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1. Introduction

Let H be the class of all functions g(ζ) which are holomorphic in unit disk U =
{ζ ∈ C : |ζ| < 1} and with the normalization g(0) = g′(0) − 1 = 0. Therefore, for
g(ζ) ∈ H, one has

g(ζ) = ζ +

∞∑
n=2

bnζ
n (ζ ∈ U). (1.1)

Let S ⊂ H represent all functions that are univalent in U.
For given parameters j, n ∈ N = {1, 2, 3...}, the Hankel determinant Hj,n(g) was

defined by Pommerenke [8, 9] for a function g ∈ S having power series expansion
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(1.1) as follows:

Hj,n(g) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

bn bn+1 · · · bn+j−1

bn+1 bn+2 · · · bn+j
...

...
...

...

bn+j−1 bn+j · · · bn+2j−2

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

The bound of |Hj,n(g)| has been evaluated for different subclasses of univalent
functions. Exceptionally, for each of the sets K, S∗ and R the sharp bound of the
determinant |H2,2(g)| = |b2b4 − b33| were obtained by Janteng et al. [3,4]. For more
work on |H2,2(g)|, see [2, 7, 13]. The determinant

H3,1(g) = 2b2b3b4 − b33 − b24 + b3b5 − b22b5 (1.2)

is known as third order Hankel determinant and the estimation of this determinant
|H3,1(g)| is a challenging task. Recently, the sharp bounds of |H3,1(g)| for some
subclasses of univalent functions were found by few authors [5,10,11,14–18,20–23].

In [1], Alshehry and his coauthors introduced a subfamily of starlike functions
associated with a four-leaf function defined by

S∗
4l =

{
g ∈ S :

ζg′(ζ)

g(ζ)
≺ 1 +

5

6
ζ +

1

6
ζ5, (ζ ∈ U)

}
.

Similar to the definition of S∗
4l, Sunthrayuth et al. [19] defined a new subclass of

bounded turning functions defined by

BT4l =
{
g ∈ S : g′(ζ) ≺ 1 +

5

6
ζ +

1

6
ζ5, (ζ ∈ U)

}
.

Alshehry et al. [1] obtained the sharp bounds of logarithmic coefficients, and the
second-order Hankel determinant of of logarithmic coefficients. In 2022, Shi et al.
[14] obtained the sharp bound of the third-order Hankel determinant and showned
that |H3,1| ≤ 25

324 for the class S∗
4l. Sunthrayuth and his coauthors [19] studied

the second-order Hankel determinant, Kruskal inequality and the bounds of the
coefficient inequalities of the class BT4l.

In the paper, we study and obtain the sharp bounds of the second and third-
order Hankel determinant of bounded turning class BT4l.

Let P be the family of functions p that are holomorphic in U with Rep(ζ) > 0
and the power series form as follow:

p(ζ) = p1ζ + p2ζ
2 + p3ζ

3 + ... (ζ ∈ U). (1.3)

Lemma 1.1 ( [6, 12]). If p ∈ P is of the form (1.3), then

2p2 = p21 + y(4− p21), (1.4)

4p3 = p31 + 2p1y(4− p21)− p1y
2(4− p21) + 2(4− p21)(1− |y|2)δ, (1.5)

8p4 = p41 + (4− p21)y[p
2
1(y

2 − 3y + 3) + 4y]− 4(4− p21)(1− |y|2)
×
[
p1(y − 1)δ + yδ2 − (1− |δ|2)σ

]
, (1.6)

for some y, δ, σ with |y| ≤ 1, |δ| ≤ 1 and |σ| ≤ 1.
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2. Main results

Theorem 2.1. If g ∈ BT4l, then

|H3,1(g)| ≤
25

576
.

The bound is sharp.

Proof. Since g ∈ BT4l, from subordination definition there exists a Schwarz func-
tion w(ζ) with w(0) = 0 and |w(ζ)| < 1, in such a way that

g′ (ζ) = 1 +
5

6
w(ζ) +

1

6
w5(ζ).

Define a function

p(ζ) =
1 + ω(ζ)

1− ω(ζ)
= 1 + p1ζ + p2ζ

2 + p3ζ
3 + p4ζ

4 + · · ·.

