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ON WEIGHTED AVERAGE FAST BLOCK
KACZMARZ METHODS FOR SOLVING
LARGE CONSISTENT LINEAR SYSTEMS*

Hong-Yu Li! and Xin-Hui Shaol'f

Abstract To solve large consistent linear systems, a weighted average fast
block Kaczmarz (WAFBK) method is proposed, which is based on the ideas of
greedy distance and weighted average. This method does not require the cal-
culation of pseudoinverse of submatrices. Furthermore, we provide a detailed
analysis of the convergence properties of various methods, corresponding to
four different weights used in the selection probability criterion. And it has
been proven that WAFBK-type methods converge to the unique least-norm
solutions of linear systems. Numerical results confirm the effectiveness of the
WAFBK-type methods and demonstrate their ability to accelerate the conver-
gence rate of the fast deterministic block Kaczmarz method.

Keywords Block Kaczmarz method, greedy distance, weighted average, con-
sistent systems.
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1. Introduction

In the fields of scientific and engineering computing such as artificial intelligence,
big data analysis and data mining, the efficient solution of large-scale linear systems
remains one of the core concerns of researchers. In this paper, we consider solving
large consistent linear systems in the following form

Az = b, (1.1)

where A € R™*" and b € R™. Stefan Kaczmarz [12] proposed the Kaczmarz
method for solving linear systems (1.1) in 1937, which is a classic and representa-
tive row projection iteration method. Due to its advantages of simple operation,
low computational cost, and easy implementation, the theory of this method has
rapidly developed and been widely applied in image processing [11,20], distributed
computing [8,19] and computed tomography [13,14]. In 2009, Strohmer and Ver-
shynin [21] combined the idea of randomly selecting the target row of the coefficient
matrix with the Kaczmarz method to present the Randomized Kaczmarz (RK)
method, and demonstrated that it had linear convergence speed. In order to speed
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up the convergence of RK method, Bai and Wu [2] established greedy randomized
Kaczmarz (GRK) method by utilizing a novel and beneficial probability criterion.
In recent years, there have been a large number of extensions and variations of RK
and GRK methods, and we can refer to works [3,4,25,26]. It is not difficult to
see that the above-mentioned methods only use one row to project in each itera-
tion. Considering that using multiple work rows in each iteration can accelerate the
convergence speed of single row projection methods, block-type methods have been
proposed successively.

The idea of block Kaczmarz method can date back to Elfving’s research [9],
which utilizes a great many of equations simultaneously at each iteration. The
iterative format of the block method is defined as follows

Tht1 :xk+ATIk(bIk —Azkmk), k=0,1,2,...,

where A}k represents the Moore-Penrose pseudoinverse of the submatrix Az, and
i, € [m]. By observing the above iterative format, it is evident that the structure
and properties of the blocks Az, have played a significant role in the convergence
speed of this method. Needell et al. [16,17] presented a randomized block Kaczmarz
(RBK) method and demonstrated that if the submatrix Az, is well conditioned, in
other words, given a great row paving, then this method can be extremely efficient.
And they also extended it to solve inconsistent systems. Furthermore, a greedy
block Kaczmarz method [18] was presented, which combined GRK and RBK meth-
ods. Obviously, this type of block method requires calculating the Moore-Penrose
pseudoinverse of submatrix and a great row paving, which is quite time-consuming
and generally difficult to satisfy. Necoara [15] came up with a unified framework
for the random average block Kaczmarz (RaBK) method by using a convex combi-
nation of several updatings as the search direction to avoid these issues. Moreover,
Necoara explored various types of step size and conducted the expected linear con-
vergence rate. Regarding the improvement and expansion of this method, we can
read [7,22]. However, RaBK method requires pre-partitioning the row indices of
the coefficient matrix A , and it will only be highly effective when it has a good
sampling of the rows into well-conditioned blocks. Therefore, with the inspiration of
Gaussian Kaczmarz [10] method, Chen and Huang [5] constructed a fast determin-
istic block Kaczmarz (FDBK) method so as to further accelerate the convergence
of the block method. The iterative format is defined as

dT(b— Azy) .
Tr4+1 = Tk + 7214 dk7 dk; = b(l) — A(Z).’L‘k €.
A0 2 )

The FDBK method only needs to compute a linear combination of all columns of
submatrices Az, as search direction. On the one hand, this method eliminates the
demand for the calculation of the Moore-Penrose pseudoinverse of submatrix, and
on the other hand, it updates the index set through a greedy criterion during each
iteration, which means it does not involve pre-determining the row indices. It is
obvious that this method greatly reduces the complexity of operations and saves
a lot of computation time. Numerical experiments also showed that the conver-
gence performance of this method is quite significant. Afterwards, Xiao et al. [24]
constructed a fast greedy block Kaczmarz (FGBK) method by adopting different
probability criterion for selecting work rows.

