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GLOBAL SMOOTH SOLUTION FOR PHASE
TRANSITION EQUATIONS IN
FERROMAGNETISM*

Fangfang Li%" and Boling Guo?

Abstract This paper presents a phase transition model that characterizes
the thermodynamic and electromagnetic properties of ferromagnetic materi-
als. We establish the existence of both a global weak solution and a global
smooth solution for the phase transition equations in two and three dimen-
sions. Moreover, we obtain the uniqueness of the global smooth solution.
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lution.
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1. Introduction

It is widely recognized that magnetism can be divided into diamagnetism, param-
agnetism, ferromagnetism, antiferromagnetism, and ferrimagnetism. Notably, fer-
romagnetism is predominantly observed in metals such as iron, cobalt, nickel, and
various alloys containing these elements. This type of magnetism occurs due to
the spontaneous alignment of magnetic moments, resulting in a strong and per-
sistent magnetic field. This property makes these metals and alloys invaluable in
various electromagnetic applications, such as motors and generators [7]. The most
fundamental characteristic of ferromagnetic materials is the existence of sponta-
neous magnetization. The theory of spontaneous magnetization reveals the na-
ture of numerous ferromagnetic properties, including the influence of temperature
on ferromagnetism. As temperature increases, the distance between atoms grows,
thereby decreasing the atomic exchange interaction. The distance between atoms
increases when the temperature increases, which reduces the exchange action of
atoms. Meanwhile, the thermodynamic motion destroys the regular orientation of
the spin magnetic moments continuously, thus causing a decrease in spontaneous
magnetization. Eventually, when the temperature surpasses Curie temperature 6.,
the spontaneous magnetic moment vanishes, and the material transitions from being
ferromagnetic to paramagnetic [5].
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In this paper, we are concerned with the theory of the paramagnetic
-ferromagnetic transition [3,4,6,8-10]. Our investigation originates from the pa-
per [3], in which the authors proposed a phase transition model that describes the
paramagnetic-ferromagnetic transition in ferromagnetic materials and established
the existence and uniqueness of weak solutions in dimensions three. The phase
transition equations governing the evolution of the ferromagnetic material reads

M, = vAM — 6,([M|? = 1)M — éM + H, in Qr, (1.1)
C1(1D G)t + ol = koA(]ne) + M- -M; + k1A + 7, in Qr, (1.2)

where M denotes the magnetization vector, 6 represents the absolute temperature,
and Qr = Q x [0,T] with T > 0. The constants ~,v,c1,ce, ko, k1 are strictly
positive, while 6. is the Curie temperature. Additionally, 7 is a known function of
x,t. Our focus extends to combining this model with Maxwell’s equations

/,LHt + Mt =-Vx :E7 (13)
E, +oE=V x H, (1.4)
V.(uH+M)=0, V-E =0, (1.5)

where H is the magnetic field, E is the electric field, u and o are respectively the
magnetic permeability and the conductivity. The existence and uniqueness of the
global weak solution for (1.1)-(1.5) were proved in [3] without the displacement
current 9y E. Some limiting problems for this model were explored in [16], and the
fractional version of the model was studied in [1].

In this paper, we will consider the global smooth solution of (1.1)-(1.5) with
the inclusion of the current 0, F in two and three dimensions. We assume that
c1 = kg = 0. This assumption means that the heat conductivity and specific heat
are dependent on the absolute temperature according to the laws: k(0) = k16 and
() = £62. We consider the phase transition equations

AM; = vVAM — 6.(|M|* — 1)M — 6M + H, (1.6)
ey =M M, + kA + 7, (1.7)
pH, + M; = -V x E, (1.8)
E,+0cE=V xH, (1.9)
V-(uH+M)=0, V-E=0, (1.10)

with the periodic conditions

M(x + 2De;, t) = M(x,t), 0(x + 2De;, t) = 0(x, t),

1.11
H(z + 2De;, t) = H(x,t), E(x 4 2De;,t) = E(x,t) (L.11)

and the initial conditions

M(z,0) = Mo(z), 8(z,0) = 6y(x), H(z,0) = Ho(z), E(x,0) = Eo(z), 2 € Q € RY,
(1.12)

where Q = [[{_,(—~D, D), d =2,3.
In view of the equation (1.10), we should impose the following constraints on
the initial functions Mg, Hg and Eg:
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Inspired by the ideas presented in [1,2,11-16], we aim to study the existence
of the global weak solution and the global smooth solution for the phase transi-
tion equations (1.6)—(1.12). Initially, we construct the solutions of the equations
(1.6)—(1.9) with (1.11) (1.12). Subsequently, we demonstrate that these constructed
solutions fulfill equation (1.10) when subject to the condition specified in (1.13). As
a result, we establish the existence of solutions for the problem (1.6)—(1.12). To the
best of our knowledge, there are currently no available results on global smooth
solutions related to this problem (1.6)—(1.12).

