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EXISTENCE AND CONCENTRATION OF
SOLUTIONS FOR DISCONTINUOUS ELLIPTIC
PROBLEMS WITH CRITICAL GROWTH*

Ziqing Yuan'

Abstract This paper concerns the following elliptical problem with discon-
tinuous nonlinearity

—EAu+V(z)u = flu) + [ul* 2u, zeRY,
u >0,

where N > 3, € > 0 and f(u) is a discontinuous function. We obtain the exis-

tence and concentration results of this problem. Our results generalize some

recent results on this kind of problems. In order to obtain these results, a suit-

able truncation, concentration compactness principle, new analytic technique
and variational method are used.

Keywords Elliptic problem, concentration, variational method, discontinu-
ous nonlinearity.

MSC(2010) 35Q51, 34A36, 49J52.
1. Introduction

In this paper, we will concern the existence and concentration behavior of positive
solutions for the following problem

(1.1)

—e2Au+V(zx)u = f(u) + |u* 2u, xRN,
u >0,

where € > 0, N > 3 and f(x) is defined by

) = g(u), u € [0, al,
fu) {(1 +0)g(u), u € [a,+00),

g(u) € C(R,R), which can be rewritten as

—Au+V(ex)u = f(u)+ [u* %u, zeRN,
u > 0.
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Assume that V' (z) and g(u) satisty the following basic assumptions:

(V1) there exists an open and bounded set Q2 compactly contained in RY such that

0<o=infyepn V(z) < Vo =infreq V(2) < mingegn V(z) <liminf), o V(x)
(gl) for all t € R, there exist C' > 0 and s € (2,2*) such that |g(t)] < C(1+¢[*~1);
(g2) for all t € R, there is ¢ € (2,2*) such that

0 < ¢G(t) C/ s)ds < tg(t),

2N .
where 2% = { N—2’ if N> 2,
oo, if N < 2.

(g3) there is w > 0, which will be fixed later, such that g(t) > w for all ¢t > 2a;

(g4) limsup,_,o 28 = 0;

(g5) # is increasing for ¢ > 0.

It is easy to see that there exist lots of functions verifying (g1)-(gb), for example,
set g(t) =YK, g‘;)'% - if ¢ >0and g(t) = 0if £ < 0. Then g(t) satisfies (g1)-(g5).
We say that u is a weak solution of problem (1.2), if u € H'(RY) and

—Au+ V(exyu € [f,(u(@)) + [u]* 2u, f5(u(@)) + [u]* "*u] ae. in RV,

where f(t) = lims_o+ f(t — 0) and fs(t) =limg_o+ f(t+9).
Our main result is the following:

Theorem 1.1. If (V1) and (g1) — (¢6) hold, then there exist €*,0%,a* > 0 such
that problem (1.2) has a positive solution uegsq for € € (0,€*),8 € (0,6%), and

€ (0,a*). Furthermore, if 05,4 € RY denotes a maximum point of Ue,5,a, then
im(c 5,0)-(0,0,0) V (€0e,6,a) = Vo.

We would like to point out that this kind of equation in (1.1) arises from the
problem of deriving standing waves solutions of the nonlinear Schrédinger equation

ie%—\f = —EAV + (V(z) + E) — |97 h(J¥))T in RY, (1.3)
where h(s) = f(s) + s> ~*. A standing wave solution to problem (1.3) is one in
the form where W(x,t) = exp(—ie ' Et)u(x). In this case u is a solution of (1.2).
For the case where § = 0, the right-hand side function is a continuous function
with critical term. Then its energy functional is differentiable and there exist many
results on discussing this type of problem (1.2), see [4,10,12,19,21, 22,26, 27, 31]
and references therein.

However, in this paper, the parameter § is stipulated to be non-zero, thereby
rendering the right-hand side nonlinearity of equation (1.2) discontinuous and its
associated energy functional non-differentiable. This characteristic presents a signif-
icant challenge in the pursuit of understanding the solutions to equation (1.2). The
academic interest in nonlinear partial differential equations featuring discontinuous
nonlinearities has burgeoned, as numerous free boundary problems in mathematical
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physics can be articulated in this framework. Prominent examples include the seep-
age surface problem, the obstacle problem, and the Elenbass equation, as detailed
in references [5-7]. A plethora of scholarly contributions have addressed problems of
discontinuity. Notably, Corvellec et. al. [11], Alves et. al. [1-3], Grossi et. al. [17],
Yuan and Yu [29], Yuan and Wang [28], Liu et. al. [24], Chang et. al. [8], Yue
et. al. [30], Tannizzotto and Papageorgiou [18], and their respective bibliographies,
have all made significant strides. These studies have harnessed a variety of method-
ologies, including variational methods for non-differentiable functionals, fixed point
theory, global branching, lower and upper solution techniques, and the theory of
multivalued mappings. These diverse approaches collectively enrich our analytical
toolkit and deepen our comprehension of these complex mathematical phenomena.

