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Abstract In this paper, the authors discuss the existence of at least one weak
solution and infinitely many weak solutions to a parametric nonlinear Dirich-
let problem involving a nonhomogeneous differential operator of p-Laplacian
type. Their approach is based on variational methods. Some recent results
are extended and improved, and an example is presented to demonstrate the
application of the main results.
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1. Introduction

Let Q € RY(N > 2) be a bounded domain with a smooth boundary 99 and consider
the problem

—divA(z, Vu) = A\f(z,u), in Q,
u =0, on 0,

(P{)

where A : Q x RY — RV is a function admitting a potential and satisfying some
natural conditions such that the differential operator divA (z, Vu) includes the usual
p-Laplacian (p > 1). Here, )\ is a positive parameter and f : Q@ xR — R is a suitable
Carathéodory function.

Recently, many authors have applied variational methods to study the existence
of multiple solutions of nonlinear Dirichlet problems involving a nonhomogeneous
differential operator of p-Laplacian type and containing a parameter; we refer the
reader to [5,7-11,18,19] and references cited therein as examples of such results.
Based on a recent abstract critical point theorem proved by Bonanno [3], Kristaly
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et al. [18] established the existence of three weak solutions to the problem

—div(a(z, Vu)) = Af(z,u), in Q,
u =0, on 0f,

where N > 2 and the nonlinearities a : 2 x RV — RY and f : Q x R — R satisfy
certain structural conditions. Bonanno et al. [5] used variational methods to obtain
some new contributions on the problem (ij ).

In the present paper, motivated by the papers of Bonanno, D’Agui, and Livrea
[5], Colasuonno, Pucci, and Varga [9], and Kristdly, Lisei, and Varga [18], we study
the problem (P)Jj) in the case where A admits a potential A : Q x RY — R such
that

(A) A= A(z,¢&) is a continuous function on Q x RY with a continuous derivative
with respect to £, A = 0¢A, and:

(i) A(z,0) =0 and A(z,¢) = Az, —¢) for every x € Q and & € RV
(ii) A(z,-) is strictly convex in RY for all x € Q.
(ili) There exist constants a1, ag, with 0 < a1 < as such that

A(2,6)€ > arlé]” and [A(z,€)| < az|¢™! (1.1)
for every (z,€&) € Q x RV,

Motivated by the above facts, in the present paper we use a smooth version of
Theorem 2.1 of [6] (that is sometimes viewed as a more precise version of Ricceri’s
Variational Principle [21]) to investigate the existence of at least one weak solution
and the existence of infinitely many weak solutions to the problem (Pj\c ). In fact,
we shall study the existence of at least one non-trivial weak solution to (P/(t ) under
an assumption on the asymptotic behavior of the nonlinear function f at zero (see
Theorem 3.1 below). In addition, under suitable conditions on the oscillatory be-
havior of f at infinity, we discuss the existence of infinitely many weak solutions to
(P)]\C ). We prove the existence of an interval on A in which the problem (P)]\C ) admits
a sequence of solutions that are unbounded in the space W1P(Q) (see Theorem
4.1). Additionally, some consequences of Theorem 4.1 are presented. By replacing
the conditions at infinity on the nonlinear term, by a similar one at zero, we obtain
a sequence of pairwise distinct solutions strongly converging at zero (see Theorem
4.3).

We have organized the remainder of the paper as follows. In Section 2, we recall
some basic definitions and the tools to be used in our proofs. In Sections 3 and 4,
we state and prove the main results of the paper.

2. Preliminaries

The key argument used in proving our results is the following version of Ricceri’s
variational principle [21, Theorem 2.1] as given by Bonanno and Molica Bisci in [6].

Theorem 2.1. Let X be a reflexive real Banach space, let &,V : X — R be two
Gateauz differentiable functionals such that ® is sequentially weakly lower semi-
continuous, strongly continuous, and coercive, and ¥ is sequentially weakly upper
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semicontinuous. For every r > infx @, let

SupuE‘P_l(—oo,T) \I](u) - \I](u)

= inf
(P(T) uE@*llI%—oo,r) r— <I>(u) ’
0 :=liminfo(r), and §:= rjgﬁ,;n£)+ o(r).

