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COMBINED EFFECTS OF SINGULAR AND
HARDY NONLINEARITIES IN FRACTIONAL
KIRCHHOFF CHOQUARD EQUATION

Rana Alkhal’?, Mouna Kratou'? and Kamel Saoudi'??

Abstract The aim of this paper is to investigate the existence and the mul-
tiplicity of solutions to the singular Kirchhoff non-local problem with Hardy
and Choquard nonlinearities. The problem is defined as follows:
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u >0, in €,

u=0, in RV \ Q,

where, Q € R" is a bounded domain, s € (0,1), N > sp, v € (0,1), a, A

are two positive real parameters 0 < p < N, p; = N]\i’; > is the fractional
oy . _ (Np—p) _ 2N —
critical Sobolev exponent, while p, s = (Np_sg) and pj, s = g) N_SZ) de-

note the critical and upper critical exponent in the sense of Hardy Littlewood
Sobolev inequality respectively, M(t) = a + bt°~!, witha > 0,b > 0 and
0 € (1,min{2p;’s/p,pzys}). Furthermore, f is a non-negative weight and g
is a sign-changing weight. The novelty in this work lies in the combination
of a fractional framework and a singular term with the Hardy and Choquard
nonlinearities. To establish the existence of at least two positive solutions for
the problem, the Nehari manifold approach is employed.
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1. Introduction

This work is devoted to investigate a Choquard nonlocal problem with Hardy non-
linearity and a singular term. The problem is described by the following equation:
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u >0, in Q,

u=0, in RV \ Q,

where, Q C RY is a bounded domain, s € (0,1), N > sp, v € (0,1), a, A are two

positive real parameters 0 < p < N, pi = N]\i’; - is the fractional critical Sobolev
exponents, while p,, s = (Np SZ)) and pr o = (%)(?\1]\15#) denote the critical and

upper critical exponent in the sense of Hardy Littlewood Sobolev inequality respec-
tively, f is a non-negative weight and g is a sign-changing weight. The continuous
function M : R — R{ is defined by M(t) = a + bt’~1, with a > 0,b > 0 and

0 € (1,min{2p;‘17s/p,p;s}), where Q is a bounded domain of RV, s € (0,1), a and

A are positive real parameters, N > sp, v € (0,1), 0 < p < N, py . = (%)(%\:5)
is the upper critical exponent in the sense of Hardy-Littlewood-Sobolev inequality,
f is a positive weight and g is a sign-changing function. The operator (—A)3 is a

P
nonlocal operator defined as

—ASu(z) := 2 lim Ju(@) — u(y) P> (u(z) — U(y))d

y, €,
=0 Jo\B. (2) |z — y|NFPs

where Be(z) := {y € Q: |x —y| < €}. We make the following assumptions regarding
the weight functions f and ¢ in the problem:

(f) Let f: Q — R be a wieght such that f > 0 a.e. in Q and f € L™(Q), with

R
m e
(g) Let g: Q — R be a sign-changing wieght such that g € L", with r := S

Pu,s =P} s

where p,, s = (( - 55 )) is the critical exponent in the sense Hardy-Littlewood-

Sobolev inequality.

To handle the Hardy term in equation (1.1), we utilize the fractional Hardy inequal-
ity, which is given as:

()PP o)
o fapr //RQN \x_ |N+sp drdy. (1.2)

This inequality allows us to manipulate the Hardy term in the equation. The
constant g is the sharp constant associated with the fractional Hardy inequality.
For further details, refer to the reference [8].

Problem (1.1) corresponds to the Choquard-Pekar equation, which has found
significant applications in various fields such as quantum mechanics, condensed
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matter physics, and material science. For more detailed information on this equa-
tion, please refer to the references [12,16]. Moreover, these types of problems have
been utilized in the modeling of diverse phenomena, including chaotic dynamics,
turbulence, financial dynamics, and plasma physics. To delve deeper into these ap-
plications and explore further references, we recommend consulting the works [1, 3]
and the references provided therein.

In recent years, there has been significant research on the uniqueness, existence,
multiplicity, and regularity of solutions for fractional Choquard problems. For more
detailed information, we recommend referring to the following recent articles: Fis-
cella and Mishra [6], Fiscella and Vaira [7], Gao, Yang, and Yang [9], Goyal and
Sharma [10], Muruganandam and Srinivasan [15], Wang, Xiao, and Yang [18], and
Yang, Wang, and Wang [20]. These articles, along with their references, provide
extensive insights into the analysis of fractional Choquard problems.

Fiscella and Mishra [6] focused on investigating the multiplicity of non-positive
solutions using the Nehari approach for problems involving singular and critical
nonlinearities with a Hardy term. Their research contributes to our understanding
of the existence of multiple non-positive solutions in this context.

In [7], Fiscella and Vaira employed variational methods along with an appro-
priate truncation argument to establish the existence of two solutions for a critical
Kirchhoff-type problem. Their work demonstrates the existence of multiple solu-
tions in this critical setting.

Goyal and Sharma [10] used a fibering map analysis to show the multiplicity of
solutions to the fractional weighted Choquard Kirchhoff equation with both Hardy
and singular nonlinearities. Their research provides insights into the existence of
multiple solutions within this framework.

Furthermore, Wang et al. [18] investigated the multiplicity of non-negative solu-
tions using the Nehari method. Their work contributes to our understanding of the
existence of multiple non-negative solutions in the context of fractional Choquard
problems.

In this paper, our focus is on a specific type of nonlocal Choquard Kirchhoff
problem driven by Hardy and singular nonlinearities, denoted as (1.1). One no-
table challenge in studying this problem is that the associated energy functional,
which characterizes the solutions, is not differentiable throughout the entire space.
Consequently, the conventional critical point theory cannot be directly applied to
address our problem.

Motivated by the works of Goyal and Sharma [10] and Fiscella and Mishra
[6], we adopt the Nehari-manifold technique as a powerful tool to establish the
multiplicity of solutions for problem (1.1). This approach allows us to overcome the
non-differentiability of the energy functional and explore the existence of multiple
solutions.

By employing the Nehari-manifold technique, we aim to provide insights into
the existence and multiplicity of solutions for the considered nonlocal Choquard
Kirchhoff problem with Hardy and singular nonlinearities, as described by (1.1).

To present the main result of this work, we shall introduce the following nota-
tions: Let

no=(? ty— 1) £ (da,a(2pz,s —p) ) i e
2py s —p 2p s+ —1
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1 1 e
A (1.3)
Ml ( Cy(N M))
where Cy(N, 1), S, dq,o will be defined in (2.2), (2.3) and (2.7) respectively.

(6+1)(2p}; s+v—1)

o+y
S 2y oD {2\/(1 F )20+ — 1)dg.aby e
ARt 2pf s+ —1 }
€y, ) 77 Pre

{2\/(2;);;78 —2)(2p5,, — 20)da,ab}
X

(2050 +7 = 1)1/,

A2 =

and
A* = min{Al, AQ}

Our main result is the following theorem.

Theorem 1.1. Let N > sp with s € (0,1), a € (0,aug), a > 0,b > 0 and 0 €
(1,min{2p;7s/p,p;,s}). Assume that the assumptions (f), (g) hold. Then, there

exists Ay, which depends on «, such that problem (1.1) has at least two non-negative
solutions for all X € (0, Ay).

This paper is structured as follows:

Section 2 provides the necessary background information, including basic def-
initions and notations that will be used throughout the paper. In Section 3, we
introduce and discuss the application of the Nehari manifold to our specific prob-
lem, as described by problem (1.1). This section presents the key concept and
technique used in our analysis. Section 4 is dedicated to proving important results
related to the compactness of the functional energy associated with our problem.
These results are essential for the subsequent analysis and proof. In Section 5, we
establish the existence of a non-negative solution within the Nehari manifold N (j A
demonstrating the existence of one solution with a specific property. Section 6 fo-
cuses on proving the existence of a non-negative solution within the Nehari manifold
N, which completes the proof of our main results.

2. Preliminaries

In this section, we introduce some fundamental notations and definitions related
to fractional Sobolev spaces and Choquard equations, which will be utilized in the
subsequent parts of the paper.