Clearly, we have p(ζ) ∈ P and

ω(ζ) =
p(ζ)− 1

1 + p(ζ)
=

p1ζ + p2ζ
2 + p3ζ

3 + p4ζ
4 + · · ·

2 + p1ζ + p2ζ2 + p3ζ3 + p4ζ4 + · · ·

=
1

2
p1ζ + (

1

2
p2 −

1

4
p21)ζ

2 + (
1

8
p31 −

1

2
p1p2 +

1

2
p3)ζ

3

+ (
1

2
p4 −

1

2
p1p3 −

1

4
p22 −

1

16
p41 +

3

8
p21p2)ζ

4 + · · ·.

This gives

1 +
5

6
w(ζ) +

1

6
w5(ζ)

=1 +
5

12
p1ζ + (

5

12
p2 −

5

24
p21)ζ

2 + (
5

12
p3 −

5

12
p1p2 +

5

48
p31)ζ

3

+ (
5

12
p4 −

5

24
p22 −

5

12
p1p3 +

5

16
p21p2 −

5

96
p41)ζ

4 + · · ·. (2.1)

From (1.1), we yield

g′(ζ) = 1 + 2b2ζ + 3b3ζ
2 + 4b4ζ

3 + 5b5ζ
4 + · · ·. (2.2)

Comparing (2.1) and (2.2), we may obtain

b2 =
5p1
24

,

b3 =
1

72
(−5p21 + 10p2),

b4 =
1

192
(20p3 + 5p31 − 20p1p2),

b5 =
1

480
(−20p22 + 40p4 + 30p21p2 − 5p41 − 40p1p3).

(2.3)

From (2.3) and (1.2), we have

H3,1(g) =
1

14929920
(−8400p41p2 + 14400p31p3 + 1175p61 + 7800p21p

2
2 + 172800p2p4
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+241200p1p2p3 − 140400p21p4 − 126400p32 − 162000p23). (2.4)

Let p1 = p ∈ [0, 2], l = 4− p2 in (1.4), (1.5) and (1.6), we get

− 8400p4p2 = −4200p6 − 4200p4ly,

14400p3p3 = 3600p6 + 7200p4ly − 3600p4ly2 + 7200p3l
(
1− |y|2

)
δ,

7800p2p22 = 1950p6 + 3900p4ly + 1950p2l2y2,

− 140400p2p4 = −17550p4ly3 + 70200p2lȳ
(
1− |y|2

)
δ2 + 70200p3ly

(
1− |y|2

)
δ

+ 52650p4ly2 − 70200p2l
(
1− |y|2

)(
1− |δ|2

)
σ

− 70200p3l
(
1− |y|2

)
δ − 52650p4ly − 17550p6 − 70200p2ly2,

241200pp2p3 = −30150p2l2y3 − 30150p4ly2 + 60300pyl2
(
1− |y|2

)
δ + 60300p2l2y2

+ 60300p3l
(
1− |y|2

)
δ + 30150p6 + 90450p4ly,

− 126400p32 = −15800l3y3 − 47400p2l2y2 − 47400p4ly − 15800p6,

172800p2p4 = 10800p6 + 10800p4ly3 − 32400p4ly2 + 43200p4ly + 43200p2ly2

− 43200p3ly(1− |y|2)δ + 43200p3l(1− |y|2)δ − 43200p2l(1− |y|2)ȳδ2

+ 43200p2l(1− |y|2)(1− |δ|2)σ + 10800p2l2y4 − 32400p2l2y3

+ 32400p2l2y2 + 43200l2y3 + 43200pl2yδ(1− |y|2)
− 43200l2(1− |y|2)yȳδ2 + 43200l2y(1− |y|2)(1− |δ|2)σ
− 43200pl2δ(1− |y|2)y2,

− 162000p23 = −10125p6 − 40500p4ly − 40500p2l2y2 + 20250p4ly2

− 40500p3l(1− |y|2)δ + 40500p2l2y3 − 81000pl2yδ(1− |y|2)
− 10125p2l2y4 + 40500pl2y2(1− |y|2)δ − 40500l2δ2(1− |y|2)2.

Substituting these expressions into (2.4), we obtain

H3,1 (g) =
1

14929920
[43200l2y3 + 675p2l2y4 + 6750p4ly2 + 6750p2l2y2

−22050p2l2y3 − 6750p4ly3 − 27000p2ly2 − 15800l3y3

+22500pl2y(1− |y|2)δ + 27000p3y(1− |y|2)lδ
+27000p2(1− |y|2)lȳδ2 − 27000p2(1− |y|2)(1− |δ|2)lσ
−2700pl2y2(1− |y|2)δ − 43200l2(1− |y|2)yȳδ2

+43200l2y(1− |y|2)(1− |δ|2)σ − 40500l2δ2(1− |y|2)2].

