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Abstract Let (X , d, µ) be a non-homogeneous metric measure space satisfy-
ing geometrically doubling and upper doubling conditions. Under assumption
that a dominating function λ satisfies ε-weak reverse doubling condition, the
authors prove that a bilinear θ-type Calderón-Zygmund operator T̃θ is bounded
from product of generalized weighted Morrey spaces Lp1,Φ,ϱ

ω1
(µ) × Lp2,Φ,ϱ

ω2
(µ)

into weak generalized weighted Morrey spaces WLp,Φ,ϱ
νω⃗

(µ), and also show that

the commutator T̃θ,b1,b2 generated by b1, b2 ∈ R̃BMO(µ) and T̃θ are bounded
from product of spaces Lp1,Φ,ϱ

ω1
(µ)×Lp2,Φ,ϱ

ω2
(µ) into spaces WLp,Φ,ϱ

νω⃗
(µ), where

Φ : (0,∞) → (0,∞) is a Lebesgue measurable function, ϱ ∈ (1,∞), p⃗ =
(p1, p2), ω⃗ = (ω1, ω2) ∈ Aτ

p⃗(µ), νω⃗ ∈ RHr(µ) for r ∈ (1,∞), and 1
p
= 1

p1
+ 1

p2

with 1 < p1, p2 < ∞. Furthermore, the strong and weak type results for the T̃θ

and T̃θ,b1,b2 on the product of spaces Lp1,Φ,ϱ
ω1

(µ)× Lp2,Φ,ϱ
ω2

(µ) are established.
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ón-Zygmund operator, commutator, space R̃BMO(µ), generalized weighted
Morrey space.
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1. Introduction

It is well known that the researches on the boundedness of operators is not only a
hot topic in modern harmonic analysis, but also their use is best justified by the
variety of applications in which they appear; for example, see [3, 4, 8]. To investi-
gate the local behaviour of solutions for the second order elliptic partial differential
equations, C.B. Morrey [35] introduced the classical Morrey space. On the basis of
this, B. Muckenhoupt and R. Wheeden [36] established the weighted norm inequal-
ities for the Hardy maximal functions; in 1994, E. Nakai [37] introduced a gener-
alized Morrey space Lp,ω(Rn), and also obtained the boundedness of the Hardy-
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Littlewood maximal operator M , the singular integral operator T and the Riesz
potential Iα on spaces Lp,ω(Rn). In 2009, T.Y. Komori and S. Shirai [18] intro-
duced a weighted Morrey space Lp,κ

ω (Rn), and proved that the Hardy-Littlewood
maximal operatorM , the Calderón-Zygmund operator T and the fractional integral
operator Iα are bounded on spaces Lp,κ

ω (Rn). In recent years, many papers focus
the various Morrey spaces on different kinds of underlying spaces. For example, in
2021, I. Ekincioglu et al. [10] introduced a generalized variable exponent Morrey
space Mp(·),φ(Rn), and showed that the multilinear commutators Tb generated by
Calderón-Zygmund operators T and b = (b1, · · · , bm) ∈

(
BMO(Rn)

)m
are bounded

on spaces Mp(·),φ(Rn). In 2022, Wei [47] obtained the definition of a generalized
mixed Morrey space Mu

p⃗ (Rn) and its dual space, and then established the bound-
edness of Calderón-Zygmund singular integral operators T on spaces Mu

p⃗ (Rn) for
p⃗ = (p1, · · · , pn) ∈ (1,∞)n. In 2023, F. Deringoz [9] obtained the definition of a
generalized weighted Orlicz-Morrey spaceMΦ,φ

ω (Rn), and proved that the Calderón-
Zygmund operators T and their commutators [b, T ] associated with BMO functions
are bounded on spaces MΦ,φ

ω (Rn). Recently, Lu et al. [32] obtain the definition of
a generalized Morrey space over RD-spaces satisfying the doubling conditions in
the sense of Coifman and Weiss in [6, 7] and the reverse doubling conditions, and

show that the bilinear generalized fractional integral operator T̃α and its commuta-
tor T̃α,b1,b2 which is formed by b1, b2 ∈ BMO(X) are bounded on product of spaces
Lφ1,p1(X)×Lφ2,p2(X). More development on the various generalized Morrey spaces
can be seen in [5, 19,20,23,29,30,39].

Regarding two important class of function spaces in harmonic analysis, i.e., sp-
aces of homogeneous type in the sense of Coifman and Weiss [6,7] and non-doubling
measure spaces whose measures satisfy the polynomial growth conditions (see [38,
42,43,46]), many results from real analysis and harmonic analysis on spaces Rn are
proved still valid on these two spaces. But, generally, some results hold on spaces
of homogeneous type many not be correct on spaces without doubling measures.
To unify the two class of spaces, in 2010, T. Hytönen [15] introduced a new class of
metric measure spaces satisfying so-called geometrically doubling and upper dou-
bling conditions, which are now called non-homogeneous metric measure spaces and
simply denoted by (X , d, µ). Since then, many papers focus on the various proper-
ties of function spaces and integral operators over (X , d, µ). For example, in 2021,
Lu [25] showed that an θ-type Calderón-Zygmund operator Tθ and its commutator
[b, Tθ] generated by b ∈ RBMO(µ) and Tθ are bounded on weighted weak Lebesgue
spaces WLp(ω) and weighted weak Morrey spaces WLp,κ,ρ(ω). At the same year,
Zhao et al. in [50] obtained some weak-type multiple weighted estimates for the

iterated commutator T∏ b⃗ formed by b⃗ = (b1, · · · , bm) ∈ [R̃BMO(µ)]m and a multil-

inear Calderón-Zygmund operator T . In 2022, Lu [26] proved that fractional type
Marcinkiewicz integrals Mι,ρ,m and their commutators Mι,ρ,m,b generated by b ∈
R̃BMO(µ) and the Mι,ρ,m,b are bounded on generalized Morrey spaces Lp,ϕ(µ)
and on Morrey spaces Mq

p (µ), where ϕ is a Lebesgue measurable function defined
on (0,∞) and 1 < p ≤ q < ∞. Recently, Lu et al. [33] show that the bilinear

strongly generalized fractional integrals T̃α and their commutator T̃α,b1,b2 formed

by b1, b2 ∈ R̃BMO(µ) and T̃α on product of Lebesgue spaces Lp1(µ)×Lp2(µ), prod-
uct of Morrey spaces Mp1

q1 (µ) ×Mp2
q2 (µ) and product of generalized Morrey spaces

Lp1,u1(µ) × Lp2,u2(µ). More researches about the integral operators and function
spaces on (X , d, µ) can be seen in [13,16,24,27,28,34,41,44,45,48,49].
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It is position to state the organizations of this paper as follows: in section 2,
we mainly recall some necessary notation and notions. In section 3, the authors
showed that T̃θ is bounded form the product of generalized weighted Morrey spaces
Lp1,Φ,ϱ
ω1

