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ON THE OPERATORS OF
HARDY-LITTLEWOOD-POLYA TYPE

Jianjun Jin®T

Abstract In this paper several new Hardy-Littlewood-Pdlya-type operators
are introduced and studied. In particular, we study a Hardy-Littlewood-Pélya-
type operator induced by a positive Borel measure on [0,1). We establish
some sufficient and necessary conditions for the boundedness (compactness)
of these operators. We also determine the exact values of the norms of the
Hardy-Littlewood-Pélya-type operators for certain special cases.
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1. Introduction and main results

Throughout this paper, for two positive numbers A, B, we write A < B, or A = B, if
there exists a positive constant C' independent of the arguments such that A < CB,
or A > CB, respectively. We will write A < B if both A < B and A > B.

Let p > 1. We denote the conjugate of p by p/, i.e., % + i = 1. Let [P be the
space of sequences of complex numbers, i.e.,

oo

o= {a={an )32y < flall, = O lanl’)? < +oo}.

n=1
For a = {a,}7%,, the Hardy-Littlewood-Pélya operator H is defined as

oo

H(a)(m) =Y m m e N.

It is well known (see [13, page 254]) that
Theorem 1.1. Let p > 1. Then H is bounded on [P and the norm of H is p +p/.

Hardy-Littlewood-Pélya operator is related to some important topics in anal-
ysis and there have been many results about this operator and its analogous and
generalizations. The classical results of this topic can be founded in the famous
monograph [13]. In the past three decades, the so-called Hilbert-type operators, in-
cluding Hardy-Littlewood-Pdlya-type operators, have been extensively studied by
Yang and his coauthors, see the survey [22] and Yang’s book [21]. For more recent
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results see for example [20] and [23]. Fu et al. have studied in [9] some p-adic Hardy-
Littlewood-Pdlya-type operators.Very recently, in the work [3], Brevig established
some norm estimates for certain Hardy-Littlewood-Pdlya-type operators in terms
of the Riemann zeta function. Some further results have been obtained in [4].

In this paper, we first introduce and study the following operator of Hardy-
Littlewood-Pdlya type,

i L (0 1) o] [(B=1)—(p'-1)Bv]
) — plla— ap E — o]
Hoz,B 'y(a’)( ) m max{mo‘ nﬁ}] a’n7a’ {an}nzlam 2 17

where v > 0,0< o, <1, -1 < puv<p-—1.

The operator H” "’77 reduces to the classical Hardy-Littlewood-Pdlya operator
H when a =3 =+v=1, p=v =0. We first study the boundedness of H,'/ B We
will provide a sufficient and necessary condition for the boundedness of HZ 5, In
terms of the parameters -, u, v and prove that

Theorem 1.2. Letp>1,7v>0,0< o, <1 and -1 < p,v < p—1. LetHaﬂW
)

be
defined as obove. Then HE E , s bounded on I? if and only ifp(v=1)—(u—v) > 0.

When p(y = 1) — (g —v) =0, ie, vy =1+ %, we use ITIZ'; to denote the
operator Hf; |. That is to say,

o LI(F-1)-('-1)6v]

B (a)(m) = (@D ¥en] tnya = {ap}pey,m > 1.

=1 [max{me, nf}} 5

We denote by ||ﬁ’;g|| the norm of ﬁ’;g We will show the following result,
which is an extention of Theorem 1.1.

Theorem 1.3. Letp >1,0< a,8<1and -1 < p,v<p-—1. LetH’“’ be defined

as above. Then H“ 5 is bounded on P and

1, P 1 1
s = =2 (s 5y (1)
ar e + p—1=v

When o = 8 = 1. From Theorem 1.2, we know that the operator

mpn b
H Z [max{m, n}]7 et o1y o &= {an}oz,,m > 1,

is not bounded on [P when v < 1 + %. On the one hand, we note that

I (max{m, n})T(y)
T(y + max{m,n})’

/ tmax{m’”}_l(l — )77 dt = B(max{m,n},) =
[0,1)
for v > 0, m,n > 1. Here B(-,-) is the Beta function, which is defined as
1
B(u,v) := / t“ 11—t tdt, u> 0,0 > 0.
0
The Gamma function I'(+) is defined as

