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Abstract The solutions of traditional fractional differential equations nei-
ther satisfy group property nor generate dynamical systems, so hyperbolicity
of these equations is difficult to study. Benefitting from the new proposed con-
formable fractional derivative, we investigate dichotomy of conformable frac-
tional equations, including conformable exponential dichotomy and stability,
roughness and nonuniform dichotomy.
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1. Introduction
The well-known dichotomy concept on various of hyperbolic systems, e.g. ODEs
i=Alt)z, teJ, (1.1)

where interval J C R, is said that there exist a projection matrix P and a funda-
mental matrix X (¢) of (1.1), and positive constants K; and 5; (¢ = 1,2) such that
forall t,s € J,

IX($)PX ™ (o) < Kie 079, ¢ >,

IX(O — PYX M s)]| < Ko ™00, s>t 42

Correspondingly, the roughness of dichotomy is regarded as the persistence of di-
chotomy undergoing small linear perturbation, i.e., the perturbed system
z=(Alt)+Bt)z, teJ

still admits dichotomy behaviour in the form of (1.2) along with small variations
of P, X(t), K; and ; (i = 1,2). According to the difference of asymptotic rate,
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there are diverse dichotomies, e.g., the classical exponential dichotomy (1.2) [16],
(h, k)-dichotomy [31], polynomial dichotomy [8], etc. The dichotomies and their
corresponding properties are core issues in the field of dynamical systems, which
can be traced back to the papers of Perron [34] and Li [27] on conditional stability
of linear differential and difference equations respectively. And they are gradually
formalized, developed and summarized in literatures [16,29, 30]. Recently decades,
many research results were devoted to exploring the existence criteria of exponential
dichotomy (see Hale [22], Chow and Leiva [13], Sasu [39], Barreira and Valls 7], Bat-
telli and Palmer [10] and the references therein). The roughness referred before are
also widely focused on, and firstly demonstrated by Massera and Schéffer [29] un-
der hypothesis that the original matrix A(t) is bounded. Schéffer [40] subsequently
eliminated the assumption of boundedness. Coppel [15] gave a general elemen-
tary proof of roughness if matrix A(t) commutes with the projection P. In 1978
Coppel [16, pp.28-33] exhibited a simpler proof via the so-called projected integral
inequalities raised by Hale [22, pp.110-111]. Later, Naulin and Pinto [32] improved
the size of perturbation B(t) in Coppel’s [16, pp.34-35] without boundedness of A(t)
yet. Popescu [37] further generalized the results of [16] and [32] to infinite dimen-
sional Banach spaces. Thereafter, the notion of nonuniform exponential dichotomy,
roughly speaking dichotomy formula (1.2) involving extra nonuniform constants in
exponents, was proposed by Barreira and Valls [7], where its roughness was also
studied. In 2013 Zhou, Lu and Zhang [48] studied the roughness of tempered ex-
ponential dichotomy for random difference equations in Banach spaces lack of the
so-called Multiplicative Ergodic Theorem. Moreover, plenty of works on the rough-
ness of exponential dichotomy could be found in [7,12,13,16,32,37] for continuous
dynamical systems and in [35, 39, 48, 49] for discrete dynamical systems and refer-
ences therein. In addition, the corresponding admissibility problem of dichotomy,
i.e., admissible functions pair of solutions z and inhomogeneous perturbations f,
was investigated extensively in [6,19,30,39,49] and so on.

Although the research on dichotomy involved ODEs [7,8,10,12,16,19,22,29-32,
37], difference equations [27, 39,48, 49], functional differential equations [33], ran-
dom systems [2, 14, 20, 28], skew-product semiflows [13,35], etc., till now there is
no result of dichotomy for fractional differential equations (FDEs for short). Frac-
tional derivative started from a letter from L’Hospital to Leibniz about discussing
the meaning of a half derivative. From then on, because of better approxima-
tion to practical model associated with memory and hereditary phenomena than
ODEs and PDEs, FDEs are steadily developed in the aspects of Physics and Chem-
istry [44,47], Biology and Medicine [18,42], Engineering and Control Theory [3,36]
and Economics and Psychology [11, 41], especially in recent decades (see mono-
graphs [17, 21,23, 26, 36, 50]). Traditional definitions of fractional derivative and
integral, such as Riemann-Liouville’s, Caputo’s and Griinwald-Letnikov’s [26, 36],
have no product rule and chain rule of derivative, such that the solutions of FDEs
neither fulfil group property nor generate dynamical systems. There is a vast of
works on well-posedness [50], stability [26], Laplace transform method and opti-
mal control [36], variational method, attractors and numerical solutions [21] and
chaos [5] of FDEs, but the study on hyperbolicity of FDEs is temporarily in blank
state. Until 2014, Khalil et al. [24] introduced a new definition of fractional deriva-
tive, that is so-called conformable fractional derivative, which can almost satisfy all
corresponding characteristics analogous to integer derivative. Thus, the solutions
of CFDEs (abbreviation of conformable fractional differential equations) also can
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generate dynamical systems, which makes it possible to consider the hyperbolic be-
haviors of FDEs. Later, Abdeljawad [1] accomplished the definition of left and right
conformable fractional derivatives and the variation of constants formula of CFDEs
and solved CFDEs via Laplace transform. In 2017 Souahi et al. [43] employed Lya-
punov direct method to present the stability, asymptotic stability and exponential
stability of CFDEs. In 2019 Khan et al. [25] further verified the generalized defini-
tion and its semigroup and linear properties of conformable derivative and existence
and uniqueness of solutions for CFDEs. During the same year, Balci et al. [4] dis-
played the Neimark-Sacker bifurcation and chaotic behavior for a tumor-immune
system modelled by a CFDE. In 2020 Xie et al. [46] showed an exact solution and
difference scheme for a gray model with conformable derivative. Recently, Wu et
al. [45] revealed the Hyers-Ulam stability of a conformable fractional model.

In this paper we attempt to establish the theory of dichotomy for CFDEs. In
order to generalize the hyperbolicity of ODEs to CFDEs, we first modify the def-
initions of conformable fractional derivative and integral and a conformable expo-
nential function originated from [1,24]. Subsequently, some preliminaries, e.g., the
well-posedness of solutions, operator semigroups and variation of constants formula,
are achieved in section 2. In section 3, we provide the definitions of so-called con-
formable exponential stability and dichotomy with respect to CFDESs, whose asymp-
totic rate is the conformable exponential function. These stability and dichotomy
include the classical exponential stability and dichotomy [16] in ODEs with inte-
ger derivative as special cases. Meanwhile, we develop the conformable fractional
integral versions of projected inequalities to prove the existence of conformable ex-
ponential dichotomy and corresponding invariant manifolds. In section 4, we discuss
the roughness of conformable exponential dichotomy in Ry. In section 5, we ad-
ditionally study nonuniform conformable exponential stability and dichotomy and
their roughness in Ry. Our results extend the works of Hale [22], Coppel [16],
Barreira and Valls [7] to CFDEs.

2. Linear CFDEs

Throughout this paper, we define the following functions sets:

I(R,R) := {¢ : R — R| ¢ is a nondecreasing function},

C(R,R) :={p:R — R|p is a continuous function},

Cp(R,R) := {9 : R — R | is a continuous and bounded function},
Ci(R,R) :={¢: R — R|¢p is a continuous and nondecreasing function}.

Further, set real constants a € (0, 1] and ¢, to, t* satisfying ¢, < tg < t*, function
f: (e, t*) — R, and norms

lz(@)] = Z |lz:(t)], @ : [to, +o0) = R™,

IA@)]| = max{>_lax ()], laia(t)],. Y lain (@)}, A:R—R™™,
=1 =1 =1

In this section, we focus on the qualitative properties of linear CFDEs and their per-
turbations. Analogously to the linear ODEs, there also exists fundamental solutions
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for linear CFDEs. Consider the nonautonomous linear CFDE
Tr = A(t)z, (t,z) € R", (2.1)

where matrix function A € C(R,R™*"). Our primary purpose is to establish its
well-posedness, e.g., existence and uniqueness, continuous dependence on initial
data of solutions and continuation of solutions. Before this, as a preliminary, we
modify the definition and some properties of conformable fractional derivative and
integral raised by Khalil, Horani, Yousef and Sababheh [24] and Abdeljawad [1], to
make them make more sense.

Definition 2.1. The a-conformable fractional derivative of f is defined as

To ) e tim LEEETD SO g gy (2.2)

e—=0 3

In particular, if }irr(l) T*f(t) exists, then
—
Tf(0) := Um Tf(¢).
t—0

Here function f is called as a-conformable differentiable, if 7<f(t) exists.