The main results are as follows:

Theorem 1.1. Assume that (Mo, 0y, Ho, Eg) € (H'(Q), L?(Q2), L?(2), L3(2)), #(x,
t) € L2(0,T; HY(Q)), @ C R4, d = 2,3 and (1.13) is satisfied. The constants u,o
are positive. Then the problem (1.6)-(1.12) has at least one global weak solution
(M(z,t),0(z,t), H(z,t),E(z,t)) such that

M(z,t) € L>=(0,T; H'(2)) N L*(0,T; H*(2)),
0(z,t) € L=(0,T; L*(Q)) N L*(0,T; H'(2)),
H(z,t) € L=(0,T; L*(Q)),
E(x,t) € L>®(0,T; L*(Q)).

Theorem 1.2. Assume (Mg, 6y, Ho, Eg) € (H™1(Q), H™(Q), H™(Q), H™(Q)), 7
(x, t) € L*>(0,T; H™(Q)),m > 1,Q C R?, and (1.13) is satisfied. The constants
w, o are positive. Then there exists a unique global solution (M(z), 6(z), H(x), E(z))
of the periodic problem (1.6)-(1.12) and for any T > 0, satisfying

M(z,t) € L>(0,T; H™(Q)) N L*(0,T; H™2(Q)),
O(x,t) € L>(0,T; H™(Q)) N L*(0, T; H™(Q)),
H(z,t) € L®(0,T; H™(Q)),

E(z,t) € L>=(0,T; H™(Q)).

Additionally, the above results still hold for d = 3 when |[Mg||3;: < do,d0 < 1.

This paper is organized as follows. In the next section, we will provide the
definition of a weak solution for the phase transition equations, and establish the
existence of the global weak solution by the Galerkin method. In Section 3, by
employing a priori estimates, we obtain the existence of the smooth solution for the
phase transition equations. In the last section, we show that the global solution of
problem (1.6)-(1.12) is unique.

2. The existence of global weak solution

In this section, we will establish the existence of a global weak solution to the phase
transition equations. Firstly, we construct the Galerkin approximate solutions of
the problem (1.6)-(1.12), and establish a priori uniform estimates of these solu-
tions. Then we provide the proof of the existence of the generalized solutions to the
problem (1.6)-(1.12). Thus, Theorem 1.1 holds.

First, we introduce the definition of the weak solution to the problem (1.6)-
(1.12).
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Definition 2.1. A three-dimensional vector function (M(z,t),0(x,t), H(z,t), E(z,
t)) € (L*(0,T; HY(Q)), L>=(0,T;L*(Q)),L>(0,T;L*(Q)), L>(0,T; L*())) is
called a weak solution to (1.6)-(1.12), if for any vector-valued test function ¢(z,t) €
C'([0,T); H*(Q)) with ¢(z,t)[;=r = 0, and for any scalar test function &(z,t)
€ CH([0,T]; C1(2)), the following equations hold:

’y/ M- (btdmdt—u/ VM - V¢dmdt—/ 0.(IM|? — 1)M - pdzxdt

OM - pdzdt + H - ¢dzdt+~ | My - ¢(z,0)d (2.1)
L. /1., /,

C/ 0 - ¢pidzdt + / M- M, - ¢pdxdt — k/ VO - Vodzdt
Qr Qr

+ //T 7 - pdadt + c/ﬂ 0o - ¢(z,0)dz = 0, " (2.2)
//T(MHJFM) - dedadt — //T(v x ¢) - Edzdt

/ (uHo + M) - 6(x, 0)dz = 0, (2.3)
//TE oe(z,t)e Utdxdt+//T (V x ¢) - Hdxdt

+ [ Bo(@yote. 0)de =0, (2.0
/ Ve (uH + M) dzdt = 0, / | VE-Bdudi=0, (2.5)

M(z,0) = Mo(z),0(x,0) = 0p(z), H(z,0) = Ho(z), E(z,0) = E(x),z € Q. (2.6)

Next, to solve the equations (1.6)-(1.12), we use the Galerkin method. First, we
establish a priori estimates for the approximate solutions of (1.6)-(1.12).
Let w,(x),n =1,2,--- be the unit eigenfunctions satisfying the equations

Awy + Awyn =0, wy(x — De;) = wp(z + Dey), i=1,2,...,d,
where \,, n = 1,2,--- are the corresponding eigenvalues that are different from
each other. The set {w, (z)} consists of an orthogonal normal basis of L?().