In this paper, we build a weighted average fast block Kaczmarz (WAFBK)
method with the goal to further improve the convergence speed of FDBK method,
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which constructs a new probability criterion for selecting rows by combining the ad-
vantages of greedy distance and weighted average. Added to that, we list four types
of weights in the probability criterion for this method. According to the different
weights, we name them as WAFBK_U, WAFBK_NU, WAFBK_R and WAFBK_D
methods respectively. The WAFBK-type methods not only do not need to spend a
lot of time to calculate the Moore-Penrose pseudoinverse of submatrix in each step,
but have the probability criteria for selecting rows that are also different from those
in FDBK and FGBK methods. And theoretical analyses of WAFBK-type meth-
ods corresponding to different weights are provided. Numerical experiments also
demonstrate that the WAFBK-type methods outperform both FDBK and FGBK
methods in terms of iteration steps and computing time.

Next, we will explore the organizational structure of this article. In the remain-
ing part of this section, we elucidate the symbols and notation employed throughout
this article. In Section 2, we first provide a succinct overview of the FDBK and
FGBK methods, followed by the construction of the WAFBK-type methods and an
in-depth discussion of their convergences on different weights in probability crite-
ria. Following that, the numerical results of six methods are provided in Section 3.
Finally, Section 4 serves as an epilogue, encapsulating the conclusion of the entire
paper.

For any vector ¢ € R™, ¢/ is used to denote its jth entry. Let e; be the column
vector of n dimensions whose jth item is 1 and the rest items are 0. For a matrix

m n
Q = (ay) € ™", W, |Ql, = max [£72, Q| = 3 3 fayl* and R(Q)
i=1j=
represent its ith row, Euclidean norm, Frobenius norm and the range space of the
matrix @, respectively. Then, let opin(Q) and omax(Q) denote the smallest nonzero
and the largest singular value of the matrix @, respectively. We use [t] to denote
the set of positive integers [1,2,...,t]. For any index set 1, we make use of @), and
|n] to represent the row submatrix of @ indexed by 7 and the cardinality of the set
7, respectively.

2. Weighted average fast block Kaczmarz method

Initially, we conduct a brief review of FDBK and FGBK methods. Subsequently,
based on the ideas of greedy distance and weighted average, we construct a new
probability criterion to derive the WAFBK-type methods.

2

J

In FDBK [5] method, the indicator set is defined as follows
‘ - 2
1 < 1 {’b(l)—A(z)$k| }+ 1 >
ey =5 | ———3 max — 5 |-
2\ [Ib— Az ||y 1=i=m | AD[; 1Al p
On the basis of FDBK method, Xiao et al. [24] further innovated by constructing
a different indicator set and taking into account the utilization of different norm

standards to determine the working rows. They proposed FGBK method, whose
indicator set is

P

p}

. . 2 .
Ty = {i|‘b(” - A@)xk‘ > ep |Ib— Az HA@)

and

. . p .
T, = {iI‘b(” _ Amxk‘ > e HAm
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and

er =60 max
1<i<m

b — 4@ g, |P
{|H14(Z)prk|}70€(0,l] and p€[17+00)
p

One drawback of this method lies in the necessity of calculating
max {W} in each iteration, which will consume a lot of time. Based
1<i<m Ja®f?

on this, we combine the advantages of greedy distance and weighted average to
construct a new indicator set, as shown in Method 1. This approach to determine
the indicator set can more accurately describe the distribution of distance between
the current iteration solution and the corresponding hyperplane for each row. Addi-
tionally, we introduce a relaxation parameter €, which can control the size of set Zj
by adjusting its value. The proposed method not only avoids calculating the value

b —ADg 2] . . . . . .
of r<na<x {| A0 5 | in each iteration but also has no direct correlation with
1<i<m v
== 2

the Frobenius norm of A. Next, we will discuss the possible selection of weights in

ex and ensure that the weights satisfy w¥ € [0,1] and Y wF = 1. In this paper,
1<i<m
we provide the following four selection rules with regard to the weights in €.