I'(z) = / e t"tdt, x> 0.
0
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It is known that

_ I)l(v)
B(u,v) = Tt

For more introductions to these special functions, see [1]. On the other hand, we
see from

I(z) = V22~ 2e (1 4+ r(z)], [r(z)| < e™ — 1, 2 >0, 1.2)
that ¢ { o) 1
maxq{m,n v) . |
T(y + max{m,n})  [maxm,nyr’ )~ ol

Hence, in order to make HYy , to be bounded on I” when v < 1+ 2=, we let A be
a positive Borel measure in [0, 1), and consider the following operator

o0
B0 = 5 w5l 0= o) >

Where
Ty[m,n] = / gmadmnt =11 _ ) Y=Lax(t), m,n > 1. (1.3)
[0,1)

We will characterize measures A such that Hﬁ: § is bounded (compact) on IP. To
state our results, we introduce the notion of generalized Carleson measure on [0, 1).
Let s > 0, let A be a positive Borel measure on [0,1), we say A is an s-Carleson
measure if there is a constant C' > 0 such that

A, 1)) <Cc@—1)°

holds for all ¢ € [0,1). Moreover, an s-Carleson measure A on [0, 1) is said to be a
vanishing s-Carleson measure, if it satisfies further that

A1)

o1 (1—t)°

We shall prove the following criterion for the boundedness of ITI’V‘K

Theorem 1.4. Letp > 1,7 >0 and —1 < p,v < p—1. Let X be a positive Borel
measure on [0,1) such that dp(t) := (1 — t)Y=Yd\(t) is a finite measure on [0,1),
and H“’ be defined as above. Then HL'\ is bounded on 1P if and only if p is a
1+ (y v)]-Carleson measure on [0, 1).

For the compactness of H" N e shall show that

Theorem 1.5. Letp > 1,7 >0 and —1 < u,v < p—1. Let A be a positive Borel
measure on [0,1) such that dp(t) := (1 — t)7"Ld\(t) is a finite measure on [0,1),
and H" be defined as above. Then HI'\ is compact on IP if and only if p is a
vamshmg 1+ p(u v)]-Carleson measure on [0,1).

The paper is organized as follows. Two lemmas will be given in the next section.
We will first prove Theorem 1.3 in Section 3. The proof of Theorem 1.2 will be given
in Section 4. We prove Theorem 1.4 and 1.5 in Section 5. Final remarks will be
presented in Section 6.
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2. Two lemmas

We need the following lemmas in the proof of our main results of this paper.

Lemma 2.1. Letp>1,0< a,8<1 and -1 < u,v <p—1. We define

o0 7’),'371 mw
E(m) = Z 1+ E=r  BOFw) m > 1,
ne1 max{m>,nf}" T F  nw
o o1 Bp—1-v)
m n P
F = I

oo [mam{mo‘,nﬁ}]1+ P om- »

Then we have

p 1 1
B < b (4 ) w1, (21)

P 1 1
F < = > 1. 2.2
(n)a<1+u+p—1—y)’n (2:2)

Proof. In view of the assumption, we see that, for m > 1,

a(l+u)

o .’1?6_1 m- »
E(m) S/ [ : B(1+v) dz.
0 [max{me~, zf} " "F " p

Consequently, by the change of variables s = 2, we obtain that

a(ltp)
1 m-r

1 (e o)
Bm) < 5 [ e T ds
B Jo [max{me, s}]' T 7 sr

_ 14w
P

1 [ t
Y -
B Jo [max{l,t}]l+T
1/1 _14v 1/C>O _ltp g
= _ t™ 7 dt + = t e dt
B Jo B i
p 1

_5<1+u+p—1—V)'

This proves (2.1). By the similar way, we can obtain that (2.2) also holds. The
lemma is proved. O

Lemma 2.2. Let v > 0,—1 < p,v < p—1. Let \ be a positive Borel measure on
[0,1) and Zy[m,n] be defined as in (1.3) for m,n > 1. Set dp(t) = (1 —t)7~LdA(2).
Ifpisall+ %(u — v)]-Carleson measure on [0,1), then

1
Zilm,n] = 144 (n—v)

2.3
[max{m, n}] %)

holds for all m,n > 1. Furthermore, if p is a vanishing [1 + %(u — v)]-Carleson

measure on [0,1), then

1

[max{m,n}

Ix[m,n]=o (
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Proof. When m > 1,n > 2, or m > 2,n > 1. We get from integration by parts
that

Ty[m,n] = / gmax{m.n} =14
0 1
— p([0,1)) — (max{m, n} — 1) / gmax(man}=25((0, 1)) dt

— (max{m,n} — 1) /O pma{m.n} =2 5[y 1)) 1.

