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ASYMPTOTICS OF THE OPTIMAL VALUE OF
SAA WITH AMIS ON MINIMAX STOCHASTIC
PROGRAMS

Wenjin Zhang®'

Abstract The minimax stochastic programming problem is approximated
in this paper using the sample average approximation with adaptive multiple
importance sampling. We discuss the asymptotics and convergence of its op-
timal value. The core is the research and utilization of martingale difference
sequences. The functional central limit theorem for martingale difference se-
quences is one of the main tools in studying the asymptotics. Finally, we apply
this result to discuss a risk averse optimization problem.

Keywords Adaptive multiple importance sampling, minimax stochastic pro-
gramming, martingale difference sequence, central limit theorem.

MSC(2010) 90C15, 90CAT.

1. Introduction

Studying the optimal values and optimal solutions of optimization problems is often
of great significance in real life, see [8,9,19]. In this paper, we consider a minimax
stochastic programming problem:

minmax { f(z,y) = Blg(z,y, ()1}, (1.1)
where 6 : Q — O C R" is a random variable on (,.#,P)and g: X x Y x O - R
with X C R™ and Y C R".

The computation of the expectation is often complex and the true distribution is
difficult to obtain directly. A common method for solving such problems is sample
average approximation (SAA). Under the assumption that the samples are inde-
pendent and identically distributed (iid), we approximate the problem (1.1) by the
SAA method, which is specifically expressed as follows:

1 n
' - 0,) ", 1.2
min ma { - ;g(w, Y, )} (1.2)

where 61, ..., 0,, are iid samples of §(w). Asymptotics of the optimal values between
problems (1.1) and (1.2) have been studied by Shapiro, see [16].

In recent years, the SAA method with adaptive multiple importance sampling
(AMIS) has received extensive attention, see [2—4,10-12,15]. This method doesn’t
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require the samples to be iid. The goal of this paper is to study the asymptotics
between the optimal value obtained by this approximation method and the optimal
value of the problem (1.1).

To simplify notation, we use 8 to represent either a random or a deterministic
vector, depending on the context. Denote F(z,y,0) = g(z,y,0)¢(0), where ¢(9)
represents the probability density function of . Thus, we can rewrite the problem
(1.1) in the following form:

min max {f(x, y) = /@ F(z,y, 9)d9} . (1.3)

reX yey

The following settings (i)-(iii) are used throughout this paper.
(i) {0:}52, is a sequence of random vectors on (Q,.%#, P), where 6; :  — R" is
Z -measurable.
(ii) {%4:}52, is the natural filtration sequence corresponding to the above sequence.
That is, the information of 6y, ...,6; is contained in ¥;, where 4 = {0,Q} and
E[01] = E[6: | %)
(iii) For a given %;_1 (i € N), the conditional distribution of 6; has a density v
whose support is ©; C R".

For a given ¥;_1, we choose an appropriate density ; and then draw a sample
0; from it. In this way, we get ¥;. Repeating the above steps, we obtain the next
sample 6;,1. Clearly, 6; can depend on the previous samples 61,...,6;,_1. To put it
succinctly, the sampling is dynamic and adaptive.

The SAA with AMIS problem associated with the problem (1.3) is as follows:

minmax{fn(x,y) = 1ZW} . (1.4)

reX yey n =1 1#,(9»

It’s worth noting that if F(z,y,0) = g(z,y,0)d(z,y,0) with a probability density
function ¢(z,y,0), then (1.4) still works, which is pointed out in [6]. Obviously,
F 0
flz,y) = / Ezs’(ye’))wl(ﬁ)dﬁ. Thus, without loss of generality, let F' : X x ) x
) 1
R"™ — R be a real valued function and X x ) x © contain its support, where X C R™,
Y CR"and © C R".

The rest of the paper is organized as follows. We introduce notation and pre-
liminaries in Section 2. The main result of the paper on asymptotics of the optimal
value for SAA with AMIS is shown in Section 3. In Section 4, we apply the result
to the risk averse optimization problem.

2. Notation and preliminaries

2.1. Basic notation

Throughout this paper, we adopt the following notation:
e (Q, .7, P) represents an abstract probability space.
e E[] denotes the expectation with respect to the probability measure P.
e || - || stands for the Euclidean norm of a vector.
e := represents the left-hand side equal with the right-hand side by definition.