We begin by defining the fractional Sobolev space W*?(RY), which consists of
functions u in LP(R™) satisfying a certain regularity condition. Specifically, we have

WeP(RN) = {u e Lp(RY): U =W ¢ oy RN)}
o — gl 7+

where s € (0,1) and p is a fixed exponent. The fractional Sobolev space is equipped
with the norm

u(y)l” 1/p
lellwer @y = lullz,@ny) + // |x_ IN“p da:dy) : (2.1)
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This norm measures the regularity and decay properties of functions in the fractional
Sobolev space.
In our analysis, we will consider the space X, defined as

Xo = {ue WP(RN) 1w =0 a.e. inRN\Q},

where (2 is a given domain. The norm in X is given by

Ju(z) —u(y)P dy /e
||u||Xo* |(E— |N+sp —”UH,

which is equivalent to the norm defined in Eq. (2.1). This space allows us to
consider functions that vanish outside the domain 2.
Now, we state the following important inequality.

Proposition 2.1 (Proposition 2.1 of [15]). For u, v € L7 (RN). Then, we have

)9 [u(y)|?
[ [, ot |ddy
gy Jry | —yl#
([ [ I (][
RN JRN |x—y\/‘ gy Jry 2 —ylb V)

(2N )

where p € (0,N) and q € [2 D))

Thus from Proposition 2.1, we have

PRI g < 0, )l (2.2)
RN JRN |$*y|” V=" F(RY) ’

where C, (N, 1) is a suitable constant.

Define
/ / u(y) v, dedy
_ N+ps
S = RY RN |x y‘ - (2.3)

uEXo(Q)\{O} (/ ‘u(x)|N—SPdZC) "
RN

Using eq. (2.2), we define

EXo(Q)\{O} / u(

To overcome the singularities of ©~7 and obtain a non-negative solution for problem
(1.1), we introduce the following modified problem

G L TR

o —y¥ P

“Af(@) (@) + () ( / Mdy> @HP g, (25

) e —yl#

IIUIIP

Con = (2.4)

u > 0in ),
u=0in RV \ Q.
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Here M(t) = a + bt?~! and ut = max{u,0}. Therefore, we say that u € Xy is
a weak solution of the problem (2.5), if f(z)(u)™7¢ € L'(Q), and the following
equation holds:

p—1
(a+bllul ") u, 6) — TLW‘W) da
p“ .
— — + wsfl =
s [ st otds = [ oo S ey e ot dedy o

(2.6)

for any ¢ € Xo, where

o= [ L) = P ale) ) = 60D,
RzN

|z —y|NHep

Note that it is straightforward to see that if w > 0 is a solution to problem (2.5),
then it is also a solution to problem (1.1). Note that, it is very simple to see that
if u > 0 is a solution to problem (2.5), then it is also a solution to problem (1.1).
Problem (2.5) has a variational structure, and the functional energy E, x: Xo — R
is defined as follows:

a 0
Bo(u) :=;||u\|p L A / e

L[ s,

Here, for all u € Xy we denote

Jully = [

Using the inequality (1.2), it can be seen that for any a € (0, aup), the functional
energy E, ) is continuous and well-defined. Also, since vt < |v| and inequality
(1.2) yield for any v € Xy \ {0}, we have

o)l (o) o)l
// |x— |N+sp dody —o f |x |x— \N+sp o dy
(2.7)

withd, o = (a——) > 0 for any a € (0, aup). Note that, inequality (2.7) guarantees

the positivity of the functional energy.
Now, we recall the following important result.

Lemma 2.1. ( [19, Lemma 1.32]) Let p € (1,00), N > 3, and {u} be a bounded
sequence in LP(RN). If up — u a.e in RY as k — oo. Hence, u, — u weakly in
LP(RN).

3. Fibering map analysis

To analyze problem (1.1) and address the fact that the energy functional E, x
is not bounded below on Xj, we can employ a minimization method called the
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Nehari manifold. This approach enables us to identify critical points of the energy
functional E, ».
Let us define the Nehari set for problem (1.1) as follows:

Noa = {u € Xo: (Eax(u),u) = O}

={uEXwMMV+WWW—aMﬂ&—AAf@WﬁW”M

D)) art (@) P
drdy =05.
/Q/Q |x—y\“ Y }

Now, we define the fibering map ®,, : [0,00) = R as @,,(t) = E, »(tu). Specifically,
for u € Xy, we define

a b « PVt _
¢AUZEMMF+—WWMMffWMWZf1_74fwmﬁf”M

2P s pu s(ut(z Pl
- // (ﬂ VP edy,
p/L,G |‘T - y‘

() = at?H|ul|” + bt”e_l\IUIl”e —at’ | = At /Q f@) (@) 7 da

))Pis (wt ())Poes
t2pus*1// e (Ut (@) dz dy, (3.1)

\w —yl~

so that

and
ou(t) = a(p— 1) 2lul]” +b(po — 1)t 2|ju”

—a@—gﬁ*ww2+mr%{/ﬂmWﬂFWx

p” + Pl
(2]3#5—1 t%ﬂ// eI @) . (3.2)

=

It is evident that the Nehari manifold is closely related to the function ®,. In
particular, u € N, y if and only if ¢/, (1) = 0. Therefore, we decompose the manifold
N, into three parts corresponding to local minima, local maxima, and points of
inflection as follows:

J\/'ai’A ={u €Ny :¢ll(1) =0}, NOOM ={u € Ny : ¢ll(1) =0}.

To handle the sign-changing weight g, we introduce the sets:

pus + Phs
gt = ueXo // (u” (=) dmdy>0},

\I*yl“
p s (7t Py s

g = uEXo // e (u (@) da:dyg()}.
Iw—y\“

We now present a crucial lemma that provides important properties of the Nehari
manifold and establishes existence and uniqueness results for critical points of the
energy functional.
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Lemma 3.1. Let a € (0,aup). Then, the following holds:

(1) Let uw € g*. Then, there exist positive constants A1 > 0 and a unique tmax =
tmax(u) >0, tT =tT(u) >0 and t~ =t~ (u) > 0 with tT < tpax <t~ such
that the following conditions are satisfied for any A € (0,A1):

— Eyo(ttu) = min E, \(¢
a(tTu) o min B (tu),
— Eoa(t7u) = nax Eya(tu).

Z tmax

(2) Let u € g~, a € (0,aup) and X > 0. Then, there exists a unique positive
constant t* such that the following conditions are satisfied:

— tru e Ny,
— Eo 2 (t*u) = inf;50 Eq 2 (tu).
Proof. Fix u € Xy. We define ¥,,: R™ — R as follows
ul|P? — PP

U, (t) =atP= 2P

—AH*MPZ,S/f(x)(uﬂl*vdx. (3.3)
Q

| + btP?~2Phs

u* |

We observe that tu € N, if and only if ¢ satisfies the equation:

U, () = /Q /Q g(@) ('t ()P (ut(z))Ps ey

|z — yl~

From Equation (3.3), it is evident that lim ¥, (t) = —oo and lim ¥, (¢) = 0.
+—0+ t—o00

Moreover, by differentiating ¥, (¢) using Equation (3.3), where ¥/ () denotes the
derivative, we find that:

ok Cox 0
\IJ;(t) :(p — 2p2,3>tp 2pp,s—1 (aHu”P _ a||u+|"}’[> + b(p@ — 2p2,3>t109 2p;, o 1||u||P

- )\(1 -y = 2pz7s)t7"72p;ws / fx) (™) da. (3.4)
Q
Given that 0 <~y <1 <pf < 2pj, ,, we can deduce that

. 4 . /
tLlI& v, (t) >0 and tli{go v (t) <O.
Hence, there exists a unique tpmax = tmax(u) > 0 such that ¥, (¢) is decreasing in
(tmax, 00), increasing in (0, tmax), and ¥'u(tmax) = 0. We can estimate U, (tmax)
from below as follows

_ — p0—2p;,
ultane) = () = s (077

G T
ul?’ + T (1)) > max T (1),
where W, (t) is given by

U, (t) = 2P, (aHu”P _ O‘HU_‘—H%) N T /Qf(x)(qu)l_’Y .
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Using the inequality in Equation (1.2), we can infer that for u € Xy, for any
a € (0,apg), the functional ¥, (¢) is bounded from below by

max W, () > ¢y, (t),

t>0

with

Bu(t) = doo|[u]PtP~2Pme — \12P0s / F(@) ()7 da.