Ifpisa[l+ %(,u— v)]-Carleson measure on [0, 1), then we see that there is a constant
C1 > 0 such that )
p([t, 1) < Cr(1 = t)tHate)

holds for all ¢ € [0,1). It follows that

1
Zx[m,n] < Ci(max{m,n} — 1)/ gmax{mon}=2(] _ t)H%(“’V)dt
0

— w1

(max{m,n} — 1)I'(max{m,n} — HI'(2 + %(/L —v))
I(max{m,n} +1+ %(,u —-v)) '

By using (1.2) again, we obtain that
(max{m,n} — 1)I'(max{m,n} — HI'(2 + %(u —v)) 1
I(max{m,n} +1+ %(N —v)) B max{m, n}1+%(“_”) .

It follows that (2.3) holds for m > 1,n > 2 or m > 2,n > 1.
Next we consider the case m = n = 1, we see from the fact p is a finite measure
on [0,1) that

B = [ dolt) = p(0.1) < 1.

Then we get that (2.3) holds for all m,n > 1. Similarly, if p is a vanishing [1 +

%(u — v)]-Carleson measure on [0, 1), by minor modifications of above arguments,

we can show that (2.4) holds. The lemma is proved. O

3. Proof of Theorem 1.3

For a = {a,}52, € I’,m > 1, we have

i (B=1)=(p'=1)8v]

m bla—1)+ax] a

= max{me, nf}'* 5"

{[K(m,n)]%ol(m,n) : [K(m,n)]iOQ(m,n)}

hE

1
m).

I
~ 3
—

Where

K(m,n) = !

[max{me, n8}'+5" ’
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5(1Jr/V)_Q

n_ree ’ Lia—1)
Ol(mvn) = a1y mr : |an|7

m 2

ma(p:ﬂl—#)Jr% ) .

1(6-1
J— 7
Os(m,n) = —any N .
n op’

Applying the Holder’s inequality on I(m), we get from (2.1) that

=

oo

Z (m,n)[O1(m,n)]P

[Z K (m, n)[Oz(m, n)]P'] !

n=1

= [E(m)]" lZK m, n)[O1(m, n)}p] "

It follows from (2.2) that

[H Gall,
=1y )y

m=1

1 D ) v
< + K(m,n)[O1(m,n
5 (i) (S X o]
1 (p ol
75% <1+u+p—1—u) ;F |a"|]

+ allp-
_a%ﬁi’ 1+p p—-1—-v P

This means that ﬁgg is bounded on P and

[z E— (1 ! > (3.1)

apﬁp 1+/J’ p_l_l/

~ ~ . ~ 1 _ 148
For & > 0, we take a = {a,}5°, with @, = evn~ 7 . On the one hand, we have

oo o) 1
lalp = n7' 77 2 5/ e P dr = <
= 1 B

On the other hand, we have

o0 o' 1
Jalp=c+d n " <et s/l =g
n=2

Thus, we obtain that

%(1 +0(1)), € —=0". (3.2)

llally =
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We write
. o0
[HLa|E = > mlem e [1(m)]?. (3.3)
m=1
Here ) , "
0 7,“7[(/6—1)_(17 -1)Bv] n"r
J(m) = =
=1 [max{me,nf}te

In view of the assumption 0 < § < 1,-1 <v < p—1, we have 1
we get that

+ Brv > 0. Hence

Lo C14Be 1, o 1+ Pv+fe
CICEDEIERIEY Loy - EEEE <
Consequently,

dzx

/oo po(B-)-@'-1)py) -~ 1tse
1

[max{mo‘, xﬁ}]lJru;V

_ l4vte

1/00 s P

— — ds
B )1 [max{mo‘,s}]H P

1

_l4vte
P

S —%<1+u+e)/°° t —dt
A A [max{1, t}]'T%

me

Also, for 0 < e <p—1—v, we have

1+v+e

oo =%
| -
e [max{l, t}]1+ P

_14vte

o0 t P m% vte
/ _ dt—/ £ dt
0 [max{1,t}]*" "% 0

1 1 p alp
=p + - m
1+p p—1—-v—c¢ p—1—v—c¢
= L(e) - Q(m).
Combining (3.3), (3.4) and (3.5), we get that