Thus, we achieve

H3,1 (g) =
1

14929920

(
η1 (p, y) + η2 (p, y) δ + η3 (p, y) δ

2 + η4 (p, y, δ)σ
)
,

where

η1 (p, y) =
(
4− p2

)
y
[(
4− p2

)
y
(
−20000y + 675p2y2 + 6750p2 − 6250p2y

)
+6750p4y − 6750p4y2 − 27000p2y

]
,
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η2 (p, y) = py
(
4− p2

) (
1− |y|2

) [
(22500− 2700y)

(
4− p2

)
+ 27000p2

]
,

η3 (p, y) =
(
4− p2

) (
1− |y|2

) [
−
(
2700 |y|2 + 40500

) (
4− p2

)
+ 27000ȳp2

]
,

η4 (p, y, δ) =
(
4− p2

) (
1− |y|2

)(
1− |δ|2

) [
43200y

(
4− p2

)
− 27000p2

]
.

Now, by setting |y| = y, |δ| = x and upon taking |σ| ≤ 1, we get

|H3,1 (g)| ≤
1

14929920

(
|η1 (p, y)|+ |η2 (p, y)|x+ |η3 (p, y)|x2 + |η4 (p, y, δ)|

)
≤ 1

14929920
φ (p, y, x) , (2.5)

where

φ (p, y, x) = θ1 (p, y) + θ2 (p, y)x+ θ3 (p, y)x
2 + θ4 (p, y) (1− x2), (2.6)

with

θ1 (p, y) =
(
4− p2

)
y
[(
4− p2

)
y
(
20000y + 675p2y2 + 6750p2 + 6250p2y

)
+6750p4y + 6750p4y2 + 27000p2y

]
,

θ2 (p, y) = py
(
4− p2

) (
1− y2

) [
(22500 + 2700y)

(
4− p2

)
+ 27000p2

]
,

θ3 (p, y) =
(
4− p2

) (
1− y2

) [(
2700y2 + 40500

) (
4− p2

)
+ 27000yp2

]
and

θ4 (p, y) =
(
4− p2

) (
1− y2

) [
43200y

(
4− p2

)
+ 27000p2

]
.

(1) For p = 2,

φ (2, y, x) = 0.

(2) For p = 0,

φ (0, y, x) = 691200y − 371200y3

+ (648000− 691200y − 604800y2 + 691200y3 − 43200y4)x2

= ϱ1(y, x).

The optimal points of ϱ1 satisfy

∂ϱ1
∂y

= 691200− 1113600y2 + (−691200− 1209600y + 2073600y2 − 172800y3)x2

= 0,

∂ϱ1
∂x

= (1296000− 1382400y − 1209600y2 + 1382400y3 − 86400y4)x = 0.

Utilizing numerical computations, we yield y1 = −0.7878,

x1 = 0,

 y2 = 0.7878,

x2 = 0,

 y3 = −1,

x3 = 0.3909,

 y4 = −1,

x4 = −0.3909.
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Thus the function ϱ1 has no optimal point in (0, 1)× (0, 1).
(3) For y = 0,

φ (p, 0, x) = 40500(4− p2)2x2 + 27000p2(4− p2)(1− x2)

= 108000p2 − 27000p4 + (648000− 432000p2 + 67500p4)x2

= ϱ2(p, x).

Consider 
∂ϱ2
∂p

= 216000p− 108000p3 + (−864000p+ 270000p3)x2 = 0,

∂ϱ2
∂x

= (1296000− 864000p2 + 135000p4)x = 0.

Utilizing numerical computations, we yieldp1 = 0,

x1 = 0,

p2 = 1.4142,

x2 = 0,

p3 = −1.4142,

x3 = 0,

p4 = 2,

x4 = 1,

p5 = 2,

x5 = −1,

p6 = −2,

x6 = 1,

p7 = −2,

x7 = −1.

Therefore, ϱ2 has no optimal point in (0, 2)× (0, 1).
(4) For y = 1

φ (p, 1, x) = 175p6 − 62400p4 + 166800p2 + 320000 = ϱ3(p) ≤ ϱ3(1.1594) = 431890.

