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GLOBAL DYNAMICS OF A
REACTION-DIFFUSION SEIVQR EPIDEMIC
MODEL IN ALMOST PERIODIC
ENVIRONMENTS*
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Abstract We have formulated an almost periodic reaction-diffusion SEIVQR
epidemic model that incorporates quarantine, vaccination, and a latent period.
In contrast to prior methods that analyze stability by using Lyapunov func-
tions, we establish the global threshold dynamics of this model by using the
upper Lyapunov exponent A\*. Our results demonstrate that the disease-free
almost periodic equilibrium is globally asymptotically stable if \* < 0, whereas
the disease uniformly persists if A* > 0. To further validate our conclusions,
we conducted numerical simulations of the model.
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1. Introduction

Infectious diseases have been a public health challenge for centuries. The recent
COVID-19 pandemic has reminded us of their destructive potential. To reduce the
risks of such outbreaks, it’s essential to conduct thorough research on strategies
to prevent and control infectious diseases. Understanding the dynamics of infec-
tious diseases, which is a crucial tool for studying how epidemics unfold, provides
a solid foundation for managing their spread. The original model proposed by
Kermack and McKendrick in [20] paved the way for studying infectious diseases
using ordinary differential equation models. Their comprehensive consideration
of multiple factors made the model more realistic. Subsequently, several mod-
els such as SIS (susceptible-infectious-susceptible) models in [5,9, 12,19, 23], SIR
(susceptible-infectious-recovered) models in [2, 6, 21, 30], and SEIR (susceptible-
exposed-infectious-recovered) models in [4, 15,35, 41, 42], have been proposed to
study infectious disease dynamics. These models have been widely used to study
various infectious diseases. Furthermore, other models that incorporate more real-
istic factors have also been proposed, as in [3,7,13,17,18,22,24,26,27,33,43,45,46].
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We know that many infectious diseases have an incubation period, such as AIDS and
hepatitis C. Therefore, it is necessary to consider the latency period in the model. A
delayed SEIRS model has been propoed by Cooke and Van Den Driessche in 1996.
They investigated the stability of the disease free proportion equilibrium, and the
stability of an endemic proportion equilibrium [8]. Recently, Qiang et al. [32] studied
an almost periodic reaction-diffusion epidemic model with incubation period. It is
shown that the disease-free almost periodic solution is globally attractive if A* < 0,
while the disease is persistent if A* > 0 (A* is the upper Lyapunov exponent).

In order to better prevent and control infectious diseases, it is important to con-
sider the effects of vaccination and quarantine simultaneously in modeling disease
transmission. Zhu [49] previously established a SVIR model with relapse and spa-
tially heterogeneous environment, taking vaccination into consideration. However,
in reality, vaccinated individuals may still become susceptible again due to factors
such as partial immunity decline caused by the vaccine. Additionally, isolating in-
fected individuals is crucial in controlling the spread of infectious diseases. The
spread of infectious diseases is also influenced by the environment, such as seasonal
variations in prevalence. Due to the diverse and variable nature of the external en-
vironment, the parameters in epidemic models may not necessarily be periodic, and
an almost periodic function may be more appropriate to describe them. Many mod-
els with almost periodic parameters have been established and studied [25,39,40,48].
For example, in 2015, Wang et al. [36] proposed a susceptible-infected-susceptible
almost periodic reaction-diffusion epidemic model and obtained asymptotic behav-
iors with respect to the diffusion rate of infected individuals, as well as presenting
uniform persistence, extinction, and global attractivity.

In this work, we formulate a SEIVQR model with a latent period, quarantine,
and vaccination strategies, and investigate its global dynamics. The article is or-
ganized as follows: In Section 2, we derive the model and explain the parameters.
In Section 3, we primarily establish the non-negativity and uniform boundedness
of the solution of (2.6). Section 4 presents the upper Lyapunov exponent \* for
the almost periodic reaction-diffusion equation (4.1) and discusses the threshold
dynamics for the model in terms of A\*. Finally, in the last section, we provide
numerical simulations to validate our conclusions.

2. Model formulation

In this section, we proposed an almost periodic reaction-diffusion epidemic model
with latent period, quarantine and vaccinated strategy. Assume that the population
lives in a spatially and temporally heterogeneous environment. For convenience, we
introduce some notations. In the following part of this paper, let g : R x 2 — R
be a continuous bounded function with Q C R3, which is a bounded domain with
smooth boundary 0€2. Then g* and g, will be defined as

*

g-= sup g(t,x),g.= inf gt x).
(t,z)ERXQ ( ) (t,z)ERX ( )

Definition 2.1. [10,16] A continuous function f : R — R is said to be almost
periodic on R if for any € > 0, the set

T(fie)={reR: |f(t+7)— f(t)|<e t R}
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is relatively dense in R. i.e., for any ¢ > 0, it is possible to find a real number
I = l(e) > 0 with the property that for any interval L with length [(€) such that
LNT(f,e) #0.

Let S(t,x), E(t,z),I(t,x),V(t,x),Q(t,x), R(t, z) represent the number of sus-
ceptible, latent, infectious, vaccinated, quarantine, recovered individuals at time ¢
and location x, respectively. Let L(t, a, z) denote the number of infected population
with infection age a at time ¢ and location x. We assume that all populations remain
confined to the region € for all time, and subject to no flux boundary condition for
L(t,a,x):

[D(a)VL(t,a,z)] -m=0,t>0x€ 0,

where VL(t,a,x) is the gradient of L(t,a,x) with respect to the spatial variable z,
D(a) is the diffusion rate at infection age a, n is the outward normal to 9. Let
g(a) be the quarantined rate at infection age a, because the isolated people will
not spread, combined with the standard arguments on structured population with
spatial diffusion [31], we obtain

OL(t,a,x) n OL(t,a,x)

ot 5a —V D@V —q(a)L(t a, )]

— (r(t,a,z) + q(a) + d(t,x))L(t, a, ), (2.1)

where V- [D(a)V L(t, a, x)] denotes the divergence of D(a)VL(t, a,x). The meaning
of the parameters r (¢, a, ), q(a), a(t, z),d(t,z) are described in Table 1.