(µ)× Lp2,Φ,ϱ
ω2

(µ) into weak generalized weighted Morrey spaces WLp,Φ,ϱ
νω⃗

(µ),
where Φ is a non-negative Lebesgue measurable function defined on (0,∞), ω⃗ =

(ω1, ω2) ∈ Aτ
p⃗(µ), p⃗ = (p1, p2),

1
p = 1

p1
+ 1

p2
for p1, p2 ∈ [1,∞), and νω⃗ =

2∏
j=1

ω
p
pj

j ∈

RHr(µ) with r ∈ (1,∞). In section 4, the authors prove that the T̃θ,b1,b2 formed

by b1, b2 ∈ R̃BMO(µ) and the T̃θ are bounded from product of spaces Lp1,Φ,ϱ
ω1

(µ)×
Lp2,Φ,ϱ
ω2

(µ) into spaces WLp,Φ,ϱ
νω⃗

(µ). The strong (weak) type boundedness for the T̃θ

and T̃θ,b1,b2 on product of spaces Lp1,Φ,ϱ
ω1

(µ)× Lp2,Φ,ϱ
ω2

(µ) are obtained in section 5.

Finally, we make some conventions on notation. Throughout this paper, we
always denote by C a positive constant being independent of the main parameters,
but it may vary from line to line. Given any p ∈ [1,∞), we denote p′ as its conjug-
ate index, that is, 1/p+1/p′ = 1. For any measurable set E, χE denotes its charac-
teristic function,

νω⃗(E) =

∫
E

νω⃗(x)dµ(x)

with ω⃗ ∈ Aτ
p⃗(µ) and

mE(f) =
1

µ(E)

∫
E

f(x)dµ(x)

represents the average of the function f on E.

2. Preliminaries

In this section, we recall some necessary notions and notation, including the domin-

ating function, the discrete coefficient K̃
(ρ)
B,S , the spaces R̃BMO(µ), the bilinear θ-t-

ype Calderón-Zygmund operator and generalized weighted Morrey spaces Lp,Φ,ϱ
ω (µ).

The following definitions of upper doubling is from [15].

Definition 2.1. Ametric measure space (X , d, µ) is said to be upper doubling if µ is
a Borel measure on X and there exist a dominating function λ : X×(0,∞) → (0,∞)
and a positive constant C(λ), only depending on λ, such that, for each x ∈ X , r →
λ(x, r) is non-decreasing and, for all x ∈ X and r ∈ (0,∞).

µ(B(x, r)) ≤ λ(x, r) ≤ C(λ)λ(x, r/2). (2.1)

Remark 2.1. T. Hytönen [16] showed that there exists another dominating func-

tion λ̃ such that λ̃ ≤ λ, C(λ̃) ≤ C(λ) and, for all x, y ∈ X with d(x, y) ≤ r,

λ̃(x, r) ≤ C(λ)λ̃(y, r). (2.2)

Hence, in this paper, we also assume that the λ defined as in (2.1) satisfies (2.2).

The following notion of the geometrically doubling is well known in analysis on
metric measure spaces, which can be found in [6].
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Definition 2.2. A metric space (X , d) is said to be geometrically doubling if there
exists some N0 ∈ N such that, for any ball B(x, r) ⊂ X with x ∈ X and r ∈ (0,∞),
there exists a finite ball covering {B(xi,

r
2 )}i of B(x, r) such that the cardinality of

this covering is at most N0, here i = 1, 2, · · · , N0.

Remark 2.2. Let (X , d) be a metric measure. T. Hytönen [15] showed that the
geometrically doubling is equivalent to the following statement: for every ϵ ∈ (0, 1),
any ball B(x, r) ⊂ X with x ∈ X and r ∈ (0,∞) contains at most N0ϵ

−n0 centers
of disjoint balls {B(xi, ϵr)}i(i = 1, 2, · · · ), here and in what follows, n0 = log2N0

and N0 is as in Definition 2.2.

For any ball B ⊂ X , we respectively denote its center and radius by cB and
rB and, moreover, for any ζ ∈ (0,∞), we denote the ball B(cB , ζrB) by ζB. The

following definition of discrete coefficients K̃
(ρ)
B,S , which is more close to the quantity

KB,S introduced by X. Tolsa in [42], is from [1].

Definition 2.3. For any ρ ∈ (1,∞) and any two balls B,S with B ⊂ S, define

K̃
(ρ)
B,S = 1 +

N
(ρ)
B,S∑

k=−⌊logρ 2⌋

µ(ρkB)

λ(cB , ρkrB)
. (2.3)

Here and hereafter, for any a ∈ R, ⌊a⌋ represents the largest integer smaller than

or equal to a, and N
(ρ)
B,S is the smallest integer satisfying ρN

(ρ)
B,SrB ≥ rS . Moreover,

more properties on the coefficients K̃
(ρ)
B,S can be seen Remark 2.8 in [22].

In [15], Hytönen introduced a (α, β)-doubling ball, i.e., let α, β ∈ (1,∞), a ball
B ⊂ X is said to be (α, β)-doubling if µ(αB) ≤ βµ(B). The other properties on
the (α, β)-doubling ball can be seen Lemmas 3.2 and 3.3 in [15]. In what follows,
let ν = log2 C(λ) and n0 = log2N0. Throughout this article, for any α ∈ (1,∞) and
ball B, the smallest (α, βα)-doubling ball of the form αjB with j ∈ N is denoted by

B̃α, where

βα = max{αn0 , αν}+ 30n0 + 30ν . (2.4)

In addition, if there is no special explanation in this paper, we always set α = 6 in
(2.4) and simply denote B̃6 by B̃.

The following definition of the spaces RBMOwith discrete coefficient is from [11].

Definition 2.4. Let ρ ∈ (1,∞) and γ ∈ [1,∞). A real-valued function f ∈ L1
loc(µ)

is said to belong to the space R̃BMOρ,γ(µ) if there exist a positive constant C such
that, for any ball B ⊂ X and a number fB ,

1

µ(ρB)

∫
B

|f(x)− fB |dµ(x) ≤ C (2.5)

and, for any two balls B and S such that B ⊂ S,

|fB − fS | ≤ C
[
K̃

(ρ)
B,S

]γ
, (2.6)

where fB represents the mean value of functions f over ball B, that is,

fB =
1

µ(B)

∫
B

f(y)dµ(y).
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The infimum of the positive constants C satisfying (2.5) and (2.6) is defined to be

the R̃BMOρ,γ(µ) norm of f and simply denoted by ∥f∥
R̃BMOρ,γ(µ)

. Furthermore, Fu

et al. [11] showed that the space R̃BMOρ,γ(µ) is independent of choices of ρ ∈ (1,∞)

and γ ∈ [1,∞). Hence, in this paper, the space R̃BMOρ,γ(µ) is simply denoted by

R̃BMO(µ).