Q
Hence, we have
2p), stv—1
* — + 1
(Y ( s ) (dasallul?) "
2pps =P/ \2pp sy — 1

max ¢, (t)

t>0

2p), s—P "

(/\fQ Y(ut)l=7dx )W

Hence, using assumption (f) and Eq. (2.4) combine with Holder inequality, we
obtain

2p), sty—1

— d 2pps — Tpty—1 2p;, s
\Ilu(tmax) Z(p+7 1)( ‘La( puas p)) pry—1 )\pp+fu1
25, =0/ \ 2P+ — 1
P2y (apt . )
< () T S T

>0.

Now, according to the behavior of g, we split the proof in two cases

Case 1. Let u € g*. Since

pM s Phs 2p} o .
[ [ D gy < oy s e 35)
RN JRN |z — y[n

where S is a positive constant, we can choose

. @p% s +7—1) o
A<y =(2 +7 - 1) T (da;a@pu,s - p))%u T g
2pf s —p 2p sty —1
X . ( 1 ) I;tl 1”’
to guarantee the existence of a unique t* := T (u) < typax and ¢~ =t~ (u) > tmax
satisfying
p s (+ Py s
o= [ 2 Ty = w1),
\sv —yl~

which implies ttu,t"u € N, . Furthermore, from the equation ¢}, (1) =
22" 15t (), we conclude that ¥/ (tt) > 0 and W/ (t) < 0. Thus, we can
deduce that t~u € N, and tTu € NI,. Now, assuming

@ (t) = 2Pt / / ))Piwss (ut () )Ps i dy).
aJa

\x -y~
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We obtain that for all ¢ € [0,t1), ¢,(t) < 0, and for all ¢ € (¢,t7), ¢, (t) > 0
Consequently,
Eoa(ttu) = Eoa(t
AlTu) = min Fox(tu).
Similarly, for all ¢ € [t*,t7), ¢, (t) > 0, ¢, (t7) = 0, and for all t € (t7,00),
¢.,(t) < 0. Hence,

Eox(t"u) = max E, »(tu).

t>trnax
Case 2. Consider u € g~. By utilizing the fact that lim ¥, (¢) = —oo, we can
t—0+
conclude the existence of a unique t* > 0 satisfying
p s(uT Pl
// @) gy for all A > 0.
Ix —yl

Since u € g, it follows that ¥/,(#) > 0 and ¥, () < 0. By repeating the same
calculations as in Case 1, we obtain ¢/ (1) = t?Pust1W (t), where W, (£ > 0.
Consequently, we have t*u € N (j y- Thus, we have completed the proof of Lemma
3.1. O

We now demonstrate the uniqueness of the trivial solution in a specific parameter
range.

Lemma 3.2. Consider o € (0,apug). Then, there exists a positive constant Ay such
that for all X € (0, Az), we have NJ \ =

Proof. We proceed by contradiction, assuming the existence of u € N , \ {0} for
all A € (0,Az). We consider two cases.

Pu s(yt Pu,s
Case 1. If/ / | (lu ()" dz dy = 0, using Eq. (3.1), we have
T — 1y
allul® + blul”’ — allu* |}, — )‘/ f(@) (@)™ de = 0. (3.6)
Q

Now, since pf > 1 > 1 — v and considering « € (0, aup) with Eq. (2.7), we obtain

0= (14 lallull” = allut || + b6 + 5 — 1)||ul*’
> do,o (14 Y)l|ull” + (6 + 7 = 1)||u]™ >0,

which leads to a contradiction.

))Pisss (wt () )Pis
ase 2. i G 27 e x dy , we can use Eq. (3.1) an
C If | (u (z)) dx d 0 E 3.1 d
rT—y
, Wit t— with ¢ = 1 to obtain the following equations
3.2) h 1, h 1 b he foll
* * 6
(29}, — )lallull” — allu® 5]+ b(2p), . — p8)ul” (3.7)
—)\(2pus—|—’y—1/f =7 dx =0,
(1+7) [allul” - a||u+||H] + b(pe + = Dfjul” (38)

pu s(ut Phs
- (@2p, s +7—-1) // (u (@) dzdy = 0.
Q

\x —yl~
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We define J, »: Nox — R as

(1t o)lalful” — afu (5] + b(p + — 1) ul”
ot (2pzs ty-1)

S A p—y|(5 O ey

Using Eq. (3.8), we find that J, x = 0 for all u € N? ,. However, by assuming

condition (g), Eqs. (3.5), (2.7), and the inequality (¢ + d) > 2v/ed for any ¢,d > 0,
we can deduce that

2/ T+ )P0 + 7 — 1)y ob|lul”*
(2ps . +7-1) = ColN. )

”u”?p;,s [2\/(1 +7)(pf + v — 1)da,ab — (N, N)S_qu ]
(25,5 + 7 — 1))

2p;73

Joz)\

Now using Eq. (2.7), assumption (f) and Holder inequality in Eq. (3.7), we can
obtain the following expression

" —(=) 1

2\/ 2p#5— (2p5;, s — p0)da,ab

Jull < |

Thus, we obtain

(6+1)(2p}, s+v—1)

§ Y [2\/(1 +7) (@0 + v — l)da,ab} e
Oy (N, )] 7.7 st -1
2\/(219:1,5 —p)(2p}, s — p0)da,ab
<[ @p5n+ 7 DI, J

Hence, for all u € J\/'g,/\ \ {0}, Ja.x(u) > 0, which leads to the desired contradiction.
This completes the proof of Lemma 3.2. O

The following lemma establishes the existence of a gap structure in AV, », demon-
strating the presence of distinct magnitudes within the solution space.

A< Ay =

Lemma 3.3. Consider a € (0,apg) and A € (0,As2). Then, there exists a gap
structure in Ny \ such that

U1 > Ao > Ar > [lull,

for every u GN;)\ and U GN'(;/\, where

po = [ D/AIDCO )~ Dl Jrms
(2p; s +v—1)C ( )
1= .
2\/ 2pu )20, — p0)da,ab
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Proof. Ifuc Nj)\ C Nz, we can utilize assumption (f) and combine Equation

(2.4) with the Holder inequality to obtain the following inequality
(20 = ») [allull” = allu 15] + (205« — p0) Jul”
(27— 1) / F@) () dz (3.9)
Q

—(1=v) 1—
C 7

<28+ = 1)If,8

Combining this inequality with Equation (2.7), we obtain:

—(1=v)

Mty - DS 7 Sl }w
2\/ (2p}i,s = P)(2p};,s — PO)da,ab

Jull < | = Ay,

Now, considering U € N , and utilizing assumption (g), we have:

(L + )Tl = allu* 5] +b(po + 5 = 1) |U]**

<2 7 = 1Cg(N, ) 8P [T

By this, and Eq. (2.7), we obtain

UjPre.

20/(1+ 1) @0 + 7 — D ob|[ U7 < (205, + 7 — 1)Cy(N, p)S 7o

This yields

= Ao.

2/ +7) (P + v — 1)da,ab } o

Ul > .
i [(219:;}3 +9 = 1)Cy(N, p) S Phs

By performing a direct computation, we can verify that Ag > A; for all A € (0, As).
Hence, we can conclude that

IUl > Ao > Ay > [lul|  for all u e Nfy, U e N .

This completes the proof of Lemma 3.3. O
As a direct consequence of the lemma, we can establish the closedness of N |
in the X topology.

Corollary 3.1. For any a € (0,auy), the set N;A is closed in the Xq topology for
all X € (0, Az).

Proof. Consider a sequence {uy}r in NV, o satisfying up — u in Xo. Therefore,
u € N, U{0}. By Lemma 3.3, it follows that

lull = lim {jug[] = Ao > Ay > 0. (3.10)
—00

Hence, inequality (3.10) implies that w is not identically zero. Therefore, u € N A
The proof of Corollary 3.1 is now completed.

The lemma below demonstrates the existence of a continuous function £ that
ensures the preservation of the property N ;t 5 under small perturbations.
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Lemma 3.4. Let a € (0,app), A >0, and u € N;tx Then, there exists € > 0 and
a continuous function &: B.(0) — RT such that

£() >0, £0)=1 and £(v)(u+v) € Ny for all v € B.(0),

where B.(0) = {v € Xy : ||v]| < €}.