Table 1. Description of parameters

Parameter Description

S(z,t) Number of susceptible people

E(z,t) Number of latent people

I(z,t) Number of infected people

V(z,t) Number of vaccinated people

Q(x,t) Number of quarantined people

R(z,t) Number of temporarily restored people

r(t, a,x) Recovery rate with infection age a

q(a) Quarantined rate at infection age a

a(z,t) Vaccination rate

d(t, x) Natural death rate

A(t, x) Recruitment rate of the population

Bi(t, x) Addition rate from S to infected individuals
Ba(t, x) Addition rate from V to infected individuals

Assume that the average incubation period is 7. Then it follows that

E(t,z) = /OT L(t,a,x)da, I(t,z) = /00 L(t,a,x) da. (2.2)

We make some assumptions for function D(a),g(a),r(t,a,z) as follows:

D(Cl) _ DE, ac [OaT)v
Dy, aé€[r,+0),

qg, a€[0,7), rg(t,x), a€l0,7), t>0, z€Q,
q(a) = r(t,a,z) =
qr, ac [7—7 +OO)7 T’[(f,%), a € [7_7 +OO), t>0, e Qa
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where Dg, Dy, qg, q; are all positive constants. Integrating both sides of (2.1) form
0 to 7. It then follows from (2.2) that

% =Dgp(1 —qr)AE(t,x) — (re(t,z) +d(t,z) + qg)E(t, x)
+ L(t,0,z) — L(¢t, 7, x).
Similarly, integrating both sides of (2.1) form 7 to +00. We get
oI(t, x)
ot

=D;(1 —qp)AI(t,z) — (r;(t,x) + d(t,z) + qr)I(t, x)
+ L(t,7,x) — L(t, 400, ).

For biological reasons, we assume that L(t,+o00,z) = 0 and d(z,t) > 0. Further-
more, it should be noted that new infections result from contact between susceptible
and infected individuals. However, since we assume that the vaccine is not 100%
effective, a vaccinated individual who comes into contact with an infected person
may also become infected. Therefore, adopting a mass action infection mechanism
leads to the following condition:

S(t,x)I(t, x) V(t,x)I(t x)
S(t,x)+ I(t,x) V(t,z)+ I(t,z)’
where 51 (t,z) > 0, 82(t,x) > 0 are called effective contact rate. On the basis of

above assumptions, the disease dynamics is governed by the following system of
partial differential equations:

L(t,o,l’) :Bl(t,z) +62(t7x)

oS S I
g;’ ) _ DgAS(z) + Alt,7) — Bt x)m

—a(t,z)S(t,x) —d(t,z)S(t,xz), x € Q, t >0,
OE(t,x) S(t,x)I(t,x)
5 = Dg(1—qr)AE(t,z) + 51(t7$)m

V(t,z)I(t, x)

MR (00

—(re(t,z) +qg +d(t,z))E(t,x) — L(t,7,z), x € Q, t >0,
8[2;, z) =D;(1—qn)AI(t,z) + L(t, 7, 2)

— (ri(t,z) + qr + d(t,x)I(t, ), z €, t >0, 23)
9 2.3
% — DyAV(tz) — @(t,@% +alt,2)S(t,z)

—d(t,x)V(t,z), z€Q, t >0,
% — Bt 2) + qil(t @) — d(t,2)Q(t,x), 1 € Q, £ >0,
aRgi’ z) = DRAR(t,z) + rg(t,z)E(t,x) + ri(t,x)I(t, )

—d(t,x)R(t,x), z €, t >0,
0S(t,x) OE(t,x) OI(t,x) 0OV(t,xz) 0Q(t,x)

fn  Hm  dn O  On
_ OB o con, > 0.
on
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To obtain our main results in this paper, we require the following assumptions
for the model (2.3):

(A1) A(t,z),Bi(t,x), Ba(t, ), a(t, x),d(t,x),71(t,z), rE(t, z) are Holder continuous
and nonnegative nontrivial on R x 2, and uniformly almost periodic in .

(A2) A(t,z) > Ay, at,z) > ay,d(t,z) > d, for all t € R and z € Q, and D; > 0,
where i = S, E,I,V, R.

To determine L(t, 7, x), we need to integrate along characteristics. Let & > 0 and
consider solutions of (2.1) along the characteristic line t = a 4+ £. Let P(&,a,z) =
L(a+&,a,x). Then, for a € [0, 7], we obtain

OP(&, a,x) :6L(a +&,a,x)

da da
_[OL(t,a,x) N OL(t,a,x)
N ot da

t=a+¢
=Dg(l —gqg)AL(a+&, a,2)
—(rla+¢&a,z)+da+&x)+q(a))L(a+ &, a,x) (2.4)
=Dg(l —gqg)AP( a,z) — (re(a+ &, )
+dla+&2)+qr)P(& a,x),
P(&,0,2) = L(£,0,2)
ey SEDED) V(e )I(En)
TS ) + 16 2) V(&) +1(§ )

For the last equation above, we can treat ¢ as a parameter and integrate with respect
to it, which gives us

B2(&, x)

V(EyI(Ey)
V(& y) + I(€,y)] a,

where I'(¢,s,z,y) with ¢ > s > 0 and z,y € Q are the fundamental solutions
associated with the partial differential operator O; — Dg(1—qg)A—d(t,-)—rg(t,-)—
gr subject to the Neumann boundary condition [11]. Since L(t,a,z) = P(t —
a,a,x),Vt > a, we get

+ 52(57 y)

R s L
V(t—a,y)Il(t—a,y)
V(t—a,y)+1I(t—a,y)