Now we recall the definition of a bilinear θ-type Calderón-Zygmund operator in-
troduced in [48].

Definition 2.5. Let θ be a non-negative and non-decreasing function defined on
(0,∞) and satisfy ∫ 1

0

θ(t)

t
log

(
1

t

)
dt <∞. (2.7)

A kernelK(·, ·, ·) ∈ L1
loc

(
X 3\{(x, x, x) : x ∈ X}

)
is called a bilinear θ-type Calderón-

Zygmund kernel if it satisfies the following conditions:
(i) For all (x, y1, y2) ∈ X × X × X with x ̸= yj , j = 1, 2,

|K(x, y1, y2)| ≤ C

[ 2∑
j=1

λ(x, d(x, yj))

]−2

; (2.8)

(ii) There exists a constant c ∈ (0,∞) such that, for all x, x′, y1, y2 with satisfying
cd(y1, y

′
1) ≤ max

1≤j≤2
d(x, yj),

|K(x, y1, y2)−K(x′, y1, y2)| ≤ Cθ

(
d(x, x′)

d(x, y1) + d(x, y2)

)[ 2∑
j=1

λ
(
x, d(x, yj)

)]−2

;

(2.9)

(iii) There exists a constant c ∈ (0,∞) such that, for all x, y1, y
′
1, y2 with satis-

fying cd(y1, y
′
1) ≤ max

1≤j≤2
d(x, yj),

|K(x, y1, y2)−K(x, y′1, y2)| ≤ Cθ

(
d(y1, y

′
1)

d(x, y1) + d(x, y2)

)[ 2∑
j=1

λ
(
x, d(x, yj)

)]−2

.

(2.10)

Let L∞
b (µ) be the spaces of all L∞(µ) functions with bounded support. A bilin-

ear operator T̃θ is called a bilinear θ-type Calderón-Zygmund operator with kernels
K satisfying (2.8), (2.9) and (2.10) if for all f1, f2 ∈ L∞

b (µ) and x ∈ X \
(
supp(f1)

⋂
supp(f2)

)
,

T̃θ(f1, f2)(x) =

∫
X 2

K(x, y1, y2)f1(y1)f2(y2)dµ(y1)dµ(y2). (2.11)

Given b1, b2 ∈ R̃BMO(µ), the commutator T̃θ,b1,b2 generated by b1, b2 and the

T̃θ is defined by

T̃θ,b1,b2(f1, f2)(x) =b1(x)b2(x)T̃θ(f1, f2)(x)− b1(x)T̃θ(f1, b2(·)f2)(x)
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− b2(x)T̃θ(b1(·)f1, f2)(x) + T̃θ(b1(·)f1, b2(·)f2)(x). (2.12)

Equivalently, the T̃θ,b1,b2(f1, f2)(x) can be formally written as∫
X 2

K(x, y1, y2)
(
b1(x)− b1(y1)

)(
b2(x)− b2(y2)

)
f1(y1)f2(y2)dµ(y1)dµ(y2).

Also, the commutators T̃θ,b1 and T̃θ,b2 are respectively defined by

T̃θ,b1(f1, f2)(x) = b1(x)T̃θ(f1, f2)(x)− T̃θ
(
b1(·)f1, f2

)
(x) (2.13)

and

T̃θ,b2(f1, f2)(x) = b2(x)T̃θ(f1, f2)(x)− T̃θ
(
f1, b2(·)f2

)
(x). (2.14)

The following definition of a multiple Aτ
p⃗(µ) weight is from [50].

Definition 2.6. Let τ ∈ [1,∞), p⃗ = (p1, p2) and
1
p = 1

p1
+ 1

p2
with p1, p2 ∈ [1,∞).

A multiple-weight ω⃗ with ω1, ω2 being non-negative µ-measurable functions is called
an Aτ

p⃗(µ) weight if there exists a positive constant C such that, for any ball B ⊂ X ,

1

µ(τB)

∫
B

νω⃗(x)dµ(x)

2∏
j=1

[
1

µ(τB)

∫
B

ω
1−p′

j

j dµ(x)

] p

p′
j ≤ C, (2.15)

where

νω⃗(x) =

2∏
j=1

[ωj(x)]
p/pj

and, when pj = 1, [
1

µ(τB)

∫
B

ω
1−p′

j

j (x)dµ(x)

] 1
p′
j

is understood as (infB ωj)
−1 for j ∈ {1, 2}.

Remark 2.3. (i) If we take (X , d, µ) = (Rn, |·|,dx) and τ = 1 in Definition 2.6, then
the A1

p⃗(µ) weight reduces to the multiple weight introduced by Lerner et al. [21].
(ii) From the Hölder inequality, it follows that, νω⃗ ∈ Aτ

2p if ω⃗ ∈ Aτ
p⃗ for p⃗ =

(p1, p2).
(iii) If we take j = 1 in Definition 2.6, then the multiple weight Aτ

p⃗(µ) is just the
Aτ

p(µ) weight introduced by Hu et al. in [14]. Namely, let τ ∈ [1,∞) and p ∈ (1,∞).
A non-negative µ-measure function ω is called an Aτ

p(µ) weight if there exists some
positive constant C such that, for all balls B ⊂ X ,(

1

µ(τB)

∫
B

ω(x)dµ(x)

){
1

µ(τB)

∫
B

[ω(x)]1−p′
dµ(x)

}p−1

≤ C. (2.16)

And a weight ω is called an Aτ
1(µ) weight if there exists some positive constant C

such that, for all balls B ⊂ X ,

1

µ(τB)

∫
B

ω(x)dµ(x) ≤ C inf
y∈B

ω(y).

As in the classical setting, let Aτ
∞(µ) =

∞⋃
p=1

Aτ
p(µ).
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The following definition of a reverse Hölder class is from [17].

Definition 2.7. A weight ω is said to belong to the reverse Hölder class RHr(µ)
with r ∈ (1,∞) if there exists a positive constant C such that, for any ball B ⊂ X ,{

1

µ(B)

∫
B

[ω(x)]rdµ(x)

} 1
r

≤ C

(
1

µ(B)

∫
B

ω(x)dµ(x)

)
. (2.17)

Next, we recall the definition of a generalized weighted Morrey space introduced
in [28].

