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THE SHARP BOUNDS OF HANKEL
DETERMINANTS FOR THE
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FUNCTIONS*
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Abstract In the paper, a family of bounded turning functions involving a
four-leaf-type domain is studied in the unit disk. The goal of the study is to
explore the bounds of second and the third Hankel determinant for functions
in the class. All of obtained bounds have been sharp.
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1. Introduction

Let H be the class of all functions g(¢) which are holomorphic in unit disk U =
{¢ € C:[¢] <1} and with the normalization g(0) = ¢’(0) — 1 = 0. Therefore, for
g(¢) € M, one has

g(Q) =C+ D bal" (C). (1.1)

Let S C H represent all functions that are univalent in U.

For given parameters j,n € N = {1,2,3...}, the Hankel determinant H; ,(g) was
defined by Pommerenke [8,9] for a function g € S having power series expansion
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(1.1) as follows:

bn bn+1 e bn-‘,—j—l
bn+1 bn+2 e bn+j
bntj—1 bntj + - buyoj—2

The bound of |H;,(g)| has been evaluated for different subclasses of univalent
functions. Exceptionally, for each of the sets K, S* and R the sharp bound of the
determinant |Hs 2(g)| = |b2bs — b3| were obtained by Janteng et al. [3,4]. For more
work on |Hz 2(g)|, see [2,7,13]. The determinant

H371(g) = 2byb3by — bg - bi + b3bs — b§b5 (1.2)

is known as third order Hankel determinant and the estimation of this determinant
|H31(g)| is a challenging task. Recently, the sharp bounds of |Hj1(g)| for some
subclasses of univalent functions were found by few authors [5,10,11,14-18,20-23].

In [1], Alshehry and his coauthors introduced a subfamily of starlike functions
associated with a four-leaf function defined by

¢q'(¢)
9(¢)

Similar to the definition of S}, Sunthrayuth et al. [19] defined a new subclass of
bounded turning functions defined by

ijl:{gesz <1+2(j+é§5,((eﬂj)}.

Bru={oes:9(0) <14 50+ 3 eV}

Alshehry et al. [1] obtained the sharp bounds of logarithmic coefficients, and the
second-order Hankel determinant of of logarithmic coefficients. In 2022, Shi et al.
[14] obtained the sharp bound of the third-order Hankel determinant and showned
that [Hzq| < 2% for the class Sf. Sunthrayuth and his coauthors [19] studied
the second-order Hankel determinant, Kruskal inequality and the bounds of the
coefficient inequalities of the class BTy;.

In the paper, we study and obtain the sharp bounds of the second and third-
order Hankel determinant of bounded turning class BTy;.

Let P be the family of functions p that are holomorphic in U with Rep(¢) > 0
and the power series form as follow:

p(Q) = pi¢ +pa2®+p3C +... (C€). (1.3)

Lemma 1.1 ( [6,12]). If p € P is of the form (1.3), then

2py = pi +y(4 —pd), (1.4)
dps = p? + 2p1y(4 — p}) — pry®(4 — p}) +2(4 — p}) (1 — |y[*)s, (1.5)
8ps = pi + (4 — p)ylpT(¥* — 3y +3) + 4y] — 4(4 — p})(1 — |y|?)

x [pily —1)0 +76° — (1 —[6]*)o] (1.6)

for some y, 8,0 with |y| <1, |6] <1 and |o] < 1.
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2. Main results

Theorem 2.1. If g € BTy, then

The bound is sharp.

Proof. Since g € BTy, from subordination definition there exists a Schwarz func-
tion w(¢) with w(0) = 0 and |w(¢)| < 1, in such a way that

5

§(Q =1+ gul0) + 5w’

6

Define a function

(©)-

14+ w(C
p(¢) = 1WEC§ =14p1C+peC+p3C® +pal+- -
Clearly, we have p(¢) € P and
w(() = p(Q) =1  piC+p2C®+psC®+palt +
1+ p(¢) 2 +p1¢ + p2(? + pa¢® + pat +
1 1 1 1 1
*plC +(5p2 - *pl)C + (8 — P2+ §p3)C3
11 1, 1 3
+ (§p4 — 5Pis = P2 — 16291 + 8p1p2)C +-
This gives
1
1+§w«>+gw%o
5 5 5 ey (D, 0 5 4 s
=1 + PlC + (12 p1)¢" + ( — 1gP1P2 + = =P P3¢
5 s 5 i
=g — —p2 — Zpip- - . 2.1
+ (5P 24192 3Pips + 16p1p2 96p1)C (2.1)
From (1.1), we yield
G (C) = 1+ 2byC + 3b3C? + 4byC + 5bsCt + (2.2)
Comparing (2.1) and (2.2), we may obtain
_ 91
b= o
1 (2.3)
by = 192 —(20p3 + 5p; — 20p1p2),
1
bs = 480( 20p3 + 40p4 + 30pTp2 — 5pi — 40p1ps).