To the best of our knowledge, there exist few papers involving the existence of
solution for elliptic problems with discontinuous nonlinearity and critical growth
by variational methods for non-differentiable energy functional. Noting that the
classical critical points theory and variational methods for C' functional are not
suitable for problem (1.2), inspired by the methods used in [5-7], we need to use
variational methods and nonsmooth analysis for non-differentiable functionals. On
the other hand, unlike [13], their solutions found are C?, while in this paper, we
don’t have this regularity, since the nonlinearity is discontinuous. Then, some new
arguments are needed to overcome the without of regularity of solutions. Further-
more, in order to obtain some estimates involving the mountain levels, the authors
in [13] used a characterization of the Mountain Pass level involving infimum of en-
ergy functional on Nehari Manifolds. But the Nehari Manifolds is not well known
yet for non-differentiable functionals, and so, we need to develop some some new
arguments to derive good estimates involving the Mountain Pass levels. Also, in [13]
del Pino and Felmer obtained the complete treatment (concentration and existence
behavior of solutions) under condition (V1) with § = 0. They derived bound state
solutions, but not ground state solutions. Of course, it is reasonable, since under
condition (V1) some problems don’t have any ground state solution. For this reason,
we cannot find minimax critical points of the energy functional of problem (1.2).
In order to solve this difficulty, we modify the nonlinearity to apply the Mountain
Pass Lemma. Then we establish the existence of positive solutions. Finally, since
the energy functional of (1.2) contains critical growth term, and the working space
HY(RY) — LP(RYN), p € [2,2%], is not compact, we adapt a penalization method
and the concentration compactness principle by Lions [20, Lemma 2.1] to overcome
these difficulties.

This paper is organized as follows. In Section 2, some results involving locally
Lipschitz continuous functionals are provided. In Section 3, the existence of solu-
tions for an auxiliary problem are proved. In Section 4, based on Theorem 3.1,
Theorem 1.1 is proved.

2. Preliminaries

We firstly give some notations. (X, ||||) denotes a (real) Banach space and (X*, ||]|«)
denotes its topological dual. C' and C;(i = 1,2,...) denote estimated constant(the
concrete values may be different from line to line). ‘—’ means the stronger conver-
gence in X and ‘—’ stands for the weak convergence in X. |u|, denotes the norm
of LP(RY).
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Definition 2.1. ( [15]) A function J: X — R is locally Lipschitz if for every v € X
there exist a neighborhood U of v and L > 0 such that for every v, n € U

[J(v) = ()| < Ly —nl|.
Definition 2.2. ( [15]) Let J : X — R be a locally Lipschitz function. The
generalized derivative of J in v along the direction v is defined by

J(n+71v) —J(n)

)

J%(v;v) = limsup
n—u, 7—0+ T

where v, v € X.

It is easy to see that the function v + J9(v;v) is sublinear, continuous and so
is the support function of a nonempty, convex and w*-compact set 9J(v) C X*,
defined by

dJ(v) = {v* € X*: (v*,v)x < J(v;v) for all v € X},
m(v,) = infys co.(v,) vkl If J € CH(X), then
2.J(v) = {T'(0)}.

Clearly, these definitions extend those of the Gateaux directional derivative and
gradient. A critical point of J is an element vy € E such that 0 € 0J(vp) and a
critical value of J is a real number ¢ such that J(vg) = ¢ for some critical point
vy € F.

Proposition 2.1. ( [6,9]) Let {v,} C X and {vi} C X* with v} € dJ(v,). If
v, = v in X and v — v* in X*, then v* € 0J(v).

Proposition 2.2. ( [6,9]) Let ¥(v) = [,x G(v)dz, where G(t) = fot g(s)ds. Then,
U € Lipjoe(LPTH(RY),R), 0¥ (v) C L%(RN) and if p € 0V (v), it satisfies

p(z) € [9(v(2)),9(v(2))] a.e. in RY.