+ ﬁQ(t - a/vy)

Taking a = 7, we have

St—7,y)I(t—71,y)
St—r,y)+I(t—T7,y)
Vit —ry)lt—r1,y) }
Vit—1,y)+I(t—T1,y)

L(t, 7, x) :/QI‘(t,t ) [51(7: —7y)

(2.5)

+ 62(t - T, y)



Stability for a SEIVQR epidemic model 767

For convenience, let (uq,us, us, ug, us,ug) = (S, E,I,V,Q, R), (D1, D2, D3, Dy, Dg)
= (Ds,Dg(1—qg),Di(1—gqr), Dy, Dg). From (2.5), we can rewrite model (2.3) as
a time-delayed and nonlocal almost periodic reaction-diffusion system with no flux
boundary condition:

aul(t7x) _ ul(tam)u?)(tax)
ot —DlAul(t7x) + A(t7x) ﬁl (t,.]?) ul(t,x) + ’U,d(t,{L')
—alt,x)ur(t,x) — d(t, x)ui(t, z), z €2, t >0,
6”2(t7x) _ ul(tax)u?)(tax)
ot~ Dehualtr) +61(t’x)u1(t,x) + us(t, x)
ug(t, z)us(t, )
+ Bt ) ug(t, ) + ug(t, z)
- (TE(t,l‘) + dE + d(t?x))’U’Q(t)x) - L(taTa $)7 HARS Qa t> 0)
w :D3AU3(t,$) + L(taTa I)
- (’I‘](f,ll?) +aqr + d(t,x))u3(t,x), T € Q7 t> 07 (26>
Ouy(t,xz) - ug(t, z)us(t, )
ot —D4Au4(tvx) 52(15,.%) U4(t,$) F U3(t,a:) + Oé(t, x)ul(tax)
—d(t,x)us(t,z), x € Q, t >0,
) s (t,2) + agus(t,) — d(t 2 (1,2, 2 €9, £,
Oug(t
u6ll2) _ g ua(t, ) + it 2yt ) + (1 2us (1,2
—d(t,x)ue(t,z), x € Q, t >0,
Quiltx) o0, t>0, i=1, .6,
on

where L(t, T, x) is given as (2.5).

3. Non-negative and uniform boundness of the so-
lution of (2.6)

Let Yy := C(Q,R®) be the Banach space with supremum norm || - ||y,, and let
Yot == C(Q,RY). Define Y := C([-7,0],Yp) and YT := C([—,0],Y;"). The norm
of Y is defined by [|¢[ly = maxge;—rq [|6(0)v,, Vo €Y.

Lemma 3.1. For any ¢ = (¢1,Pa, -+ ,06) € YT, system (2.6) admits a unique
non-negative mild solution

U(t, T3 QS) - (ul(t7x; ¢)a u2(ta 3 ¢)7u3(t7x; ¢),U4(t,.’£; ¢),U5(t,l’; ¢)au6(tax; ¢))

on [0, 00) with initial value ¢. Moreover, u(t, z; @) is a classical solution when t > T.

Proof. Since the equation about the isolated person us does not have a diffusion
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coefficient, we first consider the following equation with diffusion coefficients:

Ouy (t, x)
ot

uy (t, x)ug(t, x)
up(t, ) + us(t, )
—a(t,z)ui(t,z) — d(t, x)ui(t,z), x € Q, t >0,

uy (t, x)ug(t, x)
up(t, ) + us(t, )
ug(t, x)ug(t, x)

=D1Auy (t,z) + At x) — f1(t, x)

Oua(t, x)
ot

=DoAus(t,x) + 51 (t, )

) ) + st )
— (re(t,z) + qg + d(t,z))us(t,z) — L(t,7,2), x € Q, t >0,
Ous(t, )
ot =D3AU3(t, l‘) + L(t,7, ) (3.1)
— (rr(t,x) + qr + d(t, x))us(t,z), x € Q, t >0,
au4(t,1’) U4(t,$)U3(t,£€)

+ a(t, z)uq(t, x)

ot :D4AU4(t,$) - BQ(tax) ’LL4(t,.’L') + U3(t,$)
—d(t,zx)ug(t,x), 2 €Q, t >0,
Oug(t, )

ot

=DgAug(t,x) + re(t, v)us(t, =) + r7(t, x)us(t, v)

—d(t,x)ue(t,z), x € Q, t >0,
Ou;(t, )
on

=0, 2 €09, t>0,i=1,234,6.

Define F = (Fy, F», F3, Fy, Fg) : [0, +00) x C([—7,0], C(Q,R%)) — C(Q,R®) by

Fi(t,¢) = A(t,-) — Balt, ) (10( )quﬁ(so( ))
$1(0,)$3(0, - $4(0,-)¢3(0, -)
Bolt,0) = 1l 0 5 ¥ as(0, )+52( 3 ( )+ ¢3(0,)
—T7,y)p3(—7,%)
/ ERY {'61 Ty)+¢>3( ' Y)

Ga(—7,y)p3(—7 )
ba(—T7,y) + (;53(—7' y)] dy,
s o LD
Ga(=7,y)p3(—T,y)

)+ dalr |

+ 52(t -7, y)

+62(t_7—y) (
Fi(t.6) = ~alt, ) S lé(%+a@ommm

)
Fﬁ(ta¢> = rE(t’ ) (Oa ) +rr(t )¢3( )

Then (3.1) becomes

ot

Buit,z) = At)u(t,z) + F(t,ug), t>0, x €9,
u(o,z) = ¢(o,x), o €[-1,0], z€Q,
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where u(t,m) = (Ul(t,l’),UQ(t,.’t), ’U,3<t, x),m(t,x),udt,x)),

Aq(t)
As()
A(t) = As(t)
Aut)
Ag(t)

A1 (t) is defined by

D(A (1)) = {@ € CQ(Q)‘ 8"(;:5) =0,z € 89} ,

Ar(t)p = D1Ap — (a(t,-) +d(t,-)p, Ve € D(Ai(t)).
As(t) is defined by

D(x(0) = { € 2(@)| 25

As(t)p = D2l — (1E(t, ) +qr +d(t, ), Vo € D(Aa(t)).
Aj3(t) is defined by

:0,37689},

D(As(t)) = {<p € CQ(Q)’agf) =0,z € 89} ,

As(t)p = D3Ap — (ri(t,-) +qr +d(t,-))p, Ve € D(A3(t)).
A4 (t) is defined by

D(A4(t)) = {go € C’Q(Q)‘agif) =0,z € 8(2} ,
Ay(t)p = DyAp —d(t,-)p, Vo € D(Ag(t)).