Method 1 The WAFBK method

Input: A b,zo =0,k =0,0€[0,1];
Output: zxi1;

1: while k < K

2: Compute

Lo _Au)xkf'

€k=9 Z W

1<i<m HA(t)Hz

3: Determine the index set

. ) 2 )
T = {iﬂ’b(l) _ A(z)xk‘ > ey HA(Z)

2
)
2

4: Compute
&= res (2.1)
€Ly
5: Update
ik T
Tpy1 = Tp + — 5 A &k;
ATkl
6: k=k+1;
7: end while
e The uniform selection: w¥ = -1 which can be referred to as WAFBK_U
method.
A@ |2
e The non-uniform selection wl’? = H”AHQQ, which can be referred to as
F

WAFBK_NU method.
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2 . .
. . k ‘rl(cb) Ib(z)—A(')xkF .
e The residual selection: wj = T = T AnE which can be referred to
kll2 —Azx||5
as WAFBK_R method.
(1)) 2 ;
d ) ()
e The distance selection: wf = z(k()(.))m d,(;) = ”K("”h which can be referred
dl I,
1<i<m

to as WAFBK_D method.

We provide some remarks and lemmas for the sake of analyzing the convergence
of the WAFBK method more conveniently and clearly.

Remark 2.1. We know that

(1) — A6) g, |2 b — AW 4 |?
o {lbl}Z S

(B 14i5m [EIs
() _ A g, |?
>0 Z waa 0 lo,1],
1<i<m [ A@
where % indicates the distance between the current solution zj; and the
2

ith hyperplane, which implies the index set Z; cannot be empty. That is to say, the
maximal distance between the current solution x; and the ith hyperplane, that is

[ — A g |2 . .
max § St o, must be included in the set Z.
1<i<m ||A 1,

Lemma 2.1 (Lemma 2.5, [23]). If both o = {a1, g, ..., } and 8= {61,052, ..,
Bn} are two arrays with real components and satisfy o; >0, B; > 0,5 € {1,2,...,
n}, then it holds that

Lemma 2.2 (Theorem 3.1, [2]). For any v € R™ belonging to the column space of
AT | the following inequality holds that

A5 > 025 (A) v]l5.-

min
Lemma 2.3 (Lemma 3.1, [1]). Define m be a prescribed positive integer, {c; i,
be nonnegative reals. Then, it holds that:

S 2 ($a).

Theorem 2.1. For A € R™*™ without any zero row and any initial vector xg €
R(AT), the iteration sequence {xy}-, generated by the WAFBK method converges
to the least norm solution x, = ATb of the consistent linear system (1.1). Further-
more, the error estimate obeys

(i) For the WAFBK_U method,
o2in(A) Az, ||

min

m || Al|% 0Zax (Az,)

lokr — 2y < (1- Vo, — .3, k=0,1,2,....
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(i) For the WAFBK_NU method,

2 A 2
1— eamln(A) || Zy, HF

JA]% ohax (Az,

“xk+1_x*||§§( ))ka_‘r*nga k=0,1,2,....

(iii) For the WAFBK_R method,
Trin(A) Az, [

|Zg1 — |l < (1 — g=min
o IAI7 Ohax (Az,)

max

)ka 79:*”37 k :071727""

(iv) For the WAFBK_D method,
o2in(4) Az |7

min

m || Al|% 0ax (Azy)

H‘Tk+1_m*||§§(]‘_ )ka—ﬁf*”§» k:071727""

Proof. From step 5 of WAFBK method, we get

& (0= Ary) 4

Tht1 — Ty = T — Ty +
IAT &3
— 2 — Ty — MAT&
- * 2 -
| ATE |5
ATgEl A
=Tp — L = (g — 4) -
|ATEkI5

According to the Pythagorean theorem, it can be concluded that
2

EEA (xr — i) 7
e = 2l = llow — o — || EALLEZ2) e,
’ IAT &l )
F(b— Azy)|?
= g — . - 0 AT (2.2
[A7e 2

Let B, € R™ > 1Tkl be a matrix whose columns are composed of all the unit
vector e; with i € Ty, Az, = E,{A,gk = Eggk, then

~ 112 . . 2
&, = €FBeBT e = el = 3 o0 — 49 (2.3)
1€y
and
N “ " n ~ 112
HATEkHE =L AAT G = LB AATERS, = L A7, AT & = HA%C&HQ-

Further, we see that

2
&k
2

|45, = & Az A%, 6 < o2 (Am)

By combining (2.1) and (2.3), it can be obtained that

(b — Axy) = <Z (b@) - A<i>xk)ef> (b— Axy)

1€y
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= Z ((b(l ) el'(b— Azk)>

1€y

= Z ‘b(i) _A(i)zk'2

1€y

2

&k

) .

