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ON A PARTIALLY DEGENERATE
REACTION-ADVECTION-DIFFUSION
SYSTEM WITH FREE BOUNDARY
CONDITIONS*
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Abstract A partially degenerate reaction-diffusion system with advection
term and free boundary conditions is investigated in this paper. Firstly, we
present a spreading-vanishing dichotomy for the asymptotic behavior of so-
lutions of the system. Then, we obtain criteria for spreading and vanishing.
Moreover, numerical simulation is given to illustrate the theoretical results.
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1. Introduction

In the past decades, quite a few reaction-diffusion systems in which some but not
all diffusion coefficients are zeroes called partially degenerate reaction-diffusion sys-
tems, have been introduced to give an accurate description of a wide variety of phe-
nomena in population biology, epidemiology, and so on. Capasso and Maddalena [3]
introduced an epidemic reaction-diffusion model to study the fecally-orally trans-
mitted diseases in the European Mediterranean regions

Uy = dug, — au + cv,
' (1.1)

vy = —bv + g(u).

Zhao and Wang [43] established the existence of wavefronts and a minimal wave
speed of (1.1) with monostable nonlinearity. Xu and Zhao [34] proved the exis-
tence,uniqueness and stability of traveling front of (1.1) with bistable nonlinearity.
Wu [33] constructed some new entire solutions for (1.1) with bistable nonlinear-
ity, which behaves like two increasing traveling wave solutions propagating from
both sides of the z-axis and annihilating at a finite time. Hadeler and Lewis [14]
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presented the following reaction-diffusion system

U = dugy + fi1(u) — nu + 720, (1.2)

Uy = MU — 729,

which describes a species population where the individuals alternate between mobile
and stationary states, and only the mobile reproduce. Zhang and Zhao [38] con-
sidered the asymptotic behavior of solutions of (1.2). Further, Zhang and Li [39]
established the monotonicity and uniqueness of traveling wave solutions of (1.2).
Fang and Zhao [8] studied the traveling fronts and spreading speed of the following
general partially degenerate reaction-diffusion system

Uy = dugy + f1(u,v), (1.3)

vy = fa(u,v).

Zhang et al. [37] considered a class of partially degenerate nonlocal diffusion systems
with free boundaries. Chen et al. [4] discussed a partially degenerate epidemic model
with time delay and free boundaries.

Recently, the free boundary condition has been considered in more and more eco-
logical models to let the description of a gradual spreading process be more close to
the reality. For example, we refer to [2,7,18,19,46] for single-species models. More
works related to the system can be found, such as [12,13,30] for Lotka-Volterra com-
petition systems, [21,35,40] for predator-prey systems, [27,31,41,47] for epidemic
models and [20, 26, 36] for other models. Wang and Cao [29] studied the spreading
frontiers of (1.3) with free boundary. It is shown that a spreading-vanishing di-
chotomy holds, and the sharp criteria for the spreading and vanishing are obtained.
Choi and Ahn [6] considered non-uniform dispersal of logistic population models
with free boundaries in a spatially heterogeneous environment. They observed that
the spreading-vanishing dichotomy and the asymptotic spreading speed of the mov-
ing front is uniquely determined in relation to the semi-wave speed. Ahn et al. [1]
investigated the free boundary problem of a man-environment-man epidemic model:
filu,v) = —au — cv and fa(u,v) = —bv + G(u). Kaneko et al. [16,17] investigated
the Stefan problem of nonlinear diffusion equation (z € Q(t) C RY) with positive
bistable nonlinearity.

Normally, diffusion of particles in physics is random and obeys Fick’s law. How-
ever, species in population dynamics or diseases in epidemiology diffuse differently
owing to their initiative behaviors and activities. Some species or diseases prefer to
move in one direction because of appropriate climate, food, wind direction, etc. For
example, Maidana and Yang [23] studied the spread of West Nile virus (WNv) in
North America. West Nile virus appeared for the first time in New York city in the
summer of 1999. In the second year the wave front traveled 187km to the Northand
and 1100km to the South, it spread across almost the whole America continent till
2002. Therefore, the propagation of WNv from New York city to California state is
a consequence of the diffusion and advection movements of birds. Especially, bird
advection becomes an important factor for lower mosquito biting rates. Recently,
there are some works considering the advection. Gu et al. [9,10] was the first one
to consider the long-time behavior and the asymptotic spreading speeds of the free
boundary problem with Fisher-KPP type and small advection. Gu et al. [11] further
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studied the long time behavior of solutions of Fisher-KPP equation with advection
B > 0 and free boundaries. For a single equation with advection, there are many
other works [15,24,32,44]. Besides, there are also several works devoted to the sys-
tem with small advection [5,28,45]. Zhao et al. [42] considered the free boundary
problem with the advection based on [1].