Definition 2.8. Let ϱ ∈ (1,∞), p ∈ [1,∞) and ω be a weight. Suppose that Φ : (0,
∞) → (0,∞) is an increasing function. Then the generalized weighted Morrey space
Lp,Φ,ϱ
ω (µ) is defined by

Lp,Φ,ϱ
ω (µ) =

{
f ∈ Lp

loc(ω, µ) : ∥f∥Lp,Φ,ϱ
ω (µ) <∞

}
,

where

∥f∥Lp,Φ,ϱ
ω (µ) = sup

B
[Φ(ω(ϱB))]−

1
p

(∫
B

|f(x)|pω(x)dµ(x)
) 1

p

. (2.18)

Also, we denote by WLp,Φ,ϱ
ω (µ) the weak generalized weighted Morrey space of all

locally integrable functions satisfying

∥f∥WLp,Φ,ϱ
ω (µ) = sup

B
sup
t>0

[Φ(ω(ϱB))]−
1
p tω
(
{x ∈ B : |f(x)| > t}

) 1
p . (2.19)

Moreover, Lu [28] showed that the norms ∥ · ∥Lp,Φ,ϱ
ω (µ) and ∥ · ∥WLp,Φ,ϱ

ω (µ) are inde-

pendent of the choice of ϱ > 1.

Remark 2.4. (i) If we take ω(·) ≡ 1 in (2.18) and (2.19), then the generalized
weighted Morrey space Lp,Φ,ϱ

ω (µ) and the weak generalized weighted Morrey space
WLp,Φ,ϱ

ω (µ) are just the generalized Morrey space Lp,Φ,ϱ(µ) and the weak general-
ized Morrey space WLp,Φ,ϱ(µ) introduced by Lu and Tao in [31].

(ii) If we take (X , d, µ) = (Rn, | · |,dx) and ω ≡ 1 in Definition 2.8, then the
generalized weighted Morrey space Lp,Φ,ϱ

ω (µ) and the weak generalized weighted
Morrey space WLp,Φ,ϱ

ω (µ) are just the generalized Morrey space Lp,Φ,ϱ(µ) and the
weak generalized Morrey space WLp,Φ,ϱ(µ) introduced in [38].

(iii) If we take Φ(t) = t1−
p
q with t > 0 and 1 < p ≤ q <∞ in (2.18) and (2.19),

then the spaces Lp,Φ,ϱ
ω (µ) and WLp,Φ,ϱ

ω (µ) are just the weighted Morrey spaces
Lp,κ,ρ(ω) and the weighted weak Morrey spaces WLp,κ,ρ(ω) introduced in [49].
Furthermore, if we take ω(·) ≡ 1, then the spaces Lp,Φ,ϱ

ω (µ) and WLp,Φ,ϱ
ω (µ) are

just the Morrey spaces Mq
p (µ) and the weak Morrey spaces WMq

p (µ) in [2].

(iv) When Φ(·) ≡ 1, then Lp,Φ,ϱ
ω (µ) = Lp

ω(µ) and Lp,Φ,ϱ
ω (µ) = Lp,∞

ω (µ).

The following definition of an ε-weak reverse doubling condition is from [31],
also see [12].

Definition 2.9. Let ε ∈ (0,∞). A dominating function λ is said to satisfy ε-weak
reverse doubling condition if, for all r ∈ (0, 2diam(X )) and a ∈ (1, 2diam(X )/r),
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there exists some number C(a) ∈ [1,∞), depending only on a and X , such that, for
all x ∈ X ,

λ(x, ar) ≥ C(a)λ(x, r)

and, moreover,

∞∑
k=1

1

[C(ak)]ε
<∞. (2.20)

3. Estimate for T̃θ on spaces Lp,ϕ,φω (µ)

The main theorem of this section is stated as follows:

Theorem 3.1. Let 1
p = 1

p1
+ 1

p2
for p1, p2 ∈ [1,∞), p⃗ = (p1, p2), ω⃗ = (ω1, ω2) ∈

Aτ
p⃗(µ), τ ∈ [1,∞), νω⃗ ∈ RHr(µ) with r ∈ [1,∞), and Φ : (0,∞) → (0,∞) be an

increasing function satisfying∫ ∞

r

Φ(t)

t

dt

t
≤ C

Φ(r)

r
, for any r ∈ (0,∞). (3.1)

Moreover, the mapping t 7→ Φ(t)
t is almost decreasing: there is some positive const-

ant C such that

Φ(t)

t
≤ C

Φ(s)

s
(3.2)

holds for all s ≤ t. Suppose that T̃θ defined as in (2.11) is bounded from product of

spaces L1(µ)×L1(µ) into spaces L
1
2 ,∞(µ). Then there exists some positive constant

C such that, for any f ∈ Lpi,Φ,ϱ
ωi

(µ), i = 1, 2,

∥T̃θ(f1, f2)∥WLp,Φ,ϱ
νω⃗

(µ) ≤ C∥f1∥Lp1,Φ,ϱ
ω (µ)

∥f2∥Lp2,Φ,ϱ
ω (µ)

.

To prove Theorem 3.1, we need to recall the following results.

Lemma 3.1 (Lemma 2.7(ii), [14]). Let ϱ, p ∈ [1,∞), ω ∈ Aτ
p(µ), and τ ∈ [5ϱ,∞).

Then there exists a constant C1 ∈ [1,∞) such that, for any (6, β6)-doubling ball B
and any µ-measurable set E ⊂ B,

C−1
1

[
µ(E)

µ(B)

]p
≤ ω(E)

ω(B)
. (3.3)

Lemma 3.2 (Lemma 2, [37]). Suppose that ψ : (0,∞) → (0,∞) is a function and
satisfies ∫ ∞

s

ψ(t)
dt

t
≤ Cψ(s), for all s > 0.

Then there exists a positive constant ϵ such that, for all s > 0, the following equation∫ ∞

s

ψ(t)tϵ
dt

t
≤ Cψ(s)sϵ

holds. In particular, for every ξ ∈ (−∞, 1], there exists a positive constant C such
that, for all s > 0, ∫ ∞

s

[ψ(t)]ξ
dt

t
≤ C[ψ(s)]ξ.
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Lemma 3.3 ( [40]). A weight ω ∈ RHr(µ) for some r ∈ (1,∞) if and only if there
exist two positive constants C2 and κ ∈ (0, 1) such that, for any ball B and any
µ-measurable set E ⊂ B,

ω(E)

ω(B)
≤ C2

[
µ(E)

µ(B)

]κ
. (3.4)

Also, we need the following lemma on the operator T̃θ.

Lemma 3.4 (Lemma 3.1, [50]). Let τ ∈ [1,∞), p⃗ = (p1, p2), ω⃗ = (ω1, ω2) ∈ Aτ
p⃗(µ),

νω⃗ ∈ RHr(µ) with r ∈ [1,∞) and 1
p = 1

p1
+ 1

p2
for p1, p2 ∈ [1,∞). Suppose that

T̃θ defined as in (2.11) is bounded from product of spaces L1(µ)×L1(µ) into spaces

L
1
2 ,∞(µ). Then there exists some positive constant C such that, for all fi ∈ Lpi

ωi
(µ),

i = 1, 2,

∥T̃θ(f1, f2)∥Lp,∞
νω⃗

(µ) ≤ C∥f1∥Lp1
ω1

(µ)∥f2∥Lp2
ω2

(µ).