Ag(t) is defined by

D(As(t)) = {cp e CQ(Q)‘ agf) —0,z ¢ an} ,

Ag(t)p = DeAp —d(t,-)p, Yo € D(Ag(t)).

Then, similar to the proof process of Theorem 2.2 in [44], we can obtain that
there exists a unique nonnegative mild solution to (3.1) with initial value (¢1, ¢2, @3,
¢4, ¢¢) and it is a classical solution when ¢ > 7.

The next step is to consider the fifth equation of (2.6). Since there exists a
unique non-negative solution for (3.1), substituting it into the fifth equation. The
fifth equation can be regarded as an ordinary differential equation, and it is easy to
obtain that its solution is positive and unique with initial value ¢5. Thus, for any
¢ € YT, system (2.6) admits a unique non-negative mild solution

u(t, I ¢) = (ul(tv-%'? (b)a u2(ta 5 ¢)7u3(t7x; ¢)7 U4(t,$(:; ¢)7U5(t7:)’;; ¢)7u6<t7$5 qb))

on [0, 00) with initial value ¢ and it is a classical solution when ¢ > 7. This completes
the proof. O
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Lemma 3.2. Let

U’(t7 T, ¢) = (Ul(t,x, ¢)7 ’LLQ(t, x; ¢),U3(t,x; ¢)a U4(t,$; ¢),U5(t,l’; ¢)a U/G(tax; ¢))

be the solution of (2.6) with initial datum ¢ € Y*. Then the solution u(t,z; ) is
uniformly bounded on 2.

Proof. By model (2.6) we get

Z Buz t,z) ZD Au;(t, x) — DgAug(t, x)

=A(t,z) — d(t, z) Z wi(t, ).
i=1

Integrating on both sides yields

/ (Z Ouit, z) ZD Au;(t, ) DgAug(t,x)> dx
Q

i=1
i

A(t, x) — d(t, z) Z i (t, x)] dz.
i=1

By Green’s formula and Neumann boundary Y= 0,1=1,2,3,4,6,2 € 0Q,t > 0,
we get

8ui
oQ 811

Dz/Auzdx:Dl dSZO, i:1,2,3,4,6.
Q

Hence, for t > 0

i (Z W) o= [0~ d,0) Yt o
< /Q[A* —d, ;ul(t,x)] dx

6
:A*|Q|—d*/ > uilt,x) da. (3.2)
Q=1

Denote [ >, ui(t,z) de = F(t), then (3.2) becomes

< A*|Q| - d.F(t), t>0.

By which we get
A*
0<F(t) < — 10|+ F(0)e~ %t ¢ >0,

where

6
FO) = [ S ui(0.2)de < ol 9.
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This indicates that F'(t) = fQ(Z?:l u;) dzx is bounded. Let Z = 3—: ||+ F(0), then
we get
6

F(t) :/Q(Zu) dz < Z.

=1

By Theorem 3.1 in [1], there is a positive constant Z* depending on Z such that

6
DI NS
- @

Hence, we get that u;(t,z),i = 1,-- - , 6 are uniformly bounded on Q. This completes
the proof. O

4. Threshold dynamics

We use the upper Lyapunov exponent A* as the threshold to determine whether the
disease is prevalent, so we first give the definition and some properties of A* in the
following subsection.

4.1. The upper Lyapunov exponent

Define Xy = C(Q,R) as a Banach space equipped with the supremum norm || - || -
Let

X =C(QRT) ={p e Xq:p(x)>0,VreQ}.

We denote the interior of Xgr by Int(X(J,r ), which is non-empty. For a constant 7 > 0,
define X := C([-7,0], Xo) equipped with the norm [|¢| = maxgec|_r g [|¢(0)] o0
V¢ € X. For a function v € C([—7,p], Xo) (p > 0), define ay(6) = a(t + 6),V0 €
[-7,0],t € [0, p). Let~denote the inclusion R — X by o — a.

Linearizing the the equation of infectious variable of (2.6) at a disease-free almost
periodic solution, we obtain:

W =Ds3Aus(t,z) — k(t, z)us(t, z)
+ / F(t7t - T7,T, y)ﬁ(t -7, y)U3(t -7, y) dy7 S Q7 t> 0’ (41)
Q
M:Q x €N, t>0,
on

where k(t,z) =r1(t,z) +qr +d(t,x), Bt —T1,y) =Bt — 7, y) + B2 (t — 7, 9).