D e
e — denotes convergence in distribution.
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P . s
e — denotes convergence in probability.
® 0,(-) denotes a probabilistic analogue of the usual order notation o(-). That
is, if the sequences of random variables {A,} and {B,} satisfy

> 8) =0,
for any € > 0, then A,, = 0,(B,).
e C(X,)) stands for the space of continuous functions ¢ : X x ¥ — R, equipped
with the sup-norm.
o C represents the set of convex-concave functions on C'(X,Y). That is, if p € C,
then (-, y) is convex for any y € Y and ¢(z,-) is concave for € X.
e w(-) denotes a modulus of continuity. That is, w(-) is a strictly monotonic

A
lim Prob ( [=2
im Pro ( 5

n— o0

n

x
increasing continuous function on Ry, lim w(z) =0 and limsup —— < +o0.
z—0+ 2—0+ ’(ﬂ(l’)
e D(A, B) is the deviation of the set A C R* from the set B C R*. That is,

D(A, B) = inf ||z — /.
(A,B) igga}f%B”x ||

2.2. Two important results

In this subsection, we introduce two significant results that serve as the cornerstones
for our main result (Theorem 3.2). One of them is the minmax Delta theorem. It
is well known that the Delta method is a useful tool in the asymptotic analysis of
stochastic problems. We apply the following theorem in the next section, which is
derived from [16].

Theorem 2.1 (Minimax Delta Theorem). Let the sets X and ) be nonempty,
conver and compact. Assume that, as n — 0o, a sequence of positive numbers
{sn} and a random sequence {Z,} in C(X,Y) satisfy ¢, — o0, % € C w.p.1

and s, (%, — 1) N Z, respectively, where & € C(X,Y) and l € C. Denote

v := inf sup Z(z,y) and v, := inf sup 2, (z,y). Then
reEX yeY TEX yeY

D .
Sn[yn — ) — inf sup Z(z,y),
TEX, yeYy,

and

Yo = inf sup Z,(z,y) + 0p(c;, "),
TEX G ye Vs,

where X3 = arg ;Iél;{l |:Sl€l§); Z(x, y)} and Vi = arg max ng/fy Z(x, y)} .

The other key result is a functional central limit theorem for martingale differ-
ence sequences. We briefly recall the definition of martingale difference sequences
first. Assume that {#;}5°, is a set of sub-o-fields of .# with #,_; C .%; and
{X;}32, is a sequence of random variables defined on (Q,.%, P), where X, is .%;-
measurable. {X;,.%;} is called a martingale difference sequence if E[X; | #;_1] =0
for every ¢ € N. Now, let us turn to this result, which is detailed in [20, Section 4].
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Theorem 2.2. Let {X;, #;}52, be a martingale difference sequence of the space
C(S), where C(S) is the space of continuous functions on the compact set S with
the sup-norm. Suppose that the following assumptions hold.

(A1) There ezists a real nonnegative random sequence {M;} on (Q, #,P) and a
function B : S — R\{0} such that for any s1,s2 € S and all i € N, w.p.1

[Yi(s1) — Yi(s2)| < M;,

where Yi(s) := |B(s)Xi(s)| and sup |3~ 1(s)| < oo.
s€ES

(A2) LY BME | 7] 5 0.

i=1
(A3) For any i € N, there exists a constant b > 0 such that E[]M? | Z;_1] <b
w.p. 1.
(A4) For some sp € S and all i € N, there exists a constant k > 0 such that
| Xi(s0)] S kw.p.1.

(A5) 1 ZE (so) | Fi-1] L ¢, where ¢ is a positive constant.

(A6) There exists a real nonnegatwe random sequence {s;} on (Q ﬁz ,P) and a

continuous distance p with / H§(S,p, r)dr < oo such that sup — ZE G < o
0 neN T

and for any i € N, w.p.1
| Xi(s1) — Xi(s2)] < <ip(s1, s2). (2.1)

Then there exists a Gaussian measure p on C(S) such that
1 <& D
v i=1

3. Asymptotics of the optimal value

Assumption 3.1. For anyi €N, © C ©; w.p.1.

Assumption 3.2. For any (z,y) € X x Y, F(x,y,-) is an integrable function and
f(z,y) :=/ F(z,y,0)df < cc.
[C]

Lemma 3.1. Suppose Assumptions 3.1-3.2 hold. Let Y;(x,y) := % — flx,y)

and Sy (z,y) = ZTi(x,y), n € N. Then, for any given (z,y) € X x Y, {Yi(z,y),
i=1
4} is a martingale difference sequence and {Sy(z,y),%,} is a martingale.