Lemma 3.5. Let p ∈ [1,∞), ω ∈ Ap(µ) and Φ : (0,∞) → (0,∞) be an increasing
function satisfying (3.1). Assume that the mapping t 7→ Φ(t)/t satisfies (3.2). Then
there exists a positive constant C such that, for any ball B ⊂ X ,

∞∑
ℓ=1

[
Φ(ω(6ℓB))

ω(6ℓB)

] 1
p

≤ C

[
Φ(ω(B))

ω(B)

] 1
p

.

Remark 3.1. By applying Lemma 3.2 and a way similar to that used in the Lemma
2.8 in [5], it is easy to show that Lemma 3.5 holds. Hence, to avoid the repeatability,
we do not state the process of proof.

It is now position to state the proof of Theorem 3.1 as follows:

Proof. Without loss of generality, we may assume that ϱ = 6 in (2.18) and (2.19).
And let B = B(cB , rB) be a fixed doubling ball centered at cB ∈ X with its radius
rB > 0. Represent functions fi(i = 1, 2) as

fi = f1i + f∞i = fiχ6B + fiχX\6B . (3.5)

Then, by the property of the distribution function, write

∥T̃θ(f1, f2)∥WLp,Φ,ϱ
νω⃗

(µ)

= sup
B

sup
t>0

[Φ(νω⃗(6B))]−
1
p tνω⃗

(
{x ∈ B : |T̃θ(f1, f2)(x)| > t}

)− 1
p

≤ sup
B

sup
t>0

[Φ(νω⃗(6B))]−
1
p tνω⃗

(
{x ∈ B : |T̃θ(f11 , f12 )(x)| > t/4}

) 1
p

+ sup
B

sup
t>0

[Φ(νω⃗(6B))]−
1
p tνω⃗

(
{x ∈ B : |T̃θ(f11 , f∞2 )(x)| > t/4}

) 1
p

+ sup
B

sup
t>0

[Φ(νω⃗(6B))]−
1
p tνω⃗

(
{x ∈ B : |T̃θ(f∞1 , f12 )(x)| > t/4}

) 1
p

+ sup
B

sup
t>0

[Φ(νω⃗(6B))]−
1
p tνω⃗

(
{x ∈ B : |T̃θ(f∞1 , f∞2 )(x)| > t/4}

) 1
p

= D1 +D2 +D3 +D4.
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From (2.15), Remark 2.3 (ii), (2.18), (3.2) and 1
p = 1

p1
+ 1

p2
, it then follows that

D1 ≤ C sup
B

[Φ(νω⃗(6B))]−
1
p ∥f1χ6B∥Lp1

ω1
(µ)∥f2χ6B∥Lp2

ω2
(µ)

≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)

sup
B

[Φ(νω⃗(6B))]−
1
p [Φ(ω1(6B))]

1
p1 [Φ(ω2(6B))]

1
p2

≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)

sup
B

[
Φ(ω1(6B))

Φ(ω
p
p1
1 (6B)ω

p
p2
2 (6B))

] 1
p1

×

[
Φ(ω2(6B))

Φ(ω
p
p1
1 (6B)ω

p
p2
2 (6B))

] 1
p2

≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)

sup
B

[
ω1(6B)

ω
p
p1
1 (6B)ω

p
p2
2 (6B)

] 1
p1

×

[
ω2(6B)

ω
p
p1
1 (6B)ω

p
p2
2 (6B)

] 1
p2

≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)
.

To estimate D2, we first consider |T̃θ(f11 , f∞2 )(x)| for x ∈ B. By applying (2.1),
(2.8), (2.15), (2.18), (2.20), the Hölder inequality and Lemma 3.5, we have

|T̃θ(f11 , f∞2 )(x)|

≤ C

∫
6B

|f1(y1)|dµ(y1)

{ ∞∑
k=1

∫
6k+1B\(6kB)

|f2(y2)|
[λ(cB , d(cB , y2))]2

dµ(y2)

}

≤ C

(∫
6B

|f1(y1)|p1ω1(y1)dµ(y1)

) 1
p1
(∫

6B

[ω1(y1)]
1−p′

1dµ(y1)

) p1−1
p1

×

{ ∞∑
k=1

1

[λ(cB , 6krB)]2

∫
6k+1B

|f2(y2)|[ω2(y2)]
1
p2

− 1
p2 dµ(y2)

}

≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
[Φ(ω1(6× 6B))]

1
p1 µ(2× 6B)[ω1(6B)]−

1
p1

{ ∞∑
k=1

1

[λ(cB , 6krB)]2

×
(∫

6k+1B

|f2(y2)|p2ω2(y2)dµ(y2)

) 1
p2
(∫

6k+1B

[ω2(y2)]
1−p′

2dµ(y2)

) p2−1
p2

}
≤ C∥f1∥Lp1,Φ,ϱ

ω1
(µ)

∥f2∥Lp2,Φ,ϱ
ω2

(µ)
[Φ(ω1(6× 6B))]

1
p1 µ(2× 6B)[ω1(6B)]−

1
p1

×

{ ∞∑
k=1

µ(2× 6k+1B)

[λ(cB , 6krB)]2
[Φ(ω2(6× 6k+1B))]

1
p2 [ω2(6

k+1B)]−
1
p2

}

≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)

[
Φ(ω1(6

2B))

ω1(62B)

] 1
p1
[
ω1(6

2B)

ω1(6B)

] 1
p1

×

{ ∞∑
k=1

µ(2× 6k+1B)

[λ(cB , 6krB)]2

[
Φ(ω2(6

k+2B))

ω2(6k+2B)

] 1
p2
[
ω2(6

k+2B)

ω2(6k+1B)

] 1
p2

}
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≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)

[
Φ(ω1(6

2B))

ω1(62B)

] 1
p1

×

{ ∞∑
k=1

µ(2× 6k+1B)

[λ(cB , 6krB)]2

[
Φ(ω2(6

k+2B))

ω2(6k+2B)

] 1
p2 µ(6k+2B)

µ(6k+1B)

}

≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)

[
Φ(ω1(6

2B))

ω1(62B)

] 1
p1

{ ∞∑
k=1

[
Φ(ω2(6

k+2B))

ω2(6k+2B)

] 1
p2

}

≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)

[
Φ(ω1(6B))

ω1(6B)

] 1
p1
[
Φ(ω2(6B))

ω2(6B)

] 1
p2

,

further, from (3.2), (3.4), νω⃗ =
2∏

j=1

ω
p
pj

j and 1
p = 1

p1
+ 1

p2
, it follows that

sup
B

sup
t>0

[Φ(νω⃗(6B))]−
1
p tνω⃗

(
{x ∈ B : |T̃θ(f11 , f∞2 )(x)| > t/4}

) 1
p

≤C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)

sup
B

[
νω⃗(B)

Φ(νω⃗(6B))

] 1
p
[
Φ(ω1(6B))

ω1(6B)

] 1
p1
[
Φ(ω2(6B))

ω2(6B)

] 1
p2

≤C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)

sup
B

[
Φ(ω1(6B))

Φ(νω⃗(6B))

] 1
p1
[
Φ(ω2(6B))

Φ(νω⃗(6B))

] 1
p2

≤C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)

sup
B

[
ω1(6B)

νω⃗(6B)

] 1
p1
[
ω2(6B)

νω⃗(6B)

] 1
p2

≤C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)
.