Inspired by the work [29], we consider the following reaction-advection-diffusion
system with general reaction functions

up = dugy — Bug + f1(u,v), g(t) <z < h(t),t >0,

v = fa(u,v), g(t) < x < h(t),t >0,
B (t) = —pug(h(t), 1), t>0, (1.4)
g/(t) = —,uux(g(t),t), > 07

U(O,ZL‘) = UQ(JJ),U(O,.CL‘) = ’Uo(.’lﬁ), _hO S x S h07

h(0) = —g(0) = ho,

where d, 8, and hg are positive constants, x = h(t) and x = g¢(t) are moving
boundaries to be determined. The initial functions ug(x),vo(z) € X(hg) for some
hg > 0, and

S(ho) :={¢ € C*([~ho, ho]) : ¢(—ho) = ¢(ho) = 0,¢’(ho) <0,
¢'(=ho) > 0,6(x) > 0 in (=hg, ho)}.

For convenience, we denote A := fy, — % Throughout this paper, we assume
that the following holds for f;, fo and g

(i) fi € CYRZ,R)(i = 1,2), 20 > 0 8200) 5 0 ) (u,0) < fryu+ fro0,
f2(u7v) < f2uu+f2'uva where flu = Waflv = WMICZ'M = Wa
f2v = 8f23(3’0) < 0;

(ii) there exist K1, Ko > 0 such that for any My > Kj, Ms > K, there exist
M1 Z Ml,Mg Z M2 such that fl(Ml,Mg) S O,fg(Ml,Mg) S 07

(iif)
flvf2u
0<p<p =TTy 220

0, A <0.

2. Some basic results

Firstly, we present the existence and uniqueness of the solution by the contraction
mapping theorem.

Lemma 2.1. For any initial value (ug,vo) € X(ho) and any a € (0, 1), there exists
a positive number T such that problem (1.4) admits a unique solution (u,v;g,h),
which satisfies

(u,v:9,h) € CHHOUFI2(Gr) x C(Gr) x (CTF/2((0,T0))?,
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moreover,
||u||Cl+0<~(1+a)/2(GT) + ||UHC(GT) + llg, h||01+a/2((o,T]) <C,

where G = {(z,t) € R? : = € [g(t),h(t)],t € [0,T]}, the constants T and C only
depend on ho, o, B, [uollc2([—ho,ho]) @nd ||Vollc2([=ho,hol)-

Proof. The free boundary problem is transformed into a fixed boundary problem
by making a transformation. Let

_ 20— g(t) — h(t)

h(t) —g(t) ’
w(y,t) = (D= g(t))y; TURRION
2(y,t) = u( (h(t) — g(t))y; g(t) + h(t) )

Then (1.4) can be transformed into the fixed boundary problem

— dp*(t)wyy + (Bp(t) — £y, ))wy = fi(w,2), =1 <y <1,£ >0,

z —E(y,t)zy = fa(w, 2), -l<y<1,t>0,
(:I:l t) = Z(:I:l,t) 0, t>0,
’LU(y ) = U(hoy, )72( ) = U(hoyao)a -1< ) < 17

where : RO +g0) | KO- g0
-9
p(t) = 8y t) = - + Y.
h(t) —g(t) (t) —g(t) (t) —g(t)
Similar to Theorem 1.1 in [22], the unique local solution is obtained by constructing
a contraction map. O

Lemma 2.2. Let (u,v;g,h) be a solution of problem (1.4) for t € [0,T)] for some
T > 0, then there exist constants C1,Cy independent of T such that

0 < u(x,t),v(z,t) < Cy, for (z,t) € (9(t), h(t)) x (0,T7,
0< —g'(t),h (t) < Co, forte (0,T).