(i e = F Z_m (L(e) - Qm))?,

(3.6)

for 0 < e < p—1—v. By using the Bernoulli’s inequality(see [17]), we obtain that

2

D _a(p—1-v—¢)

[L(e) — Q(m)]* > [L(e)]P [1 TILOp-1-v_o"

for 0 <e <p—1—v. From (3.6) and (3.7), we obtain that

B £ s i
IHG 5ally = @[L(E)]” o omoiee

m=1

z (3.7)

)
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2

Ep —l—ae— 7‘1(" 1-v—e)
T Zm (3.8)

m=1
We note that
5 Z m~1Tef = (1 +0(1)), € —=0", (3.9)
and, for0<e<p—1—v,
(oo}
l—qe—lp=l-v—c) +
> m 7 =0(1), e = 0%, (3.10)

m=1

It follows from (3.8)-(3.10) that

IE, Sallp > W(l +o(1)) - [L(e)]” - [1 —eO1)].

Hence, by (3.2), we get that

jieva), o) [LE)]-[1 -0

T,V s arf
[HL 5l > —= >
s allp (1+0(1))

-

S |

B

Take e — 01, we see that

TV p 1 1
IHG 51 = g ( + > (3.11)
apyp

1+p p—1—-v
Combining (3.1) and (3.11), we see that (1.1) is true and the proof of Theorem 1.3
is finished.
4. Proof of Theorem 1.2

We first prove the if part. If p(y — 1) — (u —v) > 0, that is v > 1 + “;”,
a={a,}22,, m>1, it is easy to see that

B

n=1 [max{me, nf}

o l(B=1—0'= 1)ﬁV] npl(B=D—=0'-1)8Y]

z:: [max{m®, nf}|7

]1_,’_“ —lan].

Consequently, in view of the boundedness of ﬁgg, we conclude that H.7 5 18
bounded on I” when p(y — 1) — (p —v) > 0.
Next, we prove the only if part. We will show that, if p(y—1)— (u—v) < 0, then

H;  can not be bounded on 7. Actually, let ¢ > 0, we still take a = {a,}72,
1 1+8e

with a, =e»n~ " » . We have

%(1 +0(1)), e = 0%, (4.1)

lall; =
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It follows that

S, (a1t oo wlB-D-('-1pr) PP
HMV P — a— ap
el = Z " Z [max{m®, nf}]7
m=1 n=1
= Z m(a—l)—i-ap . [R(m)]p (42)
On the other hand, we have, for m > 1,
x%[(ﬂ 1)—(p’'—1)8v] -x*%
R(m) > / dr (4.3)
1 [max{me, 8}

1+u+5
"B / max{m" 8}]
_ltute

_ lm_%[p("y—l)—‘r(l-'rl/-i-t')] /OO tipdt
3 1 [max{1, ¢}

> L 2Dttt /Oot Lbgbe_y o
1

Q

Since p(y —1) — (p—v) <0,ie,vy<1+ “;",

X idute > _ldpte g D
™7 Vdt> | tTT e ldt=-———. (4.4)
1 1

Consequently, from (4.2)-(4.4), we obtain that

(oo}
”Hug ~|| P’ [Z ma[p(vl)Jr(#V)s]l] )
o, B,y
[BA+p+e)P | “=

We suppose that Hf; | : P — I? is bounded, it follows from (4.1) that

||Ha[3,'y~||g
l[allp
P N e W
> (141t PL=7)+( . 4.
SRR e Lz_m )

However, by p(y — 1) — (1 — v) < 0, we know that p(1 — ) + (¢ — v) > 0. Hence,
when ¢ < p(1 — ) + (u — v), we see from p(1 —v) + (x — v) — e := 6 > 0 that

Zma[pu N+ (u—v)—el-1 _ Zm = 4o

m=1

Thus we get that (4.5) is a contradiction. This proves that HJ/'; = can not be
bounded on 7, if p(y — 1) — (1 — v) < 0. Theorem 1.2 is proved.

