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DYNAMICS FOR DELAY PLATE EQUATIONS
WITH MULTIPLICATIVE NOISE ON
UNBOUNDED DOMAINS*
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Abstract This paper is concerned with the asymptotic behavior of solutions
for plate equations with delay blurred by multiplicative noise in R™. First of
all, we obtain the uniform compactness of pullback random attractors of the
problem, then derive the upper semi-continuity of the attractors.
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1. Introduction

This paper is concerned with the following plate equations with time delay blurred
by multiplicative noise in R™:

Ot + @0t + Opgra (Ortt) + Opzrat + Au + F(x, u(t, z))
= f(z,ult = p,2)) + g(t,x) + cuo G, x€R", t >,

Ur(5,2) == u(r + 5,2) = ¢(s,2), =R, s€[p,0],

Owur(s,x) = Op(s,z), = €R™, se[—p,0],

where 7 € R,z € R",s € [—p,0],e € (0,1], a, A are positive constants, the time
delay p > 0 is a constant, the conditions that F, f satisfying see Section 3, g(t,-) €
L} (R,L*R")) and ¢ € C([r — p, 7], H*(R™)), W is a two-side real-value Wiener
process on a complete probability space which will be specified later. The problem
(1.1) is understood in the sense of Stratonovich integration.

Delays in differential systems are used for mathematical modeling in many ap-
plications to describe of the dynamics influenced by events from the past. It is
known that differential equations with delay appears in physics, biology and other
disciplines, and the time delay are considered in the model of the systems [5,8]. Es-
pecially, these equations are applied to mathematical modeling in many applications
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to describe of the dynamics influenced by events from the past, see [10,11,13]. Most
noteworthy is that the attractors of deterministic differential equations with time
delay have been studied in [8], while the stochastic case has been studied in [4,17].

For the case p = 0 in (1.1), we derived the existence of results in, see [9,19].
However, as far as we know, there is little literature dealing with stochastic time-
delay plate equations. For all we know, in [18], Wang and Ma sudied the existence
of pullback attractors for the non-autonomous suspension bridge equation with time
delay.

Motivated by literature above, we study the dynamics of the delay plate equa-
tions. The main features of the work are summarized as follows: (i) We prove that
(1.1) generate random dynamical systems; (ii) We show the existence random at-
tractors for (1.1); (iii) We obtain the convergence of random attractors for (1.1) as
p — 0or e — 0. A major difficulty in the proof process is to prove the existence ran-
dom attractors for (1.1), the reason is Sobolev embeddings are no longer compact.
To overcome it, we use the uniform estimates and the splitting technique [16].

This paper is organised as follows. In the next section, we recall some basic
concepts on the theory of random dynamical systems. We then prove an abstract
result for upper semicontinuity of random attractors for stochastic delay equations.
In Section 3, we establish the continuous random dynamical system for (1.1). Some
necessary estimates are given in section 4. We then prove the existence of pull-
back attractors for (1.1) in section 5. In Section 6-7, we further prove the upper
semicontinuity of attractors when ¢ — 0 and p — 0.

2. Notations

Now, we recall some notations and proposition on the theory of random dynamical
systems, the reader is referred to [2,6,7,12,14].
Denote (2, F,P) be the probability space and for t € R,w € Q,

Orw() = w(t +-) — w(t).

Let (X, |- ||x) be a separable Hilbert space, and let (2, F, P, {0; }+cr) be an ergodic
metric dynamical system.

Proposition 2.1. ( [14]) Let D be an inclusion closed collection of some families of
nonempty subsets of X, and ® be a continuous cocycle on X over (0, F,P, {0; }1cr).
Then ® has a unique D-pullback random attractor A in D if ® is D-pullback asymp-
totically compact in X and ® has a closed measurable D-pullback absorbing set K
n D.

We denote by Cx the space C([—p,0], X) with the sup-norm

[ullcx = sup lullx, u € C([-p,0], X).
s€[—p,0]

Denote by (Y, || - ||) a Banach space satisfies that the injection X C Y is contin-
uous, we also denote by C'y y the Banach space Cx N C'([—p,0],Y) with the norm

H : ”CX,Y

.
Y1Esy = I0llEy +lulle,, y=(u,0)", ueCx, vely. (2.1)
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Denote —A the Laplace operator, A = A% and the Hilbert spaces V,, = D(A%)
endowed with inner product and norm

(U,’U)V = (A%U,A%’U), || . ||V = HA% . ||
In particular, Vo = L2(R"), Vo = H?(R™).

3. Cocycles for stochastic plate equation
In this section, we discuss the assumptions on F, f and ¢ and define a continuous

cocycle in Cy, v, (R™) for (1.1). Assume F(xz,-) € C*(R), f, g satisfy the following
conditions:

|F(z,u)| < er|u]” + ¢1(z), ¢1 € L*(R™), (3.1)
F(z,u)u — coF(z,u) > ¢o(x), ¢o € LY(R™), (3.2)
F(z,u) > cslul"™* — ¢s(2), ¢5 € L'(R"), (3.3)
oF
S0 < @, (34)
f(I,O) = 07 and |f(1',’LL1) - f('T’aUQ) S lf|U1 - U2|, (35)
where @, l; >0, 1 <5 < 241 ¢; > 0. It follows from (3.1)-(3.2) that
Fw,u) < e(ju® + [u]"™ + 61 + ¢2). (3.6)
Assume g satisfies
0
/ e”|lg(-,s +71)||?ds < 00, V T € R, (3.7)
—o0
which implies that
lim / / e”|g(-,8)[Pdxds =0, V T € R, (3.8)
r—oo [_ o || >r
where o is a positive constant.
For Y = (u,v)" € Cy, v, (R"), set
1
Y lley, v @) =(lullg,, +IvIE,,)?
=([[o]* + (% + A = da) [[ul]” + (1 - 5) | Aul|)2. (3.9)

In addition, we see that | - [|cy, v, (R") is equivalent to || - [y, v, @) in (2.1).
Let £ = Oyu + du, where § is determined by (3.14), then problem (1.1) is equiv-
alent to

du
E + du = 55
% +(a=0)E4+ A%+ (2 + X =da)u+ (1 —08)A% + f(x,u) + F(z,ul(t, z))
dw
= [z, ult = p,x)) + g(a,t) + euo —,

dt
ur(s,x) == u(r + s,2) = ¢(s,z), z€R"”, sé€[—p,0],

&r(s,x) = Owp(s,x) +dp(s,z), x €R™ s [—p,0].
(3.10)
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Consider the Ornstein-Uhlenbeck equation dy(6:;w) + ey(6w)dt = dw(t), and
Ornstein-Uhlenbeck process

0
y(w) = —6/ eTw(r)dr.
From [3], it is known that the random variable |y(w)| is tempered, and there is a
O-invariant set @ C Q of full P measure such that y(f:w) is continuous in ¢ for
every w € €.
Let v(t, 7,w) = &(t, 7,w) — ey(frw)u(t, 7,w), we obtain the equivalent system of
(3.10),

du
T + du —v = ey(fw)u,
f;; 4 (a—8)v+ A%+ (8% + A — da)u

+(1 — 8)A%u + ey(Osw)A%u + F(x, u(t, x))
= f(z,u(t — p,z)) + g(z,t) — ey(brw)v — e(ey(Orw) — 20)y(Orw)u,

ur(s,z) = u(t+s,z) = ¢(s,z), x €R™, s€&[—p,0],

vr(s,2) = 0id(s,x) + 00(s,x) — ey(Orw)P(s, x) :=Y(s,x), x €R", s [—p,0].
(3.11)

For given 7 € R,w € Q and ¢ € Cy,(R"), ¢ € Cy,(R"), a solution of (3.11) will
be written as (u(-, 7,w, @), v(-, 7,w,v)). As usual, the segment of u(-,7,w,¢) and
v(-, T,w, ) on [t — p,t] are written as u'(-,7,w, ) and v'(-, T, w,1)), respectively;
that is,

ug(s, T,w, ) = u(t + s, 7,w,9), forall se[—p,0],
ve(s, T,w, ) = v(t + s,7,w,9), forall se[—p,0].

Under conditions (3.1)-(3.5), one can verify that for every 7 € R,w € Q and
¢ € Cy,(R"),¢ € Cy,(R™), problem (3.11) has a unique continuous solution
(u(-, 7w, @), v(, Tyw,¥)) & [T — p,00] = Cy,.v, (R™), and the segment w, (-, 7,w, @)
of u is (.F , B(Cy,(R™)))-measurable in w € © and continuous with respect to ¢ in
Cy, (R™); the segment v (-, 7,w, 1) of v is (F, B(Cy,(R™)))-measurable in w € 2
and continuous with respect to ¢ in Cy, (R™).