Then:

(a) for everyr > infx ® and every \ € (0, ), the restriction of the functional

1
(r)
Iy =® — AU to ®!((—oc0,7)) admits a global minimum, which is a critical
point (local minimum) of Iy in X.

1
(b) If 0 < 400, then for each A € (0, 9>, either

(b1) I possesses a global minimum,

or

(ba) there is a sequence {u,} of critical points (local minima) of Iy such that

lim ®(u,) = +oo.

n—-+o0o

1
(c) If § < 400, then for each A € (0, 5)’ either

(c1) there is a global minimum of ® which is a local minimum of Jy,

or

(c2) there is a sequence of pairwise distinct critical points (local minima) of
Iy that weakly converges to a global minimum of ®.

We refer the interested reader to the papers [1,2,12,14,16] in which Theorem
2.1 has been successfully employed to prove the existence of at least one non-trivial
solution to boundary value problems, and to the papers [4,13,15,17] in which
Theorem 2.1 was used to show the existence of infinitely many solutions.

Next, we give some pertinent definitions and notations. Throughout the paper,
Q is a bounded domain in RY with 1 < p < N, Wol’p(Q) is the usual Sobolev space
endowed with the norm

lall = 19l

and W1 (Q) is its dual space, where 5+ i = 1. It is well known that if

N
1<p< N and p* = v P , then there is a constant "= T'(N, p) such that
-Pp

[[ullp= < Tlfull (2.1)

for every u € VVO1 P(Q). Such a constant has been sharply determined by Talenti
in [22] as given by the formula

1

_ sy (pol) P rasHrany T
e (N—p> {P(g)r(1+Ng)} v (2:2)
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where T' is the gamma function. Clearly, inequality (2.1), in conjunction with
Holder’s inequality, implies that for every s € [1, p*],

(»

55 ul (23

ulls <719

for all u € W,(Q), where |Q| is the Lebesgue measure of Q. Notice that the
embedding Wol’p(Q) — L*(Q) is compact provided s € [1,p*).

Following [9], we will assume that A :  x RY — R¥ is a function admitting a
smooth potential A : Q2 x RN — R as given in condition (A) above.

In [9], it has been explicitly observed that (A)(i) and (A)(¢i¢) imply that

a1lé]? < pA(x, §) < azlélP (2.4)

for every (z,&) € Q x RY. Moreover, it is possible to obtain the following lemma.

Lemma 2.1. ( [9, Lemma 2.5]) Let A satisfy condition (A). Then the functional
®: WyP(Q) = R defined by

<I>(u)z/9.A(x,Vu(x))dac (2.5)

is convex, weakly lower semicontinuous, and belongs to the class Ct in Wol’p(Q)
with

@'(u)(v):/QA(z,Vu(x))VU(:r)d:c

Jor every u,v € WyP(Q). Moreover, ® : WyP(Q) — WL (Q) satisfies the
condition:

(8+) For every sequence {u,} in Wy (Q) such that u, — u weakly in Wy (Q) and

lim sup/ A(z,Vuy) - (Vu, — Vu)dz <0,
Q

n—oo
then u,, — u strongly in Wol’p(Q)-

Given a Carathéodory function f : @ xR — R and a positive function a € L*(Q)
with o > N/p and 1 < ¢ < p, we say that f is of type (Gsa,4) if it satisfies the
growth condition:

(Sf,a,q) there exist positive constants M; and M, such that
|f(z,1)] < a(x) (My + Ma|t]r™1) (2.6)
for a.e. x € Q and all t € R.

We will also need the following lemma to prove our main results.

Lemma 2.2. ( [9, Lemma 3.2], [5, Lemma 2.2]) Assume that f is of type (Sf.a,q)
and set F(z,t) = fot f(x,s)ds. Then, the functional ¥ : W, () — R defined by

W(u) = /Q Pz, u(z))de 2.7)
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is in the class C' with
V' (u)(v) = /Qf(x,u(x))v(m)dx

Moreover, the operator W' : WP (Q) — W12 (Q) is compact and sequentially
weakly continuous in WyP ().

Remark 2.1. As was pointed out in [5, Remark 2.1], Colasuonno, Pucci, and
Varga [9, Lemma 3.2], proved the compactness of U for 1 < ¢ < p. But the same
argument can be adopted in order to show that it is also true if ¢ = p.

Next, we define what is meant by a weak solution of (P)Jf ).