Since d(t, ), rg(t,x) are uniformly almost periodic in ¢, it can be obtained that
I(t,s,x,y) is uniformly almost periodic in ¢ and s [11]. Define the hull of & as
H(k) = cls{k(t + s,x) : s € R} and the closure is taken under the compact open
topology. Similarly, we define the hull of T' and § as H(I') and H (), respec-
tively. Let m = (k,T,3), H(w) be the hull of 7. Taking ¥ = (k,T',3) € H(x), the
translation map o : R x H(w) — H(w),(s,9) — ¢ - s given by (¢ - s)(t,z,y) =

(k(t+ s,2),T(t+ s,t — 7+ s,2,y), Bt + s,2)), t € R,z,y € Q defines a compact,
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almost periodic minimal and distal flow [34]. Consider

W =D3Aus(t, z) — k(t, v)usz(t, )
=+ / f(t7t - 7,7, y)B(t -7, y)U3(t -7, y) dy7 S Q7 t> 0’ (42)
Q
Qustw) o e o0, t> 0.
on

From the proof of the theorem in [44], we can conclude that equation (4.2) has
a unique mild solution w(t, x; ¢,9) with initial datum ¢ € X T := C([-7,0], X;").
Furthermore, w(t, z; ¢,7) is a classical solution for ¢t > 7 . Define w;(¢,9)(0, x) :=
w(t+6,xz;0,9),Vt > 0,0 € [-7,0],2z € Q. Then, we can define a continuous linear
skew-product semiflow:

O:RT x XT x H(w) = X x H(n),

It follows from Corollary 1 of [29] that the skew-product semiflow (4.3) is mono-
tone. Let ®(¢,9)¢p = we(¢p,¥),Vp € X. For any ¥ € H(w), we define the Lyapunov
exponent \y as

In [ (¢, 9|
p p .
The number A\* = supye () Ay is called the upper Lyapunov exponent of (4.1) or
(4.3).

The following Lemmas and their proofs are similar to those in [32], so their
proofs are omitted.

Ay = tll)rgo su (4.4)

Lemma 4.1. There exist two almost periodic functions
a € C(R,R),w; € Int(C(R, X))

such that w(t,z) = elo a(&) dswi(t2) s 4 solution of equation (4.1). Furthermore,

¢
i fo a(s)ds

t—o0

A=

Lemma 4.2. Choose ¢ € Int(X™T), and let w(t,x;¢) be the solution of equation
(4.1) with initial value wyg = ¢. Then
In w(t, zg; _
A= pim 2T00) g
t—o0 t
For the convenience of later research, we give the following equation which is
the perturbation equation of (4.1) with a positive parameter € < 1,

W =Dy Aus(t, ) — k(t, w)us(t, z) + (1 — &)
X / T(t,t—T1,2,9)8(t — 1, y)us(t —7,y)dy, x € Q, t >0, (4.5)
Q
Qusth) o e o, t> 0.
on

Lemma 4.3. Let A} be the upper Lyapunov exponent saaociated with equation (4.5),
then
lim AL = A",

e—0
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4.2. Global properties of disease-free and endemic solutions

In this subsection, we will give the global attractiveness of the disease-free solution
and the uniform persistence of the endemic solution of system (2.6).

Letting us = us = us = ug = 0 in (2.6), we get the following equation for
w1 (t,z) and uy(t, x):

W =D Auq(t,z) + A(t, x)
— (a(t,z) + d(t,z))ui(t,x), 2 € Q, t >0,
W =DyAuy(t,z) + at, x)us (t, ) (4.6)
—d(t, x)ug(t,x), © €Q, t >0,
duilt,z) _Juatz) 0, z €09, t > 0.
On On

To proceed further, we give the following Lemma:

Lemma 4.4. Suppose assumptions (Al) and (A2) are satisfied, then system (4.6)
admits a unique positive almost periodic solution (u1.(t, "), uss(t,)) which is globally
attractive in Xg x X .

Proof. Firstly, we consider the following equation:

Q) b, Aun(t,2) + At 2) — (0t 2) + d(t, )t 2), 2 €9, 150,
(4.7)
dultia) oy con, t> 0,
on

Based on Assumption (A1), we get that A(¢, x), a(t, )+ d(t, z) are Holder continu-

ous on R x Q and uniformly almost periodic in . Combining this with Assumption

(A2) and applying Lemma 3.2 from [32], we can conclude that system (4.7) has a

unique positive almost periodic solution ui,, which is globally attractive in X(j' .
Then, we consider the following equation for u4 (¢, x):

W :D4A'LL4(t’{L') + a(t7x)u1*(t7x) - d(tvl')u4(t7m)7 T € Q, t> 07
(4.8)
Out) o con, t> 0.
On

Similarly, by applying Lemma 3.2 of [32], we can also show that system (4.8)
has a unique positive almost periodic solution u,4,, which is globally attractive in
XS' . Consequently, the system (4.6) has a unique positive almost periodic solution
(u14(t, ), uss(t, -)) that is globally attractive in X x X .This completes the proof.

O

Remark 4.1. Lemma 4.4 follows that system (2.6) admits a unique positive disease-
free almost periodic solution EY = (u3,0,0,u},0,0). Linearizing system (2.6) at E°,
we can obtain that infectious variable usz satisfies equation (4.1).

Now we show that \* is a threshold value for the global extinction and uniform
persistence of the disease.
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Theorem 4.1. Assume that (Al) and (A2) hold. Let u(t,xz;¢) be the solution
of system (2.6) with initial value ¢ € Y. If \* < 0, then limy_,oo ||u(t, ;@) —

Proof. Let A = (A,B1, 82, a,d,rg,rr) and H(A) be the hull of A. For any ¢ =
(A, B1, B2, &, d, 7, 71) € H(A), the translation map R x H(A) — H(A), (s,¢) -5
given by (< - §)(t2,y) = (A(t + 5,2), Bi(t + 5,2), falt + 5,2),alt + 5,2), d(t +
s,2),Te(t + 8,2),71(t + 5,2))(t € R,z,y € Q) defines a compact, almost periodic
minimal and distal flow. Consider