3. An auxiliary problem

Let H'(RY) be the usual Sobolev space and
E= {u € HY(R") : /}RN(|Vu|2 + V(2)|u|?)dx < —l—oo} )
equipped with the inner product and norm
(u,v) = /RN (VuVo + V(z)w)dz, |ull = (u,u)?.
It follows from (g4) and (g5) that

t—0

lim [f(t) + t2*_2] =0 and lim {f(t) + t2*_2} = +o00,
t t—+4o00 t
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which means that for a small enough, there exists b > a > 0 such that

1+8)g(b . 1%
b k
where Vj is defined by (V1) and & > 1+ 4. By (g3) we can choose b > 0 such that
a < b < 2a. Based on the above facts, we define the function

0, if t<0,
Fy=147@ +t2 1 if 0<t<b,
%t, if ¢>0b.

Fixing € RY be a bounded domain and using the function f , we give the function

h(z,t) = xa(@)(f(£) + 1771 + (1 = xa (@) f(1), (3.1)
where xq is the characteristic function related to €2, and consider the auxiliary
problem

{_Au + V(€$)U = h(ex, U), (32)

u € HYRY), u(z) > 0,Vz € RV,
From hypotheses (g1) — (g4), h satisfies the following conditions for = € R,

(z,t) =0 for all ¢ < 0 and lim SUP|¢| 0 h(ﬁ"t) =0;

h
h(z,t) = f(t)+t> L forall z € Q, ¢t >0, or z € Q° and t € [0, b];
h(z,t) < (1+5) (t)+t¥ ! forall z € RN, t € R;

0<CH (fo (z,s)dz < h(z,t)tforallz € Q,t > 0and 0 < 2H(z,t) <
h(z t)t E(x t)t < tVot? for all z & Q, t > 0.

I(u) = I q6(u) = 1/N(|Vu|2 + V(ex)u?) — H(ex,u),

2 .
Qc(u) == % [on ([Vul> + V(ex)u?), and U, (u) := [on H(ex,u)
Lemma 3.1. Let {u,} be a (PS). sequence for I.. Then {u,} is bounded in H..
Proof. Set {u}} C H~Y(RY) be such that I.(u,) — ¢, m(u,) = ||u}|l« = on(1).
Due to u}) € 01.(u,), there exists & € 0¥ (uy,) satisfying
(g m) = (Qc(un),m) = (&5,m) (3.3)

for all n € H'(RY). From (h4) and k > 1, we have
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1 1 2—g¢
> - = n2 s V4 n2
> (3-1) bl + 325 [ Vieolhul

¢—2 9 1 9
S 1- 2
50w [|Vun| + ( k)V(ex)un]

> Cllun]?,

where ¢, € [h(ex,u,), h(ex,u,)], which deduces that {u,} is bounded in H*(RY).
O

Lemma 3.2. Let {u,} be a (PS). sequence for I.. Then for each o > 0, there is
p=p(c) > 0 such that

lim sup/ ([Vun|® + V(ex)|unl?] < o
RN\ B, (0)

n—oo

Proof. Put u}, & and &, be the same as that used in the proof of Lemma 3.1,
and pr € C®(RM,[0,1]) such that pr(z) = 0 in Br(0), ¢r(z) = 1 in Byr(0)°
and |[Veg(x)] < % in R, where C is a constant independent on R. Recalling that
{un} is bounded in H'(RY) and (u}, pru,) = 0,(1), by (3.3), we have

/ apRHVun| + V(ex) |un| / fnapRun—/ U, VorVu, + 0,(1).
RN

Fixed p > 0 such that Q. C B (0), by &, € [h(ex, uy), h(ex,uy)], (h4), and

1
[ eorun <y [ orvicul
RN RN

we obtain

1 C
(1 — k) / Or[|Vun|> + V(ex)|u,|?] < E|un\2|Vun|2 +on(l) <o
RN

for some R sufficiently large. O
Denote by 2V2(RY) the closure of C§°(RYM) under the norm |julls =

(Jan |Vu|2)% and set S be the best constant for Sobolev embedding 2'?(RY) —

L? (RN).