Denote the approximate solution of the problem (1.6)-(1.9) by My (z,t), 0n (2, 1),
Hy(z,t),En(z,t) in the following form

N
t) = ZasN(t)ws(x), On(x,t) ZﬁsN ws(x
51\71
=Y vsn(ws(x), En(z,1) ZCSN ws(z
s=1

where asn (1), Bsn (), vsv (t), Csn(t),s =1,2,--- N, N = 1,2, - -+ satisfy the follow-
ing system of ordinary differential equations

/Q [Y Mo () + VT My Ve () + (M — 1) Moo, ()
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+OnMpyws(z) — HNws(x)} dz = 0, (2.7)
/S 2 [chrt0n(2) — M - Mivsaoy () + kVO Ve, () — () do = 0, (2.8)
/Q [WHLo, () + Moo () + (¥ % B}y (2)]dr = 0, (2.9)
/Q [Emws(x) + oEnws(z) — (V x HN)ws(x)}dx —0 (2.10)
and the initial conditions
an (0) = /Q My (2, 0)ws () dz = /Q Mo(2)ws (2)dz = ags,

Bsn(0) = /QQN(I,O)ws(x)dx = /Qﬁo(x)ws(x)dx = Bos,

(2.11)
vsn(0) = / Hy(z,0)ws(z)dx = / Hy(z)ws(z)dx = o5,
Q Q
¢sn(0) = / En(z,0)ws(z)dr = / Eo(2)ws(x)dz = (os-
Q Q
Obviously, there holds
[ Mysnla)ds = a0, [ Oxion(a)dn = B (o)
2 - (2.12)
[ Hwn()ds =), [ Ewon(a)ds = i lo).
Q Q
For simplicity, we introduce notation as follows
| Nee)y =1~ [lp, =2 (2.13)

It follows from the standard theory on nonlinear ordinary differential equations
that the problem (2.7)-(2.11) admits a unique local solution. In order to obtain
the existence and uniqueness of the solution of (2.7)-(2.11), we require additional
estimates as follows.

Lemma 2.1. Assume that (Mo(z),00(z), Ho(z), Eo(z)) € (HY(Q), L3(Q), L?(2),

L2(Q)), #(z,t) € L*(0,T; HY(Q)). For the solutions to the initial value problem
(2.7)-(2.11), we have the following estimates

sup {nMNnHl 0+ [Fx 2 + ||EN|2} <c (2.14)
0<t<T

T
/ (M2 + V03 + [ 21dt < C, (2.15)
0

where C' is a constant which is independent of N and D.

Proof. Multiplying equation (2.7) by o/ (t) for each s from 1 to N, and then
summing up all the results, we obtain

1d 0.
S [VVMN@ + 2||MN||Z{| + (M |[3 +/ ONMNM ydx
Q
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796\/ MNMNtdSU — / HNMNtdSﬂ =0. (216)
Q Q
By taking the scalar product of Bsn(t) with (2.8), and then summing up the
outcomes for all s =1,2,--- | N, we derive
d
S low 3 + k(I VoN |3 —/ ONMyMydz — / #0ydx = 0. (2.17)

By taking the scalar product of sy (t) with (2.9) and the scalar product of
Csn(t) with (2.10) respectively, adding the two resulting equalities together, and
subsequently summing up the outcomes for all s = 1,2, ..., N, we have

1d

5 |PIFN I + BN 8]+ olBvlE + [ Fabeds =0 (218)
Q

Adding (2.16), (2.17) and (2.18), we obtain

1d 0,
2t [V”VMNII% + 5 IV -+ ellfv 13+l |15 + [Ex |3

+ M3 + kI VN3 + ol En|3

= 90 MNMNth?—F/ ’f‘eNdl‘
Q Q

< Zm ||2+£||M H2+EH9 ||2+illf\|2 (2.19)
=9 Ntl|2 27 N2 2 N2 2]43 29 .
and then
Ld VMy |2 Oe My} NIE Hy|2 + |Ex|?
5 v[[VMy ||z + 2H ~lls +cllonllz + plHyllz + |Ex3
v

+5||szt||§+/€||V0NH§+GIIENH§

<C(1+ IMull5 + 0n 115 + 17]13)- (2.20)

By Gronwall inequality, we can obtain the estimates (2.14) and (2.15). This com-
pletes the proof of lemma 2.1. O

Remark 2.1. In fact, by the equation (2.7) and estimates (2.14) and (2.15), we
can derive fOT |[AM y|j3dz < C easily.