From this, the second part of equation (2.2) can be further written as

b — A, |
€7 (b — Amy)* (z | i )

lATely |z &

> [p0) — AW g, |2
i€Ty,

mdx (AIk )

5 (e 49113)

max (AIk)
e 3 [l A° I,

rnax (AIk)
° 1Az, |17

= o2 (A 24

Based on that, we will discuss the value of €, with various weights.

Y

1€Ty

Y

(1) For the WAFBK_U method, w; = %, k=0,1,2,..., and from Lemma 2.1 and
2.2, we have

(i) _ A |?
e =10 Z i—|b A 2xk|

1Gzm ™ [JAD
b _Amxk,?

> E1gigm _
meo 3y [lA9],
1<i<m
0 b= Axy
m Al
Toin(A) 2
2 O (| — ] - (2.5)
m | A7
(2) For the WAFBK_NU method, w; = TAT2 2 k=0,1,2,..., and from Lemma
F

2.2, we have

NIRRT i 2
e [AD]; [p@ — A© z |

LA AR ao)?
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2
= 2
| Al
U?nin(A) 2
Z W |z« — wng- (2.6)
F
. ‘7",(;) 2 b AG) g, |2
(3) For the WAFBK_R method, w; = Tl = A ,k=0,1,2,..., we have

() — A(nxkf | — A@')xkﬁ

Ek-:e Z

15em b= Azl HA‘”HE
9 6@ — Az, |*
- Anls Sz, a0,

Through the application of the Cauchy-Schwarz inequality, it is straightforward
to deduce that

2
. . 4 ) ) 9
S aoff. y PR (s e AT
1<i<m 2 1&5m A9 1<i<m 2 A,
2
= Z ‘b(i) —A(i)xkr
1<i<m
= [[b— Azyl3.
Hence, from Lemma 2.2, we have
o b — Az

gk > -
b= Axell; S ||A®]2
1<i<m

o Ob— Ayl
2
1Al %
90’2- (A) 2
> ez, — x5 (2.7)
2 2
[ All%
( (1)) 2
(4) For the WAFBK_D method, wf = —"~—— k=0,1,2,..., and from Lemma

()
1§%m (dk )
2.1 - 2.3, we have

(dg))z |b(i)7A(i)xk|2
(2l R R
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0
2 _
m (%)
d
(@)
9 b0 — AWz, |
- 112
Mo GZm A9,
0 ||b— Azl
mo Al
02in(4) 2
> gTmin g a5 (2.8)
m || Al

So far, by substituting the estimates in (2.4)-(2.8) into (2.2) and performing
recursive operations on the iteration index k, it can be obtained the upper bound
in (i)-(iv) of Theorem 2.1. O

Based on the above discussion, the convergence factors of these four methods
can be written as

pWAFBK*NU:pWAFBK,Rzlf rnin2 :
||A||F O max (AIk)

gTmin(4) 1|4z, 7

and )
o2 (A) HAIICHF

min

m HAHQF Jr2nax (AIk) .

PWAFBK.U = PWAFBK_D —
Obviously, it holds that

PWAFBK _NU = PWAFBK_.R < PWAFBK_.D = PWAFBK_U-

Therefore, from a theoretical perspective, WAFBK_NU and WAFBK_R methods
will exhibit significantly better convergence performance compared to WAFBK_U
and WAFBK_D methods. However, in practical applications, all four methods
demonstrate comparably outstanding convergence properties, surpassing the upper
bounds prescribed by current theoretical frameworks.

3. Numerical experiments

We will perform extensive numerical experiments and compare them with FDBK [5]
and FGBK [24] methods in order to visually demonstrate the excellent convergence
of the proposed methods. And numerical experiments in [24] show that the FGBK
method with p = 2 converges in the least computing time. Therefore, we only
consider the FGBK method with p = 2 in this paper. As for the values of § in
FGBK method and our proposed methods, we will provide them in each table title
and discuss them in detail in 3.3.

The performances of above methods are expressed in terms of the number of
iteration steps (labeled as “IT”) and computing time in seconds (labeled as “CPU”).
For each randomized method, IT and CPU represent the average numerical value
of the results that are obtained by repeating the corresponding method 50 times.
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We will test two types of matrices of the consistent linear systems, one is the
dense matrix generated by the function randn in MATLAB, and the other is the
matrix from Florida sparse matrix set [6]. The detailed information of the matrices
is explained in Tables 3 and 6, where the definition of density is provided here, as
shown below

number of nonzero elements in m X n

density =
Y mxn
In addition, to ensure that the coefficient matrix A is consistent, we first generate
a vector z € R™ and b = Az through the function randn. For all methods, the
iterations are commenced from zg = 0 and terminated when the relative solution
error (RSE) falls below a threshold of

2
RSE — ||.Tk - x2*||2 S 10767
(S
or the value of IT is beyond 200,000. Additionally, the symbol “--" indicates that

a certain method did not meet our prescribed accuracy within 200,000 steps.

