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FINITE SPECTRUM OF STURM-LIOUVILLE
PROBLEMS WITH N TRANSMISSION
CONDITIONS AND SPECTRAL PARAMETERS
IN THE BOUNDARY CONDITIONS*

Junwei Zhu®', Lina Gu' and Shengbiao Li?

Abstract In this paper, we mainly study the finite spectrum of Sturm-
Liouville problems with n transmission conditions and spectral parameters
in the boundary conditions. For any positive integer n and a set of positive
integers m;,i = 0,1,--- ,n, it has at most mo+m1+---+m, +2n+1 eigenval-
ues. And further we show that these mo +mi1 +-- -+ m, + 2n + 1 eigenvalues
can be distributed arbitrarily throughout the complex plane in the non-self-
adjoint case and anywhere along the real line in the self-adjoint case. The key
to this analysis is an iterative construction of the characteristic function, the
main tool used in this paper is Rouche’s theorem and iterative construction of
initial value.

Keywords Transmission conditions, spectral parameters, Sturm-Liouville
problems, characteristic function.
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1. Introduction

Sturm-Liouville problems (SLPs for short) [14,15,17] with transmission conditions
and spectral parameters in the boundary conditions have always been an important
research topic in mathematical physics. Such a problem connected with many
assortment of physics problems, such as heat conduction and the chord vibration
of the boundary on the slider.

As is well-known, the classic Sturm-Liouville theory [22] states that the spectrum
of a regular or singular, self-adjoint SLP is unbounded and therefore infinite. This
result is generally established under the assumption that the leading cofficient p and
the weight function w are both positive. Atkinson in his book [8] studied that if the
cofficients of Sturm-Liouville equation satisfy some conditions, it may have finite
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eigenvalues, but he did not elaborate with an example. In 2001, Kong et al. [14]
constructed a class of SLP with finite eigenvalues. In 2011, Ao et al. [6] obtained
that the following regular SLP with a transmission condition

— (oY) +aqy = wy, tel,
AY (a) + BY (b) = 0,
CY(c—) + DY (c+) =0

has exactly n eigenvalues, where n is positive integer and n is connected with the
partition of the interval J = (a,c) U (¢,b), A, B,C and D are all matrices, and
the coefficients satisfy the minimal conditions r = %7 q, w € L(J, C). Their
technique was a combination of the iterative construction of characteristic function
and the fundamental theorem of Algebra. In 2013, by applying the iteration of
the characteristic function and the fundamental theorem of Algebra, Ao et al. [7]
obtained that the following regular SLP with a transmission condition and spectral
parameters in the boundary conditions

—(py") +aqy = wy, tel,
A\Y(a) + BAY (b) = 0,
CY(c—)+DY(c+)=0

has at most m + n + 4 eigenvalues, where m and n are positive integer, and m,n
are connected with the partition of the interval J = (a,c) U (¢,b). Tt is divided
intoa =ap < a1 <ag < - < g < Agmt1 = C, € =Dby < by < by < -+ <
ban < bap+1 = b. Recently, Xu et al. [21] researched that the following SLP with n
transmission conditions

-y +aqy = wy, teJ,
AY (a) + BY (b) =0,

n+1

has exactly Y. m; + n + 1 eigenvalues for any positive integer n and a set of positive
i=1

integers m;, i = 1,2,--- ,n+ 1, where m; and n are connected with the partition of

the interval J = (a,c1)U (¢e1,c2)U---U(cp,b). They used similar tools to [7]. These
results indicate the existence of finite spectrum of SLP. It also should be pointed
out that although many excellent achievements have been made in researches on
the finite spectrum of SLP, such as literature [7,14,15,18-20,22] and its references,
but the conditions involved are relatively simple. It is worth mentioning that some
scholars have done outstanding work on boundary value problems of differential
equations with finite spectrum [1,4,5,9-11,13,16,22,23]. In addition, for other
articles on whether boundary value problems of differential equations have finite
spectrum, please refer to Ao and Sun’s articles [2,3]. Motivated and inspired by the
above-mentioned works, in this paper, we consider the following SLP

—(py") +qy = dwy, (1.1)
A\Y(a) + By (b) =0, (1.2)
CiY (¢i—) + DiY (¢i+) = 0, (1.3)
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where Y = Y yw=yt),teJ=(a,c1)U(c1,e2)U...U(cp,b), —00 < a<b<
vy’
+00, ¢; € (a,b), Cy, D; € My(R),det(C;) = p; > 0,det(D;) =60; >0,i=1,2,--- n.
Aoy — a1 —Aah + « 0 0
A)\ = ! ! ? ? 7B)\ = 7aj7a_l7'75j753' €
0 0 ABL+ B —ABy — Bo
a1«
R,7 = 1,2, and satisfies det Lo # 0, det b # 0. )\ is the spectral
) o B1 By

parameter. The coefficients satisfy the minimal conditions
1
r=-,q¢, wWe L(J7 (C)a (14)
p

where L(J, C) denotes the complex-valued functions which are Lebesgue integrable
on J. Condition (1.4) is minimal in the sense that it is necessary and sufficient for
all initial value problems of to have unique solutions on [a, b]; see [12]. In this paper,
we assume that condition (1.4) holds and we will prove that SLP (1.1)~(1.3) still
has finite spectrum.

