are Lipschitz functions with a Lipschitz constant L, then we have

_ < 1 [s* —a(s® =) _
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= L max KH™ KS —als =9 ))KHSml—Snlq

(s,5)€Q s AB(a)
=L kit | (el =N e s,
(r)en K s AB(o) [Sm—1 1l

11—« « S

B L(ngc?gﬂ (AB(a) + AB(a) T (o + 1)) ISm—1 — Sn—1l
(=)D (a+1)+ as®
- ( AB(@)T (a + 1) ) ISm—1 = Sn-all

Consider m = n + 1, then we have

||Sn+1 - Sn” SwlS, — Sn—lH
< w? HSnfl - 87172"

<.
< w81 = Soll,

where

AB(a)T (a+ 1)

Using the triangle inequality, we have

w:L<(1_a)r(a+1)+aca>

1Sm = Sall = [Snt1 = Sn + Snsz = Sut1 + - + S = S|
< |Sns1 — Sull + ISns2 — Snatll + oo + |Sm — St
< " |81 = Soll + w81 = Soll 4w IS = S
=" (14+w+..+w™ " )8 — S

1 —wmn
<W| ——m .
<o (F2E 0 el

Since 0 < w < 1, we have 1 — w™ ™™ < 1, then
w’ﬂ
(ISm — Snll < F— 1©1]] -

|©1] is finite, thus as n — +oo, then ||S,, —S,|| = 0. Hence {Si},,
is a Cauchy sequence in the Banach space B. Consequently, the series solution

o0
O (5¢,6) is convergent.
k=0
This completes the proof. O

&)
Corollary 4.1. If the series solution > O(s,<) converges then it is an exact
k=0

solution of the nonlinear Atangana-Bale?mu—C’aputo fractional partial differential
equation described by equation (3.1) with the initial condition (3.2).

Theorem 4.3. Let O(5¢,<) be the approximate solution of the truncated finite series
l
> Ok(52,6). Suppose that it is possible to obtain a real number w € (0,1) such that

k=0
|1Ok+1(5¢,9)|| < w||Ok(5¢,5)||, Vk € N. Then the mazimum absolute error is

l

O(s,¢) — Z O (5,5)

k=0

I+1

< [©0(5¢, )] -

1—w
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!
Proof. Let the series > Ok (s, <) be finite. Then
k=0

l

H@w,c) D SCHERS

k=0

i @k(%7 §)

k=1+1

> 16k( 9l

k=l+1

<

IN

oo

S w002

k=141

wl-}-l (1 +w+ UJ2 + w3 + ) ||®0(%7 <)H
+1

IN

IN

w

IN

€02

This completes the proof. O

4.2. Khalouta variational iteration method (KHVIM)

Theorem 4.4. The exact solution of the nonlinear Atangana-Baleanu-Caputo frac-
tional partial differential equation described by equation (3.1) using the KHVIM, is
given as a limit of the successive approzimations O, (s,¢),m =0,1,2, ..., in other

words
6(%7§) = lgn @m(%7 (). (47)

Proof. According to the variational iteration method [24], the correction func-
tional of equation (3.1), is given as

< ABCDg‘@m(%, T) — RO, (5¢,7)
Ont(34:6) = On(o46) + [ Aeis—7) i,
0 —NO, (3¢, 7) — F(5¢,7)

(4.8)
where A(s¢,¢ — 7) is a general lagrange multiplier, the subscript m > 0 denotes the
m*" approximation.

Taking the Khalouta transform on both sides of equation (4.8) and using part

(3) of Theorem 2.1, we have
KH [On41(5¢,6)] = KH [, (¢, ¢)]

ABCD?G)m(%, 7) — RO, (56, T)

S
+KH / A(32,6 — 1) dr
0

—NO,,,(5¢,7) — F(5¢,7)
— KH [, (5,9)
+ T KH [A(5, )| KH APODEO (,6) = RO ()
i — NGO (3,5) — F(,9)

= KH [0,,(5,5)]

+¥KH [A(51,9)] ( s*AB(a) > K (3¢, 5,7,m)

Sa_a(sa_fyana) _9(%’0)
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“KH RO, (5,6) + NOw (5¢,6) + F(5¢,6)]) . (4.9)

The optimal value of A(s,¢) can be identified by making the equation (4.9)
stationary with respect to 0,,(,<)

6 (KH [©,41(52,9)])
= 6 (KH [0, (52, <)])

+?5 KH [A(5, )] ( = AB(a) ) o)

s — a (s* — yon®) —0(5,0)
+KH [RO,,, (52, 6) + NO,, (3¢,6) + F(52,5)])) .
Considering RO,,(,<) + NO,,(5¢,<) as restricted variation, i.e.,
§ (KH [RO, (52,5) + NOp,(5,5)]) = 0.