Quy(t,x) - > uy (L, 2)us(t, o)
T *DlAul(tax) + A(tax) - Bl(t7z) U1(t, JJ) ¥ U3(t,x)
—a(t,z)uy(t,r) —d(t,v)ui(t,x), * € Q, t >0,
a’u,z(t,l‘) . A ul(t7$)u3(t71‘)
481‘: *DQAUQ(ta‘T) + Bl(tvz) Ul(t, 37) + Ug(t,.’L')
w(hous(ta)
+ 52(t7 x) u4(t, x) n U3(t, m)
— (Tt 2) + gp + d(t, z))us(t, )
_ = uy (t —7,y)uz(t — 7,9)
_-/Q]-—‘(t,t_’raxvy) Bl(t_T’y)ul(t—T,y) +u3(t—7,y)
_ ’u,4(t -7, y)u3(t -7, y)
+B2(t - >U4(t*’r,y) +U3(t*7’,y):| dy7 HAES Q> t> 07
6”3(t7'r)

oy =D3Aus(t,z) — (F1(t,z) + qr + d(t,x))us(t, z) (4.9)

~ - 3 ur(t — 7, y)us(t —7,9)
+ [ Pt =rap [ -y ST

) ) u4(t -7 y)u3(t -7 y)

+ Ba(t — dy, x €€, t>0,
Aol =) T
Ouy(t, x) - ug(t, z)us(t, x) _
——— 2 =D,y Auy(t — t t t
ot 4 ’LL4( ,.’E) ﬁQ( ’x)u4(t,x) +U3(t,.’13) -|—Oé( 71’)U1( 7x)
—d(t,x)uys(t,z), x €Q, t >0,
t _
Q2] (1) + arus(t, ) — d(t, 2)us(1,2), @ € 2, 10,
t
Q%%ﬁzmﬁwmm+@@m@@@
+7r(t, v us(t, ) — d(t, z)ug(t,x), © € Q, t >0,
Ouilts®) o0, t>0, i=1...6.
on

By Lemma 3.1, system (4.9) admits a unique solution
’U,(t7 X ¢7 () = (ul(tu X, ¢v §), u2(t7 x; ¢7 §)7 U3(t, x; (ba §), u4(t7 x; ¢7 C),
’U,5(t, 3 d)a C), uﬁ(tv T3 (,25, §)),

with initial datum ¢ = (¢1, P2, ¢3, P4, ¢5, 6) € Y*. Define us(4,¢)(0,2) = u(t +
0,2;4,6),vt > 0,0 € [—7,0],2 € Q. The solution of (4.9) induces a skew-product
semi-flow:

MY :RT x YT x H(A) — YT x H(A),
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(t,0,6) = (ue(9,6),5 - 1).

The following proof is similar to the proof of Theorem 4.2 in [32]. For the sake
of completeness, we give detailed proof below. From the third equation of (4.9), we
can get us(t, x; ¢, <) satisfies

Aus(t, -
% <DsAus(t,) — (Fr(t,2) + @r(t, ) + d(t,z))us(t, )
+ [ T t—7,2,9) (Bt —T,
[ Tt = @i =) o
+ BQ(t -7, y))U3(t -7, y) dya T e Qv t> Oa
M:O, x e i, t>N0.
On
Consider the comparison system of (4.10)
us(t, - < .
% =D3Adis(t, @) — (71(t, @) + Gr(t, @) + d(t, ))as ¢, 2)
+ f‘t,t—T,x, 3 t—,
IR D(Bi(t—7.0) o
+ BZ(t -7, y))ﬂl%(t -7, y) dya T e Qv t> Oa
9us(,2) o e o0, t> 0.
on

Due to A* < 0, it follows from Lemma 4.1 that th(tere exist two almost periodic
function a(s-t) and wy (, ;<) such that w(t, z;¢) = efo 4D dsyy) (¢, 2 ¢) is a solution
of (4.11), we know that

1 t
lim n a(s-s)ds = A" <0.

t—o0 0

Thus, by the comparison principle we get us(t,z;¢,5) — 0 uniformly on Q as
t — 0.
Note that us(t, x; ¢, <) satisfies

w <DyAusy(t, ) + (B1(t, ) + Ba(t, x))us(t, x)
—d(t,x)us(t,z), € Q, t >0,
MZO, x eI, t>D0.
on

Let ts(t) be the solution of the following equation with initial datum d(0) =
max,cq ¢2(),
dUQ(t)
dt

where B;(t) = max,cq{(Bi(t ) + Ba(t, x))us(t, z; $,6)}. It then follows from the
comparison principle that us(t, z; ¢,<) < ua(t), Vo € Q. By the Theorem 2.6 of [37],

we further obtain a5 (t) — 0 as t — oo. Hence, us(t, z; ¢, <) — 0 uniformly on  as
t — oo.

= b (t) - d*u2(t)a
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Then, let 4s5(¢) be the solution of the following equation with initial datum
t5(0) = max,co ¢5(x),

W) _ But) — dous (),
where By(t) = max,cq{qrua(t,z; ¢,s) + qrus(t, z; ¢,5)}. It then follows from the
comparison principle that us (¢, z; ¢,<) < Us(t), Vo € Q. By the Theorem 2.6 of [37],
we further obtain s (t) — 0 as t — oo. Hence, us(t, z; ¢, <) — 0 uniformly on  as
t — oo. Similarly, it’s easy to get ug(t, x; ¢, <) satisfies

t
Q) Dyt ) + it 2)us(t,2) + Pt a)us(t, )
—dyus(t,x), z€Q, t >0,
usthr) o, t> 0.
On

Then, let ug(t) be the solution of the following equation with initial datum
U6(0) = max,eq o),

duG(t)
FTa Bs(t) — dyug(t),
where B3(t) = max,cq{re(t, x)ua(t, z; ¢, ) + 71(t, z)us(t, z; ¢,¢)}. It then follows
from the comparison principle that ug(t, z; ¢, <) < @g(t), Vo € Q. By the Theorem
2.6 of [37], we further obtain 4g(t) — 0 as t — oo. Hence, ug(t,z;¢,5) — 0

uniformly on  as t — oo.
Let w(¢,<) denote the omega limit set of (¢,<) for ITY (£, ¢, ), which means

w(d,s) ={(¢%,¢") € Y x H(A): lim (u,(,),5t,) = (67,67)}-

t—00
Since lim;— o0 u;(t, -, ¢, ) = 0( = 2,3, 5,6), we have

w(p,<) C {(w1,0,0,ws,0,0,¢) : wi,wy € XT,c € H(A)}.
From the first and the fourth equations of (4.9), we get that