Definition 2.1. A function u € Wy(Q) is a (weak) solution of the BVP (P{) if
/ A(x, Vu(z))Vo(z)dx — )\/ f(zyu(z))v(x)de =0
Q Q

for every v € Wy*().

Hence, in view of Lemmas 2.1 and 2.2, we consider the functional Jy : Wol’p(Q) —
R defined by Jy = ®(u) — A¥(u) for A > 0 and u € W, ?(Q).

Lemma 2.3. A function u € WP (Q) is a critical point of Iy in Wy *(Q) if and
only if u is a solution of (P{)

3. Existence of one solution

Here is our main result on the existence of one solution to the problem (P/{ ). In

1 1
what follows o' is the conjugate of a, that is, — + — = 1.
a

Theorem 3.1. Assume that f satisfies (Sya,q) and there are sets D C Q and
G C D such that

essinf,eg F(z,§)

lim sup = 400 (3.1)
£ 0+ 1€[P
and
infyep F(z,
lim inf &3 Mee F@.6) (3.2)
€0+ 1P
Then, for each
ai

A€ A=]0,sup
2% |lallapT7|Q

(p )

*7&,p
(p*a’)

M:
M61—r + 20q-p
q

the problem (P/{c) admits at least one non-trivial weak solution u € WyP(2).
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Proof. Our aim is to apply Theorem 2.1(a) to the problem (P)Jf) We introduce
the functionals ® and ¥ as given in (2.5) and (2.7), respectively. Lemmas 2.1 and
2.2 establish that ® and ¥ are of class C*, while condition (2.4) assures that

ap p a9
—|u|l? < ®(u) < —||ul|? 3.3
pII | (u) pH | (3.3)

for every u € WOI”’(Q). By using the first inequality in (3.3), it follows that

so ® is coercive.
Choose A such that

ai

0 < A <sup »

*7(1/ ) M .
>0 | al (p T[] T [A1101P-+29qp}
q

Then, there exists # > 0 such that

a
A< !

(p*—a’p)
p*a’)

_ M _ N
lallapT?|Q| [Mlol—p+;9q—p}

Set

_ a1|Q PL* ap
pT»
Now since @ > N/p implies that 1 < o/ < &'q < o'p < p*, condition (Gy.a,4),
Holder’s inequality, and (2.3) imply

U (u) SMl/Qa(:E)|u(x)\dx+%/ﬂa(m)\u(x)r]dz

M,
< Millallolullar + 7llallaIIUHqu

* (»

e My e
0 ull + =T E=0 ul* (3.4)

(p

< Milal|oT|Q| @

for every u € W, ?(Q). Hence, in view of (3.3),

1
O (—o0,r) = {u IS Wol’p | ®(u) < r} - {u IS Wolvp | ull < (T) },
1

so (3.4) implies that

1 q

@ —a’) v M " —a’a) H

sup W(u) < My |afloT]02| 77 (f) + 22 fafla Tl T (par) .
1 1

P(u)<r

Since 0 € @~1(—o0,r) and ®(0) = ¥(0) = 0, we have

= e SWPuertsen W) ()
80 uE‘I)_l(*OO,T) r— q)(u)
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su oo P(u
< Pued-1(—oo,r) (u)

.
1 . q
? — P _
< M7l B (p) 7 ol o) T (L)
ay
P (@*—a'p) Tppr PTP Mo TPpr e
= ||la]|o—TP|Q| ®*eD LM i
“ a1|9| q Fid
(p* —a'p)
=||a||aa£Tp\Q| ot [ Mygip 4 M 6 _p}
1
< 1
N

Hence, by Theorem 2.1, for every A € A C (0 1 ) the functional Jy admits at

" o(r)
least one critical point (local minima) uy € ®~!(—o0,r).

To complete the proof we need to show that w) is nontrivial. First, we show

that W(u)
m

lim sup
Jul—0t+ ®(u)

By our assumptions at zero, namely, (3.1) and (3.2), we can choose a sequence
{¢,} C RT converging to zero and two constants ¢ and x with ¢ > 0 such that

= +o00. (3.5)

lim €55 infoeg F(x,&,) oo
n—+o0 €nlP

and
(& i I é > é I
SS (Q?, ) K/l | 5

for ¢ € [0,¢]. Now for the given G and D, take the function v € Wy"*(€) such that:

() v(z)
(Gj) wv(z) =1 for every x € G,
v(z)

(jij)

x) € [0,1] for every z € Q,

x) =0 for every z € 2\ D.