Our Definition 2.1 extends the one in [24] to the case of ¢ < 0. And different
from the definition in [1], there are same formulae in (2.2) for both ¢ < 0 and
t > 0. Further, we can deduce the following relations between conformable frac-
tional derivative and Newton-Leibniz derivative and between conformable fractional
integral and Riemann integral.

Proposition 2.1. The a-conformable fractional derivative of f can be represented
as

Tof) = [t f' (1), tE (te,t%).

Proposition 2.2. The a-conformable fractional integral of f is given by

I f(t) = /t |s|*"Lf(s)ds, t € (t,t%).

The following special function and fractional integral inequality both will be
useful throughout this paper.

Definition 2.2. The following special function is called as a conformable exponen-
tial function:

ta +oo )\ktak
exp()\—) =Y "5 AER, teRy,
Ea(\t) = o =0 QaFk!
e NS (=N (=t)" VeR 1eR
exp ( B o ) o kZ::O Otkk‘! ’ < ’ < -

Lemma 2.1. Let functions a € I([to,t*),Ry) and f € C([to,t*),Ry). Assume that
u: [to, t*) = Ry satisfies fractional integral inequality

ult) < a(t) + I8 f(t)u(t), t € [to,t").
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Then u can be estimated by
u(t)

a(t)eztao f(@®)

a(t)Bo( sup f(s),1t1) Ea( sup f(s),lto]), € [to,t").
Se[to,t] Se[to,t]

IA

IN

One can prove Lemma 2.1 easily, and the following results on well-posedness of
solutions also can be attained simply. Consider the initial value problem (IVP) as
follows

Tox(t) = f(t,2(t), (t,z)€ R, 23)
z(to) = 0.

Given constants a,b > 0 and domains

Dy ={(t,z) e R"" 1t ety —a,to+a] MRy, ||z — x| < b}, to >0,
D_={(t,z) e R"" it eto—a,to+a]NR_, ||z —zo| < b}, tr <0,

assume that the function f satisfies:

(B1) f e C(D4,R™) (resp. f e C(D_,R™));
(B2) f(t,z) satisfies Lipschitz condition with respect to = in Dy (resp. D_), i.e.,
there is a positive constant L such that

||f(t,$1) - f(tva)H < L”xl - l‘g”, (t’xl)v (t,ﬂ?g) € D+ (resp~ D—)'

Theorem 2.1. Suppose that (B1) and (B2) hold. Then IVP (2.3) has a unique
continuous solution in Iy = [tg — 04,to + 4] N Ry for to > 0 (resp. I_ =
[to —d_,to +0_]NR_ forty <0), where

; b 1a —
04 := min {a, —+t0 }7 My = (t7132%+ IIf(t, 2)],
— mi b 1-a —
0_ := min {a, - (—to) }, M_ = (tgt)lzé)é_ Ilf(t, x)].

Applying Lemma 2.1, the following lemma on continuation of solutions can be
naturally proved.

Lemma 2.2. All solutions of (2.1) have mazimal interval R.

Analogously to linear ODEs, some elementary properties on linear CFDEs (2.1)
will be presented as follows, whose proofs will be omitted because of trivia.

Proposition 2.3. If z1,z2 : R — R™ are both solutions of (2.1), then a1x1 + asxs
is also a solution of (2.1) for any ay,as € R. And the set of all solutions of (2.1)
1s an n-D linear space.

Remark 2.1. n x n matrix function X (t), consisting of n linearly independent
solutions x1(t),...,z,(t) as its columns, is also called a fundamental solution of
(2.1). And for different fundamental solutions X (t) and Y'(¢), they can be linearly
represented by each other, i.e., there exists an invertible linear transformation C'
such that Y(t) = X (¢)C for all t € R.
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Proposition 2.4. The general solution of (2.1) associated with initial data x¢ can
be written as

z(t) = X ()X '(to)zo, tER,
where X (t) is any fundamental solution of (2.1).
Proposition 2.5. If X (t) is a fundamental solution of (2.1), then

det X (t) = det X (o) exp (zgg trA(t)), teR.
As a special case of (2.1), the linear autonomous system
T = Az, (t,z) € R™™ (2.4)

where A is an n X n real constant matrix, also has the following characteristic similar
to linear autonomous ODE.

Definition 2.3. The conformable exponent of an n x n real constant matrix A is
defined as

+o0 Ak
Ea(A, 1) = Z m7 (25)
k=0
and denote F,(0,1) = I for convention.

Proposition 2.6. The power series in (2.5) is convergent for any matriz A.

Recall the Jordan canonical form in ODEs as follows

J--- 0 AN 10
P'AP:= |09 . 0l, Ji=l0o - 1|, i=12,..,1, (2.6)
0 - J; 0 0 )\

where P is an n X n nonsingular complex matrix and JA; is an eigenvalue of A. Thus,
the conformable exponent of a matrix can be easily computed as follows.

Proposition 2.7. Let A is an n X n real matrixz with Jordan canonical form in
(2.6), then

Eo(Ji,1) -+ 0
Eo(A1) = PE,(PT'AP,1)P™' =P 0 0 Pt
0 - Eo(di,1)

Further, one can verify the following formula.

Proposition 2.8. If A= A\l + N, where the nilpotent matriz N is

010
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then the following expression fulfills:

N N2 Nn—l
Eo(A1) =EQ(A,1)(I+E+@+“'+m)'

Relying on the preliminaries above, one can solve (2.4) as follows.
Lemma 2.3. The matriz E,(A,t) is a fundamental solution of (2.4) for allt € R.

Both Proposition 2.4 and Lemma 2.3 lead to the following result on general
solutions of (2.4).

Proposition 2.9. The general solution of (2.4) associated with initial data x¢ can
be expressed as

Eo(A,t)
= — R.
x(t) Ea(A,tO)xo’ te

Consider the inhomogeneous linear CFDE
Tow = AWtz + f(t), (ta) € R™, (2.7)

where f € C(R,R™) and matrix function A € C(R,R™*"). One can verify the
analogous properties to ODEs as follows.

Proposition 2.10. Like ODEs, if both x7(t) and x3(t) are solutions of (2.7), then
x5 (t)—x5(¢) is a solution of (2.1). On the other hand, if x(t) and x*(t) are solutions
of (2.1) and (2.7) respectively, then x(t) + x*(t) is also a solution of (2.7).

These properties can easily lead to the following structure of general solutions
for (2.7).

Proposition 2.11. If *(t) is a solution of (2.7), then general solutions of (2.7)
associated with initial data xo can be represented as

z(t) = X ()X to)zo +2*(t), teR,
where X (t) is any fundamental solution of (2.1).
Next, we will give the variation of constants formula for (2.7).

Theorem 2.2. Let X (t) is a fundamental matriz of (2.1), then the general solu-
tions of (2.7) associated with initial data x¢ can be given by

z(t) = X)X (to)zo + X(OIE X Ht) f(t), teR. (2.8)

Particularly, if A(t) degenerates into an n X n real constant matriz A, the variation
of constants formula (2.8) becomes the form

 EL(A)t)

o f@)
=(t) = En(A, to) =

——, teR

$O+Ea(Aat) tOE (A t)a

Proposition 2.12. If an n X n real constant matrix A has only eigenvalues with
negative real part, then there exist constants K, A\ > 0 such that

The proof is similar to the case in ODEs, referred Proposition 2.27 in [9, p.77].
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3. Stability and conformable exponential dichotomy

In this section, we study the concepts of stability and conformable exponential
dichotomy of CFDEs. Before this, Souahi, Makhlouf and Hammami [43] combined
Lyapunov stability and properties of conformable fractional derivative given by
Abdeljawad [1] to raise the concepts of stability, asymptotic stability and fractional
exponential stability for the nonlinear system (2.3). For the nonautonomous linear
CFDE (2.1), the definitions of uniform stability and uniformly asymptotic stability
are more essential.

Based on the definition of stability for CFDEs described in [43], we introduce the
following definition of uniformly stability analogous to the corresponding concept
of ODEs in e.g. [16, p.1].

Definition 3.1. The solution Z(¢) of system (2.3) is said to be

(C1) uniformly stable, if for any € > 0 there exists § := J(¢) > 0 such that any
solution z(t) of (2.3) satisfies for some s > 0, the inequality ||z(s) — Z(s)|| < &
implies ||z(t) — £(¢)|| < e for all t > s;

(C2) attractive, if there exists dp > 0 and T := T'(¢) > 0 for any £ > 0 such that
for some s > 0, the inequality ||z(s) — Z(s)|| < do implies ||z(¢) — &(t)|| < € for
allt > s+ T,

(C3) uniformly asymptotically stable, if it is uniformly stable and attractive.
The following definition is on the conformable exponential stability.