2. Notation and preliminaries
In this section, we let u = y,v = py’. Then (1.1) can be transferred into the
following first order system

/

u =rv,v" = (¢ — Mw)u. (2.1)

This can be written in the following matrix form
I

U 0 r U

v q— w0 v

Definition 2.1. By a trivial solution of equation (1.1) on some interval we mean
a solution y which is identically zero and whose quasi-derivative v = py’ is also
identically zero on this interval.

In this part, we give some related concepts to introduce Lemma 2.1.
Let uq(t,\),v1(¢,\) be two linearly independent solutions of equation (1.1) on
(a, c1) satisfying the following initial conditions

ui(a, \) = 1, (pu})(a,\) = 0,v1(a,\) =0, (pv])(a,\) = 1.

Now we can define the solutions u;11 (¢, A), v;41 (¢, A) (i = 1,2, ...,n) of equation (1.1)
on (¢, ¢i+1)(cne1 = b) satisfying the following initial conditions

wiy1(ci+, A) = ginnwi(ci—, A) + gi12(puf)(ci—, ),
(pu;+1)(ci+, A) = gi,21ui(ci_7 A) + gi722(pug)(ci—, A)s
vit1(cit, A) = gin1vi(ci—, ) + gi12(pvi) (ci—, N),
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(PUQH)(CHD >\) = gz‘,21vz‘(0¢*, /\) + gi,zz(pvg)(ciﬁ >\)~

For convenience, we let

sy = [N te (@),
" Ui (t,N),  t€ (ciyeirn)(i=1,2,..,n, cnp1 = b),
v1(t, A), € (a,c1),
(t,\)
¢12 {'Ul+1 t )\ (Ci,ci+1)(i = 1,27...,n,cn+1 = b),
bon(t\) = (puf)( te(a 1),
(pu1+1 (c“c’t+1)(i = 1327 cey My Cpp1 = b)a
(pv} € (a,c1),
(t,\) =
922 {(pvwrl € (¢i,cip1)(t=1,2,...,n,¢hy1 = b).

Then
Bt \) = d11(t, A) d12(t, A) e
$21(t, A) Paa(t, N)

So ®(t, A) = [@es(t, N)](e, f =1,2,t € J) denotes the fundamental matrix of the
system (2.1) determined by the initial condition ®(a, A) = I.

Lemma 2.1. The complex number X is an eigenvalue of the SLP (1.1)~(1.3) if and

only if
A(N) = det[Ay + By®(b,\)] = 0. (2.2)

Particularly, A(X\) can be written as
AA) = h11(A)11(b, A) + h12(A)P12(b, A) + h21(A) @21 (b, A) + haa(A)d22(b, A), (2.3)

where

oy — (hum h12(>\))
ha1(A) haa(N)

) ( (Ao — a2) (V35 + B1) (Aot = a)(AB] + i) )
~ (A — a2) (A} + B2) (Aot — an)(NB} + o)

Proof. If \is an eigenvalue of the SLP (1.1)~(1.3), then there exists a non-trivial

solution
k1u1 -+ ll’l)l, te (a, Cl),

koug + ZQUQ, te (61702),
y(t,A) = (2.4)

kn+1un+1 + ln+1vn+1a te (Cnv b)

of equation (1.1), where k;,1;(i = 1,2, ...,n+1) are not all zero. Since y(t, \) satisfies

(1.2), we have
ky knt1
AxD(a, N) + B\®(b,\) =0. (2.5)
ll ln-‘rl
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From (1.3), we get

When i = 1, we can obtain

]{31 k2
Cl(I)(Cl—,A) +D1@(Cl+7>\) :0,
ll l2
SO
ki —k
01(1)(01—, )\) ! ? =0
Iy — 1l

It means that k1 = ks,l; = l3. Using the same method we can get the following
results

ki=ko=..=kpp1,li =lo = ... =41,
so we have

k1

2
(N [ ]+ Bad(b, )
I I

0. (2.7)

Since k1 and Iy are not all zero, then A(X) = det[Ax + Br®(b, )] = 0.
Let A(X) = 0. Then (2.7) has non-trivial solution. Now we consider the next
initial value problem
= (py) +ay=wy, te,
y(a,\) = dajy — s,
(py/)(aa /\) = /\O/l —

we have
y(t,\) = (Nah — az)p11(t, ) + (Ao — aq)pia(t, N), te
Substituting y(¢, A) into (1.2), we have
(Aot —a1)y(a, A) + (Aey — o) (py')(a; A)
=(Aay — a1)(Aay — az) — (Aah — az)(Aa) — 1)
=0.

Similarly, we can get

(ABY + B1)y(b, A) — (ABs + B2)(py') (b, A)
=(AB1 + B1)(AB3 + Ba2) — (ABs + B2)(ABy + Br)
=0.
So y(t, A) satisfies (1.2). Recalling that the solution y(t, \) satisfies (1.3), it’s means

that y(t, A) is an eigenfunction of the SLP (1.1)~(1.3) corresponding to eigenvalue
A. And (2.3) comes from a straightforward computation. O

Definition 2.2. The SLP (1.1)~(1.3), or equivalently (2.1),(1.2),(1.3) is said to
be degenerate if in (2.2) either A(A) =0 for all A € C or A(X) # 0 for any A € C.