Proof. Here, we provide the proof only for the case where u € N + »» While the
proof for the case NV, is similar. Let F': Xo x R* — R be a function defined as

P(o,z) =2 (a|\u+v||" —all(u+ ) ) + 2 bl o]
—)\/ flx u—|—11 ) T e
52P T 1// ((uw+v)t ()P ((u+ v) T (z))Prs dvdy.

|z — yl~

Since u € N\ C N,,», we obtain

0 _
F(0,1) = aljul]” + bju]” —alllfrlli}—A/Qf(x)(lfr)1 Tdzx

Pios (wt(z))Pros
/ / (@) o (3.11)
aJa |9C—Z/|“
and
oF
S20.1) = (1 +7)(allull” = 1) + b(pe =1+ 9) ul”’
Phs (0 Phs
<2pw+7_1 // (u”(2)) dedy (312
Q |ﬁf—y|"

> 0.

Now, applying the Implicit Function Theorem to the map F at the point (0, 1), we
obtain the existence of € > 0 such that for all v € X where ||v]| < €, the equation
F(v,z) = 0 has a unique solution z = £(v) > 0. Therefore, utilizing Equation
(3.11), we find that £(0) = 1. Furthermore, since F'(v,&(v)) = 0 for any v € X
with ||v]| < € we have

0 =€) (allu+ vl = allw+0)* I, ) + €@ b+ o]

_)\/f (u+v) )l_vdx

2pu st+Hr—1 pus(u+(x))p;'s T
// Ix—yl“ dedy
- gl,i(v)( olle(e)(u+ DI — allewu+0) 1A [ e+ ) e

+ € (v) (u + )"
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*
Pu,s

s m)™ [emerw]™
L )

jz =yl
This implies that,
E(v)(u+v) € Ny for every v € Xp;and |jv]| <€

On the other hand, we can calculate the partial derivative of F' with respect to z
at the point (v, &(v))

OF
0z l(v,£(v))

= 5—1() |1+ ) (all@)(u+ )" = alle)+v) 7 )

+ (p0 = 1+7)blE@)(u+ )|

— 2P 1) /Q /Q g(z) [(f(v)(w(y))] {(f(v)(uﬂx))}

|z — y|~

*
)8 Pu,s

da dy] :

Therefore, by Equation (3.12), we can choose € > 0 satisfying ¢ < €. For any v € X
with ||v]| < €, we have

(1+7) (alléC) () = alle)(+ ) 15 ) + (0 = 1+ NBIEE) (0 -+ 0)]”

I / /Qg@)[@wxuﬂy))} )t @) oo

|z — yl~

This imply that
§(v)(u+v) € Ny for all ve B(0).
Thus, the proof of Lemma 3.4 is now completed. O

Now, we show the boundedness from below and coercivity of the functional
energy Fq x.

Lemma 3.5. Consider o € (0,ap0) and A > 0. Then, the functional energy E, x
is bounded from below on Ny x and coercive.

Proof. Let u € N, . By assumption (f), Eq. (2.4), and Eq. (2.7), we can
combine them with Hélder’s inequality, noting that pf < 2p}, ., to obtain

Baa() = (3 — ) (allul? — alju* ) + (o5 — 5 )bllul™

P2 0 2
1 1
A - g) [ e e
=y 2p;./ Ja
1 1 1 1 (A=) 1—
> (5 = gy el =M (72 = 5 WS ™5
p pu,s ’Y pu,s

Since p > 1 — v, it follows that E,  is coercive on N, . Now, let us introduce the
function F(t) defined as

1 1 P 1 1 —(1-v)
F)y= (== 5 )daat™ =A== = = I/, 7
p 2pH73 1- Y 2p,u,,s
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We can observe that F(¢) attains its minimum at

. '_(A(2pué+7_1) )p =]
e (2py,,s _p)da,a .

Therefore, we have

da,a(2p}, s —P)(L =7 —p) [ (WPM sy —1)S”
20p;,5(1 =) ((2p; 5 —p)da,a)

p
) ] (p—1+7)

Eoz,)\(u) Z

>—C,

where C' > 0 is a constant. Hence, E, » is bounded below on N, x. This completes
the proof of Lemma 3.5. O

4. A compactness result for £, )

In this section, we aim to establish a compactness result for the functional energy
Eq ». To do this, we start by defining the quantities

+ . — .
m’ = inf  Eya(u) and m_,:= inf FE,x(u).
@A uweN T, u{0} “ A ueEN “

Here, m;; , represents the infimum of the energy functional E, x over the set N ; NS
{0}, and m_ , represents the infimum over N

Using Lemma 3.2 and Corollary 3.1, we establish that both N;A U{0} and NV,
are closed sets in Xg for A < As.

By applying Ekeland’s variational principle to the functional E, ), we can ex-
tract a minimizing sequence uy from either J\fj’/\ U {0} or N(;A The sequence ug
satisfies the following conditions

1 1
mE\ < Box(up) <mi,+ -, and Eaa(u) > Egx(uk) + =l (4.1)

k

Here, mi » represents the corresponding infimum values defined earlier.
Next, using Lemma 3.5, we can conclude that the sequence {u}r is bounded in
Na.a. Specifically, we have ||ug|| < Cy for all k, where C; > 0 is a constant.
Therefore, the sequence uy, is bounded in N, \, and by the weak compactness
of Xy, there exists a weakly convergent subsequence uy, that converges weakly in
Xy to some element uyg, i.e.,

up — ug weakly in Xj. (4.2)

Now, in order to prove the compactness result for F, », it is necessary to establish
several intermediate lemmas that will aid in the subsequent proof.

Lemma 4.1. Consider « € (0,aug) and A € (0,A1), with Ay is define in Lemma
3.1. Consider {uy}r C N;A satisfy Fq. (4.2). Then, the following results hold

(a) If {ux} C N, for every k € N, we have
(1+7) [allunll” = alluf ||H} +b<pe 7= 1)

Pus + P“,S
(2pus+v—1 // W () dx dy > Cs;
QJQ

va —ylr
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(b) If {ur} C Ny for every k € N, we have
(1+7) [allul” = o ||H] + b(pe 7= 1) el

Pus + P“,S
g ) [ [ S,

W*W

where Cy > 0 is a constant.

Proof. We only prove case (a) since case (b) can be proved similarly. Firstly,
considering {uy}, C N1y, it is sufficient to prove the following inequality

liminf | (20}, — p) (alluel” = alleif ;) + (20}, . — p6) "]
<N+ =1) [ Fa)d) e
We proceed by contradiction and assume that
timin [(2p;,., — p) (allurl” = alleif I, ) + (207 — pO)ljuel "
Ao+ =1) [ S ) d
Since {ug}tr € N, )\, it follows that
(20 = p) (alluell” = alluf ;) + b(2p; . — p6) s
A +7-1) [ Fa))

On the other hand, using condition (f) and applying Vitali’s convergence theorem,
we obtain

hm/f 17@—/f O da

k—o0
Hence, we have

.. * * 6
timinf (29}, , = p) (alluell” = alleif ;) +b(2p;, o — p0) ur”’]

<timsup [ (29}, - p) (allwrll” = alluf ;) + (205 — p6) s |

k—o0
SA(ZPZ,S +v - 1) / f(l‘)(ug)l_«/d$7
Q
which implies
lim [2p, = p) (allwel” = alluf 1) + 520, . — 6) s ]

(4.3)
=\ (2047 -1) | @) )

Using Equation (4.3), we can find positive constants A > 0 and A, > 0 such that
do,o < Aq < aA for a € (0,ap0). Equation (2.7) is also referenced, which leads to
the following convergence statements

a”Uka—O[Huk ||H _>Aa7 ||uka — A as k — oo.
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Using the above results, we can derive the equation
(2o = Vo + W2 = 04 =N+ = 1) [ F(@)0)

Finally, by rearranging terms, we obtain

A/ F@) () d @A D25 —pG)Ae.
T @ -0 @ty 1)
Now, according to Lemma 3.2, for any A € (0, A1), we have the following inequality

(4.4)

2p), s+v—1

In*  — — ity 2p), s+v—1
05 () (e t) T )
2phs — P/ \2ph sty — 1

p;b s

o R R e

Considering that {ux}r C Na Ne Na,)\ and Eq. (4.4), we obtain
pu syt Pl
lim / / (u (@) dx dy

k—o0 \x —y|*

A (Hi’r%w(pﬂiv—l),
N2pr 4y -1 2pf s+ —1

Substituting Equation (4.3) into Equation (4.5), and using d, A < A,, we obtain

dA‘)(M) <0
2pz7s+’y_1 -

which leads to the desired contradiction. This completes the proof of Lemma 4.1.