Proof. Since the system is cooperative and ug,vg > 0 are nontrivial, we have
u,v > 0 for (z,t) € (g(t),h(t)) x (0,T]. Using the strong maximum principle, we
immediately obtain u,(h(t),t) < 0 and u,(g(t),t) > 0. Then A'(t) > 0,—¢'(t) > 0
n (0,77.
Set M1 _: max{Kl, Hu_0||cz([_h07h0])},M2 = _InaX_{K27||’U0||cz(_[_h07_ho})}, then
there exist My > My and Ms > Ms such that fi (M7, M) <0, fo(M7, M) < 0.
Define

0 0
L, := I%E;x{u(x, )}, Ny = max{mgx Efl(z’ w), max %fg(z, w), 0},

and

0 0
Ly := I%iX{U($7t)},N2 = max{mgx%fl(z,w),mgxafg(z,w)},
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where Dp = {(x,t) € R? : z € [g(t), h(t)],t € [0,T]} and D = {(z,w) € R* : 0 <
z <max{Mi,L1},0 < w < max{Ma, Lo }}.

Set (U(x,t),V(x,t)) = (My — u(x,t), My — v(z,t))e” NN
then
Fr(u,v) = (My — UeN N8 N, — (Nt N2ty
=f1 (M, My) — %fl(fl(w7t>7§2(x7t))Ue(N1+N2)t
- %fl(gl(ﬂf,t),fz(x,t))Ve(N1+N2)t7
and

f2(u7v) :f2(M1 - UG(NH'_]V?)t7 M2 _ Ve(Nl-‘er)t)
D
:fQ(Mh M2) - %fQ(’Yl(xatLVZ(Iat))Ue(NlJrNﬂt
0
- %fz(%(z,t),72(1;7t))ve(N1+N2)t’

where &1 (z,t),v1(z,t) are between u(x,t) and My, and &(x,t),y2(x, ) are between

v(z,t) and Ms. Tt follows that

Ui — dUyy + BU,
> SR Q)U + o (6, GV — (Vi + MU, € (9(0),h(t) 1 € (0,71,
V2 oS-l + e faln )V — (N + Na)V, @ € (9(0), (). £ € (0.
Uz, t) = Mye= NN V(g 4) = Mpe= N1Vt 3 = h(t) or g(t),t € (0,77,

U(x,0),V(z,0) >0, x € [—ho, hol.

We now claim that min{U(x,t),V(z,t)} > 0 in Dp. Otherwise, there exists
(z0,t0) € Dr such that

min{U (zo, %), V(zo,t0)} = min min{U(z,t),V(x,t)} <O0.
(Qf,t)EDT

Assume that U(zg,to) = min{U(zo,t0), V(zo,t0)} < 0, then U(z,t) attains its
minimum at (zg,tg) € Dr, then

Ug(xo,to) — AUz (20, t0) + UL (20,t0) < 0.
On the other hand, we get
0 0
%ﬁ(&,fz)U(JCoJo) + %f1(§1»€2)V(9607t0) — (N1 4+ N2)U (20, to)
0
> %fl (&1,&2)V (o, to) — NoU(zo, to)

> 0,

which leads a contradiction. Similarly, if V(zo,t0) = min{U (zg, to), V(zo,t0)} <0,
then V(x,t) attains its minimum at (zg,t9) € Dy, which leads a contradiction
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again. Then min{U (z,t),V (z,t)} > 0in Dp. Hence, we obtain 0 < u(z,t),v(z,t) <
C1,where Cy := min{M;, Ms}.
It remains to be shown that —g/(t), h'(t) < Cy in (0,7]. The proof is similar to
that of Lemma 2.2 in [7]. O
Since the boundedness of u, v, g and h, the global solution is guaranteed.

Theorem 2.1. The solution of (1.4) exists and is unique for all t € (0,00).

Now we give two comparison principles, which can be proven by the similar way
of Lemma 2.5 in [1].