Definition 3.2. The solution z, = 0 of system (2.3) is conformable exponential
stable if

Ea ()\7 tO)

z(®)] < KW

llzoll, ¢ > to,

where constants K, A > 0.

More generally, we focus on the significant application of Definition 3.1 to linear
equation (2.1).

Proposition 3.1. Suppose X (t) is a fundamental matriz of (2.1) and ¢ is a real
constant, then solution x, =0 of (2.1) is said to be

(D1) stable for any tg € R if and only if there exists K := K (to) > 0 such that
IX@O| <K, to<t<-+oo;

(D2) wuniformly stable for ty > c if and only if there exists K := K(c) > 0 such
that

XX Hs)|| <K, ty<s<t<4oo;
(D3) asymptotically stable for any to € R if and only if . ligl IX ()| =0;
—+00

(D4) wuniformly asymptotically stable for to > c if and only if there exist K =
K(c) >0 and X := X(¢) > 0 such that

E.(\ s)

HX(t)X_l(S)H < Km’

to < s <t < +oo. (3.1)
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Particularly, (D1)-(D4) all hold for autonomous system (2.4), if fundamental ma-
triz X (t) is replaced by E,(A,t).

The proof of (D1)-(D4) can refer to the Theorem 2.1 in [22, p.84]. In particular,
since the conformable exponential stability implies the uniformly asymptotic sta-
bility, one can simply verify conclusion (D4). The definitions of the corresponding
stabilities above for Caputo FDEs had been proposed in references e.g. [17, p.140].

Next, we shall propose the concept of conformable exponential dichotomy for
linear CFDE (2.1).

Definition 3.3. Suppose that X (¢) is a fundamental matrix of (2.1). The equation
(2.1) possesses a conformable exponential dichotomy if there exists a projection
matrix P, i.e. P? = P, and positive constants N;, 3; (i = 1,2) such that

IXOPX )] < ML s
o\ (3.2)
IX(6)(I - P)X~1(s)] < Nf;((g“) s> 1.

In particular, (2.1) possesses an ordinary dichotomy if (3.2) hold with 8; = 2 = 0.

Finally, we concern perturbation of nonautonomous linear CFDE (2.1). Consider
the perturbed equation
Tor = Ao + f(t.2), (ta) € R, (3.3)

where f € C(R"1,R") and matrix function 4 € C(R,R™*").
The following conclusion give out the projection form of equivalent integral
equation and the existence of bounded solutions for equation (3.3).

Lemma 3.1. Suppose that function f € C(R"T' R"), P is a projection matriz
given in Definition 3.3 and equation (2.1) possesses a conformable exponential di-
chotomy. If x € Cy([to, +00),R™) is a solution of (3.3) with z(to) = o for constant
to € Ry, then
x(t) =X (t)PX " (to)zo + X(O)PIE X (1) f(t, 2(1))
+ X = P)IS XN [t 2(t), t>to
If x € Cp((—00,to], R™) is a solution of (3.3) with x(ty) = xo for constant tog € R_,
then

(3.4)

w(t) =X (t)(I = P)X " (to)zo + X () — P)I3 X () f(t, (1))

_ (3.5)
+ X(H)PT XYt f(t,z(t), t<to.

Conversely, any bounded solution of (3.4) or (3.5) is a solution of (3.3).

Proof. For convenience, we only prove (3.4), formula (3.5) can be proved in
an analogous manner. Assume z(t) is a bounded solution of (3.3) and M :=
sup ||lz(t)| for t > ty. The continuity of f implies that there exists a posi-
t€[to,+o0)
tive constant N such that N := sup ||f(¢,z(¢))||. By the variation of constants
t€[to,+00)
formula (2.8), for any 7 > t¢, the solution z(t) satisfies

X = P)X~H(t)a(t) =X ()(I = P)X ' (1)a(r)

) (3.6)
+X()(I - P)IFX (1) f(t,2(t)), t,7>to,
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where the following estimate can be obtained by (3.2)

X0 — P)X ()] < N22P2D g0 )

- E, (527 T) t€[to,+o0)

E t
MNQM t, T >t.

Ea(ﬁ?v T) ’

IN

It yields that

lim | X&) - P)X N (r)z(r)]| =0, t>t.

T—+00

On the other hand, in integral equation (3.6) for t > ¢,

IX(£)(I = PYZEX () f(t,2(1))]] < NNaEo (B2, t)| T8 Ea(—f2,1)]
< NNy Eo (B, 1) /t s* Vexp (= ) ds
- NN>Fa(Bo,1)
n B2
NN,
< b)
T B

(Ea(_ﬂ% t) - Ea(_ﬁ% 7-))

which implies that
IX()(I = P)ZS o X () f (ta(t)]] < +o0, ¢ >to.
It follows from (3.6) that
X()(I - P)X ' (0)x(t) = X(O)(I - PYIS X (OF (L e(t), t>to. (37)
From the variation of constants formula (2.8), it also follows that for ¢ > ¢,

Xt)PX '(t)z(t) = X(¢)PX ' (to)z(to) + X()PIE X (t) f(t,2(t)). (3.8)

Since z(t) = X(#)PX1(t)z(t) + X(t)(I — P)X~1(t)z(t), substituting (3.7) and
(3.8) into it, we attain (3.4). And the converse conclusion can be verified by direct
calculation to end the proof. O

The following Lemma is the fractional-order version of projected integral in-

equality.

Lemma 3.2. Suppose that N;, B; and € are all positive constants for i = 1,2, and
bounded continuous nonnegative solutions u(t) satisfy

E(B1,10) eNy

u(t) <N Eo(Brt) + Ea(ﬁl,t)I%Ea(ﬂl’t)u(t) 59)
N gNQEa(ﬁz,t)IiooE‘E(ﬁ?ﬂ, t>t >0,
Fa(ft) L )
u(t) <N Eo(B2;t0) eN2Ea (B2, )T, Eo(B2,1) (3.10)

ENl
+——1 7% _E.(B1,t)u(t), t<ty<0.
RO
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Set that
N Ny N; eN;
9:1 —_— —_— Kz: 5 )\: I *1,2
6(51+ﬁ2) 1-6 g A
If0 < 1, then
E, (\,t
1M tZt()’
E,(\,t)
u(t) <
27Ea()‘2’t) t<to
Ea(A2,to) -

Proof. Without loss of generality, we only consider inequality (3.9), because in-

equality (3.10) can be changed into (3.9) through transformations ¢ — —t and

to — —tg. Next, we need to verify , 1i1£1 u(t) = 0. In deed, since u(t) is bounded,
— 400

let o := limsupu(t). If ¢ > 0 and for any constant ¥ satisfying 6 < ¥ < 1, there

t—4oc0
exists t; > to such that for any ¢ > t; we have u(t) <9~ 'o. For t > t; we compute

E.(B1,10) eNy o
wh < M B T BBy

Eo(B1,t1)u(ty)

_ eNy
#0710 [ Gy T EalB1t) — NaFa(50 0T
Ea(ﬁlyto) ENI « N]_ N2
< MG GEE g T BalBtul) + 0 oe (S 4+ 22,

Since 0 < 9 < 1, the upper limit of the right hand side of the inequality above is
less than o as t — +oo. It follows from the inequality above that

o<y~ UE(%+%)<

that is a contradiction. Hence, 0 = 0 and lim wu(¢) = 0.
t—+oo

Set v(t) := supu(7). Obviously, the function v(¢) is nonincreasing and for any
T>t

t > to, there exists to >t such that for ¢ < s <y, v(t) = u(t2) = v(s). Replacing ¢
in (3.9) with to, for ¢t > to we calculate that

v(t) = u(ts)

E.(f1,%0) eNy o
Ea(ﬁl7t2) + Ea(ﬂlth)ItO

—eNo F, (ﬁ2at2) +°°-E(g/22)t2)

N, BalButo) | N _gap (5 1 yu(ty)
u(tz2)

Eo(B1,t)  Ea(B1,t)
oo E (BQa t2)

—gNQE (ﬁthQ)
BalBrto) | =M _zapp (5 pyue)

! Ea(ﬁlvt) - Ea(rglvt)
ENl o 1
7Ea(ﬁ1’t2)1t2Ea(ﬁ1,t) +eN2 By (B2, t2)I Y F (Baily) (52’152)}

<M Ea(Br,t2)ultz)

IN

IN

—v(t)[
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Eo(B1,10) eNy N1 N
< N + I Eo (B, t)u(t) +v(t)e| — + ==
Ba(Brt) | Ealfy, ) e e ¥ ()<@ m)
Ea(ﬂlvt) . ..
Put w(t) := ———=(t), then it follows from the definition of v that
Eo(B1,t0)
N (1
w(t) <Ny + ————— I Eo(B1, t)v(t) + Ow(t)
Eo(B1;to)
=N1+€N11% ( )+9U](t>, tzto,
that is
N1 €N1
< — 2w > .
w(t)—1_9+1 eto ()7 t_to
Applying Lemma 2.1 to the inequality above, we attain
€N1
Eo(—F1)
N1 €N1 N1 « 1— 9’
) < —— X = t > 1.
wt) < 7o) = N N 0
a(ﬁ> 0)
Combining with the definitions of v and w, we acquire
€N1
Eoly—5t E
N — t E,(\,t
u(t) < o —1 Balhy, °)=K17( Lh) s g,
1—9E (8]\71 o) Eq(B1,t) Eq(A1,)
a 1 _9, 0
1 0Ny .
where K7 = —7 and Ay = 3 — T—¢ Therefore, Lemma 3.2 is proved. O

As a corollary of Lemma 3.2, we introduce a more useful result in estimate of
dichotomy.