5. Proof of Theorem 1.4 and 1.5

We shall first prove Theorem 1.4. Firstly, we prove the if part of Theorem 1.4. By
Lemma 2.2 and checking the proof of Theorem 1.3, we see that H!'\ is bounded on
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P if dp(t) = (1 —t)*YdA(t) isa [1 + %(u — v)]-Carleson measure on [0,1). The if
part of Theorem 1.4 is proved.

Secondly, we will show the only if part of Theorem 1.4. In our proof, we need
the following well-known estimate, see [24, Page 54]. Let 0 < w < 1. For any ¢ > 0,
we have

- 1
c—=1, 2n
— (1 —w?)e
For 0 < w < 1. We define a = {a}2° as
a, = (1—w2)%w%(”71),n€N. (5.2)

Then it is easy to see that ||al|, = 1. In view of the boundedness of ﬁ’;i, we obtain
that

1= [HYXalp

o] m o) 1 p
=S et [0+ Y et [ ap
m=1 n=1 n=m-+1 0
o] m 1
= (1 —w?) Z mH pr(” l)nfﬁ/ t™dp(t)
m=1 n=1 0
o] 1 p
2 v
+ Z wr ™ Hp 5 / t"Ldp(t)
n=m-+1 0
(I) When 0 < v < p—1, we see that
p

o0
L= [HSalh > (1—w?) > m
m=1

P

> (1 —w?) Z mh
m=1

m 1
Zu}%(n_l)n_% / tm_ldp(t)
n=1

w

> (1= wh)p(fw, P Y mtwrm [Z w?"”‘”n‘?] : (5.3)

m=1

On the other hand, we note that, for any m > 1,

oo m p oo
Z mPaP(m=1) lz wﬁ(nl)n}j] > Z mitP(=5), (p+2)(m—1)
It follows from (5.3) that

Lz (1= ) p(lw, D) 3 w0 D2,

m=1
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Then we conclude from (5.1) that

1
(1- wz)uﬂi(l—*)-irl

(1= w?)[p([w, 1))]”

=<1

This implies that
p([w, 1)) < (1 —w?)" 58 for all w € (0,1).

(IT) When —1 < v < 0, we see that

P
L [ARalr > () S | S whe / £ 1dp(t)
m=1 n=m-+1
1 p
Zm“ 3w [
n=m-+1 w

><1—w2>[p<[w,1>>11’2m“[ > w@*”‘”‘”n‘?] : (5.4)

m=1 n=m-+1

Meanwhile, we note that, for any m > 1,

Z w( T (n-1),,—% Z w( +D)(n-1), ,—%

n=m-+1 n=m-+1

2
_v w(EH)m

Then we get that

oo oo p

E mh wF D=1, =% - E iV Pt2m
l—w2

m=1 n=m-+1

It follows from (5.4) that

1&(11_72 Zmu Y p+2)m
— w

Then, from again (5.1), we see that

ol D) oy <

(1—w?
This also implies that

p([w,1)) < (1— w2)1+%(”7”), for all w € (0,1).

Combining (I) and (IT), we see that p is a [1 + % (u — v)]-Carleson measure on [0, 1)
and the only if part of 1.4 is proved. Now, the proof of Theorem 1.4 is finished.
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We next prove Theorem 1.5. We first show the if part. We assume that p is

a vanishing [1 + %(u — v)]-Carleson measure on [0,1). Let 9 € N, we define the

operator H™ as, for a = {a,,}52,,
H[zm]( %Z pI)\m n)an,

when m < 0, and H™ (a)(m) := 0, when m > 9+ 1. Then we see that H™ is a
finite rank operator and hence it is compact on [P. By Lemma 2.2, we know that,
for any € > 0, there is an M € N such that

Talm,n] = L
[max{m, n}]**»#")

holds for all n > 1,m > M. Then, we see from

e’} e’} p
I(EES —HPa|p = Y m* > n v Ty[m, nlan]|
m=9<M+1 n=1
that,
e3¢} [e%e) p
Y,V Qp
JEE, - HOap <0 S .
mimien |nzt (max{m, n}] o

when 9t > M. Consequently, by checking the proof of Theorem 1.3, we see that,
for any € > 0, it holds that

|(FS — Hall, < elall,,

for all a € [P when 90T > M. It follows that I/-\Izi is compact on [P. This proves the
if part of Theorem 1.5 .