In the derivation of our main results an important role is played by the “Conti-
nuity Principle” established in Kong et al. See [13].



610 J. Zhu, L. Gu & S. Li

3. Statement of the problem
In this section, we assume that there exists a partition of the interval J

a=ag<ar <ag <-: < 02my < A2me+1 = C1—,
1+ =cr0<c1,1<C1,2< - < Clhomy < Cly2my+1 = C2—

!

Cp—1t+ = Cn—1,0 < Cn—-1,1 < Cp—1,2< -+ < Cn—1+y2my,_1 < Cn—12m,_1+1= Cn—,
Cnt = Cpyo < Cpy1 < Cpya <o < Cns2m., < Cns2m,+1= b)
(3.1)
for some positive integers mg, my, -+, my, when r(t) = ﬁ =0, such that
A2k +1
/ w(t)dt;&O,k:O,l, ,mo,t€ (agk,a2k+1),
azp
C1,2i41
/ w(t)dt #0,i=0,1,--- ,my,t € (c1,2i,C1,2i+1 ),
C1,24 (32)
Cny2z+1
/ w(t)dt#O,z:O,l,--- amrut € (Cn7227cn72z+1 )7
Cn,2z
and when ¢(t) = w(t) = 0, we have
a2k 42
/ r(t)dt # 0,k =0,1,--- ,mg — 1,t € (a2p41,a2k42),
a2k+1
C1,2i4+2
/ r(t)dt #0,i=0,1,--- ,m; — 1,t € (c1,2i41,C1,2i42 ),
C1,2i41 (3.3)

)

Cny2z+2
/ T(t)dt 7& Oa z = 07 ]-7 T vmnat S (Cn72z+1 3 Cny2242 )

Cns2z41
Let

a2k+1

/ t)dt, k =0,1,--- ,mg,

azk

a2k+1

/ t)dt,k =0,1,--- ,my,
a2k+2

/ t)dt,k =0,1,--- ,mg — 1,
a2k+1

01721+1
ql,i:/ dt’L—O]. e, My,
C1,24

(/1)2L+1
Wy, = / (t)dt,i=0,1,--- ,mq,

C1,24

C1,2i+42
Tl = / t)dt,i=0,1,--- ,mp — 1,
C1,2i+1
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Cny2z41
QHvz:/ Q(t)dt7'z:0a17 y My

Cn,2z

Cns2z41
wnaz:/ w(t)dt,z:0,1,~~ y M,y

Cn,2z

Cny2z+2
rn,Z:/ r(t)dt,z =0,1,--- ,m, — 1.

Cn;y2z+1

In the following Lemma and Theorem, we let (3.1)~(3.3) always hold.

Lemma 3.1. For each \ € C,

O(t,\) = [¢ef(t, N)](t € (a,c1)) denotes the fundamental matriz of the system
(2.1) determined by ®(a,A) = I;

‘I’i(t,)\) = [whef (t,/\)](t S (Ci,Ci+1),Cn+1 =b= Cns2m,+1 S = 1,2,...,’[7,) de-
notes the fundamental matriz of the system (2.1) determined by ¥;(c;i+,A) = I
(here \Ifi(CfH-, /\) = \I/i(cw, )\) = CI)(C,H—, /\))

So we have
(1)
1 0
O(ar,A) = , (3.4)
go — Awg 1
1+ — Awg)r 7
®(az, \) = (90 = Xwo)ro ° , (3.5)
do1(as, A) 1+ (g1 — Awi)ro
where

¢21(as, A) = (go — Awog) + (g1 — Aw1) + (go — Awo) (g1 — Awr)ro.

In general, for 1 <k < my,

1 Th—1
<I>(a2k+1,)\) = @((le_h)\). (36)
qk — A\wi 1+ (g — Awg)rie—1
(2)
1 0
\I/i(cial ,)\) = 5 (37)
qi0 —AWi,0 1
1 + 79 _>\wi7 T4, T4,
Ui(cig, \) = (i 0Jrin 0 : (3.8)
Piso1 (Ciyg 5 ) 1+ (giy1 —Awi,1 )T400
where

i1 (€iy35 A) = (giso —AWiy0 ) + (gis1 —Awi,1 ) + (Gi0 —AWi,0 )(Gi1 —AWs,1 )T450 -

In general, for 1 <k <m;(k =1,57,...,2),

1 Tivk—1
Ui(ciont1,A) = Ui(cion—1,A).  (3.9)
Qi _/\wim 1+ (Qim _/\wim )Tim—l
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Proof. We can see from the system (2.1) that w is constant on each subinterval
where r identically zero and v is constant on each subinterval where both ¢ and w
are identically zero. The result follows from repeated applications of system (2.1).

O

Lemma 3.2. For each A € C,

O(t,N) = [¢ef(t, N)](t € (a,c1)) denotes the fundamental matriz of the system
(2.1) determined by ®(a,A) = I;

U, (t,A) = [Wiser (L N)](t € (€isCig1), Cny1 = b3 = 1,2,...,n) denotes the funda-
mental matriz of the system (2.1) determined by V;(c;+, ) = I.