Corollary 3.1. Suppose that N;, B; and € are all positive constants for i = 1,2,
and bounded continuous nonnegative solutions u(t) satisfy
Eo(B2,t) eNy
+ I8 Eo (B, t)u(t
EalBrs) | Balr,t) o P00 040
u(t)

—eNsF L ———

EINg oc(/B27 ) s Ea(ﬁg,t)7
Ea (517 S)

) u(t)
Ba(Brt) el g g
ENl

+ ———TI3FE,(B1,t)u(t), s<t<t,<0.
ERETO RO :

(3.11)
s>t>ty >0,

(3.12)

If0 < 1, then

where 0, K; and \; were all defined in Lemma 3.2.
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Proof. Without loss of generality, we only consider inequality (3.11), because
inequality (3.12) can be changed into (3.11) through transformations ¢t — —t, s —
—s and tg = —tg. Let t1 := (s* —t* +tg)1/a7 then s > t; > tg, because of the fact
s>t >tg. From (3.11) it follows that for s > ¢; > to > 0,

u((s -1 tho)l/ )S N2Wzt(l))
(O Ea(B1,7) el )
+5N/ 7_a—l a\FM1, al\M1, 1 wlr)dr
' to Ea(ﬂlvs)Ea(ﬁlatO) )
B _1 Ea(B2,5)Eq(B2,to)
+eNN: / ot - " —Zu(T)dT.
? (st +19) 1/ Eo(B2,7)Eq(B2,t1) (™)

Put v(t;) := u((s* — t§ +t)/*) then u(r) = v((s* — 7 +t§)"/*). The inequality
above yields that for s > ¢; > tg > 0,

Ea(ﬁQatO)
v(t1) < Ng——F—""—=
)< N (o)
(s* =t 4£5)/ Eo(B1,7)Ea(B1,t1)
+6N/ potZedlth PIned Pl T (g e g gey /ey gy
! to Ea(ﬂlvs)Ea(ﬁlutO) (( 0) )
s _ Ea(BQaS)EOt(ﬂ%tO) 1
+€N/ ro1 v((s® — 7+t dr.
2 (Sc‘ft‘ertB‘)l/o‘ E(x(5277—)Ea(527t1) (( O) )

Let ¢ := (5@ — 7% 4+ t§)'/*, then

Eo (B2, to) /t1 _1 Ea(B2,1)
v(t;) < Nog—r-—"—% 4+ eN: T ——"w()de
)< Mg Gty T BBt
5 a1 Ea(Br,t1)
+€N/La P22 o()de, s>t > tg > 0.
o B Y b
The inequality also can be amplified as
Eo (B2, t0) eNs
t) < N T B (Ba, t1)u(t
) S N ) T Ba(B,ty) Co PP tv(R)
t
—eN1Eo (B, t1)IS vt t1 > 10> 0.

T B, (B, )’

By the synchronous boundedness of both functions u and v, we employ Lemma 3.2
to gain

Ea(X2,t0)
t) < Ko————= t1 > to.
v(t1) < 2Ea(/\2,t1)’ 1Z%o
It follows from the definition of v(¢1) that
Ey(A2,t)
t) < Ko———= >t>t
U()_ 2Ea(A275)7 s =21 2 1o,
No eNo .
where Ko = ——, Ao = (5 — given in Lemma 3.2. Hence, Corollary 3.1 is

1-6
proved. O
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In the end of this section, we demonstrate the relation of invariant manifolds
between equation (2.1) and its perturbation (3.3). But before we do that, let us
introduce the following notion.

Definition 3.4. [22] Let © is any subset of R” including zero and P is a projection
matrix such that R® = PR" & (I — P)R™ and P? = P. We say ) is tangent to
(I —P)R™ (resp. PR™) at zero, if || Pz||/||(I — P)x| — 0 (resp. ||({ —P)z||/||Px| —
0) asz — 0in Q.

From now on, let k := R(I — P), where denote R(P) by the rank of matrix P
and assume that
(E1) ¢ € Cr(R4,Ry) satisfies ¢(0) = 0;
(E2) A(C) consists of functions f € C(R™™! R") such that

f(t,0) =0,
1t 2) = fFE )l < @)z =yl [l [yl < o3
(E3) Projection matrix P fulfils X (¢)P = PX (¢) for all t € R.

Theorem 3.1. Suppose that (E1)-(E3) hold and denote the unstable and stable
manifolds of the hyperbolic equilibrium x = 0 of equation (3.3) as Uy, := Uk(f) and
Sn—k = Sn—r([f) respectively, for any f € A((). Then Uy and S,_j are tangent
to (I — P)R™ and PR™ at © = 0 respectively, where (I — P)R™ and PR™ are the
unstable and stable invariant subspaces of the hyperbolic equilibrium x =0 of (2.1),
respectively. Moreover, there exist positive constants M, v1 and 2 such that

Eq(vi,t

lete)] <b T2 olta)]. ¢ 020, ato) € Sy
o (3.13)
Ea(’y%t)

)| <M =220 zto)ll, t<to<O0, x(to) € Up.

leoll <M= 2D atel. o< to <0, atto) < U

Remark 3.1. The hyperbolic equilibrium z = 0 of ODE & = A(¢)z is also the
hyperbolic equilibrium of CEFDE (2.1). In fact, by Definition 2.1, one can verify

T(0) = tlgr(l)T x(t) = }gr(l) At)x(t) = }gr(l) x(t) = ©(0),
which implies the assertion.

Proof of Theorem 3.1. Assume A\, N;, 3; (i = 1,2) are all given in (3.1) and
(3.2) respectively, and the function (o) (o > 0) is given in (E1). Take ¢ satisfy

N N: 1 N N:
(- + 2)C0) < 50 N < (Bt A= ANINC@) (G + 22). (3.14)
b P 2 pi - P
Choose zq satisfy ||zg]] < 0/2N; for zp € R™, and define L(Pxg,d) is a set of
functions x € C([to, +00),R™), where ||z||oc := sup |z(t)]] < § and ¢y > 0.
to<t<+oo

L(Pzxg,0) is a closed bounded subset consisting of the Banach space of all bounded

continuous functions mapping [tg, +00) to R™ with the uniform topology. For any
x € L(Pxo,0), define

(J2)(t) =X (t)PX " (to)zo + X ()PL X (1) f(t, x(t))

o (3.15)
+ X()(I — P)ZS X2 f(t, x(t), > to.
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It is easy to know that Jx is well defined and continuous for ¢ > ;. From (3.2),
(3.14) and (E2), we calculate that

(TO £ MEL D g+ F T B 510 1,20)
7o Il
—NyEo(B2,t)T. +oo Eo(Ba, 1)
Ea(ﬂlvt ) Nl
< Mg -+ c0) (5 + 52) el
< Milleol +¢0)( 3 + 32)9
o 4
<373
= 5,

thus ||Jz||e < 0 and J : L(Pxg, ) = L(Pxo,J).
Analogously to the computation above, we obtain

T2)® - (O < 65+ 52l =l < 5la = vlls 1210

which implies that J is a contraction mapping in L£(Pxg,d). In fact, there is a
unique fixed point z.(t, Pzg) € L(Pxo,J) satisfying (3.4). Note that the func-
tion . (¢, Pxo) is continuous with respect to Pz and z.(¢,0) = 0. Let z.(¢) :=
2. (t, Pxo) and &, (t) := z.(¢t, PZp), it follows from (3.4), (3.1) and (E3) that

5 Eo (X to) A
I (®) = 2.0l < K g5 I1Po = Paol
N1¢(9) )
+Ea(51,t) to Eo (81, t)||24(t) — 24 (2)]]

[+ (t) = 2. (@)

N2 O) Ea (P2 )T g

t > 1.