Then we have

1+ KH [A(5¢,)] ((Sa Szz:fg('yoz‘)ﬁa)) 5) -

which implies that

KH[A o)) = - 0t o)

(4.10)

Using (4.10) in equation (4.9) and taking the inverse Khalouta transform, we
attain a new correction functional

®m+1(%a C)

a _ a a0 R@m , +N@m ,
= O(5,0) + KH ™! (S a(s 7”)>KH (e:) (e:)

s AB(«) FF(5,6)
The initial value Og(s,<) can be find as

©0(52,¢) = O(5,0).
Consequently, the exact solution of equation (3.1) can be obtained by using

O(5,¢) = n}gnOOGm(%, <).

O

Theorem 4.5. Let ©,,(3,<) and O(3,<) be in Banach space B. If there exists a
positive constant o = L (%) € (0,1) such that
1©m11(5,9)| < @ |Om (5,9,

for all (5¢,6) € Q =1 x[0,T] with ||©1(5,¢) — Op(5¢,6)|| < o0, then the sequence
defined by equation (4.7) with ©g(s,¢) = O(3,0) converges to O(s,<), i.e. the
exact solution of equation (3.1).
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Proof. To achieve this result, we must show that {0,, (5, <)} is a Cauchy sequence
in Banach space B.

[©m (5¢,6) — On(56,9) |
= max |0,,(s,¢) — 0,(5,9)|

(3,6)EQ
KH~! [(5 70;51877 n” )KH Ge:) ”
< max ’ _R® <)
(56,5)€Q _ _ NO
PRH <s aa s ’y ne )KH m(5,¢)
a RO
KH (S aAB )KH m(,5)
< max ’ ~HOn ( )
T (5,6)EQ
1| (5% — (s =) NOpm(5,<)
+KH ( 5 AB(o) >]KH

Since R and N are Lipschitz functions with a Lipschitz constant L, then we have

|

1€ (52.6) — O (52,5)]
Y — o (Sa _ ,yana)
( s AB(a) ) KH

_ L KH—I $ — (sa - 'Yana) KH
()e0 ( o AB(a)

O (52,¢)
—0,(5,9)

|

<L max |KH™!

(32,6)EQ

O (52,9)
—0,(5,9)

= L max KH™! <8a e Waﬁa)) e
(52,5)€EQ SO('AB(a) _@n(%a §)

= L max ( o : : ) .
~ PS5\ AB) T AB@ T 1) —O,(,5)

B 1-a)T(a+1)+ ac™ e ) — B
L( ey >||em( 6 = B9
Let m =n + 1, then

||6n+1(%, C) - en(%v C)H < o ||@n(%7 §) - @”*1(%’ C)H
< Q2 H@n_l(%, §) - ®n—2(%7§)”
< . 0" 101(56,5) — O (1, 9) |,

where

B 1-a)T(a+1)+ ag”®
9_L< AB(@) (a + 1) )
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From the triangle inequality, we have
101 (34,) = 04 (2.) | = O 11(3:6) — O (52:€) + Opya(55:€) — O (32.)

Fooe O (56,6) = Op1 (52,9) |

< On+1(5,6) — On (56,9 + [|Ont2(3¢,5) — Opt1 (3¢,
+o 4+ 1O (52,6) = Op—1(22,9)||

< 0" [[©1(5,5) = O (34, 9) || + "1 ©1(5¢,6) — O (5,9
Fooi 4 001 (52, 6) — Op (52, 9) |

= 0" (1+ 0+ ..+ 0™ ") [61(5,5) — Oy (52,9)]|

1—omn
<o (S50 ) Iertn) - @l
-0
Since 0 < p< 1,501 — "™ ™ < 1, then
[0m(4:6) = O 6)ll < 7 1€1(3:6) — Goo5,9)]

But [|©1(5,¢5) — ©g(5¢,6)|| < oo, then ||©n,(3r,5) — On(32,6)]| — 0 as n — oo.
We conclude that {©,,(5,¢)} is a Cauchy sequence in the Banach space B. Conse-
quently, the sequence converges.