Lemma 3.3. If (V1) and (g1)-(g4) hold, then I. satisfies the (PS). condition in

H'(RN) fore< (5 -1) 5%,

Proof. According to Lemma 3.1, {u,} is bounded in H!'(R¥). Choosing a sub-
sequence, we may suppose that u, — u in H'(RY), u,(r) — u(z) a.e. in RY,

[Vun|> = |[Vul> + 1 and |u,|* — |u*” + v (weak™ — sense of measure).

Thanks to the concentration compactness principle by Lions [23, Lemma 2.1}, we
derive at most countable index set J, and sequences {z;} C R™, {u;}, {v;} C [0, 0),
such that ,
v = Z Vilg,, 4> Zui(smi and Sv7" <y, (3.4)
i€l i€l

for all ¢ € 3, where 0, is the Dirac mass at x;.
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We claim that 3 = (). Proceeding by contradiction, suppose that 3 # () and
fix i € 3. Set u¥, &, and & be the same as that used in the proof of Lemma 3.1.
Consider € C§°(R™Y,[0,1]), such that n = 1 in B;(0); n = 0 in RV \ B(0) and

T—XT;

|Vl < 2. Defining ngr(z) = n(*%*), where R > 0, we obtain that {nru,} is
bounded in H'(R"), which means that

RN Q. Qe

From (h3) and (h4), we obtain

/ 0|V [? <C / |75 + / fun|* 0 + C / i 11
RN RN RN RN

(3.5)
—/ (unVu,Vnr + V(ex)nRui).
]RN

Since {u,} is bounded in H(RY), the support of g is contained in Bag(z;),

lim lim [ (u,Vu, Vg + V(ex)npu?) =0,

R—0n—oo JpN

lim lim |tn|?nr =0 and
N

im lim |tun i nRUn = 0,
R—0n—o0 Jp N

1
R—0n—oo Jp

which follows from (3.5) that

/anMS/ nrdv + og(1).
RN RN

Letting R — 0 and by the standard theory of Radon measures, we infer that
2

v > > Sv? e, v > 5% . Once that {u,} is a sequence of (PS)., Proceeding
as in the proof of Lemma 3.1, we have that

¢ = 1) = ~ (5 un) +0n(1)

1 1
> <2 - ) / [Vun|*nr + Co/ V(ex)|un|*nr + 0 (1)
q RN RN

1 1 N
>[(Z2_-Z)987
> (5-1)s%,

which leads to a contradiction. Hence, it follows that 3 is empty and u,, — u in
L (RN). By (h2), (g1) and (3.1), we derive a constant C' = C(a) > 0 such that

loc
|h(ex, t)] < Cle* (3.6)

for all z € RY, t € R. Since [[un||* = [zn &ntin + 0n(1), and &, € [h(ex,uy),
h(ex,u,)], the boundedness of {u,} in H*(RY), infers that {¢,} is bounded in

L7 (R™). Then, passing to a subsequence if necessary
funl = Ain R, & — € in L¥=1 (RY) and u, — w in H'(RY),  (3.7)

it follows from (3.3) that

= [ ¢ (3.9
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Observing that

Br(0) Br(0)

from (3.6), (3.7) and Riesz representation theorem, one has

/ Ently — Eu. (3.9)
Br(0) Br(0)

)

< |Un - ’LL|L2* (BR(O))|£n|L2*2i1 ®RY) + ‘ /B (0)(€n - 6)11/
R

Lemma 3.2 means that

lim sup / Enun| = ogr(1). (3.10)
n—00 B%(O)
Combining (3.9) and (3.10), we infer that
Enln —>/ Su, (3.11)
RN RN

from which it follows that ||u,||?> = ||u||? +0,(1). Consequence, u,, — u in H'(RY).
O

Lemma 3.4. If hypotheses (V1) and (g1)-(94) hold, fized €* > 0, a > 0 small, for
each € € (0,€*), then there exist 4o > 0 and vo € H*(RY), which are independent
of € and a, such that

(i) max¢e(0,40] I(tvg) < (% - %) S%;

(ii) there are v, > 0 such that I.(u) > a for u € HY(RN), ||lu|| = r;