Ouy (t, x)

ot >DiAui(t,z) + A(t,z) — B (t, v)uy (L, )

—a(t,v)ui(t,z) — d(t,x)ui(t,z), x € Q, t >0,
W >DyAuy(t,z) — Bo(t, x)ug(t, z) + alt, z)uy (t, )

—d(t,v)us(t,z), x € Q, t >0,
Ouy(t,xr) Ouy(t,z)
on  On

which implies that lim;_, o uq (¢, x; ¢, <) > (t,z;0,¢) > J\oﬁM , where

=0,t>0, z €09,

M, = sup 7(61(15,:5) + a(t,z) + d(t,z)),
(t,x)ERXQ

My = sup (Ba(t,x) +d(t, x)).
(t,z)ERXQ

This implies that for any (wi,0,0,ws,0,0,¢) € w(e,s), we have w; € Int(X*) and
Wy € Int(X“‘).
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By Lemma 4.4, we know that equation (4.6) has a unique solution
(ui (¢, 23 6), uy(t, ;<))

which is globally attractive and uniformly almost periodic in ¢ € R. We can define
ui(s)(0,2) = ui(0,7;6) and u}(s)(0,2) = uj(0, ;) for all § € [~7,0] and = € Q.
Since every trajectory of the omega limit set has a backward extension, we can
conclude that w; = ui(s) and wy = u}(s). Thus

tllg)lo ||(’U,1(t, ) ¢7 §)7u2(t7 ) ¢7 §),U3(t, 3 d)? §),U4(t7 B (bv C),’LL@(t, ) ¢7 §),’LL1(t, ) ¢7 §))
- (uglﬁ(t ‘3 ,C),0,0,UZ(t, ';ag)aOaO)H = 0

This completes the proof. O

Theorem 4.2. Assume the assumptions (Al) and (A2) hold. Let u(t,z;¢) be the
solution of (2.6) with initial value ¢ € Y. If \* > 0, there exists an € > 0 such
that for any ¢ € Y with ¢3(0,-) # 0, we have

lim inf ug(t, z; ¢) > €,
t—o0

uniformly on x € Q.

Proof. Define

SO = {¢: (¢17¢27"' 7¢6) € Y+ : ¢3(07) 7_é0},
08 =Y, \So={p YT :¢300,) =0},

and
P:Y+ XH(A),P():SO XH(A),aP():aUO XH(A),

where H(A) is defined in the proof of Theorem 4.1. Let

u(t, 3 ¢,¢) =(ui(t, z;¢,<), u2(t, z; ¢, <), us(t, z; ¢, <),
U4(t,l’; ¢7 g)7u5(t7x; ¢a g)’ uﬁ(tax; ¢7§))

be the unique solution of (4.9) with initial value ¢ € Y*, and let

n’.p— P
((b’ §) = (ut(¢7 §)7 S t)a

where ui(¢,¢)(z,0) = u(t + 0,z;0,5), ¥t > 0,60 € [—7,0],x € Q. It’s easy to get
that 117 (Py) C Py and 117 (0Fy) C OP,,Vt > 0. From Lemma 3.2 we know that
17 is continuous and point dissipative. Moreover, from Theorem 2.1.8 of [38], we
get TIF is compact for any ¢ > 7. It then follows from Theorem 3.4.8 of [14] that
17 : P — P admits a global attactor A.

Let M = {(¢,5) € 0Py : TIF(¢,5) € OPy,Vt > 0}. Let w(e,s) represent the
w-limit set for IT and define M = {(u}(s),0,0,u%(s),0,0) : ¢ € H(A)}, where u}
and u} are given in Theorem 4.1. By the similar argument of the proof of Theorem
4.1, we can get that for t > 0, x € Q, (¢,<) € Py,

U/g(t,l'; ¢a C) = 07
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tli)lgoui(t7 ';(rbv §) = 07 1= 2>576a
and

lim Hul(tv ';¢7 §) - U’T(t? ';C)H = 07

t—o0
tli{?o H’U,4(t, ) ¢a C) - u4(t7 2 §)H =0.
Therefore, we have Uy yeap,w(9,5) = M. It follows that
w(M) = U 0emw(o,s) = M.

Moreover, M is a compact and isolated invariant set, and no subset of M forms a
cycle for II” in P,. Consider the following perturbation system with a positive
parameter 7):

Ous(t, _
L’ét ) Dy Aug(t,2) — (F1(62) + g1 + d(t, 2))us(t, )
= 2 ui(t,x;6) —n
T _ _ Bt SN ek B VA —
+ /Q (t7 t T, T, y) I:ﬁl (t T, y) u,{ (t, 7 §) I QnUS(t T, y) (4 12)
3 uj(t,xs6) —n '
t— _— t— d O, t
+52( T’y)uZ(t,x,g)—&—QnuS( Tvy) Y, HANS 9 >0;
M:O, r €, t>0.
on

Let A} be the upper Lyapunov exponent associated with (4.12). Since \* >0
and the continuity of upper Lyapunov exponent (as shown in Lemma 4.3), there
exist a sufficiently small number 7 > 0 such that A} > 0. Moreover, we have the
following claim.