O

Now, we fix ¢ € X with ¢ > 0. Referring to the constants C; > 0 introduced

in Lemma 4.1 where ||ug|| < C1, and recalling the constant Cy > 0, we can deduce
the following inequality for k € N

(1—7)C
k
By utilizing Lemma 3.4, we can establish the existence of a sequence of functions

(&) that satisfies £,(0) = 1 and & (ty)(ur + t) € Nj’)\ for t > 0 small enough.
Since uy, € Ny, and & (tY) (uk + t)) € Ny x, we can conclude that

< (Cs. (45)

0
allue” + bl —auukHH—A | @ i

/ / ))Pie (wf () )Pie dody (4.6)
\x —yl
and
&(t) (alluwn + tII” = ol + 1) 115
=367 (00) [ 1@ (0000 de+ bl )+ 0] W)

)8

s [ o) (s + 1) W) (et )T @)

|z — yl|~
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Now, let us define &;(0) as the derivative of & at the point 0 such that (£;.(0),v) €
[—00, 00] for every ¢ € Xy. However, if the derivative of the function & does not

Ee(ty) — 1
ty

exist, we can replace £ (0) with ¢, (0) = klim for some sequence (tx)
—00

satisfying t, — 0 as k — oo and ¢ > 0.
In the following lemma, we establish a key property of the sequence ¢;,(0) that
will be crucial for the subsequent analysis.

Lemma 4.2. Consider a € (0,app), A € (0,A1), and suppose {uy}i C N, )\ satis-
fies Eq. (4.1) and Eq. (4.2). Then, (€,.(0),v) is uniformly bounded for any W e X,
with ¥ > 0.

Proof. We just prove the case that N, *.. The case N, , can be done similarly.
In view of Eq. (4.6) and Eq. (4.7), we obtaln the followmg expression

0

(€0 (t0) — 1) (cllun + 11" — ol (e + )|, )
+ (allu, + 01" = ol (g + ) )
— (alluill” = el 15, ) +B(1ER7 () = Wl + 6P + s, + 46177 — ™)

A @ () = @)

A0 =1 [ ) (o )t) e

) / / ((up +t¢)+(y;)i“;(£u;c +i) @) dy
/ / ((un + 1) F (2))" ((ug, + 1) ()"
|z — y|»
ul (x Piass uy Phos

Dividing the above equation by t > 0 and taking the limit as ¢ approaches 07, we
obtain

0= {60(0).4) o (a||uk||”—vuukuH)+bp9||uk||p A1=) [ @) () )
) o) )P
2p#s// Iar—ylﬂ dr dy|
+ (ap+p9b|\uk||p0 p)
g () — s ()72 (e (0) — s () (02) — 0()
></Q/Q dx dy

|z — gV P

+ + Pp.—1 + Ppis
’pO‘/Q qucklzﬁ dz — 2p}, , /Q/Q 9(@) (g (@)™ D@ @)™ o

|z — gy~

Therefore, using Eq. (4.6), we obtain

0 < (€4(0), ) [ (1 + ) (allusl” = alluf I, ) +b(p8 + 7 = 1) s
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p“ s(ut Pl

Ix -yl

- (ap+peb||uk||p9 p)
(@) = ()17~ () = wew)) (V) = ()
x// | dx dy

Tz — y‘N+sp

p“,sfl -+ p:,,s
x)(u
dm— p“S/Q/Q ¥ (@) (uy (y) da dy.

|z — yl~

o | |Sp

Using Lemma 4.1 (a) in combination with the fact that the sequence uy, is bounded,
it follows that (&;,(0),) is bounded from below for every ¢ € X with ¢ > 0. Using
Lemma 4.1 (a) combine with the fact that the sequence {uy} is bounded, it follows
that (£;.(0),4) is bounded from below for every ¢ € X with ¢ > 0.

Next, we will prove the boundedness of the sequence (£}.(0), %) from above.
Assuming the contrary, let us suppose that (£},(0), %) = oco. Since this assumption
is made, we can consider the following

1€k (t) (up + tp) — ug|| < Ee(ta))|[tah]] + |Ex () — L[| ur | (4.8)

and &g (ty) > £,(0) = 1 for sufficiently large k. From the definition of £}, (0) and
Equation (4.1) with u = & (t)) (us, + ty) € NS \+ We obtain

IIWJII

||

ety — 11120 gy 1201
> %Hﬁk(“ﬁ)(uk + ) — ug |
> Ba(ur) = Ba (6(06) (ur + 1) )

— (72— 3) [(allw + 017 = el (Gax + 00017 ) = (allal? = alla )]

; %—;e)b[ () — 1), + t36]”°
+ (% 1)[55(@)*1] (allus + 01 = all (e + ) 115 )
- (ﬁ - 2p1;:,s) [ (1) 1]

o) ()7 @)™ (7)™
XL A |m—y|“ T ay
_ (ﬁ - 2;;’8) o (1)

(e + 00)* @) (e + 107 ) ™

x/Q/Qg(a:)[* lx_yw
) (wwx))lx ’_(y(z:my)) asay
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By dividing both sides of the inequality by ¢ > 0 and letting ¢ approach 0, it follows
that

(€.0) w>@+”%”
1+ |k () — ur(y) P2 (uk () — ur(y)) (P(x) = P(y)) U
7177 //RZN e Yy Yy dxdyfalgmspdm)
L1t po+y

1 (6.00), >(a\|uk\|pfa||u+||”) (B )i, o)
(9+Q dH s 2// |ug () — u(y) [P~ (ug(x) — uk(y ))(w(I)—w(y))dxdy
(

fa— g
2py, s +,7 - ]- / / _11/)(1') (U-]:(y))p“’
\x— |ﬂ
<2p,“ +7 / / o ((ur) ()P
- da dy.
(1- Q |€U —yl+ e
(€1.(0), ) 0
e [<1+v>(a\|uku”fa||uk 1) + (o8 + 7 — 1)l
y + (0 \\Pres
— (2t - // |xy|i(uk) ) dxdy}
(@) — ur ()P (@) — ur(y)) (B(z) -
(i //R |x7 [V Ddedy - v/ fafr
+ (p b” ‘pG p// |Uk —Uk )P~ 2|(;1¢_(y?N—+tl:(y)) (Y(x) —¢¥(y)) dz dy
(2.% +v // PN () (uf ()P
\x —yln '
That is,
(0 ,
B> SO ) @l sl ) + (99 4 = 1)
p + () Pris
(zpwﬂ_l // lx_mi(uk) ) dmdy_u_,y)nz;ku]
g () — ur(y) P2 (u — ug(1 b(z) — u
(2 //\ (@) — un(y)] |(x ule pr ) (W(z) — b(y) dmdy*a(mﬁi )
+ (p bH N P// [u (@) = ur(y)I” 2|(x k(o ?;ﬁ;(y)) W@ =v®) 4, 4,
<2pus +v / / P ) (uf ()"
\x -y~ '

We arrive at a contradiction with our assumption that (£,(0),v) = co. By applying
Lemma 3.5 (1) and considering the fact that {ug} is a bounded sequence, we can
conclude that

[+ ) (allull” = ol I, ) + (pe = 1) bl

(gt () oy |
2pus+v—1 /Q/Q dwdy—(l—v)Tk}

va —yl
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C
>Cy — (11— )?1 > 0.
By utilizing Equation (4.5), we can deduce that (£},(0), ¢) is uniformly bounded for
sufficiently large k for any ) € Xy with ¢ > 0. This completes the proof of Lemma
4.2, O

The following lemma provides important result.