(iii) I(vo) < 0 and 4ovo € B, (0)°.
Proof. Without loss of generality, we may assume that 0 € Q and V = V(0).
Fixed €* € (0,1), set vg € C§°(RY) such that [y (|Vvo|? + Vio|vo|?) = 1, vo > 0,
suppvy C Br(0) C Q. Since V(ex) < V., for all x € Bg(0) and € € (0,€*), one has
ex € Q, then, from (h2), we derive

tvg ()
I (tvg) < L(t) — / / f(s)dsdx < L(t) (3.12)
Br(0) Jo
for all ¢ > 0, where L(t) = & — S8 lvg|?.
Since the function £(t) is increasing in (0,t*) for some t* > 0 and lim;_,o £(t) =
0, there is 4 > 0, independent on €* and ¢ such that 4 < t* and max;c 5] Ic(tvo) <
L(%0) < (3 - %) S%, which proves (i).
Since I.(0) = 0, from (g1), (h3) and choosing ||u|| = < %, there is @ > 0 such
that I.(u) > o for u € HY(RY), ||ul| = r. (ii) is proved.
We now prove (iii). It follows from (g3) that

Fovo (x) Fovo ()
/ / f(s)dsdx 2/ / g(s)dsdzx
Br(0) JO Br(0) JoO

Fovo(x)
> / / ldsdx
Br(0) J2a

= / (Aovo — 2a)dzx.
Br(0)
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From (3.12) we have

IE('AYOUO) < ‘C('AYO) - / (’70’00 — 2a)dm

Br(0)
_ 1o A 2" N _ 4
= - " lvg]® + 2awn R o vodx
27 2 s Br(0)
<0
for both 49 > 0 and a > 0 small enough. O
Remark 3.1. (i) The above lemma shows the restriction of the constant a given

in (g3).
(ii) From the proof of this lemma, we know that the set {u(z) : u(x) > a} has
positive measure, otherwise, we cannot ensure I.(Jovg) < 0.

The following result establishes the existence of a ground solution to (3.2), which
means that there exists a function u, such that I (uc) = cc := e 4,5, and 0 € Ol (u,),
where ¢, denotes the mountain pass level associated to I..

Theorem 3.1. If (g1)-(g4) and (V1) hold, then there exist €*,a > 0 small such
that for all € € (0,€*), problem (3.2) has a positive solution u. satisfying

(i) ue is a weak solution of problem (8.2) for all € € (0,€*);
(i) The set |Acq| = {z € RN :u.(z) = a} has null measure;
(iii) The set {x € RN : u.(x) > a} has positive measure.

Proof. (i) Set a,Vp and 4y be the same as that in Lemma 3.4. It follows from
Lemma 3.4 that I. has the Mountain Pass geometry, and there exist sequences
{u,} € HYRY), {u}} C 0I.(uy,) and {£:} C OV (u,) such that u} = Q. — & in
HH(RY),

||u:H* = On(]‘)ﬂ [e(un) =cCe+ On(l),
where ¢ = infjer max;eo 1) Le(7(t)) and T = {y € C([0,1], H'(RN)) : 7(0) =
0 and (1) = yovo}. Noting that {u,} is bounded in H'(RY) and &, € [h(ex,u,),

h(ex,uy)]. From (3.6) we derive that {£,} is bounded in L;ﬁ(RN). According
to Lemma 3.3, it follows that u, — u. in H'(RY) and &, — & in L71(RV).
Therefore,
/ (VueVn + Viex)n) = € (3.13)
RN RN
for all n € HY(RY), where ¢, € [h(ex,u.), h(ex,u.)]. Once that & € L%(RN), by
the elliptic regularity theory, u. € W2z (RM) and

— Au, + V(ex)u, € [h(ex,u.), h(ex,uc)] a.e. in RY. (3.14)

Taking a test function w_, we derive u. = v} > 0. By Harnack inequality [16,
Theorem 8.20], one deduces that u. > 0. Consequently, u. is a positive solution of
(3.2) and (i) is proved.

We now assume that [A¢ .| := {z € RY : u.(x) = a} has positive measure. It
follows from Stampachia Theorem [25] that —Au(x) = 0 a.e. in A, 4. (3.14) infers
that

V(ex)a € [h(ex, uc(w)), h(ex, uc(w))] a.e. in Acq. (3.15)
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Once that a < b and v
(e, 1)) < = (3.16)
for all z € RY, t € [0,a], it follows from (3.15) that 1 < &, which contradicts to
k > 1. Hence |A. 4| = 0, which shows (ii).
Next, we prove (iii). If the conclusion was false, i.e., [{z € RY : u.(z) > a}| = 0,
then

u(zr) <a (3.17)
a.e. in RN. This, combining (3.13), (3.16), infers that (1 — 1) [|uc[|?> < 0, which is
a contradiction to I(u.) = ¢, > 0. Hence u, > 0. O

4. Proof of Theorem 1.1

The following Lemma is very important to show that the solution proved in Theorem
3.1 is a solution of the original problem (1.2) for a small enough.