Hence, fix Y > 0 and consider a positive real number n with

. nmeas (G) + ”fD\g |v(z) |Pda:

a2
— [
P

Then, there is nyg € N such that &, < ¢ and

inf F(z,£,) > nlé,|P
ess inf (z,8n) > nl&nl

for all n > ng. Now, for every n > ng, using the properties of the function v (that
is 0 < &,v(x) < ¢ for large n), by (3.3),

¥ (600) :/gF (2, &n)dar /D  Flat(@ys
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7 meas (G) + Iﬁ:/ |v(z)|Pdx

D\G
a2
— ol
p
>Y.
Since Y can be arbitrarily large,
l =
e BE)

from which (3.5) clearly follows.
Hence, there exists a sequence {w, } C WO1 P(Q) strongly converging to zero with
w, € ®~(—oo,r) and

In(wy) = ®(wy) — AT (wy,) < 0.

Since uy, is a global minimum of the restriction of Jy to ®~!(—o0,r), we conclude
that
Ixa(ua) <0, (3.6)

so wy is not trivial. This completes the proof of the theorem. O

Remark 3.1. If in addition to the hypotheses of Theorem 3.1, we ask that

a > 1, (3.7)

* ’

21;18 r :a/p) 1 M2
||aHO(pr‘Q| (P*a) Mle P+ 70‘1_1)

then the conclusion of the theorem holds with A = 1, that is, for problem (ij )
without a parameter.

Next we present an example to illustrate Theorem 3.1.

Example 3.1. Consider the problem

—divA(z, Vu) = Af(u), in €,
u =0, on 0f,

(3.8)

where 0 C R* with meas () = 1 and f(£) = 26 + 1 for every ¢ € R. Condition
(2.6) is satisfied with a(t) =1, My = 1, My = 2, and ¢ = 2. Note that p = 2 and
F(&) = €2+ ¢ for £ € R. All the conditions of Theorem 3.1 are satisfied, so there
exists p > 0 such that for any A € (0, p), problem (3.8) has at least one non-trivial
weak solution u € Wy (Q).

We now give some remarks on our results.

Remark 3.2. In Theorem 3.1 we searched for the critical points of the functional
Jx naturally associated with the problem (P/(‘ ). We note that, in general, Jy can

be unbounded from below in W,?(Q). For example, in the case where f(£) =
14 [¢[77P¢€ for € € R with v > p, for any fixed u € Wy P(Q) \ {0} and ¢ € R, we
obtain

:
Ty () =@ (1) — )\/ Fuu(z))dz < LP%HuHP — Nl - /\%||u||7 - -
Q
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as t — 4o00. Therefore, condition (I3) in [20, Theorem 2.2] is not satisfied. Hence,
we can not use direct minimization to find the critical points of the functional Jy.

Remark 3.3. We wish to point out that the energy functional J associated with
the problem (P)’:) may not be coercive. For example, if F/(§) = |£|® with s € (p, +0)
for ¢ € R, for any fixed u € Wy () \ {0} and + € R we have

In(ew) =P(wu) — )\/ F(u(z))dr < LP%HUHP — A’ul]® = —o0
Q p
as L — —oo.
Remark 3.4. From (3.6) we can easily see that the map
A= Ix(uy) for A € (0,A%) (3.9)
is negative. Furthermore, we have
lim |juy| =0.
A—0F
To see this, by considering that ® is coercive and that for A € (0, A*), the solution
uy € ®71(—o00, 1), we have that there exists a positive constant £ such that [Juy|| <

L for every A € (0, \*). It is easy to see that, since f is bounded, an application of
Holder’s inequality implies there exists a positive constant M such that

<M (3.10)

/fumm@mmmm
Q

for A € (0,A*). Since uy is a critical point of Jy, we have I} (ux)(v) = 0, for
v e WP(€Q) and X € (0, A*). In particular I (ux)(uy) = 0, that is,

&' (un ) (112) :)\/Qf(x,u,\(x))u,\(x)dx (3.11)

for A € (0, A*). Then, since
0 < ayfunl]” < ®"(ux)(ur),

from (3.11),
OSMWNVS@WUWUSAAf@wM@WA@W

for A € (0, \*). Letting A — 07, by (3.10), we have limy_,g+ ||ux| = 0.
Finally, we show that the map