This result is obvious. For a pair of fixed (z,y) € X x Y and any ¢ € N, w.p.1

EHwa)M%AL:/"TALywmmmo

i

= [ (P80 = Flamvi6] a6,
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=0.

By the definitions of martingale difference and martingale, Lemma 3.1 holds.
The two assumptions above are similar to those in [6]. They are viewed as basic
assumptions when applying the SAA method with AMIS.

Assumption 3.3. There exists a sequence of random measurable functions {«; :
©; — R} such that

1 n
sup — Ela;(0;)] < oo,
oup > Bl )
and w.p.1

Jim =3 (@0 — Blau(@i)]) = 0.

In addition, there exists a modulus of continuity w(-) such that w.p.1

F(xayvez) . F(x/ay/vai)

Vi(0;) Vi (6;)
for all (z,y),(2',y) € X x Y and i € N.

< o) (|lz — 2|l + lly = y/'ll)

Assumption 3.4. For every pair (z,y) € X x Y, w.p.1

1
lim —S,(z,y) =0.
n—oo N
Assumption 3.5. F(x,y,0) is a Carathéodory function, i.e., F(x,y,-) is measur-
able for any (z,y) € X x Y and F(-,-,0) is continuous for a.e. § € ©.

Assumption 3.6. There is an integrable function L(9), i.e., / L(0)df < o, and
o

an open set O C R™™ with X x Y C O such that |F(z,y,0)| < L(0) for every

(z,y) € O and a.e. 0 € O.

Assumption 3.7. The sets X and Y are nonempty and compact, respectively.

Lemma 3.2. Suppose that Assumptions 3.5-3.7 hold. Then the expected value
function f(x,y) is finite valued and continuous on X x Y and the maz-function
p(x) == sup f(x,y) is continuous on X.

yey

Proof. According to Assumption 3.6, for every pair (z,y) € X x ),

If(:my)=’/@F(:myﬁ)de‘§/9|F(x,y,9)d9g/®L(9)de<oo.

Therefore, f(z,y) is well defined. This shows that Assumption 3.2 is satisfied.
Furthermore, by Assumptions 3.5 and 3.7, applying the Lebesgue dominated con-
vergence theorem, we obtain

o (z/,y")—(z,y) (z’,y")—=(z,y)

f(a:,y):/( lim  F(z',y,0)d0 = lim /F(x',y’,@)d&.
) e
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This implies that f(z,y) is continuous on X' x Y.

By Assumption 3.7, for a given z € X, there exists y € Y such that f(z,y) =
o(z). Tt is not difficult to deduce that p(z) is continuous on X’ by the continuity of
f(x,y). The proof is complete. O

The next theorem proves that the optimal value and optimal solutions of the
problem (1.4) converge to the optimal value and optimal solutions of the problem
(1.3), respectively. The underlying idea is to establish uniform convergence from f,
to f. To this end, we apply Theorem 3(b) in [1]. This is also exploited in [6], but
our target problem is different. For ease of presentation, let ¥ and 1, denote the
optimal values of (1.3) and (1.4), respectively. Let 7, and 7 , represent the sets
of optimal solutions of (1.3) and (1.4), respectively.

Theorem 3.1. Suppose that Assumptions 3.1 and 3.3-3.7 hold. Then lim ¥, =9
n—oo
and lim D(7; ,,T,) =0 w.p.1.
n—oo

Proof. In fact, ¥ = inﬁ(gp(m). It follows from Lemma 3.2 that 7, is nonempty
fAS

and contained in X'. Let the sample average max-function with AMIS be ¢, (x) :=

sup fn(x,y). Obviously, ¢,(x) is continuous on X. Then, ¥, = in{fv (), and Ty p
yey fas
is nonempty and contained in X'

According to Assumptions 3.1 and 3.3-3.4, we have that f,,(x,y) converges to
f(z,y) uniformly on X x Y w.p.1, see [1, Theorem 3(b)] and [6, Theorem 1]. By
Lemma 3.2, f(z,y) is finite valued and continuous on X x ). Consequently, applying
Theorem 5.3 in [18], we complete the proof. O

Assumption 3.8. The sets X and Y are convez, respectively.