So we have

(I)(b’ )\) = q’n(b; )\)Gn\l/n—l(cn_a )\)Gn—lmn—2(cn—l_a )\) e qu)(cl_; )\)7

where
Gi = [gi,ef]gxg(i = 172, ...,n;e,f = 1,2).

Proof. From (1.3), we know that
CiCD(ci—, )\) + DZ‘@(Ci—f—, )\) =0,

SO
®(ci+,\) = —D; 1Ci®(ci—, \) = Gi®(c;i—, \),

where
Gi = [giyef]2><2(i = 1,2, ...,n;e,f = 1,2).

When i =1, ¥1(c1+, A) = I, combining Lemma 3.1
\Ill(t7 >\) = (I)(tv )\)[qu)(cl_y A)]71; Cl+ S t S Co2—,
let t = co—, then

Ui(c—, A) = @(c2—, \)[G1@(er—, N)] 7,
@(027,)\) = \Ill(Cgf,A)Gl(I)(Cl*,A).

When i = 2, Uy(ca+, \) = I, we find that condition ®(c;+,\) = —D; *C;®(c;—, \)
= G;®(c;—, \) always holds, so

\I/Q(t,/\) = (I’(t,)\)[GQ(I)(CQ—,/\)]_l, Cco+ S t S Cc3—,
let t = ¢3—, then

\:[12(6377>‘) = @(637,)‘)[(;2@(0273)‘)]717
(I)(Cg—,/\) = \112(63—,/\)G2(I)(62—,>\),

By repeated application of the above process, we have

(I)(b, A) = \Ifn(b, A)Gn\pn—l(cnfy A)Gn—lan—Q(Cn—l*a )\) s Glfl)(cl—, A)
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Lemma 3.3. For each A € C,

D(t,\) = [¢ef(t,N)](t € (a,c1)) denotes the fundamental matriz of the system
(2.1) determined by ®(a,\) = I;

U, (t,A) = [Wiser (L N)](t € (€isCig1), Cny1 = b5 =1,2,...,n) denotes the funda-
mental matriz of the system (2.1) determined by V;(c;+,\) = I.

For ®(b, \), we have the following result

¢11(b7 )‘)
n mo—1 mi—1 n m;—1
=R[[R:G*G* T (@ — w) ] (qusi =Mwri) [T TT (205 —Awini)]
i=1 k=0 i=1 i=2 j=1
+ (b,ll(bﬂ )‘)7
¢12(b7 >\)
n mgfl mlfl n m,;fl
=R[[R:G*G* T (o — w) ] (qusi =wri) [T TT (205 —Awini)]
i=1 k=1 i=1 i=2 j=1
+ ¢/12(ba )‘)7
¢21(b7 >\)
n mo—1 mp—1 n  m;
=R[[RG*G™ ] (@ —dwr) ] (@i =Awi) [TIT] (s —Awss; )]
i=1 k=0 i=1 i=2 j=1
+ ¢/21(ba )‘)7
¢22(b7 /\)
n mo—1 mlfl n m;
=RI[RG"G™ ] (@ —Mwr) ] (@i =Awi) [TI1](@iy —Awss; )]
i=1 k=1 i=1 i=2 j=1
+ (b/22(ba )‘)a
where

G™ = 91,12 (Gmo — AWy )(q1,0 —Aw1,0 ) + 91511 (q1,0 —Awi,0)
+ 91,22 (@mg — AWimg) + 91,21,

n
G = H{[Qz‘,u +is12 (€i—1ymiy —AWi—1,m, , )|(¢i,0 —Awiyo)
i=2

+ (9,21 +9i522 (Gi—13ms 1 —AWi—1,m,;_, )|}

mo—1 m;—1 n
R: H ’/‘k,R,‘Z H Ti,j,qf)/ef(b,A)ZO(RHRi).
k=0 7=0 i=1

Proof. From Lemma 3.1 we know that
@(61_7 >\) :q)(a2m0+17 >\)
1 ’I“mofl

= (I)(a2m0717 )\)
Q’rno - AU)mo 1 + (QmO - )\w'mo)rmo—l



614 J. Zhu, L. Gu & S. Li

1 T —1

= " - ®(agme—3,\)

qmo - A’U-)m() ]- + (ng - )\wmo)rmgfl

1 Tmo—2
X
qmo—1 — )\wmg—l 1 + (qmo—l - /\wmo—l)rmo—Q

011 012
= ®(a2m0737 )\)7

021 922

where

011 =1+ T —1(Gmo—1 — AMWrmy—1)
:TmOfl(Qmofl - )\me,l) + O(TmOfl((Imofl - Awm(rl)),
012 ="mo—2 + Tmo—1 + "mo—2"mo—1(Gmo—1 — AWmg—1)
=Tmo—2Tmo—1(@mo—1 = MUmo—1) + 0(Tmo—2"me—1(Gme—1 — AMmy—1)),
021 =(qmo—1 — AM0mg—1) + (@mg — MUmg) + Tmg—1(@mg—1 — AMmg—1)(@mg — AMWimy)
=Tmo—1(Gmo—1 = AMWmg—1)(Gme — AWm,)
+ 0(Tmo—1(@mo—1 = AMme—1)(Gme — AWmy)),
020 =Tmo—2(@me — AMWimg) + 1 4 Timg—2(Gme—1 — AMmg—1) + Tmg—1(Gme — AWy )
+ Trmg—2Tmo—1(Gmo—1 — AMUmg—1)(@me — AWmg)
:Tm0—27'm0—1(¢1m0—1 - Awmo—l)