Lemma 2.2. Under the conditions of Lemma 2.1, for the solution (My,0x,Hy,
En) of the initial value problem (2.7)-(2.11), we have the following estimates

Myl 1) + IHNtl z-10) + 1ENtll-10) < C, (2.21)
T
| 16wl iz <. (2.22)
0

where C' is independent of N and D, and H~™(Q) denotes the dual space of the
space H™(Q).
Proof. For any function ¢ € H2, ¢ can be represented as

N 00
Y =¢N+ PN, SDN:Z@sC‘JS(x), On = Z BSWS(*%)'

s=1 s=N+1
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For s > N + 1, we have fQ Mpyws(z)dez = 0. Then by Lemma 2.1, we get
/ My pdx :/ Mpyon (x)dx
Q Q

.
= — Z VMNVQDNdl‘ - — / (|MN‘2 — 1)MN(del‘
Y Ja Y Ja

1 1
—*/GNMNQDNdI—I—*/HNQDNda?
7 Ja 7 Ja
<C[IVMu 21V on 2 + (M1l + IMn 13 o 2

+ My |2 ll0nl2llon |4 + ||HNH2||SDNH2}
<Cllenllar @
<Cllpll a1 (a)-
Similarly, for s > N +1, we have [, Hy;-ws(z)dz =0, [ En¢-ws(z)dz = 0. Then
by Lemma 2.1, we deduce that
M/ Hy¢¢dx :H/ Hpyipndx
Q Q

= u/(V X EN CTPON — MNtQON)dI
Q

< C(En|2IVenllz + el m @)
< C(IVenllz + [lellz @)
< Cillelar )

/ENtff)df:/ Eniondz
Q Q
<C(|Hyll2 + [[Enll2)([Venll2 + [lenll2)

<C([[Vonllz2 + llenll2)
<Ol ar(a)-

The above inequalities indicate that (2.21) holds true.
Let ® € L?(0,T; H*(Q)), by (2.8) and Lemma 2.1, we have

T T
1 .
| [ oxetaude <% [ MMl @]+ V0 el V0l + 172l 2] ade
0 Q 0

T
<C [ 10l
where C' is a constant independent of N. The lemma is proved. O

Lemma 2.3. Assume that the conditions presented in Lemma 2.1 are satisfied.
For the solution (My(x,t),0n(x,t), Hy(x,t), En(z,t)) of the initial value problem
(2.7)-(2.11), there are the following estimates

1

IMn(-,t1) — My (-, t2)|l2 < Clts — t2]2, Vti,ta >0,
1

10N (- 1) — On (- t2)|| -1 < Clty — ta]2, Vi1, ta >0,

[Hy (o t1) = Hy ()1 + |[En(t1) — Ex(to)|g-1 < Clty — ta]7,
Vi1, t2 >0,
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where the constant C is independent of N and D.
Proof. By Lemma 2.2 and Hélder inequality, we have

ta
[Mn (-, t1) = My (-, t2) |2 =H My dt
t1

2

ta
s/ [ M || 2dt
t

1
1 T %
§|t2—t1|2</ / |MNt2da:dt>
0 Q

<Clta — t1|%

and
to .
10 (- t1) — O (- t2) 11 :H/ ethH
t1 H-1

to .
< / "

t1

1 T 2 2
§|t2t1|2(/ ||9N||H—1dt>
0

<Clty — t1]2.
Similarly, we have
1
|Hn (- t1) — Hy (- t2)||g-1 < Clta — t1]2,
1
IEx(-t1) = En(- t2)||lg-1 < Clta —t1]2.

This lemma is proved. O
From ODE theory, Lemma 2.1- Lemma 2.3, we have the following lemma:

Lemma 2.4. Under the conditions of Lemma 2.1, there exists a unique global so-
lution (asn(t), Bsn(t),vsn (t), Csn(t)) (s = 1,2,..., N, t € [0,T], VT > 0) of the
initial value problem for the ordinary differential equations (2.7)-(2.11). Moreover,
this solution is continuously differentiable.

In the following, we will prove the existence of a global weak solution for (1.6)-
(1.12).