By Lemma 3.2, we acquire

Eqo(7,to)

(t, Pxgy) — 2. (t, Pio)|| < 2K
I+ (+ Pro) — .(t, Péo)| < 2K = o,

||f).’1?()—135f'}0||7 t2t07 (316)

N1B182
N1fo + Noffy’
verify that the first expression of the estimate (3.13) is true. Proceeding analogously
No B2

N1B2 + Nofy

Set Bs/an, is the open ball in R™ centered at the origin with radius §/2Ny, and
take Sy_, = {x : & = x.(to, Pxo),x0 € Bsjan, NR™}. Let h(Pxo) := x4 (to, Pxo)
for zo € B on, MR™, we observe that h is a continuous mapping from By /o n, N(PR™)
to Sy_,, then

where y1 = A — Combining the fact z.(¢,0) = 0 and (3.16), one can

0 (3.16), the second estimate in (3.13) is also true, when v2 = A —

h(Pzo) = Pzo + X (to)(I — P)I$ o X " (o) f(to, 4 (to, Pxo)).
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Given xg, &g € Bs/an, NR™, we employ (3.2), (3.14), (3.16) and (E2) to obtain

|A(Pro) — h(P20)|| > [[Pao — Paol) + NaC(8)Ea (o, to) ¢, 17x(0) — -(to)]

Eo(B2,t0)
) W 2NINC(6
ey
2N, NoC (6
> (1 2520 o, pa]
B2 +m
1 A
Z §||Px0 — Pa’,‘OH7

yielding h is a bijective. And since h~! = P is continuous, A is a homeomorphism.
Hence, S*_, is homeomorphic to the (n — k)-D open unit ball in R"=*. If S*
is not a positively invariant set, then we expand S};_, into the positively invariant
Sn—k, by absorbing all the positive orbits of the solutions starting from S, . From
the uniqueness of the solutions, S, _j is also homeomorphic to the open unit ball
in R"~*. In other words, the case |[Pz| < §/2N; for all z € S,,_j implies S,y =
S¥ .. It follows from (3.15), (3.16), (E2) and the fact x.(¢,0) = 0 that

1/ (f0, 2« (to, Pxo))|

|(I = P)x.(to, Pxo)|| < —NoEo(B2,t0)I

Ea(ﬂ%t())

(to, P
<~ t0) 8 U5 LTI o (1, P
< —NyEo (o to)ze, NPT oy

" Ea(Basto)

2N N-
2 C(2N1 | Pxo])) || Pzo] -

<

Since || Pxo|| — 0 as ||zo|| — 0, we get ||(I — P)z.(to, Pxo)||/||Pxol| — 0 as ||xg]] — 0
in S;,_x. Consequently S,,_ is tangent to PR™ at zero. Similarly, one can construct
the set Uy via (3.5), and complete the proof of Theorem 3.1. O

4. Roughness of dichotomy

Our focus of this section is the roughness of the conformable exponential dichotomy.
That is the preservation of dichotomy for hyperbolic linear systems undergoing
small linear perturbation. Consider the perturbed equation of linear CFDE (2.1)
as follows

T =[A(t)+ B(t)y, (t,y) e R™, (4.1)

where matrix functions A € C(R,R"*™) and B € Cy(R,R"*™). The following is
one of our main results of this paper.

Theorem 4.1. Assume that X(t) is a fundamental matriz of (2.1) such that

X(0) = I, and equation (2.1) possesses a conformable exponential dichotomy, i.e.,

estimates (3.2) hold in Ry. If e := sup||B(t)| is sufficiently small, then perturbed
>0

equation (4.1) also possesses a conformable exponential dichotomy in R, .
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Proof. We divide the proof of Theorem 4.1 into the following three steps.

Step 1. Finding bounded solutions of equation (4.1). Let matrix function Y €
Cp (R, R™ ™) equipped with norm

[Y[loo := sup [[Y (#)]]-
t>0

Define mapping L : Cp(R4,R"*™) — Cp(Ry, R™*"™) as
LY (t) = X(t)P + X(t)PIg X () B)Y (t) + X (t)(I — P)I$ X () B(H)Y (t).
It follows from (3.2) that

M eNi Yoo 7q B zo eNV2[Y]loo
e N N R ) e Rl SR N A

Observing that LY (t) is bounded and continuous for ¢t > 0, we obtain

N-
LY oo < N+ 25+ 321 e
Given another Y € Cy (R4, R™*™), analogously we get

A N
HWFHM§4F+—W’Hu

This yields that the mapping L has a unique Y; € Cp(R,R™*™) such that
(

Yi(t) =X()P + X (1) PTg X~ () BOYi (¢)

) (12)
+X()(I = P)IS X H(t)B(t)Ya (1),
if
N N.
0:=¢ (,6’711 + Bﬁj) < 1.

Obviously, Y7 (¢) is also a matrix solution of (4.1) and differentiable. Post-projecting
P on both hands sides of (4.2), we also know that Y3 (¢)P is the unique fixed point
of L, and Y1 (t)P = Y1 (¢).

Step 2. Constructing projection matrix. Let @ := Y7(0), then QP = Q. Combin-
ing (4.2) with the property P(I — P) = 0, and replacing ¢ with s, we attain

XHPX(s)Yi(s) = X(t)P + X(t)PZSX ' (s)B(s)Yi(s). (4.3)
It follows from (4.2) and (4.3) that

Yi(t) =X ()PX ()Y (s) + X () PTOX () B()Y: (1)

- (4.4)
+ XA - P)IS X () BM)Yi(t), t>s>0.

Noting (4.3) with t = s = 0, we gain PQ = P. Post-projecting @2 on both hands
sides of (4.2) again, we acquire

Yi(0Q = X(O)P + X()PIEX(1)BOYVI()Q
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+X(1)(I = P)IS X () B (1)Q,
implying Y7 (¢)Q is also a fixed point of L. In conclusion,
Yi(H)Q = Y1(t) = Ya(t)P.

Obviously, @ is a projection when ¢t = 0.
Provided Y (t) is a fundamental matrix of (4.1) fulfilling Y (0) = I, we derive

Yilt) = Y()Q. (4.5)
Set
Yalt) = Y(8)(I - Q). (4.6)

then Y (t) = Y1(t) + Y2(¢). Relying on the variation of constants formula (2.8), we
calculate that

Ya(t) = X(H)X 7 (0)Y2(0) + X (¢ )IS‘X H(H)B(1)Ya()
XY (0)(I - Q) + X()I§ X (1) B()Ya(t)

X - Q)+ X(H)Ig X~ () (t)Ya(t). (4.7)

Combining (4.7) with the fact (I — P)({ — Q) = I — @, and replacing ¢ with s, we
acquire

X(#)(I = P)X ™ (s)Ya(s)
=X(t)(I - Q) + X (t)(I — P)I$X ' (s)B(s)Ya(s). (4.8)

Subsequently, by (4.7) and (4.8), we receive

Ya(t) = X(t)(I - P)X (s )Yz( )+ X (H)I5 X H(t)B(t)Ya(t)
—X(t)(I — P)I5 X' (5)B(5)Ya(s)
= X(t)(I — P)X~'(s)Ya(s) + X (t)PZg X ' (t) B(t)Ya(t)
+X()(I = PYIg X1 () B(t)Ya(t) — X (t)(I — P)Z§ X~ (s)B(s)Ya(s)
= X(O)(I - P)X (s )Yz( )+ X(t)PZg X (1) B(t)Ya(t)
+X(t)(I = P)ICX L) B(t)Ya(t), s>t>0. (4.9)
From (4.4) and (4.9) it follows that for any vector &,
(ﬁla ) 6]V'l o
[Yi@t)éll < N Fu(Brd) Y1 (s)¢ll + EalB) T8 Ea (B, ) Y1 (D8]
~eN2Eo (B2, t) iooEyl(;)f) L t>s5>0,
and
Ea(ﬁ 7t) eN o
[Y2(0)¢]l < N2 Ea(ﬂj’s)lliﬁ(S)SH + Ea(ﬁllyt) |28 Ea (81, 1) Y2(t)¢]
—€N2 (ﬁg, ) }/2(75)5 >t>0.