Finally, we prove the only if part. For 0 < w < 1. We take a = {a,}>2, asin
(5.2). It is easy to check that {a, }72 is convergent weakly to 0 on I? as w — 1.
Since ITIQLK is compact on [P, we get that

hm HH“ zalp, =0. (5.5)

On the other hand, by checking the arguments of the proof of Theorem 1.4, we have

I8l = ol D) =y
This yields that
plw, 1)) < B Sally (1 - w?) o),
It follows from (5.5) that p is a vanishing [1 + %(u — v)-Carleson measure on [0,1).

This proves the only if part of Theorem 1.5 and the proof of Theorem 1.5 is com-
pleted.
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6. Final remarks

Remark 6.1. We first point out that the assumptions —1 < p, v < p—1 in Theorem
1.2 and 1.3 are both necessary. We consider the case a = 8 =~y =1,u = v := .
That is to say, we will consider the operator
00 _3
n ra
HSO . " = 0o > 1.
1,1,1(a)(m) me ; max{m,n}’ a {an}n_la m =

We will use Hs to denote H‘ls’il and show that
Proposition 6.1. Hj is not bounded on IP, if § < —1, or § > p — 1.

e
Proof. For € > 0, we take a = {a,}>2, with @, = evn~ v . We see that

oo
lalp=e+e) n <e+1,

n=2
and
S+1te p
ol — T
” 5&” Z m lz max{m n}
(I) If 6 < —1, when € < —(6 + 1), we see from ¢ + 1 + & < 0 that, for any fixed
m > 1, it holds that

5+1+€

o
5+1+5
_ > Z n- = +o00.

n=m n=m

This means that Hy is not bounded on [P in this case.
(I Ifd=—-1ord>p—1, for all m > 1, we have

0o _S+1te d+1+5

P Dre oo 2/ max{m 7]

=1
5+1+5

. (5+1+E
o s max{l t}

S+1+e e 1_S+1te
>m r / tT T dt
1
P _ S4l4e
= —m--— p

1+d+¢

Consequently,

Mz > (2 i;
Ml =\136+¢ mi+e’

m=1
On the other hand, we have

oo

1 1
_ +
> — —g(1+0(1)),€—>0 )

m=1
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Therefore, we get that

il > (—2—) L1+ o))
6allp = 1+6+¢/) ¢ o)

Taking ¢ — 0T, we obtain that ||[HsallZ, — +oco. This implies that Hs is not
bounded on [P when § = —1 or 6 > p — 1. The proposition is proved. O

Remark 6.2. When v = 1, from Theorem 1.4 and 1.5, we have

Corollary 6.1. Letp > 1 and —1 < p,v <p—1. Let A be a positive finite Borel
measure on [0,1) and HY'" be defined as

oo
HY( Z 0w Iy[m, nlan, a = {a,}5,, m > 1.

Here
Ta[m,n] = / gmaxtmnb=Lgx(t), m,n > 1.
[0,1)

Then HY' is bounded (compact) on IP if and only if \ is a (vanishing) [1+%(u—u)]-
Carleson measure on [0,1), respectively.

Remark 6.3. We finally consider the Hardy-Littlewood-Pdlya-type operator acting
on the analytic function spaces in the unit disk D. Let A(D) be the class of all
analytic functions in the unit disk D of the complex plane. These years, for a
function f(z) = .2 a,z" € A(D), the following Hilbert operator H, acting on
the Taylor coefficients of f, and its variants and generalizations have been much
studied, see [2,5-8,10-12,14-16,19].

H()(z) = Z LEOM <

m=0

m

For v > 0, f = Y 2 ,a"z" € A(D), we similarly define the Hardy-Littlewood-
Pélya-type operator H, as

H, (f)(2) :== Z (Z [max{m jq,n"‘ 1}]W> “

m=0 \n=0

We will investigate the boundedness of H, acting on certain spaces of analytic
functions in D.