(5) For x = 0

φ (p, y, 0) =108000p2 − 27000p4 + (691200− 345600p2 + 43200p4)y

+ (−27000p4 + 108000p2)y2

+ (−500p6 − 46200p4 + 285600p2 − 371200)y3

+ (675p6 − 5400p4 + 10800p2)y4

=ϱ4(p, y).

Consider

∂ϱ4
∂p

= 216000p− 108000p3 + (−691200p+ 172800p3)y

+(−108000p3 + 216000p)y2 + (−3000p5 − 184800p3 + 571200p)y3

+(4050p5 − 21600p3 + 21600p)y4

= 0,

∂ϱ4
∂y

= 691200− 345600p2 + 43200p4 + (−54000p4 + 216000p2)y + (−1500p6

−138600p4 + 856800p2 − 1113600)y2 + (2700p6 − 21600p4 + 43200p2)y3

= 0.
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Using numerical computations, we obtainp1 = 0,

y1 = −0.7878,

p2 = 0,

y2 = 0.7878,

p3 = 2,

y3 = −1.4656,

p4 = −2,

y4 = −1.4656,

p5 = 1.5304,

y5 = −1.2699,

p6 = −1.5304,

y6 = −1.2699,

p7 = 5.7826,

y7 = 2.5389,

p8 = −5.7826,

y8 = 2.5389.

Thus, ϱ4 has no critical point in (0, 2)× (0, 1).
(6) For x = 1

φ (p, y, 1) =40500p4 − 324000p2 + 648000 + (−4500p5 − 27000p4 − 72000p3

+ 108000p2 + 360000p)y + (2700p5 − 91800p4 − 21600p3 + 518400p2

+ 43200p− 604800)y2 + (−500p6 + 4500p5 + 24000p4 + 72000p3

− 168000p2 − 360000p+ 320000)y3 + (675p6 − 2700p5 − 8100p4

+ 21600p3 + 32400p2 − 43200p− 43200)y4

=ϱ5(p, y).

Taking the partial derivative with respect to p, and y respectively, we have

∂ϱ5
∂p

=162000p3 − 648000p+ (−22500p4 − 108000p3 − 216000p2 + 216000p

+ 360000)y + (13500p4 − 367200p3 − 64800p2 + 1036800p+ 43200)y2

+ (−3000p5 + 22500p4 + 96000p3 + 216000p2 − 336000p− 360000)y3

+ (4050p5 − 13500p4 − 32400p3 + 64800p2 + 64800p− 43200)y4

and

∂ϱ5
∂y

=− 4500p5 − 27000p4 − 72000p3 + 108000p2 + 360000p+ (5400p5 − 183600p4

− 43200p3 + 1036800p2 + 86400p− 1209600)y + (−1500p6 + 13500p5

+ 72000p4 + 216000p3 − 504000p2 − 1080000p+ 960000)y2 + (2700p6

− 10800p5 − 32400p4 + 86400p3 + 129600p2 − 172800p− 172800)y3.

A computation show that the following system of equations has no solution:

∂ϱ5
∂p

=
∂ϱ5
∂y

= 0

in (0, 2)× (0, 1).

(7) For y = x = 0,

φ (p, 0, 0) = 108000p2 − 27000p4 = ϱ6(p) ≤= ϱ6(
√
2) = 108000.
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(8) For y = 0, x = 1

φ (p, 0, 1) = 648000− 324000p2 + 40500p4 ≤ 648000.

(9) For p = y = 0,

φ (0, 0, x) = 648000x2 ≤ 648000.

(10) For y = x = 1, or y = 1, x = 0,

φ (p, 1, 1) = φ (p, 1, 0)

= 175p6 − 62400p4 + 166800p2 + 32000

= ϱ3(p)

≤ ϱ3(1.1594)

= 431890.

(11) For p = 0, y = 1

φ (0, 1, x) = 320000.

(12) For p = 2, y = 1, or p = 2, y = 0, or p = 2, x = 0, or p = 2, x = 1,

φ (2, 1, x) = φ (2, 0, x) = φ (2, y, 0) = φ (2, y, 1) = 0.

(13) For p = x = 0,

φ (0, y, 0) = 691200y − 371200y3 = ϱ7(y) ≤ ϱ7(0.7878) = 363040.

(14) For p = 0, x = 1,

φ (0, y, 1) = 648000− 604800y2 + 320000y3 − 43200y4 ≤ 648000.