Furthermore, the CPU acceleration ratios of the proposed methods relative to
FDBK methods are given for the sake of demonstrating intuitively the improvement
of the methods we presented, which are respectively set as follows

speedoup U — —CLUFDBK
- CPUwarBK U
CPUrpBk
speed-up NU = ————————
P P CPUWwAFBK_NU
CPUrpBk
speed-up R = —————=
P P CPUwaAFBK.R
and CPU
speed-up_U= FDBK

CPUwAFBK.D

It can be seen from the definition of acceleration ratio that when these methods
reach the same accuracy and the values of speed-up are greater than 1, which means
that the computational efficiencies of these new methods are even better than that
of FDBK method.

The numerical experiments are completed by making use of a computer with
2.30GHz central processor (Intel (R) Core (TM) i5-8300H CPU 2.30GHz), 64 bit
Windows 10 operating system and 8.00GB memory by using MATLAB (R2018a
version).

3.1. Underdetermined case

We test two types matrix with m < n, the numerical results of the six iterative
methods are shown in Tables 1 and 2 for random matrices and in Table 3 for
sparse matrices. To more intuitively demonstrate the outstanding convergence per-
formance of our proposed methods, we have plotted the RSE in base-10 logarithm
versus CPU, as shown in Figures 1 and 2 below.

By comparing the values of CPU and IT in these tables, we can definitely con-
clude that the proposed methods have an evident promotion at the aspect of CPU
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time and iteration, which are faster than the other two methods regardless of the
size of the coefficient matrix. And it is intuitively observed that these four methods
have excellent convergence performance from Figures 1 and 2. Besides, it should
be noted that the convergence rates of the four methods we propose are very close
and difficult to distinguish between each other especially for solving dense matrices,
which is also reflected in Figure 1 below. From this picture, we can easily observe
that the curves of four methods are very close to each other. For solving sparse ma-
trices, it can be seen from the results in Figure 2 and Table 3 that WAFBK_U and
WAFBK_NU methods are the two fastest among these six methods in all cases. In
a word, the difference in convergence performance between WAFBK-type methods
is not significant.

In particular, by comparing the proposed methods and FDBK methods, we
conclude that when we solve the random matrices, the smallest value of CPU speed-
up is 3.2551, the largest is 7.4397; When we solve the sparse matrices, the smallest
value of CPU speed-up is 1.4113, the largest is 4.6022. The above data results
demonstrate the effectiveness and advantages of our methods.

Table 1. Numerical results of six methods for random matrices with m = 500 and 6 = 0.5.

n 1000 2000 3000 4000 5000
FDBK IT 378 106 73 56 51
CPU 0.0872 0.0873 0.1038 0.1091 0.1258
FGBK IT 254 (s 93 44 38
CPU 0.0607 0.0644 0.0764 0.0863 0.0946
WAFBK_U IT 80 22 15 12 10
CPU 0.0243 0.0222 0.0245 0.0263 0.0272
WAFBK_NU IT 81 22 15 12 10
CPU 0.0245 0.0222 0.0242 0.0266 0.0269
WAFBK_R IT 89 26 19 16 15
CPU 0.0241 0.0249 0.0288 0.0326 0.0387
WAFBK_D IT 88 26 19 16 15
CPU 0.0241 0.0252 0.0292 0.0326 0.0384
Speed-up_-U 3.5859 3.9329 4.2330 4.1431 4.6259
Speed-up_-NU 3.55629 3.9329 4.2836 4.1007 4.6757
Speed-up_R 3.6150 3.5057 3.6026 3.3444 3.2551
Speed-up_D 3.6195 3.4609 3.5518 3.3446 3.2725

3.2. Overdetermined case

We test two types matrix with m > n, the numerical results of the six iterative
methods are shown in Tables 4 and 5 for random matrices and in Table 6 for sparse
matrices. In order to more intuitively demonstrate the outstanding convergence
performance of our proposed methods, we have plotted the RSE in base-10 logarithm
versus CPU, as shown in Figures 3 and 4 below.