With an argument similar to that used in the estimate for D2, it is easy to get

D3 ≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)
.

Now we turn D4. For any x ∈ B, applying (2.1), (2.8), (2.16), (2.18), the Hölder
inequality, (2.20), (3.3) and Lemma 3.5, we obtain

|T̃θ(f∞1 , f∞2 )(x)|

≤ C

∫
X 2

|f∞1 (y1)||f∞2 (y2)|
[λ(x, d(x, y1)) + λ(x, d(x, y2))]2

dµ(y1)dµ(y2)

≤ C

( ∞∑
k=1

1

λ(cB , 6krB)

∫
6k+1B

|f1(y1)|dµ(y1)

)

×

( ∞∑
i=1

1

λ(cB , 6irB)

∫
6i+1B

|f2(y2)|dµ(y2)

)

≤ C

{ ∞∑
k=1

1

λ(cB , 6krB)

(∫
6k+1B

|f1(y1)|p1ω1(y1)dµ(y1)

) 1
p1

×
(∫

6k+1B

[ω1(y1)]
1−p′

1dµ(y1)

) p1−1
p1

}

×

{ ∞∑
i=1

1

λ(cB , 6irB)

(∫
6i+1B

|f2(y2)|p2ω1(y2)dµ(y2)

) 1
p2
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×
(∫

6i+1B

[ω2(y2)]
1−p′

2dµ(y2)

) p2−1
p2

}

≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)

{ ∞∑
k=1

µ(6k+1B)

λ(cB , 6krB)

[Φ(ω1(6× 6k+1B))]
1
p1

[ω1(2× 6k+1B)]
1
p1

}

×

{ ∞∑
i=1

µ(6i+1B)

λ(cB , 6irB)

[Φ(ω1(6× 6i+1B))]
1
p2

[ω1(2× 6i+1B)]
1
p2

}

≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)

{ ∞∑
k=1

[
Φ(ω1(6

k+2B))

ω1(6k+2B)

] 1
p1
[

ω1(6
k+2B)

ω1(2× 6k+1B)

] 1
p1

}

×

{ ∞∑
i=1

[
Φ(ω1(6

i+2B))

ω2(6i+2B)

] 1
p2
[

ω1(6
i+2B)

ω1(2× 6i+1B)

] 1
p2

}

≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)

[
Φ(ω1(6B))

ω1(6B)

] 1
p1
[
Φ(ω1(6B))

ω2(6B)

] 1
p2

,

further, by applying (3.2), (3.4), νω⃗ =
2∏

j=1

ω
p
pj

j and 1
p = 1

p1
+ 1

p2
, we deduce

D4 = sup
B

sup
t>0

[Φ(νω⃗(6B))]−
1
p tνω⃗

(
{x ∈ B : |T̃θ(f∞1 , f∞2 )(x)| > t/4}

) 1
p

≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)

sup
B

[
Φ(ω1(6B))

Φ(νω⃗(6B))

] 1
p1
[
Φ(ω2(6B))

Φ(νω⃗(6B))

] 1
p2

≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)

sup
B

[
ω1(6B)

νω⃗(6B)

] 1
p1
[
ω2(6B)

νω⃗(6B)

] 1
p2

≤ C∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)
.

Which, combining the estimates for D1, D2 and D3, yields the desired results. Hen-
ce, the proof of Theorem 3.1 is finished.

4. Estimate for T̃θ,b1,b2 on spaces Lp,Φ,ϱω (µ)

The main theorem of this section is stated as follows:

Theorem 4.1. Let b1, b2 ∈ R̃BMO(µ), τ ∈ [1,∞), p⃗ = (p1, p2), ω⃗ = (ω1, ω2) ∈
Aτ

p⃗(µ), νω⃗ ∈ RHr(µ) with r ∈ (1,∞), 1
p = 1

p1
+ 1

p2
for p1, p2 ∈ [1,∞), and Φ : (0,∞)

→ (0,∞) be an increasing function satisfying (3.1) and (3.2). Suppose that T̃θ defi-

ned as in (2.11) is bounded from product of spaces L1(µ)×L1(µ) into space L
1
2 ,∞(µ).

Then there exists some positive constant C such that, for all f ∈ Lpi,Φ,ϱ
ωi

(µ), i = 1, 2,

∥T̃θ,b1,b2(f1, f2)∥WLp,Φ,ϱ
νω⃗

(µ)

≤C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)
.

To prove the above theorem, we need to recall the following results on the max-
ximal operators N and Ms,ζ .
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Lemma 4.1 (Lemma 2.5, [12]). (i) Let p ∈ (1,∞), s ∈ (1, p) and ζ ∈ [5,∞). The
following maximal operators defined, respectively, by setting, for all f ∈ L1

loc(µ) and
x ∈ X ,

Ms,ζf(x) = sup
B∋x

(
1

µ(ζB)

∫
B

|f(y)|sdµ(y)
) 1

s

, (4.1)

Nf(x) = sup
B∋x, B doubling

1

µ(B)

∫
B

|f(y)|dµ(y)

and

Mζf(x) = sup
B∋x

1

µ(ζB)

∫
B

|f(y)|dµ(y), (4.2)

are bounded on Lp(µ) and also bounded from spaces L1(µ) into spaces L1,∞(µ).
(ii) For all f ∈ L1

loc(µ), it holds true that |f(x)| ≤ Nf(x) for µ-a.e. x ∈ X .

Lemma 4.2 (Lemma 3.1, [14]). Let ϱ ∈ [1,∞), ζ ∈ [5ϱ,∞), s ∈ (1,∞) and Ms,ζ

be defined as in (4.1). For p⃗ = (p1, p2),
1
p = 1

p1
+ 1

p2
with p1, p2 ∈ [1,∞), ω⃗ = (ω1,

ω2) ∈ Aϱ
p⃗(µ), νω⃗ ∈ RHr(µ), the operators Ms,ζ is bounded from product of spaces

Lp1
ω1
(µ)× Lp2

ω2
(µ) into spaces Lp,∞

νω⃗
(µ).

The following lemma on the operators T̃θ,b1,b2 is sightly modified from [24,48,50].