From (2.3) and (1.2

1
14929920

), we have

Hj1(g) =

(—8400p2py + 14400p3ps + 1175p% + 7800p2p2 + 172800p2ps
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+241200p; paps — 140400p?ps — 126400p3 — 162000p2). (2.4)
Let p1 =p€10,2],l =4—p?in (1.4), (1.5) and (1.6), we get
— 8400p*py = —4200p° — 4200p*1y,
14400p%ps = 3600p° + 7200p™ 1y — 3600p*1y? + T200p°1 (1 - \y|2) .
7800pp3 = 1950p° + 3900p 1y + 1950p%1%y?,
— 140400p%ps = —17550p1y° + 70200p215 (1 _ |y\2) 82 4 70200p°1y (1 - |y\2) 5
+ 52650p1y? — 70200p21 (1 - |y\2) (1 - |5|2) o
— 70200p°1 (1 _ \y|2) § — 52650p™ 1y — 17550p° — 70200p1y2,
241200ppaps = —30150p%1%y3 — 30150p*1y? + 60300pyl> (1 — \y|2) 5 4 60300p212y>

+ 60300p31 (1 - |y\2) 8 + 30150p° 4 90450p*1y,
— 126400p3 = —1580013y® — 47400p*1%y* — 47400p*ly — 15800p°,
172800paps = 10800p° + 10800p* 1y — 32400p*1y? + 43200p* 1y + 43200p21y>
— 43200p%1y(1 — |y|?)d + 43200p°1(1 — |y|?)d — 43200p%1(1 — |y|*)5d>
+43200p21(1 — |y|*)(1 — [6]*)o + 10800p*1*y* — 32400p12y>
+ 32400p% 1%y 4 432000%y> + 43200pl*yd (1 — |y|?)
— 432000%(1 — |y|*)ygd? + 432000%y(1 — |y|>)(1 — |6]*)o
— 43200p1%5(1 — [y[*)y?,
— 162000p2 = —10125p5 — 40500p 1y — 40500p%1%y? + 20250p 12
—40500p%1(1 — |y|?)d + 40500p%1%y> — 81000pI%ys(1 — |y|?)
— 10125p%1%y* 4 40500p1%y (1 — |y|*)d — 405001252 (1 — |y|?)>.

Substituting these expressions into (2.4), we obtain

1
14929920
—22050p%12y> — 6750p*ly® — 27000p%1y* — 1580013y
+22500pl%y (1 — |y|?)6 + 27000p>y(1 — |y|*)16
+27000p° (1 — |y|?)156? — 27000p2 (1 — |y|*)(1 — ||l
—2700pI%y%(1 — |y|*)6 — 4320002 (1 — |y|?)yyo>
+432000%y(1 — |y|*)(1 — |6]*)o — 405001252(1 — |y|*)?].

Hs, (9) = [432000%y> + 675p21%y* + 6750p*1y® + 6750p?1y?

Thus, we achieve

1

= Ti999990 (M (P¥) + 112 (P y) 8 + 15 (P, y) 6% + ma (p, 9, 0) 0)

Hs 1 (g)
where

m (p.y) = (4—p?) y [(4 — p?) y (—20000y + 675p*y? + 6750p* — 6250p°y)
+6750p"y — 6750p"y* — 27000p%y] ,
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2 (p,y) = py (4 — p?) (1 — \y|2) [(22500 — 2700y) (4 — p?) + 27000p7] ,
s (py) = (4—p?) (1 — |y|2> {— (2700 Iy + 40500) (4-p?) + 27000@])2} ,
n (p,y,0) = (4= p%) (1= ) (1 - 19*) [43200y (4 - p*) — 27000p%]

Now, by setting |y| = y, |§] =  and upon taking |o| < 1, we get

|Hs ;1 (g)] < Wlsmo (Im (2, )| + 2 (0, 9) | & + |03 (0, y)| 2* + |04 (p, 9, 6)])
< Wlsmo@ (p,y, ), (2.5)
where
¢ (p,y,x) = 01 (p,y) + 02 (p,y)  + 03 (p,y) 2° + 04 (p,y) (1 — 2°), (2.6)
with