This completes the proof. O

5. Numerical application

Let us consider the following nonlinear Atangana-Baleanu-Caputo fractional partial
differential equation

0 (12 02
ABC DO (5¢,6) = ~ B (%9(%’ $)— %) O(s,¢)+ ﬁGQ(%, $),0<a<1, (51)

with the initial condition
O(5,0) = »2. (5.2)
In this section, we apply KHHPM and KHVIM to demonstrate the effectiveness
and accuracy of these methods for solving the nonlinear Atangana-Baleanu-Caputo
fractional partial differential equation (5.1) with the initial condition (5.2).

5.1. KHHPM-solution

Applying the KHHPM described in the subsection 4.1 to equations (5.1)-(5.2), we
obtain

zopme(%, q)

mz0 . (5.3)
— EZ:Opme(@)

+ Z,Opme(G)

so _ + 2 P Hn(O)
=" +p |[KH™! < )KH ms
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where H,,(0), G, (0) and J,,(0) are He’s polynomials that represents the nonlinear
A2 .
terms, 2202 (), 20 (s, g)(%@(%, ¢) and 86%2 ©2(5, ) respectively.
From relation (4.6), the first few components of He’s polynomials are given as
follows

12
HO(G)) = ;@%(%’ §),

H1(0) = 15 (200(,6)01 (:6))

H5(©) = 2 (200(3,6)2(5%,6) + 63(,5))

Go(8) = 24 (5,¢) 5~ B0(%,9),

61(0) = 22 (0.9 501 5) + 01(0.) Ol )

G2(0) = 1—%2 (@0(%, c)%@b(%, S) + ©1 (5, g)%@l(%, S) + O3, g)a—a%@o(%, g)) )
and

Jo(©) = 5564 (5,¢),

85;2
5(0) = 2 (20,01 (2.5).
526) = 2 (200(30.9)2(2.6) + O3 (.5)).

Comparing the coefficient of like powers of p in equation (5.3), the following
result is obtained
¥ O0(se,5) = 52,

a a .o« _(—) , + Hy(©
p':O1(5,<) = KH ™ (S (s 777))11@11 o) + Ho(O)

| —Go(©) +Jo(©) |

¢ _ (Sa _ ,Yanoc)> KH @1(%, §) + Hl(@)
| —G1(©) + J1(9) |

p?:Os(s,¢) =KH ! (

P> O3(s,¢) = KH ™!

(Sa —a (Sa _ ,Yanoc)> KH @2(%, §) + HQ(@)
| —G2(0) + J2(0) |

By the above algorithm we get

@0(%7 §) = %2a
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2

» -
09 = g (9 rarn)

61009 = s (1= + 200 — )+t

AB?(a) I'(a+1) I'(2a+1)
055, ¢) — Ar;(a) ((1 — )+ 3a(l O‘)Qﬁin +302(1 — a)F(;T(:—l)
3 §3a
T T Bat 1)) ’

Finally, our KHHPM-solution O(,¢) in series form is given by

(1—a)AB*(a) + (1 — a)?AB(a) + (1 — a)?

O(s,¢) = »* (1 +

AB?(av)
aAB*(a) + 2a(1 — a)AB(a) + 3a(1 — a)? ¢
- ( AB(a) ) T(at1) (54)
a?AB(a) + 3a%(1 — «) e al g3
( AB() )F(?aH) T AP (@ T Bat 1) +)

Assuming AB(a) = 1 and taking a = 1 in equation (5.4), then the KHHPM-
solution reduced as

2 3
) S S
O(,c) = (1+<+2!+3!+...).