The equation (2.6) can be written as

φ (p, y, x) =(675p6 − 5400p4 + 10800p2)y4 + (−500p6 − 46200p4 + 285600p2

− 371200)y3 + (−27000p4 + 108000p2)y2 + (43200p4 − 345600p2

+ 691200)y − 27000p4 + 108000p2 + [(−2700p5 + 21600p3 − 43200p)y4

+ (4500p5 + 72000p3 − 36000p)y3 + (2700p5 − 21600p3 + 43200p)y2

+ (−4500p5 − 72000p3 + 360000p)y]x+ [(−2700p4 + 21600p2

− 43200)y4 + (70200p4 − 453600p2 + 691200)y3 + (−64800p4

+ 410400p2 − 604800)y2 + (−70200p4 + 453600p2 − 691200)y

+ 67500p4 − 432000p2 + 64800]x2.

Now considering the interior region of (0, 2) × (0, 1) × (0, 1). Note that all real
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solutions (p, y, x) of the system of equation

∂φ

∂p
= (4050p5 − 21600p3 + 21600p2)y4 + (−3000p5 − 184800p3 + 571200p)y3

+(−108000p3 + 216000p)y2 + (172800p3 − 691200p)y − 108000p3

+216000p+ [(−13500p4 + 64800p2 − 43200)y4 + (22500p4 + 216000p2

−360000)y3 + (13500p4 − 64800p2 + 43200)y2 + (−22500p4 − 216000p2

+360000)y]x+ [(−10800p3 + 43200p)y4 + (280800p3 − 907200p)y3

+(−259200p3 + 820800p)y2 + (−280800p3 + 907200p)y

+270000p3 − 864000p]x2

= 0,

∂φ

∂y
= (2700p6 − 21600p4 + 43200p2)y3 + (−1500p6 − 138600p4 + 856800p2

−1113600)y2 + (−54000p4 + 216000p2)y + 43200p4 − 345600p2 + 691200

+[(−10800p5 + 86400p3 − 172800p)y3 + (13500p5 + 216000p3

−1080000p)y2 + (5400p5 − 43200p3 + 86400p)y − 4500p5 − 72000p3

+360000p]x+ [(−10800p4 + 86400p2 − 172800)y3 + (210600p4

−1360800p2 + 2073600)y2 + (−129600p4 + 820800p2 − 1209600)y

−70200p4 + 453600p2 − 691200]x2

= 0,

∂φ

∂x
= (−2700p5 + 21600p3 − 43200p)y4 + (4500p5 + 72000p3 − 360000p)y3

+(2700p5 − 21600p3 + 43200p)y2 + (−4500p5 − 72000p3 + 360000p)y

+
[
(−5400p4 + 43200p2 − 86400)y4 + (140400p4 − 907200p2 + 1382400)y3

+(−129600p4 + 820800p2 − 1209600)y2 + (−140400p4 + 907200p2

−1382400)y + 135000p4 − 864000p2 + 1296000
]
x

= 0.

After a numerical calculation, there is no optimal point in (0, 2)× (0, 1)× (0, 1).
The sharp bound for this Hankel determinant is determined by

|H3,1(g)| =
25

576
,

with an extremal function

g(ζ) =

∫ ζ

0

(1 +
5

6
t3 +

1

6
t15)dt = ζ +

5

24
ζ4 +

1

96
ζ16.
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Theorem 2.2. g ∈ BT4l, then

|H2,3(g)| = |b3b5 − b24| ≤
25

576
.

The bound is sharp.

Proof. Let g ∈ BT4l. From (2.3), we get

b3b5 − b24 =
1

552960
(−200p41p2 + 200p31p3 + 25p61 + 400p21p

2
2 + 6400p2p4

+5600p1p2p3 − 3200p21p4 − 3200p32 − 6000p23). (2.7)

Using Lemma 1.1, we have

b3b5 − b24 =
1

552960

(
λ1(p, y) + λ2(p, y)δ + λ3(p, y)δ

2 + λ4(p, y, δ)σ
)
, (2.8)

where

λ1 (p, y) = 25(4− p2)2p2y4,

λ2 (p, y) = −100py2
(
4− p2

)2 (
1− |y|2

)
,

λ3 (p, y) = 100
(
4− p2

)2 (
1− |y|2

)
(−15− |y|2),

λ4 (p, y, δ) = 1600
(
4− p2

)2
y
(
1− |y|2

)(
1− |δ|2

)
.