01 (p,y) = (4 —p*) y [(4 — p?) y (20000y + 675p*y* + 6750p> + 6250p°y)
+6750p"y + 6750p"y* + 27000p°y] ,

0> (p,y) = py (4 —p?) (1 —y?) [(22500 + 2700y) (4 — p*) + 27000p°],

05 (p,y) = (4—p*) (1 —y?) [(2700y* + 40500) (4 — p*) + 27000yp?]

and
04 (p,y) = (4—p?) (1 —y?) [43200y (4 — p®) + 27000p°] .
(1) For p =2,
¢(2,y,2) =0.
(2) For p=0,

©(0,y, ) = 691200y — 371200y°
+ (648000 — 691200y — 604800y + 691200y> — 43200y*)2>
=0 (ya (E) .

The optimal points of p; satisfy

% = 691200 — 1113600y> + (—691200 — 1209600y + 2073600y* — 172800y>)z>
Yy
= O’
% = (1296000 — 1382400y — 120960032 + 1382400y> — 86400y*)z = 0.
X

Utilizing numerical computations, we yield

y1 = —0.7878, yo = 0.7878, ys = —1, ys = —1,
z; =0, xo =0, xg = 0.3909, x4 = —0.3909.
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Thus the function p; has no optimal point in (0,1) x (0, 1).
(3) For y =0,

¢ (p,0,x) = 40500(4 — p?)%z? 4 27000p? (4 — p*)(1 — %)

= 108000p* — 27000p* + (648000 — 432000p* + 67500p*)x?

= 02(p, 7).
Consider
)
% = 216000p — 108000p> + (—864000p + 270000p%)2* = 0,
p
9
% = (1296000 — 864000p? + 135000p*)z = 0.

Utilizing numerical computations, we yield

p1 =0, po = 1.4142, p3 = —1.4142, Py =2, ps = 2,
r = 07 T2 = 07 T3 = 07 Ty = 17 Ts5 = _17
Pe = _27 b7 = _27

T = 1, Ty = —1.

Therefore, g2 has no optimal point in (0,2) x (0, 1).
(4) Fory =1

@ (p,1,z) = 175p° — 62400p* + 166800p> + 320000 = 03(p) < 05(1.1594) = 431890.

(5) Forz =0

© (p,y,0) =108000p? — 27000p* + (691200 — 345600p? + 43200p* )y
+ (—27000p* 4 108000p?)y*
+ (—500p° — 46200p* + 285600p> — 371200)y>
+ (675p° — 5400p* + 10800p?)y*

=04(p,y)-
Consider
% = 216000p — 108000p” + (~691200p + 172800p%)y
+(—108000p? + 216000p)y> + (—3000p> — 184800p° + 571200p)y>
+(4050p° — 21600p? + 21600p)y*
=0,
% = 691200 — 345600p° + 43200p" + (—54000p" + 216000p%)y + (—1500p°
—138600p™ + 856800p* — 1113600)y> + (2700p°® — 21600p* + 43200p?)y*
=0.
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Using numerical computations, we obtain

P = Oa b2 = Oa b3 = 23 Pa = -2,

g = —0.7878, | yo = 07878, | ys = —1.4656, | ys — —1.4656,
ps = 1.5304, pe = —1.5304, pr = 5.7826, pg = —5.7826,
ys = —1.2699, | yo = —1.2699, | yr = 25389, | ys = 2.5389.

Thus, 04 has no critical point in (0,2) x (0, 1).
(6) Forx =1

@ (p,y,1) =40500p* — 324000p* + 648000 + (—4500p° — 27000p* — 72000p>
4 108000p? + 360000p)y + (2700p° — 91800p* — 21600p® + 518400p?
+ 43200p — 604800)y? 4 (—500p° + 4500p° + 24000p* 4 72000p>
— 168000p2 — 360000p + 320000)y> + (675p° — 2700p° — 8100p*
+ 21600p> + 32400p? — 43200p — 43200)y*
=05(p,y)-
Taking the partial derivative with respect to p, and y respectively, we have

) f
6%5 =162000p® — 648000p + (—22500p* — 108000p> — 216000p* + 216000p

+ 360000)y + (13500p* — 367200p> — 64800p* + 1036800p + 43200)y>
+ (—=3000p° + 22500p* + 96000p> 4 216000p> — 336000p — 360000)y>
+ (4050p° — 13500p* — 32400p> 4 64800p> + 64800p — 43200)y*

and

o .
ai; = — 4500p° — 27000p* — 72000p® + 108000p> -+ 360000p + (5400p° — 183600p*

— 43200p° + 1036800p? + 86400p — 1209600)y + (—1500p° + 13500p°
+ 72000p* + 216000p> — 504000p> — 1080000p + 960000)y> 4 (2700p°
— 10800p° — 32400p* + 86400p + 129600p? — 172800p — 172800)1>.