By observing the results in Tables 4 - 6, we can draw conclusions similar to
those of testing underdetermined matrices. The WAFBK-type methods use fewer
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Table 2. Numerical results of six methods for random matrices with n = 10000 and 6 = 0.3.

m 1000 2000 3000 4000 5000
FDBK IT 54 101 174 310 547
CPU 0.6050 2.0386 5.4412 12.9731 27.8898
FGBK IT 22 36 58 90 148
CPU 0.2426 0.7327 1.8148 3.8071 7.6540
WAFBK_U IT 10 17 27 43 72
CPU 0.1117 0.3454 0.8693 1.8238 3.8442
WAFBK_NU IT 10 17 27 43 71
CPU 0.1111 0.3473 0.8724 1.8250 3.7488
WAFBK_R IT 12 18 27 44 73
CPU 0.1355 0.3661 0.8754 1.8416 3.7821
WAFBK_D IT 11 18 28 44 73
CPU 0.1229 0.3677 0.9099 1.8526 3.7644
Speed-up_U 5.4160 5.9025 6.2593 7.1131 7.2550
Speed-up_-NU 5.4472 5.8693 6.2371 7.1087 7.4397
Speed-up_R 4.4657 5.5692 6.2154 7.0444 7.3742
Speed-up-D 4.9231 5.5445 5.9800 7.0025 7.4088

Table 3. Numerical results of six methods for sparse matrices with 6 = 0.5.

Name bibd_16.8 bibd_17.8 Ip_growlbs df2177 lp_qapl2
m X n 120x12870 136x24310 300x645 630x10358  3192x 8856
Density 23.33% 20.59% 2.90% 0.34% 0.14%
Cond(4) 9.54 9.04 5.66 2.01 1016
FDBK 1T 287 258 358 43 112

CPU  0.2990 0.4857 0.0059 0.0064 0.0251
FGBK 1T 280 256 242 34 81

CPU 0.2822 0.4784 0.0040 0.0049 0.0164
WAFBK_U 1T 168 151 66 11 22

CPU 0.1862 0.2981 0.0013 0.0019 0.0063
WAFBK NU IT 168 151 67. 11 22

CPU 0.1862 0.2940 0.0013 0.0019 0.0066
WAFBK R 1T 209 181 85 14 30

CPU 0.2119 0.3408 0.0017 0.0024 0.0080
WAFBK_D 1T 209 181 85 14 30

CPU 0.2111 0.3402 0.0016 0.0022 0.0085
Speed-up_U 1.6058 1.6291 4.5598 3.3403 3.9816
Speed-up-NU 1.6062 1.6521 4.6022 3.2885 3.7740
Speed-up_R 1.4113 1.4251 3.6036 2.7041 3.1245

Speed-up_D 1.4166 1.4276 3.7396 2.8623 2.9431
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Iog, ,(RSE)
log,,(RSE)

FDBK
=== FGBK
WAFBK_U

FDBK

4 \
ki ) -~ FGBK
: % WAFBK_U

5 \ N, WAFBK_NU WAFBK_NU
T 002 . WAFBK_R WAFBK_R
\ . WAFBK D WAFEK_D
0 002 004 006 008 01 012 4 5 6
CPU
Figure 1. Pictures of six methods for random matrices with m = 500,n = 3000 (left) and m =

3000, n = 10000 (right): log;,(RSE) versus CPU.

log, (RSE)
&
10g,,(RSE)

FDBK
—mi= FGBK
WAFBK_U
WAFBK_NU

FDBK

—mi= i FGBK
2 B WAFBK_U
WAFBK_NU

0.26
WAFBK_R

WAFBK_D

3
cPU CPU x10%

Figure 2. Pictures of six methods for sparse matrices with bibd_17_8 (left) and lp_growl5 (right):
log;o(RSE) versus CPU.

IT and CPU time than the other two methods regardless of the size of the matrix or
condition number. Furthermore, considering the similarity in convergence results
among the four methods we proposed, especially when dealing with random matri-
ces, it becomes quite difficult to compare the convergence performance of these four
methods. For solving sparse matrices, we may select the optimal method based on
the properties and structural characteristics of matrix A. For example, for solving
the well1850 matrix, WAFBK_U method is the fastest method among the newly
proposed methods, and for the abb313 matrix, WAFBK_NU or WAFBK_R meth-
ods may be more suitable for solving. In general, the four methods we propose
perform nearly identically in terms of accelerating convergence.

Compared to FDBK method, when we solve the random matrices, the range
of CPU acceleration ratio of WAFBK-type methods is 3.0093 to 6.7306; When we
solve sparse matrices, the range of CPU acceleration ratio of WAFBK-type methods
is 1.6394 to 5.0802. These numerical results directly reflect the availability and
efficiency of WAFBK-type methods in solving these overdetermined matrices.