Define @ : R x R x Q x Cy, v, (R") — Cy, v, (R™) by

(t T, W, (¢ ¢))( ) (Ut+-,—(',7', efTw’¢)7Ut+T('7T7 977'“71&))7 (3'12)

where (¢, 7,w, (6,7)) € RT x R x Q x Cy, v, (R"), tsr(s,7,0_rw,¢) = u(t + 7+
8,7, 0_rw, ) for s € [—p,0]; veyr (8,7, 0w, ) = vt + 7+ 8,7,0_;w,1) for s €
[—p,0]. Then @ is a continuous cocycle on Cy, v, (R") over (Q, F,P, {0, }icr).

Let D = {D(r,w) € Cy, 1, (R™) : 7 € R,w € Q} be a family of bounded
nonempty subsets of Cy, v, (R™) satisfying

lim e | D(1 —t,0_w)

t—+4o0

(Rn) = 0, Vy>0, (3.13)

||Cv2,v0
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where [|D(T—t,0_w)]|cy, v, (rr) = e [[(w, )| ey, vy, (&) Let D be the
u,v)eED(T—t,0_tw
set of all families D = {D(7,w) C Cy, v, &) : T € R,w € Q} which satisfies (3.13).

For later purpose, we assume ¢ € (0, 1) be small enough such that
a—6>0, 624+X—da>0, 1—-6>0. (3.14)
In addition,

161? +8(a —9)?

=0 (3.15)
Under (3.15), we can define ¢ appearing in (3.7) by
. ca—0 0 30

J—mln{T,Z,?}. (316)

4. Uniform estimates of solutions

We will obtain some necessary estimates of solutions for (3.11) in this section.
Lemma 4.1. Assume that (3.1)-(3.5), (3.7), (3.14)-(3.16) hold. Then for every

¢, 7T € Rw € Q, and D = {D(r,w) : 7 € Riw € Q} € D, there exists T =
T(r,w,D,s) > 0 such that for allt > T,

IY(+s,7—1t60_rw, YO)”?JVQ,Vo (&™)

L+s
el Gocomecly@o—r) ||y (5,7 — 1,0_,w, Yp) %, | en)

+

L+s .
+ / el (2o —cemecly(Oo—r) Ve || Ay(r, 7 — 1,6_,w, )| 2dr
<M (14 Ry(r,w)), (4.1)

where Yy = (¢,0) T € D(1 —t,0_w), M is a positive constant depending on X, o,
and 6, but independent of T,w, D and €, and Ry(T,w) is given by (4.16). Moreover,
¢ is uniform with respect to p in (0, pg) for every positive pg.

Proof. Taking the inner product of (3.11), with v in L*(R™), we get

= o]]? + (o = )(v,v) + (A + 62 = 5a) (u,0) + (1 - 5)(A%u,v)

+ (A%0,0) + ey(0,w)(A%u, v) + (F(z, u(t, z)),v)
:(f(QT, U(t - P 1‘)), U) + (g(:c, t)v U) - ey(atw)(vv U) - 6(6y(0tw) - 25)1/(0,5(&1)(“, U)'
(4.2)
By simple calculation, we can get the following estimates for the right-hand side of
(4.2):
du 1d
T + du — ey(fuw)u) = Sd
2 2, du 1d 2 2 2
(A%u,v) = (A%, — + 0u — ey(Brw)u) = 5 — | Aull” + ]| Aull” — ey(fpw) | Aul%,
(4.4)

(u,v) = (u, lull® + 8lull® — ey(Bew)lul®, (4.3)
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(F(z, u(t,z)),v)
du

dt
F(z,u)dz + 6(F(x,u(t,z)),u) — ey(Ow) (F(z, u(t, ), u). (4.5)

= (F(z, u(t, z)),

_4
Cdt Jgn

+ du — ey(frw)u)

By (4.2)-(4.5), we get

d ~
2 (V11 + (6% + A = da)Jul® + (1 = 8) | Au]* + 2/ F(z,u)dr)

+2(a = 8)||v]|* +28(8% + A — S [|ul?
+20(1 = 8)||Aul|® + 28(F(z, u(t, z)), u) + 2||Av|)?
=2(f(z,u(t = p,x)),v) + 2(g,v) — 2e(ey(Bs0) — 26)y(Bsw) (u, v) — 2ey(fyw)(A%u, v)
+2¢(8% + X = da)y(0:w)[ull® + 2¢(1 = 8)y(Ouw) | Aul|?
— 2ey(0,w)||v||* + 2ey(Oiw) (F(z, u(t, ), u). (4.6)

By (3.1) and (3.3), we have
2ey(Orw) (F(x,u(t, x)), u)

< 2ec [y(0rw)] / [u" " dz + ely(Orw)[l| o1 ]1* + ely(Gew)]|u]]?
Rn
< 2ecicy ' y(fuw))] /R (F(w,u) + ¢a(x))da + ely(0uw)ll|61]1* + ely (@) | ull?

< ecly(Ouw)] / F(z,u)dz + ecly(8uw)]| + ely(6w)||1u]]?, (4.7)
R

where ¢ depends on ¢y, cgl, |3l L1 (rny and |1 L2 wn)-
Using Young’s inequality, we obtain
2(g,v) — 2ey(Ow)||v||* — 2¢(ey(Osw) — 20)y(Osw) (u, v) — 2ey(0sw)(A%u, v)
+26(6% + X — 6a)y(Bw) ||u|® 4 2¢(1 — 8)y(Ow) || Aul|?

15(a— 6
<10 2 4 ellgl + eelyBua)l(1 + @)Dl + o]® + )

+ || Av]2. (4.8)

By (3.5), we get
2

4l —
(FGault = pra),v) < Ut — o) ol < —L=utt = I + =2 ol (49)

By (4.6)-(4.9) and (3.2), we have

d ~
Zr (Il + (6% + A = da) [[u® + (1 = 6) | Al + 2/ F(z,u)dr)

+ (a = 0)|lv|I* +26(6% + X — da)||ul|® + 26(1 — 8) || Aul?

R™

+25C2/ Fla, u)de + || Av|?2
R‘IL
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2 & 81 2
<c+elgl + ecly@)| | Fla.wde+ —Lfult = p)]
an —
+ec(L+ [y(Ow) ) (1 + ull® + [[o]* + | Aul?). (4.10)
By (3.3) and (3.16), we get
602/ F(z,u)ds > 40/ F(z,u)dz + (40 — bcy) ¢s3(x)dx. (4.11)
n n Rn

By (3.16), (4.10)-(4.11) and the norm | - ¢y, v, (=) in (3.9), we have

d ~ -
GV i +2 | Flo0de) +40(1Y Iy +2 | Floio)

1
+ [[Av]|* + 50(5% + A — da)ful?

812 B
<L fult = )12 + ec(L+ [y @) P)IY 12, ,, ey +2 / Pl u)d)
+ oL+ gll? + ely(8w) ). (4.12)

Considering time 7 — t instead of 7, firstly, multiplying (4.12) by
elo (2o—ce—ecly(6:w)*)dr  then integrating over [T —t,0 + 5] for any fixed s € [—p, 0]
with ¢ > 7 —t 4+ p, last replacing w by 0_,w (i.e., u now denotes u(-,7 —t,0_,w, )
and v now denotes v(-,7 — t,0_,w, 1), we have

Y (e4s,7—t0_rw, Y0)||év2 Vo (R T 2/ F(z,u(t+ s, 7 —t,0_w, ))dx
: an

s —ec—ec w)|?
b2 [ el e O OBy 1t 5,7 — 10 ),

+2 ﬁ(x,u(H—S,T—tﬁ—rwv(?))dx)
R"L

Lt+s

+ / eff(20*66760|y(99—TW)|2)d9||Av(r, T —t,0_,w, )| 2dr
T—1

L+s

1 s
+ 55(52 +A— 50[)/ efT (207ecfec|y(0977w)|2)dg”u(r’7_ —t, 0_Tw’ ¢)H2dT

T—t
<e Lzr_st(20_60_60‘1/(0@77@'2)@(||Y0||QCV2 vo (R") + 2/ ﬁ(x, @)dx)
, Rn
2
8%
oa—90
+

b [ el elO PN oo )P+ ely(Brris) P (113)
T—1

L+s .
+ / €f" (QUfecféc\y(Gg_TW)F)dQ||u(r —p, T — t’H_T(;J’(b)HQdT
T—t

Combining with the proof of Lemma 4.1 in [9], we have the followings:

-

. L+;t(20'766760|y(9g77w)‘2)(1@(HYE)||2CV2 vo@®) T 2/ ﬁ(m,@dw) — 0, as t— oo,
, .
(4.14)

t+s
/ el rcemecvOer e u(r — p, 7~ 1,6_w, 6)[Pdr
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L+s—p s
_ / efTI5(20—66—6C|y(90—TW)‘z)dgHu(r7 T—t,0_,w, ¢)||2dr
T—t—p
s+p

T—t
— / eJiin (2"_“_“|y(99**“)|2)d9||u('r, T —t,0_rw,d)|*dr
T—t—p
Lt+s5—p s
+ / el Gomeem e IRy, 7 — 1,000, )| *dr
T—t
2 g 2 6 2)d, 2
e B e (T B
T—t
(4.15)

and the following integral

t+s
Ri(r,w) =c / el Goeemecly@o—r) e (1 4 |g(r, ) |12 + ely(0,—rw)[2)dr
T—1
(4.16)

is convergent.
By (4.13)-(4.16) and (3.15) we get

Y (e+s,7—t0_,w, Y0)||2Cv2,v0 ®n) 2/ F(x,u(t+s,7—t,0_,w,d))dx

Rn

v s —ec—ec w)|?
+20/T oli (20 [y(0o—rw)| )d9(||Y(L+5,7'*t,e_Tw,Yb)Hzcvkvo(]Rn)

—t

+2 ﬁ(m, u(t 45,7 —t,0_rw,$))dr)
RTL

Lt+s
+ / efr Qo—cemcelyGo—r))de|| Ay(r, 7 — t,0_ 0, 9)|2dr

—t

<1+ Ry(r,w), (4.17)

which along with (3.3) yields (4.1). O
Let p : R™ — R be a smooth function such that 0 < p(z) < 1 for all z € R", and

p(z) =0 for |z|<-; and p(z)=1 for |z|>1.

l\;)\)—l

For every k € N, let
pr(z) = p(z/k), =€ R"

We also assume that for all z € R™ and k € N, |Vpg| < %04, |Apk| < %05, |AV pi| <
%06, |A2pk| < %07, where ¢4, c5, cg and c; are positive constants independent of k.

Given k > 1, denote Hy = {x € R" : |z| < k} and R™ \ Hj, the complement of
Hy,.

Lemma 4.2. Assume that (3. ) (3.5), (3.7)-(3.8), (3.14)-(3.16) hold. Then for
every T € Rys € [—p,0l,w € Q, D = {D(r,w) : 7 € R,w € Q} € D, there exists
T=T(r,w,D,n) >0 and K = K(1,w,n) > 1, such that for allt > T,k > K,

1Y (7 + 5,7 = 00, Y0) | 32 (i) x L2 (o) < 71 (4.18)
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Proof. Multiplying (3.11), with pi(z)v, we obtain

1d
2 / p(@)ol?dz + (o — 6) / pi(@)lo]2dz
Rn Rll

+()\+52—5a)/npk(z)'u~vdx—|—(1—5)/npk(x)~v'A2udx
+ /n pr(z) V- szderey(@tw)/n
— [ mwle)g-vdo—yo) [ p@loPas+ [ o) SGault— po) - via

— e(ey(Oyw) — 25)y(9tw)/ pr(x)uvdz. (4.19)

n

pr(z) - v - Aluds + / pr(x) - F(z,u)vdx

n

Using Young’s inequality and interpolation inequality
Vo]l < <lloll + CeflAvll, V<> 0,

we have

/pk(os)~u-vdx

du

= [ pelayu(Gf +5u = cyGoiu)da
= [ oula) (gt + 00— eyl
= | p(@)(5gu u® — ey(Oyw)u®)dx

l1d 2 2 2
4] @+ 6 [ @l —ey0e) [ @, (420

Rn RTL Rn

/pk(:c)w'Azuda:

— [ 8% (o) (24 by — ey(Bu)ude

R" dt
du
:/ Au - <Apk(x) v+ 2Vpg(x) - Vo + pr(x) - A(E + du — ey(bw)u )>dm
cs 2¢y 1d 9
>_ 2 _ =
-7 |Au v|dx A |Au Voldx + = 57 k(x)|Au| dx

s pk<x>|Au|2dx—ey<otw> / pk<x>|Au|2dm
RTI, Rﬂ,

Cs 2 2 264 1d 2
>_ 2 = -
> = g2 (I8ul? + o) = 2 IAul(slol + Clael) + 55 [ pulolauds

0 [ pplo)lduPds — e6w) [ pu(o)Bufs
R’VL

n

CS
— —(lAul® + [lvl*) - (IIAUII2 +26%|[v]|* + 202 | Av||?)

d
too [ o@in cza:w/ p@)Bude = ey(Os) [ puta)lufds,
R?L
(4.21)

/ pr(z) - v - Alvde
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:/ A2 - pi(z) - vdx

Rn

:/ Av - Apg(z) - v))dx
Rﬂ/

= Av - (Api(z) - v+ 2Vpi(z) - Vo + pr(x) - Av)dz
Rn

Cs 2c
> = 22 (1Al + o) = S Al Tl + [ pula)|Aeds
2k k Rn
c 2c
> = o2 (140> + [lo]]*) = S Al (slloll + C | Av]) + / pi()| Aol d

C
> = o2 (10> + [[o]]?) = Z-(1A0]? + 262 |[v]|* + 26| Av]*) + | pi(a)|Avf*da,

&
2% -
(4.22)
ey(ﬂtw)/ pr(z) - v - A%udx
R‘VL
zey(Gtw)/ Au- Apy () - v)de
R’!L

=ey(iw) | Au- (Ap(z) - v+ 2Vpi(z) - Vo + pi(z) - Av)de
R’!L

Cs 2¢y
> — ey (@)1 Aul + o]*) = == ely(@uo) | Aul[[[ V]

1
1O [ p@ldupds— [ puwlacfs
R’Vl ]Rn
Ci C
> — & ey (Ou)| (180l + o) — Lely(O) [y @)l @ Aul? + o]

1
+C2a0l?) = ey [ pu@)dufde— [ pu(o)lAvPs, (4.23)

n

/ (@) F (e, u)vda

du

:/Rn or(z)F(z,u)( T Su — ey(Oyw)u)da

:% /]R" pr(2)F (z,u)dx + ¢ pr () F (2, u)udr — ey(etw)/ pr(2)F (2, u)udx.

R’n n
(4.24)
By (3.1)-(3.3), we have
0 | pr(x)F(x,u)uds
Rn
> 8 | prl@)F(zu)de+06 [ pr(x)do(z)de, (4.25)

R™ R™

ey(Orw) /n pr () F(x, u)udz

< ccy(Buw) / pi(@) P, u)de + coy(Buw) / o ()|l da
RTL R’IL

+ ecy(bw) /R" or(x)(|p1]? + |#3])d. (4.26)
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By (3.5) we get
[ ) faute = o) - v
<ty [ m@lutt = p)| - olds

<

412 a—39
L | o= P+ 2 [ p@lPan @2

By (4.19)-(4.27), we get
d

dt Jg

— ce|y(9tw)|2) / pk(x)(|v|2 + (02 + A= da)|ul? + (1 —6)|Aul® + Zﬁ(x,u))da:

n

pe() (Jo]* + (8% + X = da)|u> + (1 — 8)|Aul* + Qﬁ(m,u))daﬁ + (20 — cle|

SC/ pk(ﬂf)(|¢>2|+\¢3\+|9\2)d$+06(1+|y(9tW)|2)/ pr(@)(|61]* + |¢3)dz
n R

812 8(8%2 4+ )\ —da
s L [ ot pas - 220 [ s

# (0= 0+ duG)ISul? + (2= 5+ dy(Gu)lolP + 120]?)
+ Z((l — 6+ €ly(6w)|) [ Aul|* 4+ 263 (2 — 6 + €|y (Bw)]) [|v]|?
+ (2C2(2 — 6 + ely(Bpw)|) + 1) ||Av||2>. (4.28)

As ¢1 € L?(R") and ¢o, ¢3 € L'(R"), we know that for given n > 0, there
exists K1 = K1(n) > 1 such that for all &k > K,

e [ o)1 + 162l + sl
:C/ ok (@) (|01 + |d2| + |ps|)dx
jal 2k

<c [ (il +162] + ez
|z| >k
<. (4.29)
By (4.28) and (4.29), there exists Ky = K3(n) > K; such that for all £k > Ko,
d

g o (@) (Jo]” + (6% + A — da)[ul* + (1 — &)|Aul* + 2F (z, u))dx + (20 — ce
R’!L

— ce|y(9tw)|2) /Rn p;g(x)(|v|2 + (0% 4+ X = da)|ul* + (1 —0)|Aul* + Zﬁ(x,u))dx

<en(l+ly(0uw)|*) + C/ . lg(t, )P+ (1+ [|Aul* + | Av® + [Jv]|*)