A computation show that the following system of equations has no solution:

905 _ 905 _
g 9y
in (0,2) x (0,1).
(7) Fory=x =0,

© (p,0,0) = 108000p% — 27000p* = g¢(p) <= 06(V2) = 108000.
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(8) Fory=0,z=1
@ (p,0,1) = 648000 — 324000p* + 40500p* < 648000.
(9) For p=y =0,
©(0,0, ) = 64800022 < 648000.
(10) Fory=2=1,ory=1,2 =0,

¢(p,1,1) = (p,1,0)
= 175p% — 62400p* + 166800p + 32000

= 03(p)
< 03(1.1594)
= 431890.

(11) Forp=0,y =1
(0,1, ) = 320000.
(12) Forp=2,y=1l,orp=2,y=0,orp=2,2=0,0or p=2,2 =1,
P2, 1,2) =¢(2,0,2) = 9(2,4,0) = ¢ (2,9,1) = 0.

(13) For p =z =0,

©(0,y,0) = 691200y — 371200y° = 07(y) < 07(0.7878) = 363040.
(14) For p =0,z = 1,

0 (0,y,1) = 648000 — 60480052 + 320000y° — 43200y < 648000.

The equation (2.6) can be written as

¢ (p,y, ) =(675p° — 5400p* + 10800p?)y* + (—500p° — 46200p* + 285600p?
— 371200)y> + (—27000p* + 108000p%)y? + (43200p* — 345600p>
+691200)y — 27000p* 4 108000p? + [(—2700p° + 21600p® — 43200p)y*
+ (4500p° + 72000p> — 36000p)y> + (2700p° — 21600p + 43200p)y>
+ (—4500p° — 72000p> + 360000p)y]z + [(—2700p* + 21600p?
— 43200)y* + (70200p* — 453600p? + 691200)y° + (—64800p*
4 410400p? — 604800)y> + (—70200p* + 453600p* — 691200)y
+ 67500p" — 432000p + 64800]z2.

Now considering the interior region of (0,2) x (0,1) x (0,1). Note that all real
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solutions (p,y,x) of the system of equation

g—i = (4050p° — 21600p> + 21600p?)y* 4 (—3000p° — 184800p° + 571200p)y>
+(—=108000p? + 216000p)y> + (172800p> — 691200p)y — 108000p?
+216000p + [(—13500p* + 64800p? — 43200)y* + (22500p* + 216000p>
—360000)y° + (13500p* — 64800p? + 43200)y? + (—22500p* — 216000p?
+360000)y]x + [(—10800p® + 43200p)y* + (280800p® — 907200p)y>
+(—259200p° + 820800p)y? + (—280800p> + 907200p)y
+270000p® — 864000p] >

=0,

)
ai’ = (2700p° — 21600p* + 43200p?)y> + (—1500p° — 138600p* + 856800p*
Yy

—1113600)y? + (—54000p* + 216000p?)y + 43200p* — 345600p% + 691200
+[(—10800p° + 86400p> — 172800p)y> + (13500p° + 216000p>
—1080000p)y? + (5400p° — 43200p* + 86400p)y — 4500p° — 72000p*
+360000p]z + [(—10800p* + 86400p? — 172800)y* + (210600p*
—1360800p? + 2073600)y> + (—129600p* + 820800p> — 1209600)y
—70200p* + 453600p> — 691200]>

0,
% _

o —2700p° + 21600p — 43200p)y* + (4500p° + 72000p> — 360000p)y>

+(2700p° — 21600p® + 43200p)y? + (—4500p° — 72000p> + 360000p)y
+[(—5400p* 4 43200p? — 86400)y* + (140400p* — 907200p + 1382400)y
+(—129600p* + 820800p% — 1209600)y2 + (—140400p* + 907200p>
—1382400)y + 135000p* — 864000p? + 1296000] =

= 0.