The dual problem of (1.3) is as follows:

i : 3.1
max min f(z, y) (3.1)

Let 7, denote the set of optimal solutions of (3.1). If f € C and Assumptions 3.7-3.8
hold, then there is no duality gap between (1.3) and (3.1). That is,

min ma; z,y) = maxmin f(z,vy), 3.2
min max f(x, y) = max min f(z, y) (32)

and T, x 7, forms the set of saddle points.

Assumption 3.9. F(-,-,0) is convez-concave on X X Y, i.e., F(-,y,0) is convex
on X for anyy € Y and F(x,-,0) is concave on Y for any x € X.

Now, we come to state the main theorem in this paper.

Theorem 3.2. Let Assumptions 3.1-3.2 and 3.7-3.9 hold. Suppose that the follow-
ing statements hold.
(B1) For some (x9,y0) € X x Y, there exists a constant ¢ > f?(wo,y0) such that

1 & F )\ ?
7ZE ( (.’I;Ovy()ael)) %71 Lé,
n ¥i(6;)
and
F(xz0,90,0;)
sup sup |——=—"—2| < o0.
iegeiegi ¥i(0:)
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(B2) There exists an integrable function o : R" — Ry whose support is contained
in © such that for any (x1,y1), (x2,y2) € X X Y, w.p.1

[F(z1,91,0) = Fx2,2,0)] < a(0)(lzr — 2l + [y — y2l) (3.3)

with sup — Z l( >2

neN T
(B3) There e:czsts a sequence of random measurable functions {A; : ©; — R4} and
a function V : X x Y — Ry such that for any i € N, w.p.1

[F(2,y,0) = fz,y)¢:(0)] < V(z,y)Ai(0),

< 00.

i(6;
fZE ( ) %1] L0,
and w.p.1
Ai(ei))2 "
E Gi—1| <0,
[(1/11(91) '
where b is a positive constant and — sup  V(z,y) < 0o
(z,y)eX XY
Then
G = inf sup fu(e,0) + 0p(—). (3.4
n = inf sup fn(z 0 .
2€7x y€Ty Y P \/ﬁ

In particular, if T, = {&} and T, = {y} are singletons, then

Vb, = 9) > N(0,0%(2,9)), (3.5)
where N'(0,0%(2,9)) denotes the mormal distribution with mean 0 and variance
A ~ V(4
o (#,9) = ¢ — f2(z0, y0)] prrms.
Proof. According to Lemma 3.1, {T;(z,y),%;} is a martingale difference sequence
for any (z,y) € X x Y. First, we show that T, fulfills the conditions in Theorem

2.2.
It is not difficult to see that f(z,y) is well defined and finite valued. Let & :=

/ a(f)df. Obviously, 0 < & < co. Integrating over (3.3), we have
e

|f(z1,91) — f(w2,92)| < &llzr — 22l + [lyr — y2[) (3.6)

for any (x1,91), (x2,y2) € X x Y. Therefore, f(z,y) is Lipschitz continuous on
X x ). Similarly, by integration, it follows from Assumptions 3.7-3.9 that f(z,y) is
convex-concave. Thus, we have f € C and F(,-,0) € C for any given 6 € ©. Then,
fn € C. From the previous analysis, we know that (3.2) holds. Further, 7, x 7y, is
nonempty and forms the set of saddle points.

Let M; = Ai((ei) and B(z,y) = V= (z,y). It follows from (B3) that

[1B(z1, 1) Yi(@1, y1)| — [B(w2, y2) Yilaa, y2)|| < M;
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w.p.1 for any (z1,y1), (z2,y2) € X x Y. Moreover, (A1)-(A3) are verified.
On the other hand, for (z¢,y9) € X x Y and all i € N, w.p.1

E[Y3(z0,y0) | %i-1]

_ / T2 (20, yo) s (6:)d6

k3

_ /@ | [F‘”“ - f(xo,ymrwi(ei)de

Yi(0:)
2 X .
:/ {F((‘),M = 2f(w0,50)F (x0, 0, 0:) + £ (0, yo)vi(6:) | db;
CH V;(05)
AN 2
p [(Floam0) g] Aot

Together with (B1), it is not hard to verify that

n

1 P
n ZE[T?(%,Z/O) | Fi-1] — ¢,

i=1
where ¢ = & — f2(x9,%0). Furthermore, w.p.1

F(xo,%0,0;)
i (6;)

Then, applying (B1) again, it is clear that (A4) and (Ab) are satisfied.
According to (3.3) and (3.6), we have

ITi(z1,91) — Ti(z2,y2)]

(20, 0)] < ‘ - 1£ (0, 90)!