Lemma 2.3. Assume thatT > 0,g,h € C'([0,T]),u € C(D)NC**(D),v € C(D)N
COY(D)with D = {(z,t) € R? : §(t) < x < h(t),0 <t < T}, and

Uy > dilgy — By + f1(1,0), g(t) <z < h(t),0<t<T,
vy > fa(u, ), gt) <z <h(t),0<t<T,
a(g(t),t) = u(h(t),t) =0, 0<t<T,

v(g(t),t) = v(h(t),t) = 0, 0<t<T,

3(0) < —ho,g'(t) < —ptia(g(t),1), 0 < t < T,

h(0) > ho, B/ (t) > —piiz(h(t),t), 0<t<T

(x,0) > up(x),v(x,0) > vo(z), —ho <z <hy

For (u,v; g, h) being a solution of (1.4), then

9(75) > g(t), h(t) < h(t) for t € (0, T],
x,t) < a(z,t),v(x,t) < o(x,t) for xz € [g(t),h(t)],t € (0,T].

Lemma 2.4. Assume thatT > 0,g,h € C*([0,T]),u € (D)OC’2 YD),v e C(D)N
C%Y(D) with D = {(z,t) e R? : g(t) <& < h(t),0<t < T}, a

uy < dug, — Bu, + fi(w,v), g(t) <x <h(t),0<t<T,
vy < fa(u, v), g(t) <xz <h(t),0<t<T,
u(g(t),t) = u(h(t),t) = 0, 0<t<T,

v(g(t),t) = v(h(t),t) = 0, 0<t<T,

9(0) = —ho,g'(t) = —pu,(g(t),t), 0 <t < T,

h(0) < ho, b (t) < —pa, (h(t),t), 0<t<T

u(z,0) < ug(z),v(x,0) < vo(z), —ho<z<ho

g(t) < g(t),h(t) = h(t) fort € (0,T],
u(w,t) > u(x,t),v(x,t) > v(x,t) for x € [g(t),(t)],t € (0,T].
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3. An eigenvalue problem

In this section, we discuss an eigenvalue problem and present its properties of its
principal eigenvalue. Now we introduce the following eigenvalue problem

A = douy — Br + (fru — L3L2), —l < <,
o(l) = ¢(=1) = 0.

(3.1)

Lemma 3.1. Denote by A1(l) the principle eigenvalue of problem (3.1) with fized
[, then

62 fl'uf2u
A (1 — — f1u .
0=+ g~ ot P
Proof. Let uy, us be the roots of
dp? = B+ A+ fru — Nofzu _ (3.2)
f2v

Then ¢(x) = Aet'® + Bet2® ig the solution of (3.1). By the boundary conditions
d(£l) =0, ¢ =0 if B2 — 4d(\ + f1u — %) > 0. Then we have

flvf2u

2 — J—
B= —4d(A + fiu on

) < 0.

The roots of (3.2) is

B iy 4N+ fr, — D) — 2
2d :

Hi2 =

So

. \/4d(/\ + fru — fl}z2f2u) — 32
d(z) = Aezd®[cos 57 - x

\/4d A+ fro— flvaU) _ ﬂ2
2d

\/4d A+ flu — flvf2u) — B2

B 2d
+be cos 5d x

O R T
—isin z].

2d

+isin x]

Since ¢(+l) = 0, we obtain that

\/4d/\+f1u f1u2f2u)7/82l - .
9d _§+ 7T( S )

Hence

d7T2 62 flvau
4l2+7_f1u+ f2’U .

A(l) =
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Theorem 3.1. The following statements of \1(l) are valid:

(i) M\ (1) is continuous and strictly decreasing in 1,

, - . B
lim M) = o0, lim M) = et

flvf2u.
f2v ’

(i) if A > 0 and 0 < B < 24/d(f1u — flf%), there exists a threshold value

*= 4d2Ad:82 such that A1 (1) <0 forl>1*, \i(1) =0 forl=1* and A1 (1) >0

for0 <l <l¥
(iii) if A <0, then (1) = 42 + 52 > 0.

4. Vanishing and spreading

In this section, we first give some sufficient conditions of vanishing and spreading,
then obtain criteria for spreading and vanishing.