Now, using y = |y|, x = |δ| and taking |σ| ≤ 1, we yield

|b3b5 − b24| ≤ 1

552960

(
|λ1(p, y)|+ |λ2(p, y)|x+ |λ3(p, y)|x2 + |λ4(p, y, δ)|

)
≤ 1

552960
ψ(p, y, x), (2.9)

where

ψ(p, y, x) = ρ1(p, y) + ρ2(p, y)x+ ρ3(p, y)x
2 + ρ4(p, y)(1− x2) (2.10)

and

ρ1 (p, y) = 25(4− p2)2p2y4,

ρ2 (p, y) = 100py2
(
4− p2

)2 (
1− y2

)
,

ρ3 (p, y) = 100
(
4− p2

)2 (
1− y2

)
(15 + y2),

ρ4 (p, y) = 1600
(
4− p2

)2
y
(
1− y2

)
.

Let Π : [0, 2]× [0, 1]2 be the closed cuboid. The function ψ can be written as

ψ(p, y, x) = (25p6 − 200p4 + 400p2)y4 + (−1600p4 + 12800p2 − 25600)y3

+(1600p4 − 12800p2 + 25600)y + [(−100p5 + 800p3 − 1600p)y4

+(100p5 − 800p3 + 1600p)y2]x+ [(−100p4 + 800p2 − 1600)y4

+(1600p4 − 12800p2 + 25600)y3 + (−1400p4 + 11200p2 − 22400)y2
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+(−1600p4 + 12800p2 − 25600)y + 1500p4 − 12000p2 + 24000]x2.

By taking the partial derivative, we achieve

∂ψ

∂p
=(150p5 − 800p3 + 800p)y4 + (−6400p3 + 25600p)y3 + (6400p3 − 25600p)y

+ [(−500p4 + 2400p2 − 1600)y4 + (500p4 − 2400p2 + 1600)y2]x+ [(−400p3

+ 1600p)y4 + (6400p3 − 25600p)y3 + (−5600p3 + 22400p)y2 + (−6400p3

+ 25600p)y + 6000p3 − 24000p]x2,

∂ψ

∂y
=(100p6 − 800p4 + 1600p2)y3 + (−4800p4 + 38400p2 − 76800)y2 + 1600p4

− 12800p2 + 25600 + [(−400p5 + 3200p3 − 6400p)y3 + (200p5 − 1600p3

+ 3200p)y]x+ [(−400p4 + 3200p2 − 6400)y3 + (4800p4− 38400p2+ 76800)y2

+ (−2800p4 + 22400p2 − 44800)y − 1600p4 + 12800p2 − 25600]x2

and

∂ψ

∂x
= (−100p5 + 800p3 − 1600p)y4 + (100p5 − 800p3 + 1600p)y2 + [(−200p4

+1600p2 − 3200)y4 + (3200p4 − 25600p2 + 51200)y3 + (−2800p4 + 22400p2

−44800)y2 + (−3200p4 + 25600p2 − 51200)y + 3000p4 − 24000p2 + 48000]x.

By setting ∂ψ
∂p = ∂ψ

∂y = ∂ψ
∂x = 0 and by utilizing numerical computations, we obtain

p1 = 2,

y1 = y1,

x1 = x1,


p2 = −2,

y2 = y2,

x2 = x2,


p3 =

2
√
3

3

y3 = 1,

x3 = −23
√
3

3
,


p4 = −2

√
3

3
,

y4 = 1,

x4 =
23
√
3

3
,


p5 = 0,

y5 = −1,

x5 =

√
2

2
,


p6 = 0,

y6 = −1,

x6 = −
√
2

2
,


p7 =

2
√
3

3
,

y7 = −1,

x7 =
−
√
3 +

√
4803

96
,


p8 =

2
√
3

3
,

y8 = −1,

x8 =
−
√
3−

√
4803

96
,


p9 = −2

√
3

3
,

y9 = −1,

x9 =

√
3 +

√
4803

96
,


p10 = −2

√
3

3
,

y10 = −1,

x10 =

√
3−

√
4803

96
,


p11 = 0,

y11 =

√
3

3
,

x11 = 0,


p12 = 0,

y12 = −
√
3

3
,

x12 = 0,


p13 = −1.3095,

y13 = 19.2008,

x13 = 3.1572,


p14 = 1.3095,

y14 = 19.2008,

x14 = −3.1572.
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Therefore, the function ψ has no optimal point in Π.
(1) For p = 2,

ψ(2, y, x) = 0.