The Proof of Theorem 1.1. From the uniform estimates of the approximate so-
lution {Mpy(z,t), On(x,t), Hy(z,t), En(z,t)} in Lemma 2.1 and Lemma 2.2, then
by the Sobolev imbedding theorem and Lions-Aubin lemma, there is a subsequence
which is still denoted by {My(z,t), On(z,t), Hy(x,t), En(2,t)} such that
My (z,t) = M(z,t) weak * in L>(0,T; H(Q)) N L*(0,T; H*(Q2)), (2.23)
My (z,t) — My(z,t) weak * in L°°(0,T; H *(Q)), (2.24)
My (z,t) — M(z,t) strongly in LI(0,7;LP(22)),2 < g < o0, 2<p <00, (2.25)
On(z,t) — O(z,t) weak * in L>(0,T;L*(Q)) N L*(0,T; H'(Q)), (2.26)
One(x,t) — 0y(2,t) weak * in L?(0,T; H *(Q)), (2.27)
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On(x,t) — 0(z,t) strongly in L2(0,T; L*(Q)), (2.28)
Hy(z,t) = H(x,t) weak™ in L>=(0,T; L*(Q)), (2.29)
Ex(z,t) = E(z,t) weak™ in L>=(0,T; L*(Q)). (2.30)

For any vector-valued test function ¢(z,t) € C1([0,T]); HY(Q)) with ¢(z,t)|i=7
= 0, we define an approximate sequence as follows

N
On(@,t) =Y an(t)wn(x), an(t) = /Q oz, t)w, (x)dz.

We know that ¢y is uniformly convergent to ¢(x,t) in C1([0,T]; H*(R)), namely

lon — (b”cl([()’T];Hl(Q)) — 0, as N — . (2.31)

Taking the scaler product of as(t) with (2.7),(2.8),(2.9), respectively, and the
scaler product of e“ta,(t) with (2.10), summing up the products for all s = 1,2,
.-+, N and then integrating by parts, we get

’}// MN ~¢Ntdxdt71// VMNV(bNdIdt*// QNMN'gf)NdZEdt
Qr T

Qr

9C(|MN|2—1)MN-¢Ndxdt+// Hy - ¢ondadt
Qr Qr
+ X Mpy(z,0) - ¢n(x,0)dx =0, (2.32)

¢
C//T On - ¢Ntd$dt+/QT MnyMpy; - pydxdt — k//T VoOn - Vondxdt
Fa,t) - pndad On (z,0) - ,0)dx = 0, 2.33

# [[ i) ondsdire [ ov@.0)-on 0y (2.33)
i / / Hy - g, )t + / [ M )t - / / (V% 0n) - Exla)dads
+ [ (L (.0) + My (.0)) - 63 (@,0)dz =0 (2.34)
// EN-(¢Nte”t)dxdt+// e (V x ¢n) - Hy (2, t)dadt

QT T

From (2.23)-(2.31), it suffices to deal with the nonlinear terms in (2.32)-(2.35).
From (2.23) and (2.31) we have

/ / (VMy - Véy — VM - V) dzdt
= / / (VMy — VM) - Vo + VM (Voy — V) dadt

T T
< [ IVMy - IMal Vo ladt + [ [MI|Toy - Toladt 0. N - .
0 0
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From (2.23)-(2.25) and (2.31), we derive
// (IMy|> = )My - pndadt — // (IM[> = 1)M - ¢pdzdt, as N — oo.
T T
By (2.25), (2.28) and (2.31) we obtain
// ONMpy - pndxdt — // OM - pdxdt, as N — oo.
T T
It follows from (2.23)-(2.25) and (2.31) that
// MyMpy; - dndadt — / o MM, - ¢dxdt, as N — oo.
T T

So by (2.30) and (2.31), we derive

// (VX¢N)-ENdasdt—// (V x ¢) - Edadt

:/Q Vx(¢N—¢)-ENdxdt+/Q ngb-ENdxdt—// (V x ¢) - Edadt

:/Q VX(¢N—¢)-ENdxdt+// (V x ¢) - (Ey — E)dadt

<(/[ I¥(on - o)Psi I Ex o + \ JIAGECRCE E)dmdt\

—0, as N — oc.

Similarly, we can prove that

// Hy - ¢nidzdt — // H - ¢idxdt, as N — oo,

//Q Ey - (¢nee”t)dxdt — // E - (¢ie”")dadt, as N — oo,

//Q e”t(Vx¢>N)~HNdxdt—>// e’ (V x ¢) - Hdzdt, as N — oo,
// My - dnedxdt — o M- ¢idxdt, as N — oo,