Lemma 4.1. If u. is the solution found in Theorem 3.1 for e € (0,€*), then
maxg>o Le(tue) = Le(ue).

Proof. We firstly give A : [0,400) — R the locally Lipschitz continuous function
defined by
A(t) = I(tue), Yt>0.

It is straightforward to prove that there exist o,ty > 0 such that
A(t) >0, Vt € (0,0) and A(t) <0 Vt > to,

from which it follows that A has a maximum value. Hereafter, set t, > 0 be a
number where A attains its maximum, i.e.,

A(ty) = I?Zag( A(t).

We now claim that the number ¢, is equal to 1. Indeed, noting that A is locally
Lipschitz continuous function, we have that A is a.e. differentiable. Write Q be the
set of these points, where A’ does’t exist, then we derive |Q| = 0. Now it needs to
prove that

(i) A'(t) >0, Vt € (0,1) N Q<
(i) A'(t) <0, Vt € (1,400) NQ°.

From (i) and (ii) we know that A has a global maximum value at t = 1. Furthermore,
t = 1 is the unique point where the global maximum is attained.

In the following, we firstly prove (i). Without loss of generality, we assume that
b < 1. By the Chain Rule for locally Lipschitz continuous function, we obtain that
there exists uj € 0I.(tu) such that

A'(t) = (uy, ),

or equivalently, there exists {; € OV (tu) verifying

A() = t/RN(\VuP +V(ex)|uf?) — /RN £,
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Thanks to 0 € 9l (u.) and |A. 4| = 0, it follows that

U2 (4 ’LL2: ET, U)U
[ 09uP i) = [ e

and so
A(t) = t/ h(ex,u)u — &
RN RN
According to Proposition 2.1 and Proposition 2.2, one has
& (2) € [hlex, tu), h(ex, tu)] a.e. in RV,

thus, from |A. 4| = 0, (g5) and the boundedness of h(ex,u) at u = a, we have

¢ ( [ bl uju - /RN h(ea;t“)u>
(oo o)

x . * 1%
+/ (u2 -2 _ 427-2,2 —2) u? + j/ (u— tu))
{u<b} k Jp<u<ty
>0, Vte(0,1),

Y

A'(t)

Y

which deduces that ~
A'(t) > 0,Vt € (0,1) N Q°.

(ii) can be proved by the same method as that employed in (i). It follows from (i)
and (ii) that Lemma 4.1 is proved. O
As we know, it is crucial to discuss the problem

—Au+Vou= (1408)g(u) +u* -1, zeRYN,
u € HYRYN), u(z) >0, Vo € RV,

The energy functional associated to problem (4.1) is defined by

1

1 .
Rt =3 [ (VP +veu) = a+0) [ Gl -5 [
2 Jr~ RN 2% Jr~

where u; = max{u,0}. Then Iy € C'(H'(RY R)) and

Iy, (u)v = /RN (VuVo + Vouv) — (1 + 5)/R g(uy)v

N

f/RNuf_*_lv, Vu,v € HY(RY).

There exists a positive function ug € H*(RY) such that I{, (ug) = 0 and Iy, (ug) =
cv,, where cy, is the Mountain Pass level. Define the Nehari manifold corresponding
to IVO

My = {u € H'(RV)\ {0} : Iy (w)u = 0},
then cv, = infue s, Iv, (u)-

Lemma 4.2. lim,, 4, 5, -0 Ce,, = Cv;-
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Proof. Firstly, for simplicity, we denote by u, = uc, a,.6,, In = Ie, a,,5, and
Cn = Ce,,an.5, Where ¢, denotes the Mountain Pass level associated to I,,. Take
€ny Un,0p, — 0 as n — co. For any p > 0, set n € C§°(Q) satisfying 0 < n(x) < 1,
n(x) = 1 for all z € B1(0), and n(x) = 0 for all z € BS(0) CC Q. Moreover,

x

for each p > 1. We denote by 7, and by u, the functions, 7,(z) = n(;) and
u,(z) = np(x)ug(x). It is not difficult to show that u, — ug in H(RY) as p — +oc.
For each R > 0, there is t, > 0 such that