F($2792,9i)

_ F(‘Tlayhgi)

‘wi(ei)f(xlayl) wl(ez) +f(1'2,y2)
r ei T2, 702'

= ‘F(wl;(gjj - F(wi(zéf) ) +[f(@1,y1) — f(22,92)]

<

(S99 4) s = sl + o — el wp.

Let ¢; = gi((%"i)) + @&. Obviously, ¢; > 0. Hence (2.1) is satisfied. Moreover, we get

9
i (0)
This implies that (A6) is verified.
From the above discussion, T; satisfies the conditions in Theorem 2.2. Then,

applying Theorem 2.2, there exists a Gaussian measure Y on C(X,)) such that for
any (z,y) € X x V),

sup — ZE <sup ZE +2&2<oo.

neN T neN T

72 (@,9) = Va(fale,y) = f@.y) = Y(wy)  as n— oo
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Obviously, v/n — oo and /n(f, — f) DyYasn— 00, respectively. Thus, using
Theorem 2.1, we have

1
¥, = inf sup fr(z,y) + op(—
nE s (o) +op( )

and

Vi, —9) = inf sup Y(z,y). (3.7)
€T, yeTy

By the properties of martingale difference sequences, we have that Y (x,y) follows
V2 (z,y)
VZ(20,y0)

a normal distribution with mean 0 and variance o2(x,y) = see Remark

3.1 for details. Hence, (3.4) is proved.
Finally, if 7, = {Z} and 7, = {y} are singletons, then (3.5) follows from (3.7).
Thus, the proof is complete. O

Remark 3.1. For any (z,y) € X x ), by the definition of martingale difference
sequences, we have E[Y;(z,y) | %_1] = 0. Then, we obtain

;%gﬂmm \sz (@) | %)) = 0.

Moreover, for any 4,j € N and 7 > j, we get
E[Yi(z,y)Tj(2,y)] = E[E[Yi(z,9)Tj(2,y) | 9] = E[T;(z,9) E[Ti(2,y) | Z]].
Since E[Ti(z,y) | 4] = EIE[Ti(z,y) | 4i1] [ )] = 0, we get
E[Yi(2,y)T;(x,y)] = 0.
Therefore,
Var[T(z,y)] = E[T}(z,y)], VjeN,
and

Var[Ti(x,y) + Tj(xz,y)] = B[] (z,y)] + E[Y}(2,9)], Vi.j €Nandiz#j.

n 1 n
Thus, Var fZT x y] = iZVar = fZE[T?(:my)] It follows
n
i=1
from the proof of Theorem 4.11in [2()], we have
IR ) Blro. )\’
2 — — 2 — — 2 _—
Hn) = Jim 13 F(THey) (e~ 12 m) it

where 3 is a nonzero real-valued function on X x ). Since B(x,y) = V™!(z,y) in
2

Theorem 3.2, we get 02(x,y) = [¢ — (xmyo)]vz(x’z)) > 0 for any (z,y) € X x V.

Notice that Y is a Gaussian measure on C(X,)). Obviously, E[Y (z,y)] = 0 and

Var[ ( ’y)]_ 2( L,y ) Then’ Y(l‘,y) ( 1Y ( ))
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4. An application to the risk averse optimization

In recent years, the risk averse optimization has been extensively studied, see [5,7,
13,14,16,17]. A comprehensive review can be found in reference [18, Chapter 6].
The specific problem we focus on here is stated as follows:

min py (G(z,9)), (4.1)

where G : X x © - R with X C R™, 0 : Q2 — © C R" is a random vector on
(Q,#,P), and py(-) is the absolute semideviation risk measure with the weight
constant v € [0, 1], that is, p(Z) := E{Z +~[Z — E(Z)]+}.

Essentially, such problems are minimax problems, see [13, 18] for details. To be
specific, the equivalent form of (4.1) is

o) tI)rgng,\r?[%}i]E {h(t, X, G(z,0))}, (4.2)
where h(t,\, G(z,0)) :== G(z,0) + YA[G(x,0) — t]+ +v(1 = N[t — G(w,0)]+.