// On - dnedxdt — ; 0 - ¢ppdxdt, as N — oo,

// VOn - Vondxdt — / VO -Vodxdt, as N — cc.
T Qr

Thus, taking N — oo in (2.32), (2.33), (2.34) and (2.35), we obtain that the limit
functions M(x,t),0(x,t), H(z,t) and E(z,t) satisfy the integral equalities (2.1),
(2.2), (2.3) and (2.4). Furthermore, if the initial vector functions My, Hy, E¢ satisfy
the conditions [, V& (uHy + M) dz =0, [, VE-Eqdz =0 for all {(z) € C'(Q),
we can easily deduce that for any &(x,t) € C1([0,T]; C*(2)) with £(x,T) = 0 and
& = &(x,0), we have from (2.3) and (2.4) that

/ V¢ (pH 4+ M) dzdt = 0, / V¢ - E dxdt = 0.
Qr Qr
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Therefore, through the above analysis and calculations, the global weak solution of
the problem (1.6)-(1.12) is obtained. O

3. The existence of global smooth solution

To demonstrate the existence of a global smooth solution (M, §, H, E) for problem
(1.6)-(1.12), it is necessary to establish a priori estimates. In this section, we first
consider the special case d = 2 and = € Q C R2. Then we also find the estimates
hold for d = 3 when the initial data is small.

Lemma 3.1. Assume that (Mq(z),00(x), Ho(x), Eo(z)) € (H?(Q), H(Q2), HY(Q),
HY(Q)), #(z,t) € L*(0,T; H*()), then there exists a smooth solution (M, 6, H, E)
for problem (1.6)-(1.12) satisfying the following estimates

sup {||M||H2 Ol + e+ ||E|H1}
0<t<T

T
+ [ 0vAMIE + 120]3 + [VERjd: < C. (3.1)
0

Proof. Multiplying (1.6) by A?2M, and integrating the resulting equality with
respect to x € {2, we obtain

v d
§@IIAMH§ +v|[VAMf;

:96/ V[(|M|2—1)M]-VAde+/V(9NM)-VAde—/ VH - VAMdz
Q Q Q

< 0 (3IMIIZ, + 1) VM2 [V AMI|> + (Moo V012 + 611 VMl ) [VAM]l
+ [[VAM|2[|[VH]2

C(IMIla AM]lz + 1) VM2 [V AM + € (1M [ AMF [ V6]

IN

1 1 1 1
+ VOIS 116113 VM]3 IIAMHS)IIVAMHQ + [VAM]2[[VH]2

IN

14 14
ToIVAMIE + C(L+ [AM])3) + 7 IVAMI + C(1L+ [ AM]3) [ V63
14 v
+ 15 VAMIS + C(IVOIE + [IAMIE) + 1=l VAM]3 + C VE] )3
v
< JIVAMS + C(aMIlz + [AMIS + [[VO]lz + [VOlI3 + [VEIZ + 1), (3.2)

where we have used Holder inequality, Gagliardo-Nirenberg inequality and Lemma
2.1.

Multiplying (1.7) by A6, and integrating the resulting equality with respect to
z € ), we have

cd

2dt

:7/M~Mt~A9dx7/f~A9dx
Q Q

VO3 + Kl A0]3

:_Z/M.AM.MC@H@/M.[(|M|2_1)M]-Aedx
Y Ja 7 Ja
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1 1
+—/Mo(0M)~A0dx—f/M-H-Ade—/fMAde. (3.3)
Y Ja Y Ja Q
By Lemma 2.1, Holder inequality and Gagliardo-Nirenberg inequality, we derive

12 1 %
‘ - ;/QM - AM - Afdz| <C||M||s||AM]|2[|A8]]2 < C|M||3 |AM]3 || A8

k
<gIA0IE + ClaMllz + 1). (3-4)

Similarly, we obtain

b
<2 (M + M ) A6

@/ M - [([M]? — 1)M] - Abdx
Y Ja
SC(HMH%IIAMH% + IIMIIQIIAMIIQ) 1A8][2

k
<SIA03+C(IAMIE + [ AMI + 1), (35)

1
'7 / M - (9M) - Afder| <C|IMZ[16]]2]|A0] 2
Q

<C[M|o[|AM][2|0]]2]| A0]|
k
<3 I1A0]5 + CllaMll3 (3.6)

and

‘—1/M~H-A9dx
Y Ja

1 k
< - IMlacl B A6 < SIAGI5 +C (AMIS +1).