Lemma 4.3. Consider a sequence {uy}r C Ni)\ that satisfies Equation (4.1) and
FEquation (4.2). Let a € (0,ap) and A € (0,A1). For every ¢ € Xy, as k — oo,
the following hold

F@)(uf) ™" € LY(Q),

and
(o bl // () = i (9) P~ lgw;);ﬁ;(y))(w(x)—w<y>> dody
N (“k )P~ e v u Vbda
S A/ $)7Td
[ [ @ @) @ )
/Q/Q |x—y\u dx dy = ox(1).
(4.9)

Proof. Consider ¢ € Xy with ¢ > 0. Therefore, utilizing Equation (4.1) and
Equation (4.8), we have

HWII

IIUkH

€k (tep) — 1] + &) ——
> Ea,)\(uk) - oz,>\ (ﬁk(“/))(uk =+ t?/’))

= - S0 (e — a1 - (71,

pbo
P
) k(;w) [(alluk + 61 = all(uw, + ) ) = (allunl” = alut 1y )]
po t
: p(aw)b[lluk + 1" [un ]

(¢ —1
( W) / f(@) ((ug thw)Jr)lJ/ dx
2 / £ (40007 = () ) ] o
S _1/ / ) (g + #9) (@) ((wg + 1)+ ()"

_|_
2pp,s |$ - y|M

dx dy

* 2D} /Q/Q |z — y\u ((“k + 1) ()" ((un + ) * (y))

= ()" (@) () ()" | o dy.

By dividing the above equation by ¢ > 0 and letting ¢ approach 0T, it follows that

(eh(0), vy el 1
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f<s;<o>,w>[< ol = allaf ) =% [ Fla)u)'da + bl |

() (@) () * ()"
// \x—yl“ dmdy}
(ot luper) [ Ml 22 ) ) 0 ) g,

Im—yIN“P
W v, (@) (uf )"
-&-oz/Q // |33| ==y dz dy
x o l@ [((uwtw ) = @]
+t1—1>I(I)1+ inf / . de
ot ) [ RSO 80 Cu ) (0 20

)P 1w uf (@) (@) (uf ()
dx i k dad
/ +// Ix—y\“ v

+ lim inf —2 /f( ){((u’ﬁw)t) _(“g)l_v}

dx. 4.10
t—0+ 1—7vJao z ( )

Applying Equation (4.10), we have

dr < .

lim inf

t—0+ t

[ F@) ] (w + ) ") = ()]
Q

On the other hand, since f(x)[((u;C )T — (ug)l_’y} > 0 and considering

the boundedness of the sequence {u}x in Xy, combined with Fatou’s lemma and
Lemma 4.1, it follows that

A/ f(@)(uf) "pdx
< lim inf / f(@)[((ux + t9) ) T — (uf) ] i
t—0t —fy
< &0).v ||uk||+H¢|| e () (uf (1))

+ (a4 bju H”" P // |uk(x —up(y) P~ 2|( e )—uk(y))(l/)(x)—w(y))dxdy

x — y|Ntsp
p—1
o[y,
o lz[*P

M

a+b||uk o // g () — g ()72 (ue(z) — ur(y)) (W(z) — ¥(y)) dedy

Iw—yIN“”

N S L () (uf ()
a/s; |1‘|5P / / |$*y|“ d.’lﬁdy,
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where C3 > 0 is determined by the boundedness of (£},(0),v) and |lux| < C;. This
implies that as k — oo,

(a+mwmwf’// () = w ()2 (un () — ui(y) (¥ () = ¥(y)

|z —y[ NP ey
[, .
a/ ||w do— | J@)uf) e
/ IS ) @)™
|z —yl~
(4.11)

In the following, we aim to prove that Eq. (4.11) holds for arbitrary ¢ € X,. Let

U, = u;f + € with € > 0. By choosing ¢ = U} as a test function in Eq. (4.11), we
obtain the following as k — oo

o1) < (a -+ blluy"" )
o [ ke ) — s ()|P2 () — ui(y) (W (2) = ¥ (y)
R2N

[ — gV dx dy

p—1\y+
-« (k) \Iled - A f ) TV dr
|$|s”

-/, / T;S_W (“””)p“ ey

:(Q+me“’7
) — a2 (un) — w(y)) (P + 05 (@) — (T + ¥;)(y)
/..

|z — y|NFep ey
+\p—1 \I/ \I/
—a/(“k) (P + d—)\/f MW, + U )de
\$|5p
Pu,s 1, 4 Py s N w-
// (ug ()" (Pe + E)dxdy.
e

We notice that by using the following inequality (a —b)(a™ —b~) < —(a™ — b7)?,
we obtain, for almost every z,y € RY, the following inequality

()P~2(u(@) — u(y))(u(x) —u(y))
0 < /~/]RQN |Jj _ |N+ps dxdy
u(y)[P 2 (u” (x) —u” (y))?
/ /RzN  — y[N+ps dzdy. (4.12)
It follows that,
(W) [P2(u(z) — u(y)) (uf () — u;f (y))
/\/]RZN |x _ y|N+ps dl’dy

u(y)[?
. 4.1
//RZN |x,y|N+ps N drdy (4.13)
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Applying Eq. (4.13), we have

// |k () — wr()[P2 (g (@) = ur(y)) (Ve + V) (@) = (e + T)(y))
R2N

|z —y|N+ep ey

// g (2) — ur(y) P2 (ur(2) — ur(y)) (uf (z) — uf (y))
R2N

|z —y[ NP

dx dy

fuk () — ur () P2 (us () — ur(y)) W (x) — ¥(y))
+€//R2N dx dy

|z — y|[ NP
s () — i () [P~2 (s () — i (9)) (U= (2) — U= (1)
// PETET o oy

luk () — uk(y
dd
// o — |N+w Y

(&) — w72 () — ualy)) (00e) — ()
wfL. | e dy

x — y|NFep
g (2) — we(y) P2 (u(2) — we(y)) (¥ (z) — U2 (y))
/,/]R?N |1; — y‘N+sp dx dy. (4 14)

Furthermore, we obtain

+\p—1 U, o +|p +\p—1 p—1y—
) [P a |z o |z o | |*P
+p p—1 +\p—1
L s Ty g
\xISP [P Q. |zP

(4.15)
with Q. = {z € RV : ¥, < 0}. Now, by combining Eq. (4.15), Eq. (4.14), and Eq.
(4.12), it follows that as k — oo

o) < [ (a+ buukupe"’) el el = | e ds

/sz/ Iw—yl“ L) dxdy}

+6[<a+b||uk||p9 P)
]l mur 2|<uk< 2) — uy) @) = v) o
RQN

T — ‘N—&-sp

Uk)p 'y _
a/Q ng dx )\/f uk ) Ypdx

*

S

+ (a+b||uk||”9 ”)

// Jun (@) — ur(y)[P~? (un(2) — ur(y)) (Yo () — ¥ (y))
RZN

o = y ¥

(w1 )
_ea/Qe P dac—l—)\/ﬂé f(x)(u;:) ’Y(UZ+E¢)CZ$
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(@) (uf ()" + ) (@) (uf ()
* /Q ,/Q dzx dy.

|z — yl~

Since {ug}r € Nox and f(z) > 0, as k — oo, it follows that

0“V<%(a+wwwWﬂ?

/Aw|w m«|p2fﬁnggw>wuﬁw@»dx@
—af u"{;plw . / F @) ()b
/ / @) (uf <y>)“5 dndy]

Ir—yl”

T // o

o (@) = (@)P72 (ur () — ur(y)) (Ve (2) — P (y)

|z —y[Vep ey
+\p—1
— ea/ (ue)” ¥ dx
Q. |=’E|S”
P s
= e i+ ew)o) @)
|z —y|*

Now, utilizing the symmetry of the fractional kernel and employing a similar argu-
ment as in Eq. (4.13), we have

i () = uf ()" < Juk () — () P72 (ur (@) — un(y) (uf (@) —uf (),
it follows that

// Jupe () — wr(y)[P~? (un(@) — w(y)) (P (2) — P ()
RN xRN

o = gV

. ) (ux0) — waw) (Ve (@) =0 @W)
Qe x

|z — y [N

Jug () — g (y) [P~ (ur(2) — ur(y)) (Ve (2) — ¥ (y))
+2//Q Mo dzx dy

|z —y[ NP

|ug (2) = ug (y) P2 (u(x) — ur(y)) (W (2) = ¥(y))
< —e //Q o dx dy

|z — y| N

lug () — ug(y) P2 (ur(x) — ur(y)) (Y(x) — ¥(y))
+2//§z X (RN \Q,) |z — y|N+sp dxdy)
lug () — u(y) P2 (ue(2) — ur(y)) W (x) — ¥ (y))
< 2¢ //Q o | & — g Vo | da dy.