812 3(8% + A — dav)

bl [ @t = g - I [ e s
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Integrating (4.30) over (7 —¢,7 + s) for any fixed s € [—p,0] with ¢ > p, then
we replace w by #_,w in the resulting inequality and use a similar calculation with
(4.15), we obtain for all k > Ko,

/ pr(@) (Y (T + 8,7 —t,0_;w,Yy) + 2?(‘%, u(t+s8,7—1t,0_rw,9)))dx

<e T+S f(20—ec—ecly(fo— T¢,_;)|2)Cl9/ pk(m)(yb +2Fv($,¢))dl'

n

T+s )
+ 677/ ef:(20’7667€C|y(99—rw)‘2)d«9(1 + ‘y(er—Tw)F)dr

—t

T+s
+C/ ef;(zo_ec_edy(eg-fw)\?)de/ lg(r, x)|*dzdr

—t |z|>k

T+s
1 / el CGomcemeclu@or) a1 | Au(r + 1,7 — £,0_, 6) 2

—t
+Av(r+ 1,7 =4, 0_rw, PP + o(r + 1,7 = t,0_rw, )| *)dr
Scefo_t(2a—ec—ec|y(99w)\2)d,g(

+1
+||¢||z~(7 0,7] H2(Rn)))

+577/ ef;(20—80—Ec|y(99w)|2)dg(1 + |y(9rw)|2)dr
—t

||Y0||2CV2,VO(RH) + N ANIZ(r—p o1, 2R

0
+c/ ef5<2a—ec—ec|y(9gw)\Q)dg/ o+ 7.2)Padedr
-t |z|>k

0
+ n ef05(2075076c|y(09w)\Q)dgdr
—t

T+s
+ 77/ eff (2a—ec—60|y(99—rw)\z)dQ(HAu(T +r,T—t0_,w, ¢)H2
T—1

+ ”AU(T + rT — t: Q—Tw’ ¢)H2 + ”U(T =+ rT — t, 9—7'("')’ ¢)“2)dr (431)

Due to (¢,v)" € D(t —t,0_jw) € D, we know that there exists a positive
T =T(7,w,D,n) such that for all ¢t > T,

efo (20 —ec—ecly(f,w)|?)do

—~~

”YOHCV vo®n) T B2 (fr— p.r] 22 @)
. (4.32)

IA

+1
N r—pur 2 )

By (3.8), we know that there is K3 = K3(7,71) > Ka, such that for all k£ > K3,

0 g
c/ efcf(%*“*“'y(o@“’)‘?)dg/ lg(r + 7, 2)2dxdr <. (4.33)
—o0 |z| >k

By (4.16), we know that the following integral

0
Ry(1,w) = / oo o—ec—cely(0ow)*)de (1 4 |y (9,w)[2)dr (4.34)

is convergent.
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By (4.31)-(4.34) and Lemma 4.1, we get for all t > T, k > K3,

/’ pr(@)Y (T + 8,7 —t,0_;w,Yy) + Zf(aﬁ, u(r+ 8,7 —1t,0_,w,9)))dzx
<3n(1+ R(r,w) + Ra(1,w)), (4.35)

where R(7,w) and Ro(7,w) are given by (4.16) and (4.34), respectively. It follows

from (3.3) and (4.35) that there exists K4 = Ku(7,n7) > K3 such that for all

k> Kyt >T, (4.18) hold. 0
For every x € R™ and k£ > 1, we denote

-~

a(ta T, W, ¢) = ﬁ;(m)u(t, T, W, ¢)7

Ot 7w, %) = pr(@)o(t, T,w, ),

(4.36)

where pr, = 1—py. Then, for k > 1,z € R™\Hy, we have u(t, 7, w, quS) =0(t, T, w, QZ) =
0. In addition, there is some constant ¢ > 0 independent of £ > 1, such that
2| g2 (rmy < cllwl| g2 @ny, [0 L2y < cl|v]|L2@ny. Accordingly, together with (3.11)
and (4.36), we get

du . ~
U +0u — v = ey(fw)u,
% + (@ =80+ A%+ (A + 6% — da)u

+(1 — 8) A% + ey(0,w) A%U + pp(z) F(, u)

= pr(@)g(x,t) + P (@) f (2, u(t — p,x)) — ey(Ow)v — e(ey(Biw) — 20)y (i)
+4AV R (2) Vv + 6Apx(2)Av + AV 5 (2) AV + vA%pr () + ey(Oiw)ul?pg ()
+4(1 — 0)AVpr(z)Vu + 6(1 — §) App(x) Au
+4(1 — §)Vor(2) AVu + (1 — §)uA?pp(x) + 4ey(0,w) AV R (2)Vu
+6ey(0;w) Apg () Au + dey(6,w) Vg (x) AV,

Ur(s,x) = pr(x)d(s,x),z € R", s € [—p,0];ur(s,2) =0,z € R" \ Hg, s € [—p, 0],

Ur(s,2) = pp(2)Y(s,2),x € R", s € [—p,0]; - (s,2) = 0,2 € R" \ Hg, s € [—p, 0].
(4.37)

Considering the eigenvalue problem

oo
\Ni=Ad in Hy, with 8—“ =4=0 on 9Hj. (4.38)
mn

It is easy to see that eigenfunctions {e; };en and eigenvalues {\; };en of (4.38) satisfy:
A< A<l N o F0 (Z—>+OO)

For given n, assume X,, = span{ey, -+, e, }, P : L*(Hy) — X,,.
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Lemma 4.3. Assume that (3.1)-(3.5), (3.7)-(3.8), (3.14)-(3.16) hold. Then for
every T € R, s € [—p,0l,w € Q, and D = {D(1,w) : 7 € R,w € Q} € D, there exists
T=T(r,w,D,n) >0 and K = K(r,w,n) > 1 and N = N(7,w,n) > 1, such that
forallt >T k> K andn > N,

”(I - PH)Y(T +8,7—1, G*va YO)H?{z(Hk)xLQ(Hk) <. (4'39)

Proof. Denote u,1 = PouU, Uno = (I — P4, Up1 = BP0, Upo = (I — P,)0.
Multiplying (4.37), with I — P,,, we get

~ dan,Q
Un,2 =

+ 0Up 2 — ey(Opw) Uy, 2. (4.40)

Multiplying (4.37), with I — P, then taking inner product with v, » in L*(Hy,), we
have

1d

2dt

(1= 8) (A% 2, Bz) + €p(B1) (A% 2, Bn2) + (1) F (1), B 2)
=(Pk(x)g + pr(@) f (2, ult — p, x)) + AAVDE(x) Vo + 64Dk (x) Av

+ 4V i (2) AV + vA% o (x) 4+ 4(1 — §) AVpr(z)Vu

+6(1 — 8)Apr(2)Au + 4(1 — §)Vor(2) AVu + (1 — §)uA?pr ()

+ 4dey(0,w) AV i (2)Vu + 6ey(0,w) Apg (2) Au + 4dey(0,w) Vg (2) AV

+ ey(0w)ul?pi(2), Un 2) — ey(0r0) [Un 2| — ey (Brw) — 26)y(010) (T2, T, 2),

[0n211* + (@ = 8)[Pn 21 + [ ADn 2]|* + (6% + X = 60) (T 2, D 2)

(4.41)
together with (4.40), we obtain
%(H%z”2 + (6% + A = 0a)[[@n 2] + (1 — 8)[| At 2]1?)
+ 2(0 = 8)|[Tn2]|? + 26(82 + A — 6a)|[Tin.2]|% + 20(1 — )| Al 2|2
=2(4AVpp () Vo + 6Apx(2) Av + 4V g (2) AV 4+ vA% pi ()
+4(1 — 5)AVpr(2)Vu + 6(1 — 8) App(z)Au + 4(1 — §)Vpr () AVu
+ (1 = 8)ulpr(x) + 4ey(0:w) AV pr () Vu + 6ey(0,w) Apr () Au
+ 4ey(0,w) Vo (2) AVu + ey(01w)ul®pg (), Uy 2)
+2(pk(x)g + pr(2) f (2, u(t — p,x)), Vn,2)
— 2ey(01w) (AT 2, U 2) — 2€y(0;w) [T 2]
— 2¢(ey(Giw) — 20)y(0:0) (Un,2, Un 2) + 2€(0% + A — 5a)y (0w |[1En 2>
+2¢(1 = 8)y(010) | At 2||* — 2[| ATy 2[1* — 2(pk (2) F (2, 1), U 2).- (4.42)

Now, we estimate all the terms on the right-hand side of (4.42) as follows.