X (Qmo - )‘wmo) + O(Tmo—Qrmo—l(qmo—l - /\w’mo—l)(qmo - )‘wmo))v

and
1 ’I‘mo_g
‘I)(G‘Q’rno—?n )\) = ¢(a2mo—5) /\)a
qm072 - )\wm072 ]- + (qm072 - )\wm072)rm073
so we have
011 012
CI)(CI_’ )‘) = é(a2m0*37 )‘)
021 022
[ 011 r2 1 Trmo—3
621 022 dmo—2 — >\w'rn0—2 1 + (QWD—Q - /\wmo—Q)rmo—3
X (P(G/Qm(]*f)? )\)
11 1M12
- (I’(a2m0—57 A)a
721 722
where

N1 =011 + (Gmo—2 — AMmy—2)012
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=T'mo—2Tmo—1(Tmo—2 — AWmo—2)(Gme—1 — AMUmg—1)
+ O(T77L0—2T77l0—1(qm0—2 - /\wmo—Z)(Qmo—l - )‘wmo—l))a
M2 =Tmo—3011 + (1 4 (Gmo—2 — AWmg—2)Tme—3)012
=T'mo—3Tmo—2"mo—1(@mo—2 = AMWmg—2)(@my—1 = AMWme—1)
+ 0(Tmp—3Tme—2"me—1(Gme—2 — AMUmg—2)(@mg—1 — AWmy—-1)),
N21 =021 + (Gmo—2 — AMWpmy—2)0a2
=Tmo—2Tmo—1(mo—2 — MUmg—2)(Gme—1 — AMWmg—1)(Gmg — AWy )
+ 0(rmo—2Tmo—1(Gmo—2 — AW —2)(Gme—1 — AW —1)(Gme — AW, ),
N22 =Tme—3021 + (1 + (Gmo—2 — AMWmg—2)Tme—3)022
=Tmo—3Tmo—2"mo—1(Gmo—2 — AMWmg—2)(Gmo—1 — AMWimg—1)(Gme — AMWmy)

+ 0(7‘m0737’m0,27“m0,1(qm072 - Awmo*2)<qm0*1 - )‘wm()*l)(qmo - Awmo))’

By repeated application of the above method, finally we can get

Ble— \) §11 &12 B(ay N,
&1 &0
where
mo—l mo—l mo—l mo—l
§i1 = Tk (gr — M) + ol [T e [ (an — Mwr)),
k=1 k=1 k=1 k=1
mo—1 mo—1 mo—1 mo—1
S2=[] m (qx = Mwi) + o [T (ar — Awg)),
k= k=1 k=0 k=1
mo—1 mo mo—1 mo
S1 =[] r [J(ar = Mwe) +o T re [ (ar — Mwr)),
k=1 k=1 k=1 k=1
mo—1 mo mo—1 mo
£a0 = e | | (qe — Awr) + o e || (g — Awg))
k=0 k=1 k=0 k=1
And
1 0
<I)(a1, )\) = ;
qo — Awp 1
)
B(e— 2) = &11 €12 B(ay )
&a1 &0
&11 €12 1 0

&a1 a2 qo — Awp 1

&1 + &12(qo0 — Awo) &12
Ea1 + E22(q0 — Awg) oo
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¢11(C1—, )\) (2512(01—’ )\)
¢21(C1*7 )\) ¢22(01*7 )\)

It means that

mo—1  mo—1 mo—1  mo—1
$11(c1—, A H Tk H (qx — Awy) + o H Tk H (qx — Awg))
mo—1  mo—1 mo—1  mo—1
p12(c1—, A H Tk H (qr — Awy) + o H Tk H (qr — Awg))
k=0 k=0
mo—1 o1 (3.10)
$21(c1—, A Hrk]:[ qx — Awg) + o( HrkH qk — Awg))
mo—1 mo—1
Paz(c1—, A HTkH (ar — Awg) + of HTkH (ar — Awg))
k=0
and
wlall 62_ H T1,4 H q1,4 )\wlal H H q1si Awlﬂ )
=0 =0
my— 1 my— 1 - -
wl,lQ 62_ H T1,4 H q1ss )‘wlat H H q1s: >\w171 )
mi—1 mi—1
1/)1721 62_ H TlalH qd1s >\w171 +0 H Tl;ZH qd1ss )\wlv’t
mi—1 mi—1
1/)1722 62_ H TlalH q14i >\w17Z +O H Tl;LH q1yi )\wlv’t
(3.11)
By repeated application of the above method, then
m;—1 m;—1 m;—1 m;—1
71)2711 Cit1— H Tiyg H (Iwg )\wzm +0 H Tiyg H Qzu )\ww] )
m;—1 m;—1 m;—1 mlfl
wulZ CH—I_ H Tisg H Qisj /\wzaj +0 H Tiyg H qisj /\wzu )
ml—l ml—l
'1/12721 Cz+1_ H Tiyj H q“J Awu] +0 H Tiyj H q:U )\wlﬂj
m;—1 m;—1
1%22 Cit1— H Tisg H iy )\w’H] +0 H Tisg H qisg )\wlaj
i=2.3, .
(3.12)