Lemma 4.1. Let (u,v;g,h) be the solution of problem (1.4). If hoo — goo < 00,
then there exists a constant K such that

lu(, Ollerqge),ne < K,Vt> 1.
Moreover,

. / T ’ o
lim A'(t) = tlgglog (t)=0.

t—o00

Proof. The proof is similar to that of Proposition 3.1 in [21]. We omit the details.
O

Lemma 4.2. Let (u,v;g,h) be the solution of problem (1.4). If hoo — goo < 00,
then

dm {lu(8), 0(8)lle o i = 0- (4.1)

Proof. Since fi(u,v) < fi,u+ fi,v, we have that
U — gy + Bug > frau, g(t) <z < h(t),t >0,
u(g(t),t) = 0,9'(t) < —pua(g(t),t), t >0,
u(h(t),t) = 0,h'(t) > —puy(h(t),t), t > 0.
In view of Lemma 4.1 and Lemma 3.2 in [44], we obtain
Jim flu(sB)lleaew nen = 0-
On the other hand, v(z,t) satisfies
vy = fo(u,v) < fautt + foyv, g(t) < x < h(t),t >0,

Hence
lim [lo(, )l c(ge),he) = 0-

t—o0

The proof is complete. O
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Lemma 4.3. If A <0, then hoo — goo < 00 and (4.1) holds.

Proof. Direct computation gives

g A(®) (u flv
dt g(t) f21)

v)dz

h(t) flv
= [ e B i) = 2 ot )t
g(t v

d

, , h(t) fro
—— S0 - g ) + / o [0~ 2 e

Integrating from 0 to ¢,

h(t)
/ (u— i v)dx
g(t) f2v

ho
_ / (- %vo)dﬂc 4 Z[%O — h(t) + o(1)]

h(t)
/ / [f1(u,v) flv 2(u,v)]dz
g(t f271

</ (up — %’Uo)dl‘ + Z[Qho — h(t) 4+ g(t)]

h(t) f
/ / fluu + flvv L (fQuU + fQUU)]
g(t f 2v

_ _ f d . MO
_ /_ | ( f%vo)dx—i— 2 / /g [ = 2222 Jude,

In view of A <0, we have

h(t 7d/ 0—7U0)dx+2ho<oo
Thus heo — goo < 00. Combining with Lemma 4.2, we obtain that

tli}glo u(-,t), (-, )l e(ra(t),h(t)) = O-

The proof is finished. O

Lemma 4.4. Assume that A > 0. If A\y(hg) > 0, then vanishing happens if ug and
vo are sufficiently small.

Proof. Let ¢ be the corresponding eigenfunction of A1(hg). Since A1 (hg) > 0, we
can choose § small enough such that

Bhos? 3\,
2d2+0) " airee
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Define

o(t) == ho(1 + 6 — ge*“),t >0,

wa, t) = eeéteéix“a’?%)%(%),x e [o(t),a(t)],t >0,
2(z,t) = ﬁ[ 52+ 6) fiu — flf”f" +5 Zw, z € [~a(t),o(t)],t > 0.
Direct computations yield that
Wy — dwzz + sz - ( )
Bhox o’ o ¢ —d¢" B¢’ B hd
>w[—6 — 5g 5z 0T *5‘1‘(*) ( 3 +?)—@(1—§)]
- fluw - fl'uZ
5h0 g ho »32 h2 h2 h(z) flvf2u
2 [—5—Td; (0) At —@(1—;)] flu(l—;)W—g o w— fpz
Bhod? 3\
zel=0 = 5e 1) T it o
>0
and
- fQ(’LU,Z)
h / / /
22(_5 - ﬁzg‘r % - Ox%%) - f2uw - f2vZ
0 /6h05 5(2 + 6)f1u f2u f2u >\1 f21)
T e VTG Ly iy S (R TE R
>0
for z € (o(t),0(t)) and t > 0. Moreover,
' 6 st ho +£(0—ho)
a'(t) = Ehoe ,we(t, £o(t)) = ee @' (£ho)— ¢ 2d
Set
2 e—310ho o i35ho

.

0
€= ho(2+ 5) Ap min{ - ¢'(ho) " ¢'(—ho)

If up and vy are sufficiently small such that

uo() < (7 575)e T € [ho(1+5/2), o1 +6/2)
and
1 fl'quu )\1 x %
w0(e) < g (02 + )i — S ep( e
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for x € [—ho(1 4+ 6/2), ho(1 4+ 6/2)]. Then we have

- Bws + fi(w, 2),
z > fa(w, 2),

w(=o(t),t) =w(o(t),t) =0
z(=o(t),t) = z(o(t),t)

U(O) > h(],O'/

> up(x),

w(z,

Applying Lemma 2.3, g(t) > —o(t) and h(t) < o(t).
2ho(1 + 6) < oo. Lemma 4.2 implies that lims_, oo |Ju(-, ), v(-, ¢

The proof is complete.