A= Ix(un)
is strictly decreasing in (0, \*). To see this, observe that for any u € Wy?(Q),

Iy () = A (‘I’(A“) - \Il(u)) . (3.12)
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Now, fix 0 < A1 < Ay < A* and let uy, and uy, be global minimums of the functional
Iy, restricted to ®(—oo,r) for i = 1,2. Also, let

fori=1,2.
Since A > 0, it is clear that (3.9) together with (3.12) imply

my, <0, fori=1,2. (3.13)

Moreover,
mx, S mx; (314)

since 0 < A; < Ag. Then, (3.12)—(3.14) and the fact that 0 < A; < Ag, implies
Iy, (Ux,) = Aamy, < Aomy, < Aimy, = Iy, (Uy,),
so that the map A +— Jy(uy) is strictly decreasing in A € (0, A\*).

Remark 3.5. Observe that Theorem 3.1 above is a bifurcation result in the sense
that the pair (0,0) belongs to the closure of the set

{(ux, A) € Wy P(Q) x (0, 400) : uy is a non-trivial weak solution of (P){)}

in Wy (Q) x R. Indeed, by Remark 3.4, we have that
luall =0 as A —0.

Hence, there exist two sequences {u;} in W, ?(Q) and {)\;} in R (here u; = uy,)
such that
A — 07 and |jul| =0

as i — +00. Moreover, we want to emphasis that due to the fact that the map
A= j,\(U)\)7 A€ (0,)\*)

is strictly decreasing, for every A1, A2 € (0, \*), with A\; # Ao, the solutions @), and
Uy, guaranteed by Remark 3.4 are different.

Remark 3.6. If f is non-negative, then the weak solution obtained by Theorem
3.1 is non-negative. To see this, let uy be a non-trivial weak solution of the problem
(P{) For the sake of a contradiction, assume that the set D = {x € Q : ug(z) < 0}
is non-empty and of positive measure. Set #(z) = min{0,uo(z)} for all z € Q.
Clearly, o € W, *(2) and

/ A(z, Vug(x))Vi(z)dr — )\/ [z, up(z))v(x)dx = 0.
Q Q

Thus, from our sign assumptions on f, we have
0<alunlly < [ Al Vune) Vun(a)ds = [ (o, uo(w)uo(a)de < 0.
D D

Hence, ug = 0 in D, which is a contradiction.
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4. Existence of infinitely many solutions

In this section, we formulate our main result on the existence of infinitely many
weak solutions to the problem (P{ ). First we introduce some additional notation.
Let R : Q — [0,400) be the distance function defined by R(z) = d(x,9) for each
x € Q. Thus, for every fixed 2o € Q, B(xg,R(x9)) = {x € Q: |x—x0] < R(z0)} C Q,
and for a € L*(Q) with o > N/p, we let

<93<~’00)

N
220} 1B, Dlessint e, e F (0,6
B = lim sup

p 2

N-p
) 2V — 1)[B.1)[er

Theorem 4.1. Assume that f satisfies (Sy.a,q) and there exist xy € Q and two real
sequences {d,} and {b,} with

lim b,, =
n—oo

such that:

(A1) f(z,t) >0 for (z,t) € B(zo, R(zg)) X R;

P
I

a1|Q

prfL fO?" n e N,'

az ((R(zo) Nop »
() 2 (D) v - s, <
R(wo)

N
JCn( 3 > |B(0,1)|essinf gz, R (z0)/2) F (2, dn)
(Az) A®= lim
n—oo a1|Q

prr D

< B*°,

where

1 a
2 P M (p*—a'q) Q £ P
" bﬁ) 22 0 o ('pbz .
q

(p*;g')
%,,, = Myl TI) T i

Then, for each A\ € (

of solutions.