This result converges to the exact solution in a closed form

O(,6) = #* exp (s).-

5.2. KHVIM-solution

Applying the KHVIM presented in the subsection 4.2 to equations (5.1)-(5.2), we
get

@m+1(%7§)
r [ O (3,9) 11
12
ot e +-—=02 (5,9)
| (£ |, T
S AB(O&) —*@m(%,g)ie)m(%ag)
V4 9 6%
2
! R PG GR N

Now we find the successive approximate solutions as follows

@0(%a C) = %Qa
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@0(%,§)
12 02
s 1| (8% = a(s =) +5265(52,9)
O1(s,6) = 2 + KH < 5 AB(a) )KH

_17?@0(%7 <)%®0(%7 §)

+2503(5,9)

B (1-a) @ -
= (1 * ABla) T AB@) T (a + 1)) ’

@1(%7 §)
_ S| (8% = a(s® =) +3507(5,9)
O2(s,¢) = 2 + KH < o AB(a) )KH

_%@1(%7 g)a%el(%a §)

2
+aa;,2 6%(%7 §)

o, (1—a)AB(a)+ (1—a)®  [aAB(a)+ 2a(1 — a) %
- (H +< AB () >F(a—|—l)

O3 (51,¢)
2 — 52 _q (8% —a(s* —y*n®) "’%@%(%: S)
O3(s,¢) = »~ + KH ( AR (@) )KH 2000 2 0a(.0)
+203(,<)
o, (1 (1—a) AB%(a) + (1 — )2AB(a) + (1 — a)®
= + 3
AB° ()
aAB*(a) + 2o (1 — o) AB(a) + 3a(1 — a)? Sa
( AB () )ty
(aQAB(oz) +3a2(1 — oz)) g2 N ol ¢3“ )
AB?(a) F2a+1) AB*(a)T(Ba+1))’

Finally, our KHVIM-solution O(s,<) is given by

(1—a) AB*(a) + (1 — )2 AB(a) + (1 — a)®

O(s,¢) = s* (1 +

AB3(a)
aAB*(a) + 20 (1 — o) AB(a) + 3a(1 — a)? ¢
’ ( AB (a) ) Tavy 7
a?AB(a) + 3a2(1 — ) g2 a? ¢3¢
( AB3(a) ) I'2a+1) * AB*(a) T (3 + 1) * ) ’

Assuming AB(«) = 1 and taking @ = 1 in equation (5.5), then the KHVIM-
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solution reduced as

2 3
2 S S
O(5,¢) = 3 (1+<+2! +3 +)

This result converges to the exact solution in a closed form

O(s,5) = s exp (5).

6. Results and discussion

In this section, we study the behavior of the nonlinear Atangana-Baleanu-Caputo
fractional partial differential equation using KHHPM and KHVIM. Additionally,
MATLAB software was used to produce 2D and 3D graphs representing the solu-
tions of equations (5.1)-(5.2) for different values of «.

The 3D graphs of the KHHPM-solution and exact solution are shown in Figure
1. Figure 2 shows the 3D graphs of the KHVIM-solution and exact solution. Figure
3 shows a comparison of the KHHPM, KHVIM and exact solutions in 2D graphs
for different values of «. Tables 1 and 2 evaluate the values of the approximate
KHHPM-solution, approximate KHVIM-solution and exact solutions of ©(s¢,¢) at
different values of s, ¢ and «, and compares the absolute error between KHHPM,
KHVIM and the exact solution with a = 1.

It should be noted that we obtained a good approximation with the exact solu-
tion of the our problem and that we used four order approximate solutions during
the calculations. If we had increased the order of approximation, which would have
increased the number of terms in the solution, there would have been better ap-
proximation solutions. Additionally, the graphs and tables demonstrate that the
approximate solution to the nonlinear Atangana-Baleanu-Caputo fractional partial
differential equation described by (5.1) which is obtained by KHHPM and KHVIM,
converges to the precise solution when the value of o approaches the classical value
1 of the problem, this indicates a good agreement between the exact solution and
the proposed methods. It is confirmed that the KHHPM and KHVIM are the best
tool for solving nonlinear Atangana-Baleanu-Caputo fractional partial differential
equations.