Claim. M is a uniform weak repeller for I that is,

limsup d(IT{ (¢,5), M) > n, Y(¢,5) € F.
t—o0

Suppose, by contradiction, there exists some (¢°,¢°) € Py such that

lim sup d(Hf((bO,qO),M) <.
t—o0

Then there exist t; > 0 such that d(IT1F (¢°,<%), M) < n, Vt > t;, which implies that
|U1(t, €5 ¢0? §0) - Uf(t, €T §0)|§ UB
Jua(t, 230", <) — uj(t, 23 ") <,

and u;(t, x;¢°,<%) < n,Vt > t,x € Q,i = 2,3,5,6. It then follows that usz(t,z; ¢°,
") satisfies

Ous(t, -
2 2) Dy, ) — (Pt )+ ar -+ L )1 2)
B 2 U*(t71,‘;§0) -1
—|—/Ft,t—7‘,x,y B1(t — T,y :—U t—T1y
0 ( 4L )U1(’5,$;<0)+277 of ) (4.13)
o) UZ(t,.]Z;CO) —1n -
— =N 70 _ Q
+ Ba(t T’y)uz(t,x;gO)JrQnu?’(t T,y)} dy,  €Q, t > ty,
Q) o e pq, t> 1.
on
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By Lemma 4.1, there exist two almost periodic functions a(c® - t) and w(t, z;<°)
such that w(t, z;<%) = elo a(s’9) dsp(t, ;%) is a solution of (4.12) and

1
lim ga(go -8)ds = A} > 0.

Recall (¢°,<%) € Py, a similar argument to that in [44, Lemma 4.2 (i)] can show
that ug(t,z; ¢%,¢%) > 0 for t > 0. Thus, there exist t5 > 0 and a sufficiently small
number § > 0 such that ug(ts + 6, 2;¢°,¢%) > dw(ts + 0, 2;¢°),V0 € [—7,0],2 € Q.
It then follows from the comparison principle that

us(t, ;. 6°,°) > Sw(t, ;) = delo «CT D Dt 25 %), Wt > 8, w € O

where t3 = max{t;,t2}. Note that w(t, z;<°) is almost periodic and

t
lim efo @7 9)ds — Jim (e 7 = 00,
t—o00 t—o0

then we have lim;_,o, us(t, z; ¢%, %) = 0o, a contradiction.
Since M is an isolated invariant set for IIF" in 9Py, the previous claim implies that
M is also an isolated invariant set for II7 in P. Moreover, the claim establishes that

W#(M) N Py = (), where W*(M) denotes the stable set of M for IIF. Specifically,
W$(M) is defined as

WH(M) = {(¢,) € P:w(¢,<) # 0,w(¢,¢) C M}

Based on the continuous-time version of [47], we can conclude that the skew-
product semiflow IIF : P — P is uniformly persistent with respect to (Py,dP,).
Moreover, since I is compact for any ¢t > 7, it is also asymptotically smooth.
Applying Theorem 3.7 and Remark 3.10 of [28], we can further deduce that II7 :
Py — Py possesses a global attractor Aj.

Since Ag € Py and ITF' (Ag) = Ay, it follows that Ay € Int(P). Define a function
A: P —[0,+00) by

A(g,<) = Irnelg{d)?)(ov JJ)}, V(¢,<) € P.

We can observe that A is a continuous function and A(¢,) > 0 for all (¢,<) € Ap.
The compactness of Ag ensures that inf 4 e, A(¢, <) = mingg oyea, A(d,<) > 0.
Therefore, there exists a positive number ¢ such that

liminfuz(t,; ¢,¢) > €, V(9,<) € P.
t—oo

This completes the proof. O

5. Numerical simulation

In this section, we will give two examples to verify our conclusions. let Q =
(0,1), D1 =0.3-1073, Dy = 0.2:1072, D3 = 0.3-1072, D4 = 0.5:1073, Dg = 0.6-103
and some parameters in the model are taken as follows:

A =14 0.5co08(0.57t), a =0.2(1+ 0.5co0s(0.57t)), d=0.04(3 + cosnt),
B1 = 0.1(1 4 0.2cos(0.57t)), B2 = 0.3(2 + 0.1 cos(0.57t)), qp = 0.1.
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Example 5.1. Take the initial value as
ul (0,2) = (u1(0, ), u3(0, 2), u3(0, x), u (0, ), u5 (0, ), ug (0, ),
where
ui(0,2) =2 (2 +sin7mz), ui(0,2) =4 (2 + sin7x),
ud(0,2) =4 - (2 +sin7x), ul(0,2) = 10 - (2 + sinmx),
ui(0,2) =5 (2 +sinmx), u(0,2) = 3 - (2 + sin7z),

let rg = 2(1 4+ 0.2cos7t), r; = 1.5sinwt, ¢y = 0.01, then \* < 0. Therefore,
system (2.6) is globally asymptotically stable, and all its solutions converge to the
disease-free equilibrium E°, as shown in Figure 1.

0,

(a) (b)

ugltx)

‘ o
@
e
”
Pars .

(e) (f)

Figure 1. Almost periodic solution curves for the model (2.6) with initial values as u'(0, z) and A\* < 0.

Example 5.2. Take the initial values as

u?(0,2) = (u}(0,2),u3(0,2), u3 (0, x), u3(0,2), u3 (0, z), ug (0, ),
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and u!(0, ) respectively, where

u3(0,2) =8 (2 +sinmz), u3(0,7) = 8- (2 + sin7x),
u3(0,2) =4+ (2+sin7z), u2(0,2) =5 (2 + sinwx),
u2(0,z) =6 - (2 +sinmx), u2(0,7) = 4 - (2 + sin7z),

let rg = 0.02, r; = 1.5sin(0.57¢t),q;r = 0.6, then A* > 0. Therefore, the disease
persists, as shown in Figures 2 and 3. Comparing Figures 2 and 3, it can be seen
that when A* > 0, the persistence of the disease does not depend on the initial
value.

Figure 2. Almost periodic solution curves for the model (2.6) with initial values as v'(0, z) and \* > 0.
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(e) (f)

Figure 3. Almost periodic solution curves for the model (2.6) with initial values as u?(0, z) and A\* > 0.
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