After a numerical calculation, there is no optimal point in (0,2) x (0,1) x (0, 1).
The sharp bound for this Hankel determinant is determined by

25
H ==
|Ha1(9) = ==,
with an extremal function
¢ 5 1 5 1
= [ 1+ P+ t¥)dt = ¢+ ¢+ —'°.
9(¢) /O(+6 t5 ) ¢+ 526 +g¢
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Theorem 2.2. g € BTy, then

25

H. =
|H2,3(g)| = |babs — b4|—576

The bound is sharp.
Proof. Let g € BTy;. From (2.3), we get

1
bsbs — b} = 55060~ 200p1p2 4 200p3ps + 25p5 + 400p?p3 + 6400p2py

+5600p1paps — 3200pps — 3200p3 — 6000p3). (2.7)

Using Lemma 1.1, we have

b3bs — b2 =

1
=23060 (M1 (22 9) + 22(p,9)3 + As(,9)8 + Na(p,y, 0)0), (28)

where

(
Az (p,y) = —100py? (4 - p?) (1 - Iylz) ,

Xs (p,y) =100 (4= p2)* (1= [yl (=15 = |y,

As (p.y,6) = 1600 (4 — p?)°y (1 - |y|2) (1 - \5l2) :

Now, using y = |y|, z = |4 and taking |o| < 1, we yield

1
|bsbs — b2 < 552960(|A1(p, V)| + A2, y) |z + As(p,y) |2 + [ Aa(p, v, 6)|)

1
< 2.9
< 552960w(p, Y, ), (2.9)

where

b(p,y, ) = p1(p,y) + p2(p, y) + ps(p,y)2” + palp,y)(1 —2*)  (2.10)
and
p1(p,y) = 254 — p*)*py",
p2 (p,y) = 100py? (4 — p*)* (1 - v?) |
p3 (p.y) = 100 (4 — p?)* (1 — %) (15 + ),
(p,y) = 1600 (4 — p) y(1—97).

Let IT: [0,2] x [0, 1]? be the closed cuboid. The function ¢ can be written as

P4 (D,

Y(p,y, ) = (25p° — 200p* 4 400p?)y* + (—1600p* 4 12800p* — 25600)y>
+(1600p* — 12800p? + 25600)y + [(—100p® + 800p> — 1600p)y*
+(100p° — 800p> + 1600p)y>*]z + [(—100p* + 800p? — 1600)y*
+(1600p* — 12800p? + 25600)y> + (—1400p* 4 11200p* — 22400)y>
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+(—1600p* + 12800p? — 25600)y + 1500p* — 12000p? 4 24000]z>.
By taking the partial derivative, we achieve

9
a%} =(150p° — 800p> + 800p)y* + (—6400p® + 25600p)y> + (6400p> — 25600p)y

+ [(=500p* + 2400p? — 1600)y* + (500p* — 2400p? + 1600)y>]z 4 [(—400p>
+ 1600p)y* + (6400p® — 25600p)y> + (—5600p® 4 22400p)y? + (—6400p>
+ 25600p)y + 6000p® — 24000p] 22,

)
a—w =(100p° — 800p™* 4 1600p?)y> + (—4800p* + 38400p* — 76800)y> + 1600p*
Yy

— 12800p* + 25600 + [(—400p° 4 3200p® — 6400p)y> + (200p° — 1600p>
+ 3200p)ylx + [(—400p* 4+ 3200p? — 6400)y> + (4800p* — 38400p> 4 76800)y>
+ (—2800p* + 22400p? — 44800)y — 1600p* + 12800p* — 25600]z>

and

9
ai} = (—=100p° + 800p® — 1600p)y™* + (100p® — 800p® + 1600p)y* + [(—200p*
T

+1600p? — 3200)y* + (3200p* — 25600p 4 51200)y> 4 (—2800p* + 22400p?
—44800)y? + (—3200p* + 25600p — 51200)y + 3000p* — 24000p? + 48000]z.