Lemma 4.3. Let b1, b2 ∈ R̃BMO(µ), 1 < s <∞, 1
p = 1

p1
+ 1

p2
for 1 ≤ p1, p2 <∞

and 5 < ς, ς1 < ∞ with ς1 < ς. Assume that T̃θ defined as in (2.11) is bounded

from product of spaces L1(µ)×L1(µ) to spaces L
1
2 ,∞(µ), and λ satisfies the ϵ-weak

reverse doubling condition. Then there exists some positive constant C such that,
for any δ ∈ (0, 12 ), γ ∈ (δ, 12 ), x ∈ X , fi ∈ Lpi(µ), i = 1, 2,

M ♯
ς,δ

(
T̃θ,b1,b2(f1, f2)

)
(x)

≤C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

Mς,γ(Tθ(f1, f2))(x)

+ C∥b1∥R̃BMO(µ)
Mς,γ

(
Tθ,b2(f1, f2)

)
(x)

+ C∥b2∥R̃BMO(µ)
Mς,γ

(
Tθ,b1(f1, f2)

)
(x)

+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

ML(logL),ρ1
(f1, f2)(x),

M ♯
ς,δ

(
Tθ,b1(f1, f2)

)
(x)

≤C∥b1∥R̃BMO(µ)

[
Mς,γ(Tθ(f1, f2))(x) +ML(logL),ρ1

(f1, f2)(x)

]
and

M ♯
ς,δ

(
Tθ,b2(f1, f2)

)
(x)

≤C∥b2∥R̃BMO(µ)

[
Mς,γ(Tθ(f1, f2))(x) +ML(logL),ρ1

(f1, f2)(x)

]
,

where the sharp maximal function M ♯(f) is defined by

M ♯
ρ(f)(x)
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= sup
B∋x

1

µ(ρB)

∫
B

|f(y)−mB̃(ρ)(f)|dµ(y) + sup
x∈B⊂S

B,S (ρ,βρ)−doubling

|mB(f)−mS(f)|
K̃

(ρ)
B,S

,

M ♯
ρ,δ(f)(x) = [M ♯

ρ(|f |δ)(x)]
1
δ for any δ ∈ (0,∞), and

ML(logL),ρ(f1, f2)(x) = sup
B∋x

2∏
i=1

∥fi∥L(logL),ρ,B .

Lemma 4.4 (Lemma 5.5, [50]). Let δ ∈ (0, 12 ), ϱ ∈ [1,∞) and ζ ∈ [5ϱ,∞). Then,
for any p ∈ [1,∞) and ω ∈ Aϱ

2p(µ), there exits some positive constant C, depending
only on δ, such that, for any suitable function f and t ∈ (0,∞),

ω({x ∈ X :Mζ,δ(f)(x) > t}) ≤ Ct−p sup
ς≥Ct

ςpω({x ∈ X : |f(x)| > t}). (4.3)

Also, we need to establish the following lemma modified from [27].

Lemma 4.5. Let ϱ ∈ [1,∞), δ ∈ (0, 1), ω be a weight, and f ∈ L1
loc(ω) sat-

isfy
∫
X f(x)ω(x)dµ(x) = 0 when ∥µ∥ = µ(X ) < ∞. Assume that inf{1, Nδ} ∈

WLp,Φ,ϱ
ω (µ) for some p satisfying 1 < p < ∞. Then there exists some positive

constant C being independent of f , such that,

∥Nδ(f)∥WLp,Φ,ϱ
ω (µ) ≤ C∥M ♯

ρ,δ(f)∥WLp,Φ,ϱ
ω (µ), (4.4)

where Nδ(f)(x) = [N(|f |δ)(x)] 1δ .

The proof of Theorem 4.1 is stated as follows:

Proof. By applying (3.2), νω⃗ =
2∏

j=1

ω
p
pj

j and Lemmas 4.2, 4.3, 4.4 and 4.5, we get

∥Tθ,b1,b2(f1, f2)∥WLp,ϕ,ϱ
ω (µ)

≤∥Nδ

(
Tθ,b1,b2(f1, f2)

)
∥WLp,ϕ,ϱ

ω (µ)

≤C∥M ♯
ρ,δ

(
Tθ,b1,b2(f1, f2)

)
∥WLp,ϕ,ϱ

ω (µ)

≤C sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p tνω⃗

(
{x ∈ B : |M ♯

ρ,δ

(
Tθ,b1,b2(f1, f2)(x)| > t}

) 1
p

≤C sup
B

sup
t>0

[Φ(νω⃗(6B))]−
1
p t

× νω⃗
(
{x ∈ B : C∥b1∥R̃BMO(µ)

∥b2∥R̃BMO(µ)
Mς,γ(Tθ(f1, f2))(x) > t/4}

) 1
p

+ C sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t

× νω⃗
(
{x ∈ B : C∥b1∥R̃BMO(µ)

Mς,γ

(
Tθ,b2(f1, f2)

)
(x) > t/4}

) 1
p

+ C sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t

× νω⃗
(
{x ∈ B : C∥b2∥R̃BMO(µ)

Mς,γ

(
Tθ,b1(f1, f2)

)
(x) > t/4}

) 1
p

+ C sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t

× νω⃗
(
{x ∈ B : C∥b1∥R̃BMO(µ)

∥b2∥R̃BMO(µ)
ML(logL),ρ1

(f1, f2)(x) > t/4}
) 1

p
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≤C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]−
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B : |Tθ(f1, f2)(x)| > ι}

) 1
p

+ C∥b1∥R̃BMO(µ)
sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B : |Tθ,b2(f1, f2)(x)| > ι}

) 1
p

+ C∥b2∥R̃BMO(µ)
sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B : |Tθ,b1(f1, f2)(x)| > ι}

) 1
p

+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t

× νω⃗
(
{x ∈ B :ML(logL),ρ1

(f1, f2)(x) > t}
) 1

p

≤C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]−
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B : |Tθ(f1, f2)(x)| > ι}

) 1
p

+ C∥b1∥R̃BMO(µ)
sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B : |M ♯

ζ,δ

(
Tθ,b2(f1, f2)

)
(x)| > ι}

) 1
p

+ C∥b2∥R̃BMO(µ)
sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B : |M ♯

ζ,δ

(
Tθ,b1(f1, f2)

)
(x)| > ι}

) 1
p

+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t

× νω⃗
(
{x ∈ B :ML(logL),ρ1

(f1, f2)(x) > t}
) 1

p

≤C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]−
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B : |Tθ(f1, f2)(x)| > ι}

) 1
p

+ C∥b1∥R̃BMO(µ)
sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B : C∥b2∥R̃BMO(µ)

Mς,γ(Tθ(f1, f2))(x) > ι/2}
) 1

p

+ C∥b1∥R̃BMO(µ)
sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ινω⃗

×
(
{x ∈ B : C∥b2∥R̃BMO(µ)