So, by employing the Holder inequality and considering the fact that the sequence
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{ug }r is bounded in Xy, we obtain

// Jur () — i (y) P2 (we () — wi(y)) (P(z) — P(y))
QxRN

|z — y [N
(Y(x) —¥(y)) /p
= C(//SLX]RN ||:U—y\(N+sp)/p|pd$dy> '

((z) —¥(y))
|q; — y‘(N+SP)/p
sufficiently large such that

// M P dwdy < ©.
(supp )X [RN\Br, | | T — y|(N+sP)/P p

So, utilizing the definition of €, it follows that Q. C suppy and we have |, x
(v(z) —¥(y))

|z — y|(N+SP)/p

dx dy

(4.17)

Clearly € LP(R*). Therefore, for every o > 0, there exists R,

Bgr,| — 0 as e — 0. Now, since € LP(R*), we can establish the

existence of €, > 0 and J, > 0 such that for every e € (0, €., we have

(¥(x) = ¥() » o
|QeXBRU|<5U and//QCXBRa||x_y|(1\H‘SP)/P’ dxdy<5

Consequently, for every € € (0, ¢,], it follows that

i (¥(z) —¢(y) |
s //QEXRN ’x|<1v+p>/p’ drdy = 0. (4.18)

e—0t — y
Hence, by Eq. (4.17), we can conclude that

i /[ () ()P 2(0() — ) VD) 4,
QxRN

e—0+ |x — y|N+sp

Next, we proceed to demonstrate that

1 g@) (@) e (@) (uf ()
eli}lg){r € /Q/

Q. |z —y|»

dzx dy = 0. (4.19)

To accomplish this, let’s consider

QJQ.

|z — yl~

dx dy

g() (uf ()7 (uf ()"
S/Q/szg dx dy

|z — yl~

0(@) (1 (@) (o) (uit ()
e /Q /st dx dy

|z —y[*

9(a) (uf (@) (it ()"
S/ﬂ/ﬂe dx dy

|z — yl~

g(@) (uf ()7 () (uf (1) b(y) 1/p
+6</sz/sze dxdy) (4.20)

|z —y|»
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Phs P,
D i @) N
// Ix—yl“ dxdy)

=< CCQ(Nnu)(/ (u:(m))ps dx>pi"‘/p:
Qe
+ CeCy(N, #)(/Q ([U;:(x)]p}*t,s71¢($))ps/pu,s d:c)pM/ps

Pp,s/Ps

<ce,n( [ (@) a)
+ CeC,y(N, M)( / (uf ()" d:r)(p; "“_1)/]0‘:( / Y ()

“ 1/p3
Ps dm)
QE QE

s dx

< CC,(N, )gm(/ﬂ () )p;’S/p;

Pp,s/Ps

+ CeCy(N, p)ePis </Q i ()P dx)

Hence, dividing Eq. (4.20) by e and taking into account the fact that || — 0 as
e — 0%, we can establish the validity of Eq. (4.19). Furthermore, we claim that

p—2
i [, (4.21)
=0 Jq,  |z]P

So, for z € Q., we have u; + e < 0 and ¢¥(x) < 0. Consequently, utilizing Eq.
(1.2), we can conclude that

+1p—=2y, +p—=2y, P P
Qe Qe Mo

Iaflép Ix\” j|*P

from which we establish the validity of Eq. (4.21) as ¢ — 0.
Then, by dividing Eq. (4.16) by e and utilizing Eq. (4.18), Eq. (4.21), Eq.
(4.19), and the fact that |Q] — 0 as e — 0", we obtain

o(1)
o o) [ 1) = ) k) 0) =0
|u+|p 2u;1/1 B T bda
[ 9@ @) ) )
/Q/Q |z —y|» e dy

This proves Eq. (4.11). Since 1 is arbitrary, we can conclude that Eq. (4.9) holds
for any 1 € Xy. The proof of Lemma 4.3 is now complete. O

To demonstrate the compactness property of the functional energy E, x, we
define

D D

"W:(l— : ) 7S gl

*

P 2P,
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14 PO
:| pO—1+~

o014 )Niﬁ+7—1ﬂﬂhﬁ_ﬁﬁ
(1 —)pb [b(p;i,s 0

po

—\pO—1+7 (

. (4.22)

1—v
} PI—1+v

The following lemma provides conditions under which a subsequence of the sequence
Uy, converges strongly to a limit in the function space Xj.

Lemma 4.4. Consider a sequence {uy}r C Ni)\ with Eq x(ug) = ¢ < cq,x ans let
A€ (0,A1), a € (0,av0). Then, the sequence {ux}r has a subsequence that converges
strongly to ug in Xo.

Proof. Considering Eq. (4.2), we can deduce the boundedness of the sequence
ugy in Xg. Furthermore, we can establish the boundedness of the sequence {u;}k
in Xy. By substituting ) = u, into Eq. (4.9) as kK — oo, we obtain

lim <a+ b||uk||f'9*1’)

k—
Juk () — ur ()P~ (uk (@) — ur(y)) (uy, () — uy (v))
“JL..

|z —y[NFop

dx dy = 0.

Therefore, using Eq. (4.12), we have ||u, || = 0 as k — oo. Hence, {ux}y is a
positive sequence. By applying Lemma 2.1 in conjunction with Eq. (1.2), we can
establish the existence of a subsequence, which we still denote as {uy}, satisfying

up — g weakly in LP¢ (), Jukl = v,
up — ug in LP(Q) for any p € (1,p}), (4.23)
ug =y in L5 (Q, 12| 77), uxlly = 1,

up — ug  a.e. in Q  wup < ha.e. in €,

as k — oo, where h € LP(Q) and p € [1,p*). Therefore, since the sequence {uy}x is
positive, we have ug > 0. Now, let’s consider the case where v = 0 in Eq. (4.23).

In this case, we can deduce that lim u; = 0 in Xj.
k—o0

Now, let’s suppose that v > 0. Then, by utilizing Lemma 2.3 in [9], Lemma 2.4
in [14], and Lemma 3.2 in [17], we can conclude that

Jug][” = [ur — uoll” + [luo|” + o(1), (4.24)
lJukllzr = llur — woll + lluollF + o(1), (4.25)

[ [ et

aJo |z — y|»
- / / 9(@)((ur = uo) ()" (ur, — uo)(y))™~ dy (4.26)

aJo |z —y[» '
g() (uo ()P (up () )P+
_~_/Q/Q P— dx dy + o(1).

It follows, from Eq. (4.24), Eq. (4.25) and Eq. (4.26), that

ott) = (a+ ) [
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(@) = (@) P72 (ur () — ur(y)) (g = uo) (x) — (ur = uo)(y))

Pl T dz dy
_a/“z_(mlsp —)\/f (ur) ™Y (up — uo)dx
// prisy|#(uk( WH(W —uo)dr dy
= (a+ 0P (7 —|luo||”) — o (lJu ]| — HUOHP )
— ) (ur) " (ur — w Pue((uk(y))ﬁl’;,s X
)\/f( )(ur) ™7 (u = o) // |x—y|” e dy
[

= (a4 b0777) i = ol =l = wally = A [ 7)) e = o)

_ / / g(x) ((uy,(x) — UO(IL)C)p_:;(,Euk(y) — up(y)))"r da dy + o(1).
Hence, we obtain
(a+buP77P) lim [|ug — uol|” — o Tim fluy — uo|
=\ lim i f(@)(ug) ™" (ug, — uo)dx (4.27)
e

By Eq. (4.23), we have ui_W < h'=7. Then, by applying the Lebesgue dominated
convergence theorem, we can conclude that

lim/f 17daz—/f Y(ud )7 da.
k—o0

Therefore, utilizing Lemma 4.3, we have f(z)u, "ug € L' () for every k € N. Now,
considering Fatou’s lemma, we can deduce that