(2) For p = 0,

ψ(0, y, x) =1600(1− y2)(15 + y2)x2 + 25600y(1− y2)(1− x2)

=25600y − 25600y3 + (−1600y4 + 25600y3 − 22400y2

− 25600y + 24000)x2

=γ1(y, x).

The critical points of γ1 satisfy
∂γ1
∂y

= 25600− 76800y2 + (−6400y3 + 76800y2 − 44800y − 25600)x2 = 0,

∂γ1
∂x

= (−3200y4 + 51200y3 − 44800y2 − 51200y + 48000)x = 0.

Utilizing numerical computations, we yiled y1 = −0.5774,

x1 = 0,

 y2 = 0.5774,

x2 = 0,

 y3 = −1,

x3 = 0.7071,

 y4 = 1,

x4 = −0.7071.

Therefore, the γ1 has no optimal points in (0, 1)× (0, 1).
(3) For y = 0,

ψ(p, 0, x) = 1500(4− p2)x2 ≤ 6000.

(4) For y = 1,

ψ(p, 1, x) = 25p6 − 200p4 + 400p2 = γ2(p) ≤ γ2(1.1547) = 237.0370.

(5) For x = 0,

ψ(p, y, 0) = (25p6 − 200p4 + 400p2)y4 + (1600p4 − 12800p2 + 25600)(y − y3)

= γ3(p, y).

The optimal points of γ3 satisfy

∂γ3
∂p

= (150p5 − 800p3 + 800p)y4 + (6400p3 − 25600p)(y − y3) = 0,

∂γ3
∂y

= (100p6 − 800p4 + 1600p2)y3 + (−4800p4 + 38400p2 − 76800)y2 + 1600p4

−12800p2 + 25600

= 0.

A computation reveals that there is no optimal point in (0, 2)× (0, 1).
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(6) For x = 1,

ψ(p, y, 1) = (25p6 − 100p5 − 300p4 + 800p3 + 1200p2 − 1600p− 1600)y4 + (100p5

−1400p4 − 800p3 + 11200p2 + 1600p− 22400)y2

+1500p4 − 12000p2 + 24000

= γ4(p, y).

Consider

∂γ4
∂p

= (150p5 − 500p4 − 1200p3 + 2400p2 + 2400p− 1600)y4 + (500p4 − 5600p3

−2400p2 + 22400p+ 1600)y2 + 6000p4 − 24000p

= 0,

∂γ4
∂y

= (100p6 − 400p5 − 1200p4 + 3200p3 + 4800p2 − 6400p− 6400)y3 + (200p5

−2800p4 − 1600p3 + 22400p2 + 3200p− 44800)y

= 0.

Thus, we havep1 = 0,

y1 = 0,

p2 = 2,

y2 = 0,

p3 = −2,

y3 = y3,

p4 = −2.8439,

y4 = 1.4760,

p5 = −2.8439,

y5 = −1.4760.

Thus, the γ4 has on critical point in (0, 2)× (0, 1).
(7) For y = x = 0, or p = 2, y = 1, or p = 2, y = 0, or p = 2, x = 0, or p = 2, x = 1,
or p = 0, y = 1,

ψ(p, 0, 0) = ψ(2, 1, x) = ψ(2, 0, x) = ψ(2, y, 0) = ψ(2, y, 1) = ψ(0, 1, x) = 0.

(8) For y = 0, x = 1,

ψ(p, 0, 1) = 1500(4− p2) ≤ 6000.

(9) For y = x = 1, or y = 1, x = 0,

ψ(p, 1, 1) = ψ(p, 1, 0) = 25p6 − 200p4 + 400p2 = γ2(p) ≤ γ2(1.1547) = 237.0370.

(10) For p = x = 0,

ψ(0, y, 0) = 25600y − 25600y2 = γ5(y) ≤ γ5(
1

2
) = 6400.

(11) For p = 0 and x = 1,

ψ(0, y, 1) = 24000− 22400y2 − 1600y4 = γ6(y) ≤ γ6(0) = 24000.

(12) For p = y = 0,

ψ(0, 0, x) = 24000x2 ≤ 24000.



The sharp bounds of hankel determinants 971

Then, the sharp bound for this Hankel determinant is determined by

|H2,3(g)| =
25

576
,

with an extremal function

g(ζ) =

∫ ζ

0

(1 +
5

6
t3 +

1

6
t15)dt = ζ +

5

24
ζ4 +

1

96
ζ16.
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