IVo (tﬂup) = I?Zag( IVO (tup)7

hence Iy, (t,u,) = 0 and

1 ; . .
7/ (|vup|2+vou§)=(1+5)/ 9ltote) . g2 *3/ a2
tp ]RN R t RN

N P

which means by I, (ug) = 0 that £, — 1 as p — oo. Then, we can see that t,u, — ug
in HY(RYN) and Iy, (t,u,) — Iv,(up) as p — oo. From a simple computation it
follows that there exists t, > 0 such that I, (t*tpup) < 0 uniformly for €,a > 0 small
enough. Taking v(t) = tt.t,u, for t € [0,1], and from the definition of c., we derive

< 5 < 3 = I.(¢
c < tren[(zi)i] I.(5(t)) < I?Z&L(%(Ie(w(t)) I (ttyu,)

for some £ = t(e,a,p) > 0. A straightforward computation means that for each
given p > 0, there exist positive constants C; and Cy such that C; < t < Cy for
€,a > 0 small enough. Once that V(0) = Vp, For any v > 0, there exists ¢g > 0
such that 0 < V(e x) — Vo < v for €, € (0,¢) and & € Bar(0). Consequently,

V(enx)tiui < / (Vo + V)t?,ui.

RN RN

Then,

A . t A
en < Ln(ttyu,) < Iy, (ttyu,) + 5u/ t2u? + 5/RN G(ttpu,),

B2r(0)
which leads to
limsup ¢, < cy,. (4.2)
n—0
We now verify
liminf e, > cy,. (4.3)
n— oo

Indeed, we proceed by contradiction, and assume that there is an integer N large
and o > 0 small such that

cn <cy, —o for allm > N.
By Theorem 3.1 and the definition of c., , we derive

en = In(un) = I{lfg{]n(tun) <cy, —0



Existence and concentration of solutions ... 985

for any fixed n > N. From the definition of ¢y, one has that cy, < maxso Iy, (¢

Ue
Then, from the fact that, for all given n > N,z € RM, Vi < V(e,x), (1
8) Jan G(u) + 5= fon u® > [on H(ex,u), it follows that

n

).
+

cy, —0 > r?;igdn(tun) > I?;io}(fvo (tun) > cvys

which derives a contradiction. Then (4.3) is true. Finally, (4.2) and (4.3) deduce
this lemma. O

Lemma 4.3. Assume the same hypotheses of Theorem 3.1. Let {z,} C N, be
such that Iy, (z,) — cy, and z, — z in H*(RY). Then, there exists a sequence
{Gn} C RY such that z,(- + §n) — 20 € My, with Iy, (20) = cv,. Furthermore,
if z # 0, then {gn} can be taken identically zero, thus , for this case, z, — z in
HY(RY).

Proof. Similar as the method used in Lemma 3.1, we obtain that the sequence
{z,} is bounded in H*(R¥), thus passing to a subsequence if necessary, still denoted
by {2}, we can suppose that there is 2 € H*(RY) satisfying

Z, — z in HY(RY).

From the Ekeland’s Variational Principle [14], we can suppose that {z,} satisfying
the following result
Iy, (zn) = ¢y, and Iy, (z,) = 0. (4.4)

Based on (4.4), we divide our proof into two cases: z # 0 and z = 0.

Case 1. z # 0. Using the same argument as in the proof of Lemmas 3.3 and 3.4,
we can also derive that

Vzn(z) = Vz(z) ae. in RY,

227 (2) — 2% (z) ae. in RV,

(4.5)
From the fact that (Iy, (2n), 2n) = 0, (4.4), it follows that (I, (z), z) = 0, hence

v, < T(2) = Ty (2) = (1, (2),2),

which infers that

cvy < (; - 1) /RN(NzP 422 (14 6) /RN [ig(z)z - G(z)]

Then, by Fatou’s Lemma

Cv, SD

(1 1 . 1
< - — — — —
< hénmf <2 <> /RN(WZ"' +2z;,)+(1+9) /RN Lg(zn)zn G(zn)

(11
g 2
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Consequently,
lim (|Vzn? +22) — / (|Vz|* + 22). (4.6)
RN

n—oo RN

It follows from (4.5) and (4.6) that z, — z in H}(RY).
Case 2. z = 0. For this case, there are p, 3 > 0 and {y,,} C RY such that

limsup/ |za|? > B.
n—00 Bp(yn)