/ flx)uy™ " de <liminf | f(z)u, Tuodz.
Q k—o0 Q
Now, let us denote

lim // 9(@) ((ug () — uo ()" ((uy,(y) — uo(y)))* dody = (2P (4.28)

k—oo Jo Ja |z — yl~

Hence, by employing Eqgs. (4.27)-(4.28), we obtain
(a+b0rr) tim fu, — wll” < i27is. (4.29)
—00

Hence, from Eq. (4.29), we obtain [ > 0. If [ = 0, considering the fact that v > 0
and combining Eq. (4.23) with Eq. (4.29), we have hm up = uo in X, which

k—o00
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completes the proof of the theorem. Therefore, let us assume that [ > 0. By
utilizing Eq. (2.4), we obtain

g — uoll” +o(1) > [|g|lr 7" 1PSc, . (4.30)

Now, considering Eqs. (4.27)-(4.29) and Eq. (4.30), we have

(a0 P) lgllr 7 S < 120e . (4.31)

By substituting Eq. (4.31) into Eq. (4.30), we obtain

2[)7;‘5

S P
P 2py - P a 2p%, o—p
VP > Sok (Ilgl\r) Ra? (4.32)

Now, let us define, for any k£ € N and ¢ € X

H(uk, )
ug(x) —u P=2 (yp(x) —u o(x) —
(o o) [ 128 =2 )0 60) = 00D o
—a/“k— o= [ @) w) 7 o(a)da
Q ||Sp
))Pis ™ P
// L ()P () dz dy.
Ix—yl“
(4.33)
Therefore, for every k € N, as kK — oo, we obtain
c= Eq\(ug) — 2 H(“k7¢)
1 1
P _ P = _ po
( )(anukn alluly) + (55 = gy ollual
—Al—— )Y dr + o
i) LS 1)
1 1 1
Y P _ 4P — _ PO
o (p 2pﬂs>(ay ol )+( pl 2p*,s)b”uk” (4.34)
—)\ - — / YV dx 4o
7 QP/H flz (1)
1 1 ~E.r
> (2 p”gfp pos
> (5~ g )a™ 78 lall
1 1 1
- po - p“g + 11—
+0( 5 2pz,s)uukn A(7 o )8l 17 4 0(1).

Let us denote

1 1 1 1y a2t
0= ) ()
ot =g 2p%, v 2p, K
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Then, by performing a direct calculation, we can establish the existence of a lower
bound and global minima for the function F}. Specifically, we have

po

o= 14 \ @l 7= DS 7 |7
PZ,S(l—w)pa) {b(p* _pe)}peliiﬂw .
11,8

Fy(t) > _)\ﬁ(

By letting &k — oo, we obtain

o> 1 1 pg ﬂ’S p‘H pH H p“fp
T \p 2pj g

po

(21t >[<pz,s+w—1>||f||ms‘3ii}”

Pjs (1= 7)pb (b7 — 90)]

po

—)\p9—1+'y
1—v

pO—1+y

This contradicts the assumption ¢ < ¢4 x. Therefore, we conclude that v = 0. As a
result, klim ur = ug in Xg. The proof of Lemma 4.4 is now complete. O]
oo

5. The first solution of the problem (1.1) in ./\/'O:\

In this section, our goal is to establish the existence of a solution to the problem
(1.1) by employing a minimization method on the function space N, a+ y- We now
present a lemma that demonstrates the existence of a negative minimizer for the
functional energy E, ) in the function space N, : A

Lemma 5.1. Let X\ be a positive parameter and let « € (0,ap0). Then, we have

+ _
ma’A_uel/I\I/fJfAEa)\( u) < 0.

Proof. For u € N, C N, \, we have

— 1 _ L P _ +1P i _ L po
Baalw) = 1_7)[a||u|| allut ] + (pa = )l

(5 / / ) U)oy
2py s |JL’ - y|#

1
- |1 P _ + -1 pb
i [( +lallulP =l ]+ (0 + g — 1)blul

Pu.s F
. )i (ut (y))hs
— (24— / / |x o da dy]

<0,

since u € ./\/:)\ and pj, ; > pf. Therefore, mz)\ < 0. The proof of Lemma 5.1 is now
completes. O

The following theorem guarantees the existence of a non-negative solution in
N, O‘j‘ ,, for problem (1.1), given that the assumptions (f) and (g) hold.
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Theorem 5.1. Suppose that the assumptions (f) and (g) are fulfilled. Then, prob-
lem (1.1) has a non-negative solution in N*a, X for every 0 < Ax = min(Ay, As).

Proof. Let us fix 0 < A < A, = min (A, Ag). According to the variational princi-
ple of Ekeland combined with Lemma 3.2, we obtain the existence of a minimizing
sequence {ug }r C ./\/+/\ U {0}, that satisfies Eq. (4.1) and Eq. (4.2). Consequently,
we have

Eoa(ug) — mIA <0 as k— oo,
which implies {ug}r C N, )\ Therefore, using Lemma 4.4 with the fact ¢ = m;r A
it follows that ug — ug in Xo, up to a subsequence. Furthermore, using Eq. (3.172)

combined with Lemma 4.1, we obtain

(1+ ) [allwo” = aluoy ] + b(pe 7= 1) fuo|I”

Ms + p;,s
(2]7#54'7—1 / / (UO (y)) drdy > 0,

Ix -y~

which implies ug € N By and m?’ a is achieved at uy by E, ) is continuous on
Xg. Taking k — oo, together Wlth Fatou’s Lemma in Eq. (4.9), we deduce that
H (ug, 1) > 0 [where H is defined in Eq. (4.33)] for ¢ € X with ¢ > 0.

Next, we take 1p = ¥F as a test function, where ¥, = ua' + ey and Y € X.
By repeating the steps from Eq. (4.9) to Eq. (4.19) with ug in the place of uy, we
obtain H (ug,v) > 0 for arbitrary ¢ € X. Thus, we have

M (@) (ud) 7 € L) and ug € Not/\

Since 0 ¢ ./\/;7/\ by Lemma 3.2, we have ug # 0. Moreover, by Eq. (2.6) with ¢ = g
together with Eq. (4.12), we obtain ||uy || = 0. Hence ug is positive. By applying
the maximum principle, we can conclude that ug is a non-negative solution of (1.1).
This completes the proof of Theorem 5.1. O

6. The second solution of the problem (1.1) in NV,

In this section, to prove the existence of a solution in N » e can follow a similar
approach as in the proof of Theorem 5.1. However, in thls case, we will consider the
space N A which consists of non-negative functlons in the Nehari manifold. The

following theorem establishes the existence of a non-negative solution in N , for
problem (1.1), provided that the assumptions (f) and (g) are satisfied.

Theorem 6.1. Suppose the assumptions (f) and (g) are satisfied. Then, for 0 <
A = min(Ay, Ag), problem (1.1) has a non-negative solution in N

Proof. We start by observing that N . is a closed set in Xo. By the variational
principle of Ekeland, we can extract a minimizing sequence {vy}y C N, that
satisfies the condition for inf N, E, (u). Moreover, since the sequence {vk}k is
bounded in X, we can choose a subsequence such that {v;}r — vo in Xo. Applying
Lemma 4.4, we have that {v;}r — vo in Xy up to a subsequence. Since, J\/_)\ is
closed, we conclude that vy € N 2 with E, x(vo) = mg - By repeating the same
argument as in Section 5, we have H (vg,v) > 0, so that Af(z)(vg )~ € LY(Q) for
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all Y € Xg, and vy belongs to N(;A. Combining this with Lemma 3.2, we deduce

that vg is a nontrivial solution of problem (1.1).
Finally, by applying the strong maximum principle, we conclude that vy is a
non-negative solution of problem (1.1). This completes the proof of Theorem 6.1.
O

7. Proof of Theorem 1.1

By applying Theorems 5.1 and 6.1, we conclude that problem (1.1) has two non-
negative solutions, denoted as ug and vg, respectively. Since /\/(jA NN, , =0, the
solutions ug and vy must be distinct. This completes the proof of the Theorem
1.1. O
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