(3.7)
‘/ - Abdz| < C||V#|2[|VO2 < C(IVO|3 + 1). (3.8)
Q
Thus, inserting estimates (3.4)-(3.8) into (3.3), we have
cd k
5 71 VOIS + 140115 < C(IVOIIZ + [|AM]3 + AM]|3 + 1). (3.9)

Now taking the product of AH with (1.8) and the product of AE with (1.9)
respectively, and summing the two resulting equalities, and then integrating the
final equality with respect to = € €2, we obtain the following inequality

1d
5 o (IVHI3 + | VE[3) + | VE|3

_ / VM, - VHdz < ||VM, 2| VH]|;
Q
1
< VAMI, + 0. VI(ME = DM + VMo 0]

+ Moo [[VOl[2 + [ VHI|2) [ VH]]2
v
<JIVAMIS + C([[VOllz + [AMIfz + [AMIS + [|[VH]S + 1), (3.10)
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where we have used Hélder inequality and Sobolev imbedding theorem.
Thus, combining (3.2), (3.9) and (3.10), we derive

1d

5% <V||AM|2 +cl[ VO3 + ul VHS + IVEHz)

v k
+ ZIVAMIE + ZIAGI3 + o VEJ3
<C(|AM]f5 + [[AM3 + [VO]l5 + (VO3 + [IVH]3 + 1). (3.11)

By employing the estimates (2.15) and (3.11) and the Gronwall inequality, we es-
tablish the estimate (3.1). O

Lemma 3.2. Assume that (Mo(z),00(x), Ho(z),Eq(z)) € (H™TY(Q), H™(Q),
H™(Q), H™(Q)),7 € L*(0,T; H™(Q)), m > 0, then there exists a smooth solu-
tion (M, 0, H, E) for problem (1 6)-(1.12) satisfying the following estimates

sup [HM('J)%WH + 100, )1 Fm + B 7rm + 1B 0] Fm
0<t<T

T
+/O (M Fse + 1011 r + (B[ 7 )t < C. (3.12)

Proof. The lemma will be proved by the induction for m. According to Lemma
2.1 and Lemma 3.1, the estimate (3.12) holds when m = 0, 1.
Now assume that the estimate (3.12) holds for m = K > 2, that is

sup [IIM(nt)I%KH + 160G )5 + IEC, )17 + [, 1)1
0<t<T

T
[ UM+ 180 + Bt < C. (3.13
0
We aim to prove that (3.12) holds for m = K + 1.

Taking the scalar product of AKT2M with (1.6), and integrating the resulting
equality with respect to x € €0, we derive

& |\ VMo + ]| VM

2 dt
:ec/ VK+1[(|M|2 _ l)M] . VK+3Md$ +/ vK-‘rl(eM) . VK+3de
@ Q
_ / VEHH . VA Mz, (3.14)
Q

where
/ VEF(M|? — 1)M] - VEF3Mda
Q

<[VEH(IMPM)[[2[[VE M2 + [ VA M| VM2
<D0 Cha CIVIMVEH MV I Mo [ VA M
i=0 j=0
+ [ VEMo [ VE M
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<c Y VM |l6][ V2 M 6]| V' M 6|V 5+ M2
i1+ig+j3=K+1

14
31—8||VK+3M||§ +C(1+ | VEP2M|2). (3.15)

Similarly, we have

K+1
/ VEFLOM) - VX Mdz =C ) [ V0|3l VE M6 VE M
Q i=0

< SIVYEME + 0+ [VEHOE). (316)
Hence, combining (3.14)—(3.16), we have
14
2dt
v
<SIVEEMIE + CO+ [VEOIE + [VEEMS + V] (3.17)

IVEF2M3 + || V523

Taking the scalar product of AX+19 with (1.7), and integrating the resulting
equality with respect to x € ), we obtain

cd CKryig)2 K+20)12
—— 0 k 20
£ LIV + KV 03
< / MM, - VE+20dz + / - VET20dy
Q Q
<Moo [Mell2 V2012 + (|72 V< +20] 12
1 1
<C[[AM|3 M| (v[[AM]|z + 6c]|(M* — 1)M];
+ 0]l |4+ [[H[|2) [V 202 + [[VEF7 o[ V2012
v k1 .
SgIIVKHMH% + EIIVK“@II% + O+ [[VEPMZ + VA3 + (IVEHHF(3).
(3.18)
Taking the scalar product of AKT'E with (1.8) and the scalar product of

AKFIH with (1.9), summing the two equalities, and then integrating the resulting
equality with respect to z € 2, we obtain

Ld

2 dt

:/ VEHIM - VAT Hd
Q

(IVEHBIS + ul VEHE) + ol VB

<[ VEHMo ||V H
S(@IVEEM2 + 0 VEFH(IMP? — 1)M]||2
+2 VA M) |2 + [VETTH) VAT H]
S%IIVK+3MII§ + O+ [VEFH]Z + [VE2M; + [VEH)3).  (3.19)

It follows from (3.17)-(3.19), that

d
S (IV2MI 4 [V 1018 4 VB + [T HE
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+ VRIS 4+ [VEF20)5 + [V ES
<SC A+ [[VEF0)3 + [ VM3 + (VA F2MIJ3 + [[VE T H]). (3.20)

Therefore, by employing (3.13) and applying Gronwall inequality, we can establish
the estimate (3.12). O

Following a similar approach to the proof of Theorem 1.1, we can establish the
local existence of the smooth solution to (1.6)-(1.12). Subsequently, by employing
a priori estimates for the smooth solution, we can deduce the global existence of a
smooth solution to the problem (1.6)-(1.12).