From Lemma 3.2, we have

cI)(Cn_y )\) = lI/n—l(cn_z )\)Gn—lq/n—Z(Cn—l_a )\) e qu)(cl_a A)
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In combination with (3.10)~(3.12), and
CI)(CQ—, )\) = \111(02—, /\)G1<I>(cl—7 )\),

we can obtain

mo—1 mi—1

¢11(ca— N) = RR1G* [ (ar — Mww) [ (@1 —dwrsi) + @y (c2—, ),
k=0 i=1
mo—1 mi—1

$12(ca—, N) = RR1G* [ (ar — Mww) [ (@1 —dwrsi) + @halca—, ),
k=1 i=1
mo—1 mq

$21(ca—, A) = RR1G* ] (@ — Mwi) [ [(qrsi =Awn,i) + @1 (ca—, V),
k=0 i=1
mo—l mi

$22(ca—, A) = RRyG* ] (@ — dwg) [ [(qri =Awni) + dholca—, V),
k=1 i=1

where

G* = 91,12 (Gmo — AW, )(q1,0 —Aw1,0 ) + 91,11 (q1,0 —Awi,0)
+ 91,22 (Gmo — AW, ) + 91,21 ,

m(]fl mlfl

R = H T, By = H iy Gep(c2—, A) = o(RRy).
k=0 i=0

Similarly, we know that

(I)(C3_7 A) = \IJ2(03_5 A)GQ(I)(CQ_v A)a

s0
p11(c3—, A)
mofl mlfl mgfl
=RRiRyG*G* [ (g — dwr) ] (10 —dwii) ] (g2, —Mwasy)
k=0 i=1 j=1

+ ¢l11(c3_7 )‘)7

d12(c3—, A)
mofl mlfl mzfl
=RRiRoG*G* [ (ar = Mwp) ] (@i —dwisi) [ (a2 —Away)
k=1 i=1 j=1

+ ¢,12(C3_7 )‘)7

Pa1(c3—, )
mo—1 mi—1 ma2
=RR1 R G*G* H (qr — Awy,) H (g1 —Awi,;) H(QQ7j —Awa,; )
k=0 i=1 =1

+ ¢121<C3_a )‘>7
P22(c3—, A)
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mo—1 mi—1 ma
=RRiRG*G™ [ (g — dwn) [ (a1, —dwisi) [ (g205 —Aw2sy)
k=1 i=1 j=1

+ ¢/22(C3_7 )‘)7

where

G* = 91,12 (Gmo — AMUmg)(q1,0 —AW1,0 ) + 91,11 (q1,0 —Aw1,0)
+ 91,22 (Gmo — AMUmyg) + 91,21,

G** = [g2,11 +92,12 (q1ymy —AW1,my )](g2,0 —Awa,0 )
+ [92,21 +92,22 (q15my —AW15m, )],

mofl mlfl m271

R= [ resRBi= ] rii Ra= ][ 72 ¢ts(cs— A) = o(RR1 Ry),
k=0 i=0 i=o

Similarly, because

(I)(b; )\) = \I/n(b; )\)Gn\I/nfl(cn_7 )\)anlqln72(cnfl_a )\) e qu)(cl_; )\)7

we have
n mo—1 my—i nomi—1
¢11(0,\) =R[[R:G*G™ T (ax = M) [] (@i =dwri) [TUTT (@5 —Awirs )]
i=1 k=0 i=1 =2 j=1
+ ¢/11(b7 )‘)7
n mo—1 my—i nomi—1
¢12(0,\) =R[[R:G*G™ T (ax = M) [ (@i =dwri) [TUTT (@05 —Mwins )]
i=1 k=1 i=1 i=2 j=1
+ QS/12(bv )‘)v
n mo—1 my—i n_m
¢21(0,\) =R[[ RG*G** [] (ar — Mwr) [] (qr0s —Awri) [JI] [ (girs —Awirj )]
i=1 k=0 i=1 i=2 j=1
+ ¢/21(b7>‘)7
n mo—1 mi1—1 n o m;
¢22(b,\) =R[[R:G*G™ [T (@ = Mox) ] (@i =dwri) [T ] (@05 —Awirs )]
i=1 k=1 i=1 i=2 j=1
+ ¢/22(b7 )‘)>
where

G™ = 91,12 (Gmo — AWy )(q1,0 —Aw1,0 ) + 91511 (¢1,0 —Awi,0)
+ 91,22 (Gmg — AW ) + 91,521,

n
G = H{[Qz‘,u +Gis12 (Gi—1ym; 1 —AWi—1,m;, )(@is0 —Awiyo )
i=2

+ (9321 +9i522 (Gi—13ms1 —AMWi—13m,_, )]},



SLP with n transmission conditions and spectral parameters in the BC 619

mo—1 m;—1 n
R= ][] m.Ri= [] rii &Ly, A) =o(R]] Ri).
k=0 j=0 i=1
Therefore, the conclusion is proved. O

Theorem 3.1. Let m; € N(i = 0,1,---,n), g1,129i,127# 0,4 = 2,3,--- ,n, and
H(X) = (hij(N)2x2 be defined as in Lemma 2.1. Then

(1) If ho1 (M) #£ 0, then the SLP (1.1)~(1.3) has exactly (mo +mi +me + -+ +
my + 2n+ 1) eigenvalues.