(4AVDR(z) - Vo + 6Ap5(z) - Av + 4Vpi(z) - AVY + vA* DR (2), D 2)

406 —1 A 605 R 404 1 A
—TAnﬁIHAU” N Vn 2l + THAUH NVn2ll + T%leAUH - ATy, o]

c ~
+ ol [
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a—0

_1 1 R c ~
<A Pl AVl + Sl ATl + 2 (lol” + 1A0]7) + ——=[[Fn,2]1%, (4.43)
(1 — 8)(4AVpE() - Vu + 6Ap5(z) - Au + 4Vpr(x) - AV + uA?pg (), Uy,2)

a-9 2, (4.44)

0,2

ey(0,w) (4AV DR (2) - Vu + 6Apx () - Au+ 4Vpg(z) - AVu + uA?p5(2), Un.2)
a—96 9

s
- 26y(9tw)(A2ﬂn72, Un,2) — 2€y(61w)||Vn 2| 2 2e(ey(Orw) — 20)y(01w) (Un 2, Un,2)
+26(8% + X — 6)y(01w)|[tn,2[|* + 2¢(1 = 8)y(0:w) || Ay 2|

<ec(1+ |y(0:0)[*) (|[On 2]1* + (6% + A = 80)|[tn 2|1 + (1 — 8) || Alin 2 ?)

_1 1, .. c
<ed, 2l Aul? + g\lAvn,zll2 + E(IIuII2 + || Aul?) +

_1 1. . c
<ed, 2yl Aul® + g\lﬁvn,zll2 + %(IIUII2 + | Au|?) +

, (4.45)

1 ..
+ 5 1A%2[%, (4.46)

2(pk(2)g,Vn,2)
=2((I = P.)pk()g,n,2)

1 . —~
<zla- )[Tn2]I* + el (I = Po) (pr(x)9) 1%, (4.47)
—~ ~ Sl?‘ ~ 2, ¥—0, . o
2(pr(2)f (@, u(t = p,2)),Un2) < ——=l[Gn2(t = p, D)1 + ——one|”.  (4.48)
By (3.1) and Gagliardo-Nirenberg interpolation inequality, we set 6 = 28;3,
then
| = 2(p(2) F (2, u), Un,2)|
<ot [ @ nzldz + | @)1 ()|nalds
R7Z R"L
<er|ull] 41 [[0n,2ll5+1 + @11 [T 2]l
1 N
<crllull 1 AT 2|1 |[Tn 2l + Ap 21l 1| AT 2
o-1 R _1 R
<ci A G llull e[ ATn 2l + A, 21 91| AT 2
EET o
<AL AT o[l (e A7y llull e + Nl l])
Lins 2y Lyt § 5 2
8B al? + EA (el + ol (4.49)

By (4.42)-(4.49), we get

d, . _ ~
T (IPnall® + (0% + A = da)[n2[1* + (1 = O)[| Aty 2]*)

+T0([On2l* + (8% + A = 60) [[in 2] + (1 = 0)| Alin,2||*)
<ee(L+ |y(0w) ) ([n2ll* + (0% + X = 60 [T 2[1* + (1 — 6)[| Al 2]1*)

—1
2

C
+ X 2 (1A + [[Aulf?) + 2 (flull® + [1Aul® + [lo]* + | A]?)

1 -1 § ol 2
S A (e llull g + llo1l)

+esll(T = Pa)(Pr(@)g)lI* + 5

2

812 b
+ Ll 2t — p.2) P — 5

82 + A — 60)|[Gn 2|2 (4.50)
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Therefore, for given n > 0, there exist Ny = Ni(n) > 1 and K7 = K;(n) > 1
such for all n > Ny and k > K1,
d, . . ~
%(HUnQHQ + (82 4+ X = 6a)|[tn2]” + (1 = 0)[| Al 2|*)
+ (7o — ec — ecly(0:w)|*) (|[On 2]1> + (02 + X = 80) [t 2]|* + (1 = 0)[| Al 2||?)

<1+ [l gny) + csll( = o) (pr(2)g) |

2

a—9 5(
Integrating (4.51) over (7 —t,7 + s) for any fixed s € [—p,0] with ¢ > p, then

we replace w by #_,w in the resulting inequality and use a similar calculation with
(4.15), we get for all n > Ny and k > K,

+ 6%+ X —60) || U] ? (4.51)

[tn,2(t = p, )

Yoo(T 45,7 — ta94“’Yn,2,0)||%12(Hk)xL2(Hk)

T (To—ec—ec|y(Bo—-w)|?)do |77 2
<celTi WO )91V, 5 01132 (a0 L2 E11)

T+s R 2
+77/ efT (To—ec—ec|y(8,—rw)]| )deT

—t

T+s
+ n/ elr (rocemecly@omr)e|y(r 4 r — 4,010, 6) |77 g dr
T—t

T+s
+ c/ el (TocemcclyOumr) ide|| (1 — ) (G (2)g) (r)|[2dr

—t 2 ~
SCBIO (70766766‘?!(990-1” )d9||Yn7270H?‘.’Q(Hk)XLZ(Hk)

0
+ ,,7/ ef(f(7ofecféc\y(09w)|2)dgdr
—t

T+s
by [ el O Ny e, 60, 0) [y

—t
0
b [ elittomee e (1 - p)G@)g)r + TP (452)
—t
For the first term in (4.52), there exists T; = T1(7,w, D, n) > 0 such that for all
t 2 T17

Cefo—t(70—60—60‘y(9QUJ)|2)d9||}//\'n’2’0 H%Iz ()% L2 () < 7 (4.53)

By Lemma 4.1 we have

T+s
p [ e e Iy e, 610, 0) [ < B (7, 0),
T—1

(4.54)

where R(7,w) is given by Lemma 4.1.
By (3.7) we see that there exists No = Na(7,w,n) > Nj such for all n > Na,

0
/ 3 (To—ce—ecly(6.,) )| (1 _ P, )(pg)(r + 7)|2dr < n, (4.55)

which along with (4.52)-(4.55) implies (4.39). O
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5. Existence of pullback random attractors.

In this section, we establish the existence and uniqueness of random attractors for
problem (3.11). We can easily obtain the existence of random absorbing sets of ®
from Lemma 4.1.

Lemma 5.1. Assume that (3.1)-(3.5), (3.7)-(3.8), (3.14)-(3.16) hold. Then for
every € € (0,1],7 € R and w € Q, the continuous cocycle ® has a closed measurable
D-pullback absorbing set K. = {K (T,w) : 7 € R,w € Q} € D as defined by

KE(va) = {Y € CVQ,VO(R" ”Yv”CV2 vo (R™) < RE(va)}v

with Y = (u,v) " and R.(T,w) being a positive number given by

Re(r.w) =M+ M / (o—ce—eely(00) e (1 1 || g(p 4 7,)||2 + ely(6,w)|2)dr-
(5.1)

Next, we prove the asymptotic compactness of the cocycle @ in Cly, v, (R™).

Lemma 5.2. Assume that (3.1)-(3.5), (3.7)-(3.8), (3.14)-(3.16) hold. Then the
cocycle ® is D-pullback asymptotically compact in Cy, v, (R™).

Proof. For every 7 € Ryw € Q and D = {D(r,w) : 7 € R,w € Q} € D, we need
to prove that the sequence {Y; (-, 7 —¢,,0_,w, Yy )} has a convergent subsequence
in Cy, v, (R™) whenever t,, — co and Yy ,, € D(7 — tp,,0_;w).

By Lemma 4.1, {Y; (-, 7 — tp, 0_rw, Yo, )} is bounded in Cl;, v, (R™); that is, for
every 7 € R,w € §, there exists Ny = N (,w, D) > 0 such for all n > Ny,

Y (, 7 — tnvQ—TW:Y0,7L)||%7V2,VO(RH) < Re(,w). (5.2)

In addition, it follows from Lemma 4.2 that there exist k1 = ki (r,7,w) > 0 and
Ny = No(1,D,n,w) > 0, such that for every n > Ny and every fixed s € [—p, 0],

(Y (T4 8,7 —tn,0_rw, YO,n)||§{2(R7L\Hk1)xL?(Rn\Hkl) <. (5.3)

Next, by using Lemma 4.3, there are N = N(7,n,w) > 0, ko = ko(7,7,w) > k1 and
N; = Ng(T D,n,w) > 0, such that for every n > N; and every fixed s € [—p, 0],

1 = P)Y (7 + 5.7 =t 0y, Vo) ety e 12y <0 (54)

Using (4.36) and (5.2), we find that {PN?(T +s,7— tn,G_Tw,%m)} is bounded
in the finite-dimensional space Py H? (H%) x L? (H%) which together with (5.4)
implies that {Y (7 + 5,7 — t,,, 6_ ), Yo n)} is precompact in H?(Hay, ) x L?(Hag,).