1 1
B Aoo) , the problem (P/{) admits an unbounded sequence

Proof. Our wish here is to again apply Theorem 2.1. Consider the functionals ®
and ¥ as given in (2.5) and (2.7). The regularity assumptions on ® and ¥ required
in Theorem 2.1 are satisfied. Take
al\Q PL*
Ty = b
pT?

for all n € N. We see that r,, > 0 for all n € N and r,, — oo as n — oo. From the
definition of ® and in view of (3.3), for every r,, > 0,

1
¢ (—o0,ma) = {u €Wy @(u) < rn} C {u e WyP: |luf < (p;’"> } ,
1
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and inequality (3.4) assures that

S

1
T -
sup () < Mol 710) T (20 ) " 4 2o rojey T (22)
@ (u)<rp ay a

For each n € N, define

z € Q\B(zo, R(x0)),

wy () = R(zo) (R(zo) — |z — z0l), x € Blwo, R(20))\B(wo, R(x0)/2), (4.1)
dn, :R({,C())/2)

Clearly, w,, € Wy**(€). A direct computation based on (3.3) shows that

T e B(QC(),

al 2p — D
D(wy) > ;WIB(%,R(%)) \ B(xo, R(x0)/2)|dy,
aq 2P

a2 N s o
= [IR(IO)]plB(O’l)' ([.'R( 0)] [R(z0)/2] )dn
_ o (R o ,
a p( 2 ) 27 = 1)[B(0,1)]dy.

Similarly,

ay (R@o)\™ ™" N .
@W@sp( 2) (2Y — 1)[B(0, )| (42)

In view of condition (Aq),

1
U (wy,) wan

_/ F(a,dy)da
B(20,R(x0)/2)
> |B(xo, R(x0)/2)|essinf gz, R (z0)/2) F (%, dn)

R
- ((;0)> |B(0,1)essinf gz, ®(x0)/2) F' (25 dn).-

From (Az), we have ®(w,) < . Also, ®(0)

, = U(0) = 0. Therefore, for large n,
from (Ag) and (4.2),
(SuPuE@ 1( 00,7y (u)) (U)
n) = inf -
(,0(7" ) uG@*ll?—oo,rn) (

SUPyed—1(—o0,ry) \IJ(U) - <

IN

)
) B(0,1)|essinf gy, ®(20)/2) F (2, dp)
— ®(wn)

Tn

R(x _
K _< (20)> |B(0,1)|essinf gy, (z0)/2) F (2, dn)

< > .
a|Q¥ as [ R(xo) N-p
p_ (%2 () 2N — 1)|B(0, 1)|d%
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Hence, from (Ag), A < lim, 00 (1) < A < oo follows

Next, we show that Jy is unbounded from below. Let {c,} — oo be a sequence
of positive numbers to be determined. Let {y,} in W;*(Q2) be given by

0720 x € Q\B(zg, R(z0)),
@) = & s (Rlaw) ~ o~ aol), @ € Blao, Rao)\Blao Rlaw)/D,  (43)
Cn, z € B(zo, R(20)/2).
Then

N =DIB(0,1)lch.

(4.4)
Hence,

In(yn) < 2 (M) o 2N

R(x .
- ((20)> |B(0, 1)]essinf gz, % (z0)/2)F (2, Cn)

Now, we consider the two cases

= D[B(0,1)[c;,

If B> < oo, then since A > —

1
, we can fix € > 0 such that e < B> — —. Hence,
there exists v. € N and a p051t1ve sequence {h,} — oo such that

(R(;CO)) | B(0,1)|essinf p(ay,R(x0)/2) F' (%, hn)

N-p
>(B® — ) (‘Z (R(;"O)) 2N —1)|B(0, 1)|h1;;>

for all n > v.. Hence

as [ R(xo) Nep »
i <2 (F52) e - nisoi

*2 B _
) ( )
Since 1 — A(B*>® —¢€) < 0, letting {h,} be the sequence {c,} in (4.3) and taking
(4.4) into account, we have
nlin;o Ix(yn) = —o0.
Now consider the situation where B = oo and fix D > —. There exists vp and
a positive sequence {k,} — oo such that

R
<(§0)> |B(0, 1)]essinf gz, ®(0)/2) F (2, kn)
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az (R(@o)\V 7P »
~D (p <2> (2N _ 1)|B(0,1)|kn>

for all n > vp, and moreover

as [ R(xo) Nep »
nm) <2 (F52) @ - niBe.DIk - D)

Since 1 —AD < 0, letting {k,,} be the sequence {c,} in (4.3), and arguing as before,
we see that

lim Iy (yn) = —o0.

n—oo
Hence, in both cases J) is unbounded from below. The conclusion of the theorem
then follows from Theorem 2.1(b). O
Remark 4.1. If {d,,} and {b,} are two real sequences with lim,_,. b, = oo,

such that the condition (As) in Theorem 4.1 is satisfied, then under the conditions
Ao = 0 and B> = oo, Theorem 4.1 assures that for every A > 0 the problem (P{)
admits infinitely many weak solutions.