(2) If hgl()\) = 0, hll()\)wo + H?:Q h22()\)w1‘,mi # O, then the SLP (].].)N(].?))
has exactly (mo +my + ma + -+ -+ my, + 2n) eigenvalues.

(3) If ha1(A) = h11(A) = haa(X) = 0, h12(X) # 0, then the SLP (1.1)~(1.3) has
exactly (mo +m1 +ma+ - +m, + n+ 1) eigenvalues.

(4) If none of the above conditions holds, then the SLP (1.1)~(1.3) either has k
eigenvalues, k € {1,2,--- ,mo+mq + - +m, +n} or is degenerate.

Proof. From Lemma 2.1 we know
AA) = hair(N)@11(b, A) + hia(A)d12(b, A) + ha1 (A) @21 (b, A) + hao(X)da2(b, A),

and observe that from the Lemma 3.3 the degree of A of ¢11(b, A), p12(b, A), P21 (b, A),
Pa2(b, N) in A(X) are mo+mq+- - -+m,+n, mo+mi+- - -+mpy+n—1,mo+mi+-- -+
mp+2n—1,mog+mq+---+m,+2n—2, respectively. Thus when haq(A) # 0, we can
deduce from (2.2) that the characteristic function A(X) is also a polynomial function
of A\ and with the degree is mg +m1 +---+m, +2n + 1. Hence from Fundamental
Theorem of Algebra, we know that A(\) has exactly mg +mq +-+-+my, +2n+1
roots, i.e. SLP (1.1)~(1.3) has exactly mg +mi + --- + m, + 2n + 1 eigenvalues.
Then we complete the proof of case (1), and the other cases can be proved in the
same way. O

Theorem 3.2. Let m; € N(i = 0,1,---,n), g1,129i,12= 0,4 = 2,3,--+,n, but
G112 [ 110 (9is11 Win0 +Giv22 Wim1ym;_, ) # 0. Then

(1) If ha1 (M) # 0, then the SLP (1.1)~(1.3) has exactly (mo+mi+- - -+mp+n+2)
etgenvalues.

(2) If hgl()\) =0, hu()\)wo + H?:Q hgg()\)wi,mi # 0, then the SLP (1.1)~(1.3)
has exactly (mg +my +ma+ -+ +my + 1) eigenvalues.

(3) ]f hgl(/\) = hll(/\) = h22()\) = O,hlz(/\) 7’5 0, then the SLP (11)~(13) has
exactly (mo +m1 +ma + -+ + my, + 2) eigenvalues.

(4) If none of the above conditions holds, then the SLP (1.1)~(1.3) either has k
eigenvalues, k € {1,2,--- ;mg+mq + -+ +my, + 1} or is degenerate.

Proof. The proof is similar to Theorem 3.1. O

Theorem 3.3. Let m; € N(l =0,1,--- ,n), g1,12 = 0, but (91,11 w1,0 +91,22 wmo) X
gi3127£ OaZ = 2337"' y 1. Then

(1) If ho1(X) # 0, then the SLP (1.1)~(1.3) has exactly (mo+mi—+- - -+m,+2n)
etgenvalues.

(2) [f h21(/\) = O, hu(/\)wo + H:L:2 hgg()\)’wi,mi 7’5 O, then the SLP (1.1)N(1.3)
has exactly (mo +mq +ma + -+ +my, + 2n — 1) eigenvalues.

(3) If h21(A) = hll()\) = hQQ()\) = 0, hlg(A) 7£ 0, then the SLP (11)"‘(13) has
exactly (mo +m1 +ma + -+ +m, +n) eigenvalues.

(4) If none of the above conditions holds, then the SLP (1.1)~(1.3) either has k
eigenvalues, k € {1,2,--- ;mg+mq + -+ +my, +n — 1} or is degenerate.
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Proof. The proof is similar to Theorem 3.1. O

Theorem 3.4. Let my S N(l = O, 1, 2, e ,Tl), g1,12 = (91711 wW1,0 +gl,22 wmo)gi,lg =
0, but (g1,11 W1,0 +91,22 Wing ) (Gis11 Wiso +Gis22 Wi1sm, o ) # 0,0 =2,3,--- ,n. Then

(1) If ha1 (M) # 0, then the SLP (1.1)~(1.3) has exactly (mo+mi+- - -+mp+n+1)
etgenvalues.

(2) If ha1(X) = 0, hywo + [Tig oo (A)W;,m, # 0, then the SLP (1.1)~(1.3) has
exactly (mo +m1 +ma + -+ +m, +n) eigenvalues.