By setting %} = g—;ﬁ’ = g—f = 0 and by utilizing numerical computations, we obtain

2v/3 2V/3
p1 =2, p2 = —2, P3 =5~ Pe=——3
Y1 =1, Y2 = Y2, ys =1, ys =1,
r1 = T, Ty = T2, 1‘3:_%7 1‘4:%,
3 3
23 2v/3
p5:05 p6:07 Pr=—F" P8 = —F—,
3 3
ys = —1, ye = —1, yr = —1, ys = —1,
V2 V2 —V/3 + /4803 —V/3 — /4803
Ts = —(—, T = ——(, Ty = ———F, T8 = —(——~
2 2 96 96
2v/3 2v/3
Po=——5", Po=——5—, p11 =0, pi2 = 0,
V3 V3
Yo = —1, Y10 = —1, Y11 = ?, 9122—?7
V3 + /4803 V3 — /4803
Ty = —— T = —770), z11 =0, 12 =0,
96 96
p13 = —1.3095, p14 = 1.3095,
Y13 = 19.2008, Y14 = 19.2008,
13 — 31572, T14 = —3.1572.
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Therefore, the function v has no optimal point in II.
(1) For p =2,

¥(2,y,7) = 0.
(2) For p =0,

¥(0,y,2) =1600(1 — y*)(15 + y*)2* + 25600y(1 — y*)(1 — z?)
=25600y — 25600y> + (—1600y* 4+ 25600y° — 22400y
— 25600y + 24000)z>
=7 (y, ).

The critical points of v; satisfy

0

8iyl = 25600 — 768002 + (—6400y> + 76800y* — 44800y — 25600)2 = 0,
9

% = (—3200y* + 51200y> — 44800y* — 51200y + 48000)z = 0.

Utilizing numerical computations, we yiled

y1 = —0.5774, yo = 0.5774, y3 = —1, ys =1,
x1 =0, xo =0, z3 = 0.7071, x4 = —0.7071.

Therefore, the v; has no optimal points in (0,1) x (0,1).
(3) For y =0,

¥(p,0,z) = 1500(4 — p?)z% < 6000.
(4) For y =1,
¥(p,1,2) = 25p° — 200p* + 400p® = 2(p) < 72(1.1547) = 237.0370.
(5) For =0,

D(p,y,0) = (25p° — 200p* + 400p?)y* + (1600p* — 12800p? + 25600)(y — )
= 13(p, ).

The optimal points of ~3 satisfy

B [

al; = (150p° — 800p® + 800p)y* + (6400p° — 25600p)(y — ) = 0,

9

% = (100p° — 800p* + 1600p%)y> + (—4800p* + 38400p% — 76800)y> + 1600p*
Y

—12800p? + 25600

=0.

A computation reveals that there is no optimal point in (0,2) x (0, 1).
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(6) For x =1,

Y(p,y,1) = (25p° — 100p° — 300p* + 800p® + 1200p* — 1600p — 1600)y* + (100p°
—1400p* — 800p® 4 11200p* + 1600p — 22400)y>
+1500p* — 12000p? + 24000

=71 y).
Consider
) , ,
al; = (150p° — 500p* — 1200p> + 2400p* + 2400p — 1600)y* + (500p* — 5600p>
—2400p? + 22400p + 1600)y? + 6000p* — 24000p
=0,
)
ai; = (100p° — 400p° — 1200p™ + 3200p° + 4800p2 — 6400p — 6400)y> + (200p°

—2800p* — 1600p3 + 22400p? + 3200p — 44800)y
= 0.

Thus, we have
p1 =0, pa = 2, p3 = —2, pg = —2.8439, ps = —2.8439,
Y1 = O, Yo = O, Y3 = Y3, Yq = 1.4760, Ys = —1.4760.

Thus, the «4 has on critical point in (0,2) x (0,1).
(7Y Fory=2=0,orp=2,y=1,orp=2,y=0,or p=2,2=0,0orp=2,2 =1,
orp=0,y=1,
¥(p,0,0) = ¥(2,1,2) = 9(2,0,z) = ¢(2,9,0) = (2,5,1) =¢(0,1,2) = 0.
(8) Fory =0,z =1,
Y(p,0,1) = 1500(4 — p*) < 6000.
(9) Fory=a=1,ory=1,2 =0,
¥(p,1,1) = ¥(p, 1,0) = 25p° — 200p* + 400p* = y2(p) < 72(1.1547) = 237.0370.
(10) For p =z =0,
¥(0,y,0) = 25600y — 25600y> = v5(y) < 75(%) = 6400.
(I11) Forp=0and z =1,
¥(0,9,1) = 24000 — 224002 — 1600y* = ~6(y) < 76(0) = 24000.
(12) For p =y =0,

(0,0, z) = 240002% < 24000.
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Then, the sharp bound for this Hankel determinant is determined by

25
H = —
| 2,3(9)| 576
with an extremal function
¢ 5 1 5 1
= 1+ =2+ —t¥)dt = ¢+ —¢* + =16,
g(¢) /0(+6 +5t) ¢+ 528 +gg¢
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