Theorem 4.2. Assume that f satisfies (Sf.a,q), condition (A1) holds, and

R(zo)\ ™
(°)|mmnmm@mmmmm@@

(Asg) ligminfxii < limsup 2 R(zo) g
OO aq|QfPT £—o0 a T
e 2 (2)) v - o,
Then, for each
R N—p g
“ (%) evovsone 28T
D 2 pTP
Y j{&- i

R(zo) N .
2 |B(Oa 1)|8881nf3(x0,32(10)/2)F(x7E)

the problem (PAf) has an unbounded sequence of weak solutions.

Proof. Let {d,,} =0 and choose a sequence {b,} of positive numbers tending to
oo such that

X X
lim br = liminf ——5—
n—oo a1|Q|p* W £—o0 a1|Q|p* e
prIP pIP
From Theorem 4.1 the conclusion follows. O

Next, we point out two simple consequences of our main results. First, from
Theorem 4.1 we have the following corollary.

Corollary 4.1. Assume that f satisfies (Gf,a,q), there exist two real sequences {d,, }
and {bp}, with lim, ,. b, = 00, such that (A1) and (As) hold, A < 1, and
Boo > 1. Then, the problem

{—divA(:c, Vu) = f(z,u), inQ, (PY)

u=0, on 052,

has an unbounded sequence of weak solutions.
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The following corollary is a consequence of Theorem 4.2.

Corollary 4.2. Assume that B, > 1 and

X
lim inf S <1
£oee a7 ¢r

pT?

Then, the problem (P¥) has an unbounded sequence of weak solutions.

Now put

Riao) | B(0,1)|essinf F
0 T | ( ) )|ebSID B(zo,R(x0)/2) (xvg)
B" = limsup

€0 az (R(zo)
P 2

N-—p
) (@Y — DB, ler

Arguing as in the proof of Theorem 4.1, but using conclusion (¢) of Theorem 2.1
instead of (b), we can obtain the following result.

Theorem 4.3. Assume that f satisfies (Sy,a.4), (A1) holds, and there exist two real
sequences {s,} and {e,} with lim,_,~ e, = 0 such that

a :R(xo) N-p N P al\QpL* o
s 22 (H2) v s,k < W e orner,

R(x N .
%, - ((2)) 1B(0, 1)lessint ey (s0)/2) F (2, 5n)
(4s) A°= lim

n=o QI L, (a (Rix)\ "
P2 2N —1)|B(0,1)|sh

< B°.

B A

sequence of pairwise distinct weak solutions that strongly converges to 0 in Wol’p(Q).

1 1
Then, for each X\ € (A3, A1) with A3 := - and Ay 1= ——, the problem (P{) has a
0

Our final existence result is contained in the following theorem.

Theorem 4.4. Assume that f satisfies (Sf.q,q) and assume that

(R(Io)

N
) B0, 1)|essinf (o, cx(on 2 F (2, €)

X 2
(A7) ligm igf ‘Qigp < limsup R\
-0 aq p* £—0 as Zo
NS ol e 2N —1)|B(0, 1) ¢
P p(2 (2 = 1)[BO, 1l¢
Then, for each
! 1
A€ ’ |
lim su (ﬂ{('%o))N‘B(O’l)|eSSi“fB<zo,9<(zo)/2>F(o:7£) lim infe_, o+ 3(%
Peo0 T (B TN B e e

the problem (P)\f) has a sequence of pairwise distinct weak solutions that strongly
i Lp
converges to 0 in Wy (Q).
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Proof. Let {s,} =0 and choose a sequence {e, } of positive numbers tending to
0 such that

e . X
lim —— = liminf i
neo ay QP P £=00 gy |Qf77 v
pI? pI®
The conclusion follows from Theorem 4.3. O

Remark 4.2. By applying Theorem 4.3 instead of Theorem 4.1, results similar to
Remark 4.1 and Corollaries 4.1 and 4.2 can be obtained.
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