Note that py,(z) = 1 for |z| < £2. Recalling (4.36), we find that {Y (7 + s,7 —
tn,0_rw,Yp )} is precompact in Hz(HkQ) x L?(Hy, ), which along with (5.3) shows
that the precompactness of this sequence in Cy, v, (R™) for every fixed s € [—p,0].
This completes the proof. O

As an immediate consequence of Proposition 2.1, Lemma 5.1 and Lemma 5.2,
we have
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Theorem 5.1. Assume that (3.1)-(3.5), (3.7)-(3.8), (3.14)-(3.16) hold. Then for
every € € (0,1], the continuous cocycle ® associated with (3.11) has a unique D-
pullback attractor Ac = {Ac(T,w) : 7 € Rjw € Q} € D in Cy, v, (R"). If, in
addition, there exists T > 0 such that g(t) is T-periodic in t € R in L?(R"), then
the attractor A, is also T-periodic.

6. Upper semi-continuity of attractors as intensity
of noise approaches zero

In this section, we establish the upper semi-continuity of random attractors of the
plate equation (3.11) with delay driven by additive noise when ¢ — 0. We write the
solution and the corresponding cocycle of (3.11) as u€, v¢ and P, respectively.

In section 5, we have get that ®, has a D-pullback attractor A, € D in Cy, v, (R™)
and a closed measurable D-pullback absorbing set K, = {K.(T,w) : 7 € R,w € Q}
with K (7,w) C K(7,w) for all € € (0,1], where for every 7 € R,w € €,

K(rw) = {Y € Coumy®") : V2, oy < BT},
and

0
R(r,w) =M +M / oJ Coe=clv@u) e (1 1 |lg(r + 7, )| + y(6,0))dr-

From Lemma 5.1 we know for 7 € R,w € 2,

U Adr wc |J Kelw) CE(r, w). (6.1)

0<e<l1 0<e<l1

As e = 0, the random problem (3.11) reduces to a deterministic one:

du
s +du—v =0,
% + (o = 6)v 4+ A%v + (62 +A—da)u+(1— 6)A2u + F(z,u(t,x))
= f@,ult - p,) + g(a,t), t>T, (6.2)

ur(s,z) = ¢(s,z), x €R™, se&[—p,0],

v (5,) = r(s,) + 56(s,2) = d(s,2), zE€R", € [—p,0].

Accordingly, by Theorem 5.1 the cocycle @y generated by (6.2) is readily verified
to admit a unique Dy-pullback attractor Ay = {A¢(7) : 7 € R} € Dy in Cy, v, (R")
and a Dy-pullback absorbing set Ky = {K(7) : 7 € R}, where

DO :{D = {D(’T) - CVZ’VO(RTL) T E R,
i e D = Ol g =0, ¥ >0}

and

Ko(r) ={Y € Cy, v, R") : ||Y||?JV2,VO(R71) < Ro(7)}, (6.3)
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with Ro(7) being a positive number defined by
0
Ro(r) = M+M/ (14 |lg(r + 7, 0)|2)dr. (6.4)
—o0

Note that Rg(7) corresponds to the number R.(7,w) given by (5.1) with e = 0. By
Lemma 5.1, (6.3) and (6.4) we get that for all 7 € R,w € Q,

limsup R.(7, w) = Ro(7), and limsup ||K.(7, w)| = || Ko(7)] (6.5)
e—0

e—0

Now, we will establish the convergence of solutions of (3.11) as ¢ — 0 to obtain
the upper semi-continuity of the D-pullback attractor A..

Lemma 6.1. Let Y¢ = (u,v°) and Y = (u,v) be the solutions of (3.11) and
(6.2) with initial data Y = (¢°,¢°) and Yo = (¢,1)), respectively. Assume that
(3.1)-(3.5) and (3.14) hold. If eli_r>r(1j((;5€,1p€) = (¢,9) € Cyyv,(R"), then for every
TERweN, T>0andt e [r,7+1T),

HYte('vvav YOG) - Yt('vTv Y0)||CV2,VO(R") —+0 as e—0. (6‘6)

“(t,7,w,¥°)) be the solution of (3.11) and @ = u® —

Proof. Let (u(t,7,w,¢),v
3.11) and (6 2) we get that

u, U = v¢ —v. Then by(

%‘ + 0t — 0 = ey(Qw)t + ey(Orw)u,

% +(a =804+ A0+ (8* + A —da)i + (1 — 0)A%u+ (F(z,u) — F(z,u))

= (f(z,u(t = p,2)) = f(z,ult = p,2))) - ey(0w) A% — ey(Opw) Au
—ey(0:w)0 — ey(brw)v — e(ey(Grw) — 20)y(Orw)t — e(ey(Orw) — 28)y(Orw)u,

7jL?'(‘Sﬂx) = (;56(5,{13) - (;5(8,33), T € Rna s € [*P, 0]7

o (s,2) = (s,2) —p(s,x), = €R", s€[—p,0).
(6.7)

Taking the inner product of the second equation of (6.7), with ¢ in L?(R™), and
then using (6.7); to simplify the resulting equality, we obtain

SR + (5% + A~ da)al” + (1 — o)) Aa?)

+ (o = OB + 5(6> + A — Sa)[all® + 5(1 — &) Ad]* + [As|?
:(F(xau) - F(x’ue)vﬁ) + (f(xaue(t - P CL')) - f(:n,u(t - P (E)),@)

+e(6% + X — 0a)y(Oww) ||a]|* 4 (6% + X — d)y(Ow) (@1, u) 4+ (1 — 8)y(Ow) || Ad|?

+e(1 = 8)y(rw)(Ad, Au) — (ey(Orw) A%0 + ey(Ow) A%u, )

— ey(B:w)[[0]1* — ey(:0) (3, v) — e(ey(Bsw) — 26)y(Gsw) (T, u)

— e(ey(Bpw) — 26)y(0:w)(0, %) (6.8)
By (3.4), we get

|[(F (2, u) = F(z,u),0)] < cllal* + ¢][]*. (6.9)
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By (3.5), we get

‘(f(.T, ue(t - P JI)) - f(a:,u(t - P, 'T))vﬁ)|
<lgllat — p, )| - ||1o]
<cllat - p,2)? + el (6.10)
Thanks to Young’s inequality, we find the remaining terms on the right hand side
ofl (6.8)lare controlled by ec(1+ \y(ﬂtw)P)(HﬁH%Q(Rn) +|19]1% + Hu||§12(Rn) + [Jv||?) for
all e < 1.

Applying Lemma 4.1, there exists a constant co = co(7,w, R1,T) > 0 such that
forallt > T,

[ullfrz @y + l0l* < co. (6.11)
It follows from (6.8)-(6.11) that
LI + (6% + A~ s)llalP + (1 — o) Ad?)
<c([[o]* + (8% + X = da)|a]|* + (1 = O)[|Aalf*) + clla(t — p, )|
+ec(1 + |y(Osw)?). (6.12)
Integrating (6.12) over (7,t) with ¢ € [r,7 + T, we have

15O + (62 + X = de)Ja(®)[|* + (1 — o) Aa(t)]*
<o) + (6% + A = da)l|a(r)||* + (1 — &)[| Aa(r)|?

+ C/ (I()[* + (82 + X = da)[[a(r)|* + (1 — &) || Aa(r)|*)dr

+c/ ||ﬂ(r—p,as)||2dr—|—ec/ (14 [y(6r0)2)dr. (6.13)

Note that

t t—p
[ Nt = poolPar= [ o)l

—p
T t—p
=/ mmmWM+/ li(r, 2)|dr
'T—p T
t
§ﬂ¢f¢%%®q+/ﬂﬂnﬂww- (6.14)
Therefore, for every ¢ € [r,7 + T, it follows from (6.13)-(6.14) that
t
|me%%®nsMﬁfm%wmwuw/nymww

t
+w/u+w@wﬁm

which along with Gronwall’s lemma implies that for all ¢ € [7,7 4+ T,

t
17870, Fo) s ey < ¥ = Yol o + [ (L4 @) (6.15)
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So if lim(¢°,¢) = (¢,1) € Cy, v, (R™), then
IYs = YolZ,,  gny =0 as e—0, (6.16)

and hence by (6.15), for all ¢t € [r,7 + T,

sup (Y (t+5,7,w0,Y0) I8y, @) =0 as =0, (6.17)
—p<s<0
Then (6.6) follows from (6.17) immediately. O

As follows, we establish the uniform compactness of A, in Cy, v, (R™) .