B0l 7
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Thus, by Lemma 3.2 and Corollary 3.1, we can know

Ea(A1,8)
< > >
M0l < K g g el 2520
a\N\2;
< >t >
IY(0€] < Ko g S5 Ia()e]l 52020,
here K Ni g (N Ny
where 1_1—0 1_9an _8(761—'—752) ori=1,

Step 3. Estimation of fundamental solutions. To prove from (4.10) that the per-
turbed equation (4.1) also possesses a conformable exponential dichotomy, we only
need to exhibit that Y (#)QY ~1(¢) is bounded. From the facts (I — P)P = 0,
(I—P)(I—-P)=1—-P and (4.2) it follows that

X(O)(I - P)X " (O)Yi(t) = X(8)(I - P)IS X~ () BOY;(2).

y (4.10), for any vector £, we calculate that

IX(6)(I — )X (O)Yi(1)E]| < —eNaEo(Ba,t) ‘L':O"|EY1(/(82)7£”)
KN,
—Ea(A + B2, 1) V3 <t>s||zzmm
EKlNQ
S N+ B 1Y1(£)]- (4.11)

Analogously, pre-multiplying X (¢)PX ~1(t) on both hands sides of (4.7), by the
property P(I — Q) = 0, we obtain

XOPX T OYa(t) = X(OPTE X ()BO)Ya(0).
It follows from (4.10) that for any vector &,

ENl

— |7
Ea(ﬁh t)
€K2N1

Ea(>\2 + ﬂla t)

€K2N1
m”ﬁ(ﬂf”- (4.12)

Substituting (4.5) and (4.6) into (4.11) and (4.12) respectively, and replacing & by
Y ~1(t)€, we acquire

X6 = PYX Va0l < X = P)XTH )Y ()QY ()]

€K1N2 _1
< S IV Qy el (4.13)

IN

IX(t)PX T (t)Ya ()¢ Eo(B1,t)Ya(t)€

Y2 ()€1 25 Ea (X2 + 1, t)

and

IX(OPXTH0)Ya(t)e]l < [XO)PXTHHY () - Q)Y (1)l

< TEHVOU-QY e ()
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On the other hand, it is evident to derive that

Y(#)QYHt) - X()PX ()= X)[P+ (I - P))X 1 )Y(H)QY (1)

Combining (4.13) and (4.14) with (4.15), we can obtain

K1 N- eKoN-
YHQY (1) — X(HPX~1(1)] < 2122 2
IYOQY 1 6) = XOPX )] < £+ 52k
where p1(t) :== |[Y(H)QY (%), u2(t) := |[Y(t)(I — Q)Y ~1(t)||. For convenience,
take N := max{N7, N2} and § := min{S;, B2} such that § < 0 := 2eN/3, and it
yields

_ KN, eKyNy _
— Y(HQY Lt <(8 + >+XtPX1t
i = IYOQY 0] < (50 + T2 ) + X (0PX 1)
€K1N2 €K2N1
<( )+ N
- )\14‘52”1 )\24‘51”2 !
<y + p2) + N, (4.16)
heren = — " 1t is obvious that
where 17 = m 1S Obv1ious a

Y(HQYTH(t) - X(HPXTH(t) = X()(I = P)X (1) — Y ()(I - Q)Y (1),

then

2 < (SKlNQ SKQNl

Ny, < N. 4.1
/\1+ﬁ2’u1 /\2+ﬁ1'u2>+ 2 <n(p1 + p2) + (4.17)

By adding the inequality (4.16) and (4.17), we attain

< .
M1+ po < -2y

If n < 1/2, then

< N < :
pias prz < nlpa + p2) + N < =21

Substituting (4.5) and (4.6) into (4.10), and replacing & by Y ~1(s)¢, we gain

1Y (QY(s)e]| < K, Zalh:9)

EgiﬁﬂY@my*wﬁn
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1Y ()T — QY (s)e]| < K Ehgj%nwal—Qﬂ“%ﬂﬂ
= 1K_2]2Vng 82 ))”5” 52120

For the arbitrariness of vector £, we obtain the conformable exponential dichotomy
as follows

_ KiN E.(\,s)
Y()QY —_ t>s>0
|| ()Q (S)H— 172T’E (Al, )’ Zs5=2Y,
KoN E, (Ao, t)
Y(#)(I - — = >t>0
YOI =Y )l < 1= 31 Fahs)
Therefore, Theorem 4.1 is proved completely. O

Finally, we present the concrete constants of estimates in Theorem 4.1. Like
the condition N = max{Ny, No} and 8 = min{8;, f2} such that § < 9 = 2eN/p
eN? N
26 — 55N 10N — 5
elementary calculation, we can obtain the following brief statement.

holds, let N > 1 and 6 < 2/5N such that 5 = . Thus, by

Corollary 4.1. Suppose that equation (2.1) possesses the conformable exponential
dichotomy (3.2) in Ry. If

B
€:= sup |B < ,
s IBOI < 55

then perturbed equation (4.1) also possesses the following conformable exponential
dichotomy:

< 25N2 E, (B — 3N, s)

e e T
25N? E, (B — 3¢eN,
Y- @y o) < BRI sz,

where Y (t) is a fundamental matriz of (4.1) such that Y (0) = I, and both projection
matrices Q and P have the same rank. Moreover,

() < N
~ 28 —5eN — 2eN?’

1Y (H)QY ~1(t) — X (t)PX t>0.

5. Nonuniform dichotomy

This section is a continuation of studies for the conformable exponential dichotomy.
More precisely, we concern nonuniform conformable exponential dichotomy. Let
B(Z) consist of all bounded linear operators in Banach space Z. Consider nonau-
tonomous linear CFDE on Z

T = A(t)z, (t,z) € Jx Z, (5.1)
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where linear operator A € C(J,B(Z)) for some interval J C R and B(Z) is also a
Banach space with the norm ||A|| ;= sup ||Az| for all A € B(Z). Let T(t, s) be
1

zeZ,||z||=
a family of evolution operators satisfying x(t) = T'(¢, s)x(s) for t > s and t,s € J,
where x(t) is any solution of (5.1). T'(¢, s) further satisfies:
(F1) T(t,t) =Id (abbreviation of identity) for t € J;
(F2) T(t,s)T(s,7)=T(t,7) for t,s,7 € J;
(F3) the evolution operator T'(t, s) is invertible and T—1(¢,s) = T(s,t) for t,s € J.
First, we introduce the notions of nonuniform asymptotical stability and nonuni-

form conformable exponential dichotomy.

Definition 5.1. Equation (5.1) is said to be nonuniform asymptotically stable in
J if there exist constants IV, 3 > 0 and ¢ > 0 such that

~E.(B
IT(t, )| < NMEQ(G, s]), t>s, t,se.l (5.2)

T Ea(B1)

In particular, (5.1) is uniformly asymptotically stable like (3.1) if (5.2) hold with
e=0.

Definition 5.2. Equation (5.1) is said to admit a nonuniform conformable expo-
nential dichotomy in J if there exist projections P : J — B(Z) such that

T(t,s)P(s) = P(t)T(t,s), t>s, t,s€J, (5.3)

and constants N, 3; > 0 (¢ =1,2) and € > 0 such that for ¢,s € J,

S S AliEa(Bl’S) €, |S S
IT(t,s)P(s)]| < N. Ea(Bl,t)E"( D), t=>s, o
; EOL(BQat) .
,8)(Id — P(s S No——=—— L6, |S8]), s =T.
IT(t,s)(Id = P(s))[| < IV; EQ(BQ’S)E( Isl), s>t

In particular, (5.1) admits a uniform conformable exponential dichotomy like (3.2)
if (5.4) hold with ¢ = 0.

All results in this section are presented in R, and denote

t
Taf(t,-) = / T f (L, T)dT
Consider the linear perturbation of (5.1) as follows
T =[A(t) + B(t)]z, (t,z) e Ry x Z, (5.5)

where linear operators A € C(Ry,B(Z)) and B € Cy(R4,B(Z)). The following
theorem gives out the roughness of nonuniform asymptotical stability.

Theorem 5.1. Assume that equation (5.1) admits nonuniform asymptotical stabil-
ity in Ry, and there exists constant 6 such that ||B(t)|| < §/Eq(e,t) fort € Ry. If
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0 .= 5N/B < 1, then equation (5.5) also admits nonuniform asymptotical stability
in Ry, that s,

E,
Ut 8)|| < Eé——h%@ﬁx t>s, tseR,, (5.6)

1—0 Eq(v,t)

where v = 3 — and U(t, s) denotes the evolution operator associated to (5.5).