3.3. Choice of parameter ¢

Next, we will discuss the optimal range of 8 in WAFBK-type methods and FGBK
method, as well as the impact of the value of # on these methods. Through the
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Table 4. Numerical results of six methods for random matrices with n = 500 and 6 = 0.5.

m 1000 2000 3000 4000 5000
FDBK IT 299 76 50 38 37
CPU 0.0922 0.0747 0.0763 0.0827 0.1024
FGBK IT 219 57 43 30 27
CPU 0.0698 0.0554 0.0660 0.0662 0.0752
WAFBK_U IT 74 21 15 11 9
CPU 0.0299 0.0228 0.0249 0.0251 0.0260
WAFBK_NU IT 75 21 15 11 9
CPU 0.0306 0.0227 0.0243 0.0257 0.0260
WAFBK_R IT 78 21 15 11 10
CPU 0.0279 0.0227 0.0245 0.0258 0.0296
WAFBK_D IT 7 22 15 11 10
CPU 0.0280 0.0233 0.0250 0.0263 0.0298
Speed-up_U 3.0824 3.2811 3.1447 3.2990 3.9361
Speed-up_-NU 3.0093 3.2906 3.1139 3.2204 3.9440
Speed-up_R 3.3042 3.2906 3.0217 3.2014 3.4635
Speed-up_D 3.2900 3.2103 3.0509 3.1461 3.4407

Table 5. Numerical results of six methods for random matrices with m = 10000 and 6 = 0.3.

n 1000 2000 3000 4000 5000
FDBK IT 42 90 150 272 489
CPU 0.4748 1.8681 5.1027 11.0190 23.7867
FGBK IT 15 29 49 T 136
CPU 0.1718 0.6081 1.6532 3.1420 6.6982
WAFBK_U IT 10 17 27 43 72
CPU 0.1109 0.3473 0.8767 1.7469 3.5782
WAFBK_NU IT 10 17 27 43 72
CPU 0.1115 0.3467 0.8730 1.7500 3.5691
WAFBK_R IT 10 17 27 43 71
CPU 0.1155 0.3578 0.9477 1.7763 3.5341
WAFBK_D IT 10 17 27 43 72
CPU 0.1154 0.3584 0.9510 1.7887 3.5516
Speed-up_U 4.2812 5.3792 5.8202 6.3077 6.6476
Speed-up_-NU 4.2567 5.3880 5.8446 6.2967 6.6647
Speed-up_R 4.1104 5.2205 5.3842 6.2032 6.7306
Speed-up-D 4.1129 5.2118 5.3655 6.1602 6.6975

analysis in the first two sections, we find that the convergence speed of the four
methods we proposed is almost the same. Therefore, this subsection only discusses
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Table 6. Numerical results of six methods for sparse matrices § = 0.5.

Name flower 5.1 abb313 ndch-b2  well1033 well1850
mxmn 211x201  313x176 455x105 1033x320 1850x712
Density 1.42% 2.83% 2.86% 1.43% 0.66%
Cond(A) 1016 1018 1016 166.13 111.31
FDBK 1T 973 20418 22 87634 94786
CPU 0.0082 0.1774 0.0003 1.7419 3.1349
FGBK 1T 719 16226 19 75219 69566
CPU 0.0063 0.1364 0.0003 1.4275 2.1792
WAFBK_U IT 318 9272 4 41024 15341
CPU 0.0032 0.0962 0.0001 0.9280 0.6171
WAFBK NU IT 314 8068 4 36432 15031
CPU 0.0031 0.0833 0.0001 0.8433 0.6178
WAFBK_R IT 348 8392 6 40788 19246
CPU 0.0037 0.0840 0.0001 0.8856 0.7105
WAFBK_D 1T 354 8463 6 49050 20310
CPU 0.0039 0.0846 0.0001 1.0626 0.7497
Speed-up_U 2.5883 1.8431 5.0492 1.8771 5.0802
Speed-up NU 2.6810 2.1296 4.9404 2.0657 5.0747
Speed-up_R 2.2140 2.1114 2.6299 1.9669 4.4124
Speed-up_D 2.1172 2.0969 2.5904 1.6394 4.1813

log, (RSE)
log, ,(RSE)

FDBK

\ —=i= FGBK
5.4 X WAFBK_U
5 4 R WAFBK_NU

0.022 \_\ WAFBK_R
- WAFBK_D

FDBK
=== FGBK
WAFBK_U
‘WAFBK_NU

WAFBK_R
WAFBK_D

Figure 3. Pictures of six methods for random matrices with m = 3000,n = 500 (left) and m =
10000, n = 3000 (right): log;,(RSE) versus CPU.

the impact of relaxation parameter § on FGBK and WAFBK_NU methods.