Lemma 6.2. Assume that (3.1)-(3.5), (3.7), (3.14)-(3.16) hold. Then for every
T eR,w e Q, the union |J A1, w) is precompact in Cy, v, (R™).

0<e<l
Proof. Given € € (0,1]. Firstly, From (6.4), Lemma 4.2 and the invariance of
A (1, w), we know that for n > 0 and 7 € R, w € Q, there exists rg = ro(w,n) > 1
such that

/|>k (lu(@)I* + [Au(@)||* + [[v(@)[|*)dz < n, for all (u,v) € () Adlr, w).

0<e<1
(6.18)

Secondly, From (6.1), Lemma 5.2, Lemma 4.3 and the invariance of A.(7, w),
we know that there exists k1 = ki(w,n) > ko such that for all k& > kq, the set

U Ae(r, w) is precompact in Cy, v, (Hy), which together with (6.18) implies
0<e<1
that |J Ae(7, w) is precompact in Cy, v, (R™). O
0<e<l
Now, we are ready to prove the upper semi-continuity of the A, as e — 0. In

fact, it’s an immediate consequence of Theorem 3.2 in [15] based on (6.5), Lemma
6.1-6.2.

Theorem 6.1. Assume that (3.1)-(3.5), (3.7), (3.14)-(3.16) hold. Then for every
TeRweQ,
}E}(l) dCV2=V(J (R™) (AE (T’ W), A(T)) = 03

where dey, \, (v s the Hausdorff semidistance in Cy,,v, (R™).

7. Upper semi-continuity of attractors as delay ap-
proaches zero

In this section, we establish the upper semi-continuity of random attractors of the
plate equation (3.11) when the delay p approaches zero for a fixed € € (0,1]. We
write the solution and the corresponding cocycle of (3.11) as u”, v* and P, respec-
tively.

For given 7 € R, w € £, denote

KP(r,w) = {Y € Oy vy R : [V, . ey < RO )}, (7.1)

where R?(7,w) is given by the right-hand side of (5.1). From (7.1) and Lemma 5.1
we know that K*” = {K?(7,w) : 7 € R,w € Q} is a D-pullback absorbing set of ®*
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in Cy, v, (R™) for all p € (0,1]. In addition, ®” has a D-pullback attractor A? € D
in Cy, v, (R™) for every 7 € R,w € ,

AP(1,0) C K*(1,w). (7.2)

As p = 0, the stochastic delay system (3.11) becomes a stochastic system without
delay given by

du
T + ou — v = ey(buw)u,

fl—:—i-(oz—é)v—l—AQv—i—(éQ—i—)\—éa)u

+(1 = 8)A%u + ey(Ow)A%u + F(z, u(t, x))
= f(z,u(t,x)) + g(x,t) — ey(Orw)v — e(ey(Orw) — 20)y(Orw)u,

(7.3)

u(r,z) = ¢(z), = eR™,

o(r,@) = Bd() + 3(x) — ey(b:w) () = (a), w € R".

Accordingly, by Theorem 5.1 the cocycle ®° generated by (7.3) is readily verified
to admit a unique D°-pullback attractor A° = {A%(7,w) : 7 € R,w € Q} € DY in
H?(R"™) x L?(R"™) and a D°-pullback absorbing set K = {K%(1,w) : 7 € R,w € Q},
where

DO :{D = {D(1,w) C H*(R") x L*(R") : 7 € R,w € 0,

tilgloo 677t||D(7' —t, G_tw)||H2(Rn)XL2(Rn) =0, Vy> O}}

and
Ko(r,w) ={Y € H*(R") x L*(R") : ||V | }2(@nyx p2@n) < RO(T,0)}, (74)

with R°(7,w) is given by the right-hand side of (5.1).
It follows from (7.1) and (7.4) that for all 7 € R,w € ,

lim S})lp K (T, W)||Cv2,v0(Rn) = ||KO(Ta w) || 2y x L2 (R7) - (7.5)
p—

In order to prove the upper semi-continuity of the D-pullback attractor A”, we
will establish the convergence of solutions of (3.11) as p — 0.

Lemma 7.1. Let Y* = (u”,v)" and Y = (u,v)" be the solutions of (3.11) and
(7.3) with initial data Y = (¢?,9°)" and Yo = (¢,1)) ", respectively. Assume that
(3.1)-(3.5) and (3.14) hold. If }}ll% SUp_ p<s<0 [1Y0' (8) = Yollz2@nyx22(mn) = 0, then

foreveryt eR,weQ, T >0 andt € [r,7 +T),

sup |[YP(t+s,7,w, YY) =Y (t, 7w, Y0) | m2rnyx 2@y =0 as p—0. (7.6)
—p<s<0

Proof. For any s € [—p,0] and ¢ > 7, denote by v = v°(t + s) — v(¢) and
u = ul(t 4+ s) — u(t), where v”(t,7,w,p?) = Owul(t, T,w, Pp") + dul(t, 7, w, d?) —
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ey(Opw)ur (t, 7w, ¢?) and w(t, 7,w, ¢
X (t7w,0) with 9(s) = D6 (s)
¥(s) = 0eg(s) + 66(s) — ey(Bw) o (s).

It follows from (3.11) and (7.3) that for ¢ > 7 — s and s € [—p, 0],

) = atu(taTawa¢) + 6u(ta7_awa¢) - Ey(gtw)u
+ 0¢P(s) — ey(biw)p”(s) for s € [—p,0] and

dv
T +
— ey(Ow)A%u(t, ) + (F(z,uf (t + s,2)) — F(z,u(t,x)))

=(f(z,u(t+s—p,2)) = f(z,ut,2))) + g(z,t +5) — g(x,1)
— ey(Orrsw)v”(t + s, 2) + ey(Qrw)v(t, ) — e(ey(Orrsw) — 20)y(Opr sw)u’ (t + s, x)
+ e(ey(Brw) — 28)y(Orw)u(t, ). (7.7)

(@ =8+ A%+ (62 + X = 0a)U + (1 — 0)A%T + ey(by 4 sw) AP (t + 5, x)

Taking the inner product of (7.7) with ¥ in L?(R"), we get
L BI? + (62 + A — da) > + (1 — 8)] )
+ (a = 8)[[3l* +8(5% + X — da) [al® + 6(1 — §)||Aal* + || AT
=— (F(z,u’(t+ s,2)) — F(z,u(t,2),0) + (f(z,v’(t + 5 — p,x)) — f(z,u(t,2)),D)
+€(0% + X = 8a)y(Orssw)|[Ul]® + €(0% + X — 6a) (y(Or+5w) — y(Opw)) (@, )
+ (1= 0)y(Orrsw) AT + €(1 = 8) (y(Or4sw) — y(Buw)) (AT, Au)
— ey (O145w) (A0, 0) — €(y(Ors50) — y(Ow)) (A%u, 0) + (g(z,t + 5) — g(,1),)
— yY(Or450) 017 = €(y(Or450) = y(0uw)) (0,0) — e(ey(Brrsw) — 20)y (Bt sw) (D, )
= (Y Orr) — Y(81) (e(y(Bs0) + y(O1) — 26) 5 w). (73)

By (3.4), we get
\(F(x, uP(t+ s,2)) — F(z,u(t, x)), @\)| < c||ﬂH2 + c||ﬁ||2. (7.9)
By (3.5), we get
|(f(m,up(t +s—p,x))— f(x,u(t,x)),ﬁﬂ
<lflluf(t +s— p,x) —u(t,z)| - |7
clluf(t + s — p,x) — ult,z)||* + cl[7]*. (7.10)

In addition, we have

o 1 1.