1-46
Proof. Consider the space
W :={U(t,s)i>s € B(Z) : U is continuous and ||Ul|o < oo, (¢,s) € R%},

equipped with a-weighted norm

NU|le := SUp{M it >s,(t,s) ER%F}. (5.7)

It is easy to verify that W is a Banach space. In W define an operator J by
It follows from (5.2) that

HITE ) < 1T + T MBI
“ o 4 SNV laEale.s)
)" Fa(B1)

< NEa(e,s) + ?|\U||aEa<e7s>.

IOEo (B, t)

And by (5.7) we obtain

|TUla <N

< o0,
which yields that the operator J : W — W is well defined. Analogously to the
computation above, we have

SN
|TUL — TUs|lo <

_UQHOM UlvUQEW

which implies that J is a contraction since § < B /N . So there exists a unique
U € W satisfying JU = U, and one can verify that it is a solution of (5.5). We
apply Lemma 3.2 with condition 6 := §N /3 < 1 to the estimation of ||U (¢, s)||. And
inequality (5.6) is true. O

Subsequently, our purpose is to establish roughness of nonuniform conformable
exponential dichotomy in R;. A preliminary theorem and the main theorem of
roughness are both stated as follows.

Theorem 5.2. Assume that equation (5.1) admits a nonuniform conformable ex-
ponential dichotomy (5.4) in Ry, and there exists constant § such that ||B(t)| <
d/Eq(e,t) fort € Ry. If

0:=46 <]Y1 ]Y2> <1, €< min{@l,ﬁg}, (5.8)
B Be
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then there exist projections P : R, — B(Z) such that

T(t,s)P(s) = P(t)T'(t,s), t>s, tsecRy, (5.9)
and constants K;, \; >0 (i =1,2) and € > 0 such that
- > Ea A )
|T@ﬁMmH$|§Ku§&12Eﬁgﬁ,tZSZQ
a\N1,
(5.10)
. A E.(\o,t
17(t, s)[Im(Id — P(s))[| < mMEa(e,s), s>t>0,
N; . 0N A ‘ ‘
where K; = T—¢ A= B — T 0 (i =1,2), and T(t,s) is the evolution operator

associated to equation (5.5).

Theorem 5.3. Assume that equation (5.1) admits a nonuniform conformable expo-
nential dichotomy (5.4) in Ry under condition (5.8). If & is sufficiently small such
that | B(t)|| < 0/Es(2¢,t) fort € Ry, then equation (5.5) also admits a nonuniform
conformable exponential dichotomy in R .

Proof of Theorem 5.2. We divide the proof into the following several steps.
Step 1. Construction of bounded solutions for (5.5). Recall space W in Theorem
5.1, then the following lemma gives out the existence of bounded solution.

Lemma 5.1. For each t,s € Ry, equation (5.5) has a unique solution U € W such
that
U(t,s) =T(t,s)P(s) + IT(t, ) P()B()U(:, )

£ T2 )1~ PO)BOU(Ls), 1> s.
Proof. Clearly, if the function U(¢, s):>, satisfies (5.11), then it is a solution of
(5.5). We must demonstrate that the operator L defined by

(LU)(t, s) = T(t,8)P(s) + IST(L, ) P()B()U (- s)
+IiooT(ta)(Idip())B()U(vs)v t > S,

(5.11)

has a unique fixed point in W. It follows from (5.4) that
I(LU) (& s)| < ([T, s)P(s)]| + ZST () POIIBONUE, )
3ol T, ) Ad = PC)IBOINTC )l
- E. (B, N, N
< leEa(e,s)Jr(s L4 22 ) U |laEal(e, s).
Eo(B1,1) B B
Combining (5.7) with (5.8), we obtain

|LU||lo < Ny 4 0||U]l < o0,

this implies that the operator L : W — W is well defined. Analogously to the
computation above, we have

|LUy — LUs || < 0||U1 — Uslla, Ui, Uz e W,

which shows that L is a contraction since § < 1. Then there exists a unique U € W
such that LU = U. Therefore, Lemma 5.1 is proved. O
Now we explain that the bounded solutions exhibit the following property.
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Lemma 5.2. For eacht > 7> s in Ry,
U(t,7)U(7,s) =Ul(t, s).
Proof. From (5.11) and (5.3), for some 7 € R4 we can calculate that

U(t,m)U(r,s) = T(t,s)P(s) + ZT(t,7)P(T)B(T)U(T,s)
+I2T(t, - )P()BC)U(, )U(7, )
+1¢. . T(t,-)(Id = P(-)B(-)U(-,7)U(T,s), t>T72>s.

Let H(t,7) :=U(t,7)U(1,s) —U(t,s) for t > 7 > s, this yields
H(t,7) = TT(t, )P() B H () + T2, Tt ) (1d — P()B(H(-,s). (5.12)
Define operator K as
(KH)(t,7) = Z2T(t,)P()B(VH(-,8) + I¢T(t,-)(1d — P(-))B()H(-, ),
for any H € W and t > 7. It follows from the identity above and (5.4) that

I < ZHTEAPONBONIEC I
—IL T, ) (Ad = PC)IIBOIIH, s)

5<]Y +ZY>|H||O¢EQ(€,5).
B Jit

1 2

IA

By (5.7), we have
ICH o < 01 H o < oo,

then £ : W — W is well defined for ¢ > 7. Similarly to the calculation above, we
attain

|KH, — KHs||o < 0||Hy — Hyllo, Hi,Hs e W.

Because of hypothesis (5.8), K is a contraction. Thus, there is a unique Hew
such that KH = H. On the other hand, we know that 0 € W satisfies (5.12) and
KO0 = 0. By Lemma 5.1, we assert H = H=0fort>7>sin R,. Therefore,
Lemma 5.2 is proved. O
Step 2. Establishment of projections P(t) in (5.9). Given constant » € R, for any
t > in Ry, we consider the following linear operator

P(t) :=T(t,)U(e,0)T(1,1t), (5.13)

where T(t,s) is the evolution operator associated to (5.5). Clearly, the operator
P(t) may depend on ¢, and U(t,:)U(¢,t) = U(t,¢) by Lemma 5.2. The following
lemma illustrates the commutativity of projections P(t) as formula (5.9).

Lemma 5.3. For any t € Ry, the operator P(t) is a projection satisfying (5.9).
Proof. By the details above and (F1)-(F2), we derive

PWYP(t) =T(t,)U (e, )T (e, )T (t,)U (e, )T (1, 1)
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= T(t,)U (1, )U(,)T(1,1)
= P(t),
then P(t) is a projection. Furthermore, for ¢ > s we can calculate that

T(t,s)P(s) = T(t, )T (s, )U(, )T (1, )T (t, s) = P(t)T'(t, s).
This completes the proof of Lemma 5.3. O

Step 3. Characterization of bounded solutions. The following two lemmas propose
the nonuniform projection integral equation and its property respectively.

Lemma 5.4. For some s € Ry, if z € Cy([s,+), Z) is a solution of (5.5) with
2(8) = zs, then

2(t) = T(t,s)P(s)zs + T (¢, ) P()B()2() + ZET (¢ -)(Id = P()B(-)z(:)-

The proof of this lemma is similar to the method of Lemma 3.1 when € <
min{f, B2} holds.
Lemma 5.5. For some s € Ry, if the function P(:)T(-,s) € Cy([s,+00), B(Z)),
then

P(t)T(t,s) =T(t,8)P(s)P(s) + IT(t, ) P()B()P()T (- 5)

) . (5.14)

+I¢T(t, ) Id = P())B()P()T(: s).
Proof. For a given ¢ € Ry, it follows from Lemma 5.1 that the function U (t,¢)¢
is a solution of (5.5) with initial value U(¢, )€ for any £ € Z and t > ¢. By (5.13)

and (5.9), we gain U(t,¢) = T(t,¢)U(¢,¢), and

(t> 5) =

:>
=

Thus, the equation (5.5) has solution in the form of U(t, )¢ as follows
2(t) = PMT(t,5) = U(t,)T(1,8)¢, €€ Z.
Observing that the above solution is bounded for ¢ > s, and
2(s) = U(s,)T(1, )¢ = P(s)T (s, 8)€ = P(s)¢,

we employ Lemma 5.4 to complete the proof of Lemma 5.5. O

The following Lemma is the projected integral inequality in the case of nonuni-
form conformable exponential dichotomy, and the method of its proof can be referred
to the Lemma 3.2 and Corollary 3.1.