From the results of Tables 7 and 8, on the one hand, it can be seen that ex-
cept for 8 = 0.1, the WAFBK_NU method converges faster than FGBK method.
On the other hand, we find that for solving the well1850 matrix, when the value
of 6 continuously increases, FGBK method cannot converge within 200,000 steps,
indicating that FGBK method heavily relies on the value of 8. To illustrate more
intuitively that WAFBK_NU method has better stability than FGBK method, we
plot the IT and CPU values of both methods versus 6 when solving random and
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Figure 4. Pictures of six methods for sparse matrices with flower_5_1 (left) and well1850 (right):
log;o(RSE) versus CPU.

sparse matrices, as shown in Figures 5 and 6. We see that both the IT and CPU
values of WAFBK_NU method do not fluctuate significantly with the increase of
0, while the IT and CPU values of FGBK method continue to increase. Especially
when the value of 6 is greater than 0.7, the convergence rate of FGBK method
becomes extremely slow. This indicates that WAFBK_NU method is not highly
dependent on @ and has stronger stability than FGBK method.

Table 7. Numerical results of FGBK, WAFBK_NU methods for random matrices with various 6.

0 1000 x 10000 10000 x 1000

FGBK WAFBK_NU FGBK WAFBK_NU

IT CPU IT CPU IT CPU IT CPU
0.1 12 0.1293 10 0.1094 10 0.1053 9 0.0991
0.2 16 0.1684 10 0.1088 12 0.1337 9 0.1009
0.3 22 0.2320 10 0.1105 15 0.1568 10 0.1092
0.4 30 0.3161 10 0.1101 22 0.2290 10 0.1094
0.5 41 0.4267 10 0.1105 35 0.3813 10 0.1099
0.6 58 0.6055 10 0.1087 50 0.5578 10 0.0979
0.7 88 0.9178 11 0.1196 97 1.0546 10 0.1098
0.8 150 1.6432 11 0.1204 180  1.9479 10 0.1093
0.9 359 3.7271 12 0.1319 396  4.1421 10 0.1067
1.0 3157 32.8879 12 0.1328 1704 17.4264 10 0.1115

4. Conclusions

For solving large linear consistent systems, combining the greedy distance criterion
and the advantages of weighted average to construct a new set of indicators, we pro-
pose the WAFBK-type methods and provide their convergence analysis. Numerical
experiments have shown that our proposed methods are superior to the FDBK
and FGBK methods in terms of convergence performance, whether dealing with
overdetermined or underdetermined, dense or sparse linear systems. In addition,
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Table 8. Numerical results of FGBK, WAFBK_NU methods for sparse matrices with various 6.
0 bibd_17_8 well1850
FGBK WAFBK_NU FGBK WAFBK_NU
IT CPU IT CPU IT CPU IT CPU
0.1 155 0.3213 245  0.4911 21807 0.7488 13612  0.6280
0.2 208 0.4136 151 0.2998 27358 0.9044 14054  0.6263
0.3 250 0.4829 190 0.3792 37776 1.2123 14458  0.6347
0.4 256 0.4980 166  0.3337 48546 1.5406 14735  0.6286
0.5 256 0.5287 151  0.3018 69566 2.1934 15031  0.6390
0.6 261 0.5222 135 0.2746 104046  3.3133 15255  0.6334
0.7 276 0.5495 118 0.2412 156766  4.8684 15550 0.6391
0.8 502 1.0014 111 0.2224 - - 15835  0.6457
0.9 708 1.4028 107 0.2174 -- -- 15699  0.6329
1.0 1131 2.1942 117 0.2300 - - 15929  0.6445
20 2000
——FGBK —0—FGBK
WAFBK_NU WAFBK_NU
16 1600
12 1200
2 ke
5}
8 800
4 400
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Figure 5. CPU (left) and IT (right) versus 6 of FGBK and WAFBK_NU methods for 10000 x 1000

matrix.

25

0.5

—6—FGBK

WAFBK_NU

IT

1250

—6—FGBK
WAFBK_NU

1000

750

500

250

0.6 0.8

Figure 6. CPU (left) and IT (right) versus 6 of FGBK and WAFBK_NU methods for bibd_17_8 matrix.

the relaxation parameter  in FGBK and WAFBK-type methods is discussed, and
numerical experimental results show that FGBK method has a strong dependence



932

H.-Y. Li & X.-H. Shao

on parameter 6, while WAFBK-type methods are more robust and efficient except
for 6 =0.1.
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