Remark 3.1. When the dimension is set to d = 3, Lemma 3.1 and Lemma 3.2
can also be proven, provided that ||M0||%{1 is sufficiently small. Subsequently, by
replicating the methodologies employed in the proof for the case d = 2, we can
establish the existence of the solution (M, 0, H, E) for the d = 3 dimension.

4. The uniqueness of global smooth solution

In this section, we are devoted to proving uniqueness. Let (M}, 6;, H;, E;) (j = 1,2)
be the smooth solutions for the problem (1.6)-(1.12). Denote (M, 6, H,E) = (IM; —
My, 0, — 62, H; — Hy, E; — E3). As a result, (M, 0, H, E) satisfies the following
system:

YM; = vAM — 0. ((|My[> = 1)M + (M; + M3)MM,) — (6M; + 6oM) + H

(4.1)
cly = MMy, + MoM, + kA6, (4.2)
MHt + Mt =-V x E, (43)
E,+0cE=V xH, (4.4)
V- (uWH+M)=0,V-E =0, (4.5)
with periodic conditions
M(z + 2De;, t) = M(x,t), 0(x+ 2De;,t) = 0(z,t), (4.6)
H(z + 2De;, t) = H(z,t), E(z+ 2De;,t) =E(z,t), ’
and initial conditions
M(z,0) =0, 0(x,0) =0, H(z,0) =0, E(z,0)=0. (4.7)

Taking the scalar product of equation (4.1) with M — AM, then integrating the
equality obtained over §2, we derive

1a

2 dt

=— é)c/ ((IM1]* = )M + (M; + M>)MM, ) (M — AM)dz
Q

{IIMI3 + [VMII3} + v{[ VM3 + [ AM3}

- / (6M; + 0, M)(M — AM)dz + / H(M — AM)dz
Q Q

<C(IMa % + IM21Z, + D)Mo (M2 + [|AM]]2)
+ (Moo 10112 + [10212IM o) (M2 + [[AM]|2) + [|H[|2 ([ M]|2 + [AM]2) }.
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By Gagliardo-Nirenberg inequality, we get

1—4

d
[(Mlloe < C[[Mlly *[[AM][3 - (4.8)
Then it follows from the estimates (3.12) and (4.8) that
v d
o 2 UM + (IVM3} + { [ VM3 + [[AMI[3}

2t (4.9)
<GIAMIE + (M3 + |6]13 + |[FH13).

By taking the scalar product of equation (4.2) with 6, and integrating the equal-
ity with respect to z € 2, we have
cd
2 dt
Z/(MMM +M2Mt)9d$
Q

16113 + k[ V6|3

<CIMloo (IAM 12 + O (M1 = 1) [ M 12 + Moo 163 12 + [E1]12) 6112
+ CIMa oo (J|AM]lz + 6.(IML |, + DMz + [Ma| |16l
+ 16112 [ Moo + L2 ) 0]

<SIAMI3 + COIMIB + 1613 + [E13). (4.10)

where we have used the estimates (3.12) and (4.8).

Next, by taking the scalar product of equation (4.3) with H, and the scalar
product of equation (4.4) with E, summing the two equalities, then integrating the
resulting equality with respect to x € ), and applying the estimates (3.12) and
(4.8), we obtain

1d

2 dt

— - / M, Hda
Q

<C (1AM + (M2, + 1Ml + Myl 615 + 102112 M + [E]2 ) [E]

{ulH]3 + B3} + ol B3

1%
<5 AMIEE + COIMIE + [16]3 + [[H]3). (4.11)

By adding (4.9), (4.10) and (4.11), then applying the Gronwall inequality, we
derive

M3+ (VM3 + (1013 + [ + [1EB]J3 = 0. (4.12)

Thus the global solution (M, 6, E, H) is unique for m > 1.
Therefore by the above uniqueness result and existence result established in
Section 3, we complete the proof of Theorem 1.2.
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