Lemma 5.6. Given s € Ry.. Assume that the functions u € Cy([s, +0),R;) and
v € Cyp([0, s8], Ry) respectively satisfy the following inequalities

; E(X(13175) 5N1 o A
) <Ny =222 B (e s)ug + —————T0 Eo(Br, tu(t
MO G O gy e
— 6N2Ea(32,t)ziooﬂ t>s>0,

Ea (827 t) ,
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v(t) SNQMEQ(QS)US _
Eo(B2,5) E,(B1,t) (5.16)

— (5N2Ea(82,t).’[?&, s>t > 0,

where ug := u(s) and vs = v(s). If

9;:5(];11+Jg2)<1,

then there exist positive constants K; and A\;(i = 1,2) such that

Ea(>\1, S)

< Ki———F, : > s>
u(t) < 1Eo¢(>\17t) (6, 8)us, t>s52>0,
E,(X2,t)
t) < Ko—%FE,(¢, 8)vs, >t=>0,
v(t) < QEQ(/\Q,S) (e, 5)v s 0
here Ko — N n = - N
where Ki = —, z—ﬂwl_a-

Step 4. Norm bounds of evolution operator. We verify that the norms of the
operators T'(t, s)|ImP(s) and T'(¢, s)|Im(Id — P(s)) are bounded.

Lemma 5.7. For any t > s in Ry, the first inequality in (5.10) holds.

Proof. Given £ € Z, and for t > s > 0, assume that
u(t) = | P(O)T(t, s)|l,

then u, = ||P(s)¢]|. By Lemma 5.5, we know that u(t) is bounded and satisfies
(5.15). Tt follows from Lemma 5.6 that

E ()\1, S)

IP@)T(t, s)¢ < SR

Ea(e,s)|IP(s)Ell, ¢t 2520,

where K; and A; are given in Lemma 5.6. Again by Lemma 5.3, we gain
P)T(t,s) = T(t,s)P(s) = T(t, s)P(s)P(s).
Taking p := 15(5)5, it yields that

Ea(/\l,s)
—F >s>0.
Ea()\lat) Q(E?S)HIJ’H7 t_ 8_0

|1T(t, 5) P(s)pll < K
Therefore, we can obtain the desired inequality. O
Lemma 5.8. For any s >t in Ry, the second inequality in (5.10) holds.

Proof. By analogy with Lemma 5.5, we need to attain an equation for (Id —

P(t))T(t, s) via Lemma 5.3. Actually, from the variation of constants formula (2.8),
we have

T(t,s) = T(t,s) +ZOT(t,)B()T(-, ).
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Let function w(t) := T'(t,¢)(Id — P(1)) for some ¢ € Ry, then
w(t) = T(t,0)(1d = P()) + ZXT(t,-) B(-)w(). (5.17)
From (5.11) and (5.13) with t = s = ¢, we calculate that
P() =U(,1) = P(1) + I3 T (1, )(Id = P(-)) BO)U (-5 0).

Pre-projecting P(1) on both hands sides of the above identity, we acquire P(1)P(1) =
P(¢), and

A A~

(Id — P(¢))(Id — P(¢)) = 1d — P(v). (5.18)
Combining (5.17) with (5.18), and replacing ¢ with s, we derive

T(t,s)(Id - P(s))w(s) = T(t,0)(Id - P(1))(1d — P(1))
+I7T(t, s)(1d — P(s)) B(s)w(s)
= T(t,1)(1d = P()) + ZT(t, s)(Id — P(s)) B(s)w(s).

It follows from (5.17) and the identity above that

w(t) = T(t,s)(Id = P(s))w(s) + L'T(t, ) B()w(")
—I'T(t,s)(Id — P(s))B(s)w(s)

T(t,s)(Id = P(s)w(s) + Z)T(t, ) P()B(-)w()

+Z8T(t, ) (Id — P(-))B(-)w(). (5.19)

On the other hand, by Lemma 5.3, we attain

\//\

(1d — P(t)T(t, s) = T(t, s)(1d — P(s)). (5.20)

Recalling the function w(r), we get w(T)T(1,s) = (Id — P(7))T(r,s). Post-mul-
tiplying T'(¢, s) on both hands sides of (5.19), this implies

(Id — P(t))T(t, s) =T(t,s)(Id — P(s))(Id — P(s))
+I0T (¢, )P()B()(Id — P()T(-, ) (5.21)

+IT(t,)(Id — P()B()(Id = P()T(, s).

Fixed ¢ € Z, we consider v(t) := || T(t,s)(Id — P(s))¢| for s > ¢t > 0 and v, =

|(Id — P(s))¢||. According to (5.19) and (5.20), it is well known that the function

v(t) satisfies the inequality (5.16). Employing Lemma 5.6 and the similar proof to

Lemma 5.7, we easily acquire desired inequality and complete the proof. O
In conclusion, Lemmas 5.3, 5.7 and 5.8 all derive Theorem 5.2 together. O
The following Lemma will help to prove Theorem 5.3.

Lemma 5.9. For any t € Ry, if constant § described as in Theorem 5.3 is small
enough, then

|P(t)]| <ANEL(e,t), |Id— P(t)|| < ANE,(e, t). (5.22)
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Proof. Replacing s by ¢t and pre-multiplying (Id — P(¢)) on both hands sides of
(5.14), we have

(Id — P(t))P(t) = I¢ T(t,-)(Id — P(-)) B(-)P(-)T (- 1). (5.23)
It follows from Lemmas 5.7 and 5.3 that for 7 > ¢ > 0,

Eqo(A,t)

IP()T ()|l = |7 (r, ) P() P(t)]| < K o

Ea(e.t)|P@)].  (5.24)

By (5.23) and (5.4) we calculate that

I(1d = P())P(t)]| < ~T2J|T(t,)(1d — P()IBOIPCDC )]
SK1 Ny
Eo(By + A1 + 6,1

12, (5.25)

< —Eo(Bo+ M + e, )| PO)Z%

SK 1N,
T Bt Ah—e
where constant € was chosen as satisfying € < min{/ﬁ’l7 Bg} in order to guarantee the

above denominator 32 + A1 — € > 0. Analogously to (5.23), replacing ¢t with s and
pre-multiplying P(¢) on both hands sides of (5.21), we attain

P(t)(1d = P(t)) = Z2T(t,-) P(-) B(-)(1d = P(-))T(-,t). (5.26)
Using Lemma 5.8, for t > 7 > 0 this implies

EQ(AQ,T)

1(1d — P(r)T(r,t)|| < g 0ot

Ea(e,t)|[1d = P(1)]. (5.27)

From (5.26) and (5.4) one can compute that
1P®)Ad — PO) < ZXIT(E)PONIBOIIA = PO)T( 1)

SKoN R R
< ———2 b |[ld— Pt)|IZOEa(B1 + A2 — €, 1)
Ea(/Bl + Ao — E,t)
SKyN .
<221 jd- P, (5.28)
b1+ Ay —€

where the chosen constant € < min{ﬁAl, Bg} similarly. Obviously,
P(t) — P(t) = (Id — P(t))P(t) — P(t)(1d — P(t)).

Taking N := maX{Nl, N2} and 3 := min{Bl,Bg} and combining (5.25) with (5.28),
we gain

1B(t) - P(t)]| < jﬁﬁnﬁ(wn + B;Sffl—e”ld — P
< a(IB(0)] + 1d — P(0)]). (5.29)

where A
SN2
262 —56NB — (3 — 26N

iy
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Moreover, by (5.4) with ¢t = s, it is easy to obtain that
PO < NEa(e,t), Q)] < NEa(e,t).
From (5.29), this yields

IPOI < 1P@) = P@)I+ PO

<
<A@ + 1d = P(8)]) + NEq(e, ).

Since ||(Id — P(t)) — (Id — P(2))| = || P(t) — P(t)]|, we also derive

10d = PE) < [1P() = P@)] + [1d = P()]

<
< (|P@)]| + |1d = P()]]) + N Ea(e, ).

They together imply that
1P@)] + [[1d = P)[| < 2012 + [[1d = PE)[]) + 2N Ea (e, ),

and

INE,(e,t)

1P+ i~ P < =575

Choose 77 < 1/4, then
1P + 11 — P(8)|| < ANEa(e, ),

yielding Lemma 5.9. O
Finally, we end this paper with the proof of roughness for nonuniform con-
formable exponential dichotomy.

Proof of Theorem 5.3. From (5.24) and (5.22), we show that

L NB  E.,(\t
IP(D)T (T )] < - _Lal )Ea(ea OIIP@I
B — 20N Eq (A, 7)
co <
AN BA E“(f\’t) Eo(26,t), T7>1t>0,
B — 26N E (A, 7)
< . ONB ,
where A = (3 — m Analogously, it follows from (5.27) and (5.22) that

)T AN?5 Ea (A7)
104 =PENTE O < 7= 55% B Gon

Eu(2¢,t), t>712>0.

Therefore, we can acquire the desired inequalities like (5.4), and the proof is com-
pleted. O
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