ML(logL),ρ1
(f1, f2)(x) > ι/2}

) 1
p

+ C∥b2∥R̃BMO(µ)
sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B : C∥b1∥R̃BMO(µ)

Mς,γ(Tθ(f1, f2))(x) > ι/2}
) 1

p

+ C∥b2∥R̃BMO(µ)
sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B : C∥b1∥R̃BMO(µ)

ML(logL),ρ1
(f1, f2)(x) > ι/2}

) 1
p
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+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t

× νω⃗
(
{x ∈ B :ML(logL),ρ1

(f1, f2)(x) > t}
) 1

p

≤C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]−
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B : |Tθ(f1, f2)(x)| > ι}

) 1
p

+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι sup

ϖ>Cι
ι−1ϖ

× νω⃗
(
{x ∈ B : |Tθ(f1, f2))(x)| > ϖ}

) 1
p

+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B :ML(logL),ρ1

(f1, f2)(x) > ι}
) 1

p

+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι sup

ϖ>Cι
ι−1ϖ

× νω⃗
(
{x ∈ B : |Tθ(f1, f2))(x)| > ϖ}

) 1
p

+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B :ML(logL),ρ1

(f1, f2)(x) > ι}
) 1

p

+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t

× νω⃗
(
{x ∈ B :ML(logL),ρ1

(f1, f2)(x) > t}
) 1

p

≤C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]−
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B : |Tθ(f1, f2)(x)| > ι}

) 1
p

+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι sup

ϖ>Cι
ι−1ϖ

× νω⃗
(
{x ∈ B : |Tθ(f1, f2))(x)| > ϖ}

) 1
p

+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B :ML(logL),ρ1

(f1, f2)(x) > ι}
) 1

p

+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι sup

ϖ>Cι
ι−1ϖ

× νω⃗
(
{x ∈ B : |Tθ(f1, f2))(x)| > ϖ}

) 1
p

+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B :ML(logL),ρ1

(f1, f2)(x) > ι}
) 1

p

+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t

× νω⃗
(
{x ∈ B :ML(logL),ρ1

(f1, f2)(x) > t}
) 1

p

≤C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)
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+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t sup

ι>Ct
t−1ι

× νω⃗
(
{x ∈ B : CMs,ζ1(f1, f2(x)) > ι}

) 1
p

+ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

sup
B

sup
t>0

[Φ(νω⃗(6B))]
1
p t

× νω⃗
(
{x ∈ B : CMs,ζ1(f1, f2(x)) > t}

) 1
p

≤C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

∥f1∥Lp1,Φ,ϱ
ω1

(µ)
∥f2∥Lp2,Φ,ϱ

ω2
(µ)
,

where we use the following fact introduced in [24]

ML(logL),ρ1
(f1, f2)(x) ≤ CMs,ζ1(f1, f2(x)).

Which is our desired result. Hence, we complete the proof of Theorem 4.1.

5. Estimate for T̃θ and T̃θ,b1,b2 on spaces Lp,Φ,ϱ(µ)
The main results of this section are stated as follows:

Theorem 5.1. Let 1
p = 1

p1
+ 1

p2
for p1, p2 ∈ [1,∞), Φ : (0,∞) → (0,∞) be

an increasing function satisfying (3.1), and the mapping t 7→ Φ(t)/t satisfy (3.2).

Suppose that T̃θ defined as in (2.11) is bounded from product of spaces L1(µ)×L1(µ)

into spaces L
1
2 ,∞(µ). Then there exists some positive constant C such that, for all

fi ∈ Lpi,Φ,ϱ(µ), i = 1, 2,

∥T̃θ(f1, f2)∥WLp,Φ,ϱ(µ) ≤ C∥f1∥Lp1,Φ,ϱ(µ)∥f2∥Lp2,Φ,ϱ(µ).

Theorem 5.2. Let b1, b2 ∈ R̃BMO(µ), 1
p = 1

p1
+ 1

p2
with p1, p2 ∈ [1,∞), Φ : (0,∞)

→ (0,∞) be an increasing function satisfying (3.1), and the mapping t 7→ Φ(t)/t

satisfy (3.2). Suppose that T̃θ defined as in (2.11) is bounded from the product of

spaces L1(µ)×L1(µ) into spaces L
1
2 ,∞(µ). Then there exists some positive constant

C such that, for all fi ∈ Lpi,Φ,ϱ(µ), i = 1, 2,

∥T̃θ,b1,b2(f1, f2)∥WLp,Φ,ϱ(µ)≤C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

∥f1∥Lp1,Φ,ϱ(µ)∥f2∥Lp2,Φ,ϱ(µ).

Remark 5.1. By applying Definition 2.8 and Lemmas 3.3 and 3.4 in [34], it is easy
to show that Theorems 5.1 and 5.2 hold. Thus, in this paper, we omit the process
of proofs.

Also, with a way similar to that used in the estimates for Theorems 1.1 and 1.4
in [34], it is easy to obtain the strong type results for the T̃θ and T̃θ,b1,b2 on product
of spaces Lp1,Φ,ϱ(µ)× Lp2,Φ,ϱ(µ) for p1, p2 ∈ (1,∞).

Theorem 5.3. Let 1
p = 1

p1
+ 1

p2
for p1, p2 ∈ [1,∞), Φ : (0,∞) → (0,∞) be

an increasing function satisfying (3.1), and the mapping t 7→ Φ(t)/t satisfy (3.2).

Suppose that T̃θ defined as in (2.11) is bounded from the product of spaces L1(µ)×
L1(µ) into spaces L

1
2 ,∞(µ). Then there exits some positive constant C such that,

for all fi ∈ Lpi,Φ,ϱ(µ), i = 1, 2,

∥T̃θ(f1, f2)∥Lp,Φ,ϱ(µ) ≤ C∥f1∥Lp1,Φ,ϱ(µ)∥f2∥Lp2,Φ,ϱ(µ).
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Theorem 5.4. Let b1, b2 ∈ R̃BMO(µ), 1
p = 1

p1
+ 1

p2
with p1, p2 ∈ [1,∞), Φ : (0,∞)

→ (0,∞) be an increasing function satisfying (3.1), and the mapping t 7→ Φ(t)/t

satisfy (3.2). Suppose that T̃θ defined as in (2.11) is bounded from the product of

spaces L1(µ)×L1(µ) into spaces L
1
2 ,∞(µ). Then there exists some positive constant

C such that, for all fi ∈ Lpi,Φ,ϱ(µ), i = 1, 2,

∥T̃θ,b1,b2(f1, f2)∥Lp,Φ,ϱ(µ) ≤ C∥b1∥R̃BMO(µ)
∥b2∥R̃BMO(µ)

∥f1∥Lp1,Φ,ϱ(µ)∥f2∥Lp2,Φ,ϱ(µ).
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