7. Conclusions

The present paper was devoted to studying nonlinear fractional partial differential
equations via the Khalouta-Atangana-Baleanu operator. Banach’s fixed point the-
orem was used to determine sufficient conditions of the existence and uniqueness
results of this problem. In addition, KHHPM and KHVIM are used in this paper to
solve nonlinear fractional partial differential equations using the Atangana-Baleanu-
Caputo sense. We investigated the convergence and absolute error of the methods.
The given example shows a high degree of agreement between the KHHPM and
KHVIM results and the remarkable results show how simple and effective these ap-
proaches are and how they can be applied to nonlinear fractional problems. Finally,
in the future, we plan to apply the Khalouta transform to explore solutions of other
fractional partial differential equations with variable-order fractional derivatives.
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(a) (b)

N o

N o

Figure 1. 3D plots of the approximate KHHPM-solutions for different values of a : (a) a = 0.8, (b)
a=0.9, (c) @ =1, (d) Exact solution

©4(%,6)

©4(%,6)

Figure 2. 3D plots of the approximate KHVIM-solutions for different values of o : (a) a = 0.8, (b)
a=0.9, (c) @ =1, (d) Exact solution
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(a) b
8 8 (b)
= Exact solution = Exact solution
— =1 — =1
7 a=0.9 7 a=0.9
a=0.8 4 a=0.8
—=0.7 — - =0.7

Figure 3. 2D plots of the approximate KHHPM-solutions, KHVIM-solutions and exact solution for
different values of o and s = 0.5

Table 1. The values of of the approximate KHHPM-solutions and exact solution and at different values
of 52,6 and «

P S a=07 | a=08 | a=0.9 a=1 Ocract |Ocwact — OkmupMm|
0.1 | 0.1 | 0.017355 | 0.014736 | 0.012662 | 0.011052 | 0.011052 4.2514 x 10~8
0.2 ] 0.2 | 0.07872 | 0.066657 | 0.056733 | 0.048856 | 0.048856 1.1033 x 10~7
0.3 | 0.3 | 0.19697 0.16742 0.14213 0.12149 0.12149 1.9177 x 1076
0.4 | 0.4 | 0.38498 0.32954 0.28016 0.23868 0.23869 1.4618 x 107°
0.5 ] 0.5 | 0.65605 0.56667 0.48377 0.41211 0.41218 7.0943 x 10~°
0.6 | 0.6 1.0240 0.89364 0.76761 0.65570 0.65596 2.5877 x 1074
0.7 ] 0.7 1.5033 1.3265 1.1482 0.98596 0.98674 7.7512 x 10~4
0.8 0.8 2.1090 1.8828 1.6439 1.4223 1.4243 2.0102 x 10~3
09109 2.8569 2.5811 2.2753 1.9876 1.9923 4.6701 x 1073
1 1 3.7632 3.4416 3.0649 2.7083 2.7183 9.9485 x 10~3

Table 2. The values of of the approximate KHVIM-solutions and exact solution at different values of
s,¢ and «

¥ S a=0.7 a=038 a=0.9 a=1 eezact |®emact - @KHVIA”
0.1 | 0.1 | 0.017355 | 0.014736 | 0.012662 | 0.011052 | 0.011052 4.2514 x 1078
0.2 ] 0.2 ] 0.07872 | 0.066657 | 0.056733 | 0.048856 | 0.048856 1.1033 x 10~7

0.3 | 0.3 | 0.19697 | 0.16742 | 0.14213 | 0.12149 | 0.12149 1.9177 x 1076
0.4 ] 0.4 | 038498 | 0.32954 | 0.28016 | 0.23868 | 0.23869 1.4618 x 1075
0.5 0.5 | 0.65605 | 0.56667 | 0.48377 | 0.41211 | 0.41218 7.0943 x 107°
0.6 0.6 | 1.0240 0.89364 | 0.76761 | 0.65570 | 0.65596 2.5877 x 1074
0.7 1 0.7 | 1.5033 1.3265 1.1482 0.98596 | 0.98674 7.7512 x 1074
0.8 1 0.8 | 2.1090 1.8828 1.6439 1.4223 1.4243 2.0102 x 1073
091 0.9 | 2.8569 2.5811 2.2753 1.9876 1.9923 4.6701 x 1073

1 1 3.7632 3.4416 3.0649 2.7083 2.7183 9.9485 x 1072
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