Let ¢ be a positive number and X, be a Banach space of analytic functions in
D. For any f € X, we assume that the norm || f||x, of f is determined by f, ¢ and
other finite parameters 1, 82, - , 8. Here k is a non-negative integer and k = 0
means that there is no parameter.

We denote by P(D) the class of all functions f = Y7 ja,2" € H(D) with
{an}5%, is a decreasing sequence of non-negative real numbers. We say X, have
the sequence-like property, if, for a function f € P(D), there is a constant Ix =
Ix(q,pB1, B2, -+, Bx) with Ix > —1 such that f € X, if and only if

oo

Z(n + )% al < 4o0.
n=0
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We point out that many classical spaces of analytic functions in D have the
sequence-like property. Let f =" ja,z" € P(D). For example,

(t) the Hardy space HY(D),1 < g < oo, we know that, see [18, page 127],
f € H1(D) if and only if

o0

Z(n +1)7%ad < 400,
n=0

(t1) For 1 < ¢ < o0, let =2 < o < ¢ — 1. It holds that, see [12, Lemma 4],
f € DL(D) if and only if

oo
Z(n +1)2737%1 < fo0.

n=0

Here D4 (D) is the Dirichlet-type space, defined as

Di(D) = {f € HD) : [[fllpg = [£(0)]

1
q
<—|—oo}.

(t11) For 1 < ¢ < o0, let —1 < a < g + 2. Tt holds that, see [12, Proposition 1],
f € AL(D) if and only if

a+1/u U1~ |22 dA(2)

oo

Z(n +1)7737 %4 < +oo.
n=0

Here A% (D) is the Bergman space, defined as

Aum{fem> 1112 = (@ + 1) [ 17~ |sP)a <><+m}

We obtain that
Proposition 6.2. Let v, g be two positive numbers. Let X, be a Banach space of

analytic functions in D which has the sequence-like property and H, be as above.
Then the necessary condition of H : X, — X, is bounded is vy > 1.

Proof. We will prove that, H, : X, = X, can not be bounded, if 0 < v < 1. Let
e>0and set fo = 3.0 @,2" with a, = (1+s) (n+1)" e

that {a,}22, is a decreasing sequence and Y - (n+1)'xa4 < co. Hence f. € X,,.
We set

. It is easy to see

> 0.
Z max{m—l—l n+ 1}’ » M=

We suppose that H, : X, — X, is bounded. Then, by the fact that {b,}72, is a
decreasing sequence, we see that g(z) =Y.~ b,2" € X, and hence

> (m+1)%bE < +oo.
m=0
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That is

Z [max{m —1—1 n+ 1}

(6.1)

_IxH4ite q

e L= (n+1)" " a
_1—|—5m§;(m+1)]I Lz_:o[max{m—i—l,n—&—l}]‘*

On the other hand, for any m > 0, we have

50 ) X+q1+5

Z maX{m—|—1 n+ 1}]7

n=0

Hx+1+s

I
Mg

max{m + 1,n} (62)

_Ixtl4e
q

/100 13

oo Ix+1+e

- Ixtite y o«
_ 1a-N-x% / I
) o Tmax(L )T ¥
> (m4 1) /Ooy’”*nxtzlts dy
1
= (m+ 1) B,
Combining (6.1) and (6.2), we get that

IV

oo > L [EEr [Z(m * 1>q<17>“] . (63)

m=0

But, if v < 1, when € < ¢(1 — 7), we have

Z (m+1)10=M=1=2 — Lo,

m=0
Thus (6.3) is a contradiction since E(g) > 0. This means that H, : X, — X, can
not be bounded when v < 1. The proposition is proved. O

For v > 0, let A be a positive Borel measure on [0, 1), we define the operator

H, A (f) (2 Z [ZLYAmnan]z , f= Zanz € AD

m=0
Here
L, [, n] = / gmaxim.n} (1 _ 1=197(¢), m,n > 0. (6.4)
[0,1)
When A in (6.4) is the Lesbegue measure on [0, 1), we see that
1
I, \[m,n] < m,n > 0.

[max{m + 1,n + 1}]7’ -
It is interesting to study

Question 6.1. Characterize the measures A such that H, \ is bounded (compact)
from one analytic function space X to another one Y.
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