—0(0) < —hg, —0'(t) < —pws(—o(t),1),
(t) = —pwy(o(t),1),
z(z,0) > vo(x),

—o(t) <x <ol(t),t >0,
—o(t) <x <o(t),t >0,
t>0,

t>0,

t>0,

t>0,

—ho < x < hg.

Obviously, hse — goo <
Newsw,nwmn = 0
O

Lemma 4.5. Assume that A > 0. If A\1(hg) < 0, then spreading happens.

Proof. Let ¢ be the corresponding eigenfunction of A;(hg). Define

u(w,t) = ed(x),v(w,t) = —

By direct computations, we have

uy — dug, + fu, — fi(y,v)

f2u
f2v

u(z,t),x € [—ho, hol, t > 0.

=e(—=d¢" + B¢") — fr(u,v)
—eo+ frut— D220 0) — O 1 e ), e, ) — = fi( (b))
— 1 1lu fzv u 1 s U)y TN, < v 1 y )y TNT, v
a u v u
=200 + fuu = 5 Fi6 (o 0) + 22 (€ t)nlat) - L)
and
0 0 u
- Fal.8) = 20 5 Fal€lant). ey ) = 5L al€le )l ) 22)
for x € (—hg, ho) and ¢t > 0, where £ € (0,u) and 1 € (0,v). Since \; < 0, we can
choose € small enough such that ug(x) > ed, vo(x) > —e¢ fau/ f20 and

u, < dug, — Pu, + fi(u,v),
Uy S f2(ﬂ; y)?
u(—ho,t) = u(ho,t) =

v(=ho,t) = v(ho,t) =
0> _/1/@1;<_h07t)70
w(z,0) < ug(x),v(z

70) S’UO

—hg<z< h(],t> 0,
—hg < x < hg,t >0,
t>0,

t>0,

_/J/Qm(hoﬂf), t >0,

—ho <z < hyg.

(),
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By applying comparison principle, u(z,t) > wu(z,t) and v(x,t) > v(x,t) for x €
[—ho, ho] and ¢ > 0. Then

A {u(6), 0(s8)lle o i > 0-

It follows from Lemma 4.2 that ho, — goo = 00. This completes the proof. O

Lemma 4.6. Assume that A >0 and 0 < § < 24/d(fru — %) If hg < I*, then

spreading happens if ug and vy are sufficiently large.

Proof. By Theorem 3.1, there exists vT* > I* such that A\o(v/T*) < 0. Consider

Ao¢ = —d¢" — (3 +BVT* +1)¢/, 0 < < 1,
¢'(0) = ¢(1) = 0.

It is well known that the first eigenvalue Ay > 0 and the corresponding eigenfunction
¢ > 0,¢" < 0in (0,1], and ||} e(o,1)) = 1. We extend ¢ to [—1,1] as an even
function, then we have

Ao = —do" — (% + BVT* + 1)sgn(z)¢’, -1 <z < 1,
¢(—1) = ¢(1) = 0.
Now we construct a suitbale lower solution of (1.4). Define
h(t)=vVt+o,0<t<T",
P o(==),—h(t) S v < h($),0 <t < T,

u(z,t) =4 t+o)* Vito
0, || > h(t),0 <t < T,

and

v(z,t) = (t+pa)k¢(\/t%,)’—ﬁ(t) z < h(t),0<t< T,

0, |z| > h(t),0 <t < T,
where o,k and p are positive constants that are choosen later. Due to Lemma 2.2,
0 < u(z,t),v(x,t) < Cy. Then there exists L > 0 such that fi(u,v) > —Lu and
fa(u,v) > —Lv. Now we choose

IN
IN

(T +1)*

i 2 * > .
0<o<min{l,hi}, k> A+ LT +1),p> Smin{ & (1), — (1))

Direct computations yield

Uy — d@xaﬁ + 521 - fl(@vy)

P €T / 1 / /
1
<= gy R0+ (G + BV H Dsgn(a)! +dg” — Lt +)6
< - W[(% + BVT* + 1)sgn(z)d’ + do” + \og]

=0
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and

P i /
v— fau,v) < _(t—|—a)k+1[k¢+ 2m¢ —L(t+0)¢] <0

for x € [—h(t),h(t)] and ¢ € (0,T*]. On the other hand,

1
H(t) + o (10, 1) = G+ T S (D S0 (O.T),
1 Hp

B(t) — pa, (h(t), £) ¢'(-1) < 0,t € (0,T7).