Let X be nonempty, convex and compact. Assume that G(-,0) is convex for a.e.
0 € © and E[G(z,0)] < oo for every z € X. Under such assumptions, (4.2) is a
convex-concave minimax problem. Furthermore, if we assume that X™* is the set of
optimal solutions for the problem (4.1), then the set of optimal solutions for the
problem (4.2) is T = {(z*,t*) : 2* € X*,t* = E[G(x*,0)]}. Accordingly, the set of
optimal solutions for its dual problem is T4 = [v*,v**], where v* = Prob{G(z*,0) <
E[G(z*,0)]} and v** = Prob{G(z*,0) < E[G(z*,0)]} with z* € X*. The analysis
of this part is detailed in [13, 16].

If we use ¢(6) to represent the probability density function of 8, it is not difficult
to see that H(x,t,\,0) := h(t,)\,G(xﬂ)) - ¢(0) satisfies Assumption 3.9, that is,
F(-,-, A, 0) is convex on X X R for any A € [0,1] and F(x,t,-,0) is concave on [0, 1]
for any (x,t) € X x R. According to the previous analysis, t* is related to «*. Then,
we have

min ~ max E{h(t,\,G(z,0))} = min  max / H(z,t, A, 0)d
(z,t)EX xR A€[0,1] (z,t)EXXR A€[0,1]

= 1 . 4.
;rgg/\rél[%ﬁ]/@H(&E[G(wﬁ)],)\,@)de (4.3)
Denote F(x,\,0) := H(x, E|G(x,0)],\,0) and f(z,\) = / F(z, ) 0)d0. The

©
information above implies that Assumptions 3.2 and 3.7-3.9 hold. Let 6;, ¢;, v; and
O; be defined as in the introduction, where i € N. Let Assumption 3.1 hold. Then,
the SAA with AMIS problem associated with problem (4.3) is as follows:

- St R VA 4.4
iy s 13200 Y

Proposition 4.1. Let X be nonempty, conver and compact. Suppose that G(-,6)
is convex for a.e. 6 € © and E[G(z,0)] < co for every x € X. Let Assumption 3.1
and the following conditions (B’1)-(B’3) be satisfied.

(B’1) For some (0, \o) € X x [0,1], there exist constants ¢ > f2(zo, \o) such that

sae| ()

P .
%—1‘| — G,
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and
F(z0, Mo, 6:)
i (60;)

(B’2) There exists an integrable function a : R™ — R4 whose support is contained
in © such that for any (x1, A1), (x2,A2) € X x [0,1], w.p.1

sup sup
i€NB; €O,

|[F'(21, A1, 0) = F(2, A2,0)| < a(0)([lz1 — 22| + | A1 = Az]),
‘ IR
with supfg E

neh 2 (gi(fe))ﬂ =

(B’3) There exists a sequence of random measurable functions {A; : ©; — Ry}
and a function V : X x [0,1] = Ry such that for any i € N, w.p.1

|E(2, M, 0) — fa, \)i(0)] < V(x,\)A(0),

1 ¢ Al-(ei)>2 P
— F 9 _1| — 0,
n ; <1/Ji(9i) '
and w.p.1
Ai(el-)>2 .
E Gi-1| <b,
[(%(91‘) '
where b is a positive constant and sup V(z,\) < oco.
(z,\)eX x[0,1]
Then
. 1 o= F(x, A, 0;)
¥, = inf sup < — 0 VA 4o (=
z€EX* \eT, {n ; ’(ﬂl(el) } p(\/ﬁ)
1 <~ H(z,t, )\ 6;)
= inf sup — W o, ().
(z,t)GTAer {’ﬂ ; @[11(01) p(\/ﬁ)
In particular, suppose that X* = {x*} is a singleton and v* = v**, that is,

Prob{G(z*,0) = E[|G(x*,0)]} = 0. Then

Vi(D, —9) 25 N(0, 02 (", v*)),
where U and 9, denote the optimal values of (4.2) and (4.4), respectively, and
N 2 * v*
o?(z*,v*) = [é— fz(xo,yg)]%.

Proof. It is easy to verify the proposition. By the above analysis, Assumptions 3.2
and 3.7-3.9 are satisfied. According to conditions (B’1)-(B’3), it is straightforward
to apply Theorem 3.2. Thus, the proof is complete. O
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