Thanks to Young’s inequality, we find the remaining terms on the right hand side
of (6.10) are controlled by ec|y (04 sw) — y(0:w)|>(||v||? + |Jul?® + || Aul|?) + c(||?]]* +
||| + ||A%||?) + ||AD||?, which along with (7.8)-(7.11) implies that for ¢t > 7 — s
and s € [—p,0],

d, . ~ ~
2 (P12 + (8% + A = de)al* + (1 - &) || Aal]*)

<c(|ol* + (8 + A = da)[all* + (1 = ) AUll*) + cllu’ (t + 5 = p,x) — ult, )|

+lg(z, t + 5) — gz, O)||* + ecly(Opssw) — y(Orw) P (|[v]|* + [Jull® + ||Au||2>(- |
7.12
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Integrating (7.12) over (7 — s,t) with t € [r, 7 + T}, we get that
B + (6 + X = sa)|[a(t)||* + (1 — §)||Au()|?
<ol = 5)[I* + (8% + A = ba)|[u(r — s)[|* + (1 = 6)[|AU(r — s)|1?
t t
+c/ lu”(r 4+ s — p, ) —u(r,x)||2dr+/ lg(z, 7+ s) — g(x,r)|*dr

+ 60/_‘ [Y(0rsw) = y(0rw) 2 (Jo()]* + lu(r) 1 + | Au(r)|*)dr. (7.13)

Note that for any s € [—p,0] and ¢ € [7,7 + T| with t > 7 — s,
t
/ |u”(r + s — p,x) — u(r,z)||*dr
T—s8

T+p—s t
- / [ (r + 5 — px) — ulr, 2)|dr + / [ (r + 5 — p.x) — ulr, 2)|dr
T—S5 T+p—s

T+p—s

< / ") — ofPdr + 2 / lu(r, z) — o|%dr
T*p T

—S

t
4 / [ (r + 5,2) — u(r + p, 2)|%dr

T+p—s

< [ ) —oar+z [ une) - olar
T—p T

—S

t t
b2 [ s a2 [l p) - ) |Pir

—S

T+p—s
<2 sup 0= 0lf+2 [ " fulr) — offar
—p<s< T—s
t t
+2/ Hﬂ(r)||2dr+2/ u(r + p,x) — u(r,z)||*dr. (7.14)

Therefore, for every t € [r,7 + T] with t > 7 — s, it follows from (7.13)-(7.14) and
(3.9) that

1Y (D)1 772 (rmy x 1.2 ey
t

| P (R (1

T—S8

T+T
[T gter ) = gte. P +ep s [9765) — ol

—p<s<

T+2p T+T
e / lu(r, z) — |%dr + ¢ / lu(r + p, z) — u(r, 2)|2dr

+ 60/_ [Y(0r4sw) — y(Orw) 2 (Jo()]I* + lu(r)|* + [ Au(r)|[*)dr.  (7.15)

Note that y(6,w) is uniformly continuous in r on [r — T, 7 + T'], Therefore, given
1 > 0, there exists p1 € (0, 1] such that for all p < p1,s € [-p,0] and r € [r,7 + T,

|y(er+sw) - y(erw)|2 < n. (716)
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By lir% f:+2p |lu(r,x) — ¢||*dr = 0 we know that there exists ps < p; such that for
p—

all p < pa,

T+2p
/‘ lu(r,) — Idr < . (7.17)

Note that u is uniformly continuous from [r,7+1+7] to H?>(R") we get that there
is p3 < p2 such that for all p < p3 and r € [r,7+ T,

lu(r + p,x) —u(r,x)|| <. (7.18)

Since g € L? (R, L?(R™)) we get

loc

T+T
i [ lgGe,r+ ) — gla,r)|2dr =0, (7.19)

s—0 /.

which means that there exists ps < p3 such that for all p < py and s € [—p, 0],

T+T
/‘ lg(e,r + ) — gla, r)[2dr < 1. (7.20)

It follows from (7.15)-(7.20) that
t

1Y (D172 ey ¢ .2 e SC/ 1Y (M) 2 ey 2 ey A 4 1Y (T = 8) [ Fr2 (e s 12 ey

+cp sup [[¢°(s) — ¢|° + en. (7.21)
—p<s<0

Accordingly, we have

1Y (D) Fr2ny < p2 ey < CllY (7 = 8) 32 @y 12 (n) + €0 sup_ 67 (s) — ¢l|* + en.
—p<s<
(7.22)

In addition,

Hf/(T - S)H%JQ(R")XL?(R")
=[Y*(r) = Y(r — 5)“?12(11@71)“2(11@“)
=[vP (1) = v(r = $)||* + (6% + A = da) [u’ (1) — u(T — s) |
+ (1= 0) AP (1) — u(r — 5))|”
<2[[v?(7) = P|* + 2l|v(r - 5) — ¥
+2(8% + A = da) ([[uf (1) = o1 + [lu(r — s) — ¢1?)
+2(1 = 8)(|AW’ (1) = 9)1* + | A(u(r — 5) = 9)[1?)

which along with (7.18) shows that there exists p5 < p4 such that for all p < p5 and
s € [_p7 0]7

1Y (7 = 8) 32 @y 2 ny < € sup_ Y5 (s) = Yol 2 mnyxr2@ny +en. (7.23)
—p<s<
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It follows from (7.22)-(7.23) that for all p < ps, t € [7,7 +T] with ¢t > 7 — s and
s € [_p7 0]7

||Yp(t + 8, 7T,w, }/Op) — Y(t, T, W, YO)HHZ(Rn)XL2(]Rn)

<c sup |Y(s) = Yollm2mryxr2(mn) + ), (7.24)
—p<s<0
from which one can easily deduce the desired result (7.6). O

Lemma 7.2. Assume that (3.1)-(3.5), (3.7), (3.14)-(3.16) hold. If p,, — 0 andY,, €
AP (1,w), then there exists a subsequence {Y,, } of {Yn} andY € H?*(R™)x L?(R")
such that

lim sup ||Ynm(3) - YHHz(Rn)XLQ(Rn) = O, (725)

m—00 —Prm SSSO

where Y = (u,v)".

Proof. Let {t,}22, be a sequence of numbers with ¢, — co and n — co. By the
invariance of A", there exists Y,, € AP (1 —t,,0_; w) such that

Yy, = B (tn, T — by, Oy, w, Yy). (7.26)

By (7.2), we have Y,, € K*» (1 —t,, 0_¢ w). Since all uniform estimates of solutions
established in Section 5 are uniform with respect to p € (0, 1], by the arguments of
Lemma 5.2, we can verify the following:

(i) ®P(tp, T — tn,0_¢, w,Yy,)(0) is precompact in H?(R™) x L?(R"™).

(ii) Given any n > 0, there exists Ny > 1 such that for all n > N; and s €
[—pn. 0],

[Pty T — by 0,0, Y ) (8) — ®P7 (T — t, O, w0, Vi) (0) || 2y 12 () < 70

By (i) we find that there exists ¥ € H?*(R") x L?*(R") such that, up to a
subsequence,

P (b, T — tn, O, w, Y,)(0) = Y in H2(R™) x L*(R™).
Therefore, there exists No > Nj such that for all n > Ny,
B (tny T — by 01,0, ¥ ) (0) = V|| 2 my x L2 ey < 7. (7.27)
By (ii) and (7.27) we get, for all n > Ny and s € [—py, 0],

[ @F" (tn, T — tn, 04, ) = Yl m2®ryx L2 (®e)

<||®P" (tp, T — L, 0_¢, ) — ®P (b, T — ty, 0_¢,w, }/}n)(O)HHQ(Rn)XLQ(Rn)
192 (b, T — iy 0w, Y )(0) = Y || 12 () 12 (R

<2, (7.28)

w,Y,)(s
w,Y,)(s

which along with (7.27) implies that [|Y,, — Y'[|g2rn)xr2@®n) < 29 for all n > N
and s € [—py, 0] as desired. O

We are now in a position to prove the upper semicontinuity of attractors as
p— 0.
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Theorem 7.1. Assume that (3.1)-(3.5), (3.7), (3.14)-(3.16) hold. Then for every
TeERweQ,

gll)% dHQ(Rn)XL2(Rn) (.Ap(T, w), AO(T)) = O7 (729)

where dgz2(rnyx 12(rn) is defined for any subsets E C Cy, v, (R™) and S € H*(R") x
L2(R") by

d2®nyxr2rn) (£, 5) = sup inf  sup |[lo(s) — z||g2®n)xL2@®n)-
PEETES _p<s<0

Proof. Let p, — 0 as n — oo, Y™ € Cy, v, (R") and Yy € H*(R") x L*(R"™)

with  sup [|[Y{"(s) — Yol m2mr)x2(mny — 0 as n — oo. It follows from Lemma
—pn<s<0

7.1 that for any 7 e R,w € Q and t > 7,

sup || (¢, T, w, Yo ™) (s) — <I>O(t,T,w,YO)HHz(Rn)XLz(Rn) —0 as n — oo.

—pn<s<0
(7.30)
By (7.4), (7.5), (7.30) and Lemma 7.2 we get (7.29) from Theorem 2.1 in [17]
immediately. O
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