T 2Eto  (t+o)fts
If up and vy are sufficiently large such that

.
Vo
for © € [—/o,+/0]. Since h(0) = /o < hg, then (u,v;—h,h) is a lower solution
of (1.4). By Lemma 2.4, we conclude that h(t) > h(t) and g(t) < —h(t) in [0, T7*].
So h(T*) > h(T*) = VT*+0 > VT* and g(T*) < —v/T*. Then (—I*,1*) C
(=VT*,VT*) C (g(t), h(t)) for t > T*. Due to Lemma 4.5, we have hoo — goo = 00,
that is, spreading happens. O

) < uo(x) vz, 0) = Lo

u(z,0) = Lo —=) < wol),

S

Theorem 4.1. Assume that A >0 and 0 < 8 < 24/d(f1u — %) If (ug,v0) =

0(0,w) for 8 and w € X(hg), then there exists 0* > 0 such that spreading happens
if 6 > 0", and vanishing happens if 0 < § < §*. Moreover, 6* = 0 provided hg > 1,
and §* > 0 provided hg < I*.

Proof. This theorem follows from Lemmas 4.4 and 4.6, the detailed proof is similar
to Theorem 5.2 in [46]. O

5. Numerical illustrations

In this section, we present some numerical simulations of problem (1.4). As the
boundary is unknown, it is difficult to present the numerical solution of free bound-
ary compared with the fixed boundary problem. Here, we use a similar way in [25]
to deal with the problem. Firstly, we carry out the discretization by finite differ-
ences. Secondly, we use the standard implicit scheme to deal with the equation
(1.4), then we get a nonlinear algebraic system with the same number of equations
and unknowns. Finally, we use the Newton-Raphson method to solve this nonlinear
algebraic system.
Now we fix some coefficients and initial functions. Assume that

d=1,u=15=03;up(x) = acos(%),vo(x) = bcos(;fo),
fi(u,v) = —anu+ aiv, fo(u,v) = —azv + azu(l — ).

Now we consider the long time behavior of solutions (u, v).

Example 5.1. Choose a11 = 2,a12 = as; = 1,a99 = 1.2, we have A < 0. Lemma
4.3 shows that vanishing happens if A < 0. The numerical solutions of problem (1.4)
with @ = 0.5,b = 0.8 and a = 5,b = 6 are shown in Figures 1 and 2 respectively.
We observe that the free boundaries x = h(t) and 2 = ¢(t) increase slow, and the
solution decays to zero quickly.
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Figure 1. a11 = 2,a12 = a21 = 1,a22 = 1.2,a =0.5,b = 0.8, hg = 5.
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Figure 3. a11 = 1,a12 = 2,a21 =2.1,a32 =1,a=8,b=1,hg = 5.

Example 5.2. Fix aj]p = 17(112 = 2,0,21 = 2.1,@22 = l,a = 8,b = 1, ho = 5, then
A > 0 and hg > [*. The simulation results are shown in Figure 3. It is easy to
see that the free boundaries increase fast, and the solution stabilizes to a positive
solution, which confirms to Theorem 4.1 (spreading always happens when hg > [*).

Example 5.3. Let a;1 = 1,a12 = 2.5,a21 = 2,a22 = 2,hg = 0.8, we have A > 0
and hg < !*. The numerical solutions of problem (1.4) with a = 0.1,b
and a = 1,b = 0.5 are shown in Figures 4 and 5 respectively. It is easy to see
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Figure 4. a11 = 1,a12 = 2.5,a21 = 2,a22 =2,a=0.1,b = 0.2, hg = 0.8.

Figure 5. a11 = 1,a12 = 2.5,a21 = 2,a22 =2,a=1,b=0.5,hg = 0.8.

that in Figure 4 the solution decays to zero quickly; in Figure 5 the free boundaries
increase fast and the solutions stabilize to positive equilibria.They support Theorem
4.1 (If A > 0 and hg < I*, spreading happens if 6 > §* > 0, vanishing happens if
0<d<d%).
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