(3) If hgl(A) == hll(A) == hQQ()\) = 0, hlg(A) 7£ 0, then the SLP (11)N(13) has
exactly (mo +m1 +ma + -+ -+ m, + 1) eigenvalues.

(4) If none of the above conditions holds, then the SLP (1.1)~(1.3) either has k
eigenvalues, for k € {1,2,--+ ,;mg+mq1 +---+m,} oris degenerate.

Proof. The proof is similar to Theorem 3.1. O

4. Main result

Theorem 4.1. Given any v disjoint open sets N;,N; € C and any -y integers
n(l =1,2,...,7), there exists an SLP (1.1)~(1.3) with ezactly n; + 2 eigenvalues
m Nl.

Proof. By constructing the SLP (1.1)~(1.3), we assume that (1.4) and (3.1)~(3.3)
hold, g1,12iy127 0, @21 = aga = bix = b1z = 0, and a1n = Ao — a1,a12 =
—Aah + ag, by = ABL + Bi,bae = —ABy — B2, Let mog+my + - +my +n =
27:0 n;. Then by Lemma 3.3 the characteristic function defined by equation (2.3),
A()\) = hll()\)qjll(lﬁ )\)+h12()\)¢12(b, )\)+h21<)\)¢21(b, )\)—‘rhzg ()\)¢22(b, )\) Because
the calculation of A(X) is rather tedious, it is omitted here. Then it follows from
Rouche’s theorem that the A(A) has exactly n; 4+ 2 roots in V. O

5. A case study
In order to demonstrate the analysis results we have obtained, we consider the

following SLP with three transmission conditions and spectral parameters in the
boundary conditions:

—(py) +qu= wy, teJ=(-6,-3)U(=3,0)U(0,3)U(3,9),
Ay(—6) + (py')(—6) =0,
3y(9) + (A =1 (py')(9) = 0,
—2(py')(=3-) +y(=3 )—0,
y(=3=) + (py')(=3+) = (5.1)
— (py")(0—) +y(0 ):07
2y(0—) + (py')(0+) =0,
2(py")(3—) +y(3+) = 0,
—y(3=) + (py")(3+) = 0.

Let n = 2, we choose mg = 1,m; = 1,my = 2,m3 = 2 and suppose p, q, w are
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piecewise polynomial functions defined as follows:

, te(—6,-5),
> te6) 1, te(=6,-5) 0, t&(=6,-9),
1, te(-5,—4), ’ ’ ’
0, te (=5, —4),
0, te(=5,-4),
oo, te€(—4,-3),
1, te(—4,-3),
1, te(-4,-3),
o0, t€(-3,-2), 3, te(-3,-2)
. 1, te(-3,-2), ’ =2,
3 te(-2,-1), 2, te(-2,-1), 0, te(-2,-1),
x, te(-1,0), 3, te(-1,0), L, te(-10),
s, te(0,1), 1, te(0,1), 11 t€(01),
pt) =<1, te(1,2), qt) =<1, te(1,2), w(t) = 3 te(1,2),
o, te (2,3)7 1, t S (273), 1’ t c (273)’
1, te(3,4), 0, te(3,4), 0. te(3.4)
o0, te (4, 5)7 1, t e (475), 17 te (475)7
CiO, t e (5,6)7 2, te (5,6), 1’ te (576),
5 tE®), 0, te(6,7), 0, te(6,7),
1, te(7,8), 2, te(T,8),
oo, te(7,8), .
0, te(8,9); 0. te(8.9)
1, te(8,9); ’ v
(5.2)
From the SLP (5.1), we have
1-X 0 O
A)\ = y B,\ = )
00 3A—-1
0-2 10 0-1
Ol = 3 Dl = ) C? = )
10 01 20
10 0 2 10
D2 = ) 3 = ) D3 = )
01 —-10 01
and
det(Cl) = det(Cg) = det(Cg) =2>0, det(Dl) = det(Dg) = det(Dg) =1>0,
» 0 2 B 01 » 02
Gi=—-D; C,= , Go=—D; Cy= , Gz3=—D3 Cy= )
—10 -20 10

g112=2#0, g212=1#0.
We can deduce that the the characteristic function
AN) = — 328 — 2207 +43X% — 15)° — 1267\ + 138)\3 — 6302 + 13\ — 1,
so the SLP (5.1) has exactly mq + mi + ms + m3 + n = 8 eigenvalues
A1 = —8.9338, Ao = —1.6971, A3 = 0.2107 — 0.04384,
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A4 = 0.2107 + 0.04387, A5 = 0.3401 — 0.2543i, A\ = 0.3401 + 0.2543i,
A7 = 1.0979 — 1.1932i, Ag = 1.0979 + 1.1932i.

6. Conclusion

By using the construction method of discontinuous function solution, it is concluded
that the the finite spectrum of SLP with n transmission conditions and spectral
parameters in the boundary conditions has at most mg +my + -+ +m, +2n + 1
eigenvalues. In addition, we show that these mg+mi+---+m, +2n-+1 eigenvalues
can be distributed arbitrarily throughout the complex plane in the non-self-adjoint
case and anywhere along the real line in the self-adjoint case. Finally, we give a
specific example to verify the accuracy of this conclusion.
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