Indeed, if this case is not true, we have

limsup sup / |za|? = 0,
B, (y)

n— 00 yERN

and by Lions result [23]

lim |zn]? =0 Vs € (2,27).

n—roo RN

By the above result and the fact that {z,} C A7, we have

/}RN(wanwozg) :/ 22 (4.7)

RN

Suppose that fRN ZTQL — [ as n — oo. Using the definition of the constant S, we
obtain

2
*

S(/ ) = O N R I
RN RN RN RN

which implies that [ > Slzl*, ie, I > S%, which is a contradiction to ¢y, <
(5-1)s 2. According to the Sobolev embedding, we have that |y,| — co. Defin-
ing v, = z,,(x + yn), one derives

Iy, (vn) — ¢y, and Iy, (v,) — 0.

It is obvious to see that {v,} is bounded in H*(RY), and there is a v € H'(RY)
with v # 0 such that v, — v in H(R"Y). Proceeding the same argument as in Case
1, we derive that v,, — v in H'(R").

We now verify (4.4). From Ekeland’s Variational Principle, it follows that there
is a sequence {z,} C A, verifying

Zn = Un + 0n(1), Iv,(2n) = ¢y, and Iy (2n) — Y dy, (2n) = 0n(1),

where 7, is a real number and Jy, (z) = ]"/O (2)z, Vz € Hl(RN)' Then there exists
o > 0 such that
[(J4, (2n), 2n)| = 0, ¥n € N.

Indeed, by the definition of Jy, and (g5), one has

(Tl ez = (14 6) / (6 (2n)22 = g(zn)2n) + (2° —2) /

RN RN

> (2" - 2) / 2
RN

> 0.
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Since Iy, (2n)2n = on(1), we have Jy, (2n)2zn = 0n(1), which derives 7, = on(1).
Therefore,
Iy, (zn) = ¢y, and Iy, (z,) — 0.

Consequently, we have
Iy, (2n) = ¢y, and Iy, (z,) — 0.

Thus the proof is proved.

Lemma 4.4. Let {u,} C HY(R") be a sequence with 0 € dJ., (u,) and Iy, (u,)
cv,, where €,y 6, — 0F. Then, there is a sequence {f,} C RY such that wy,(z) :
Un (T + §,) has a convergent subsequence in H'(RM R). Furthermore, up to
subsequence e, G, — yo € A, where A = {x € Q: V(x) = Vy}.

Proof. Lemma 3.1 means that {u,} is bounded in H'(R"). We claim that there
exists a sequence {g,} C RY and constants p,o > 0 such that

s 14 O

n—oo

mmm/‘ lun|* > o > 0. (4.8)
By (9in)

Indeed, suppose that (4.8) were false. Then, from Lion’s result (see [23]), it follows

that
/ [un|? = 0, (1)
]RN

as n — oo, for all 2 < ¢ < 2*, which infers that

G(up) = /]RN Ung(Un) = 0p(1).

]RN
Thus
1 .
Hlewu) <o [ (@b 4 2toal)  (49)
RN 2 QuU{u,<a} 2k Qen{up<a}
and
+32* Vo 2
uph(ex, u,) < (uf)* + = uy + on(1). (4.10)
RN QuU{u,<a} k Qen{up<a}
This, combining 0 € 91, (u,), we conclude that
W .
Junl = 2 [ @ro= [ @h. @
k Qen{u,<a} QU{u,<a}

Set m > 0 be such that
E/ u? = m.
k Qen{u,<a} "

It is easily seen that m > 0. Otherwise, we can derive u,, — 0, which is a contra-
diction to cy, > 0. By (4.11), it follows that

/ (ui)z* — m.
QU{un<a}

] —
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From the fact that I.(u,) — cy, and (4.9), one has
m < Necy,
and thus m > 0. Since

2
oF

Ve -
=2 [ wms( [ @)
k Qen{u,<a} QU{un,<a}
passing to the limit in the above inequality, it follows that
m > Sm%,
which deduces that
1.
(&7 Z NS 2,
which is impossible. Hence (4.8) is true, and along to a subseuence
Vp = Upn (- + §n) = v # 0 in HL(RY).

In the following, we take ¢, > 0 such that ¢,v, € Aq,. It follows from Lemma 4.1
that
vy < Iy, (tnvn) < rax I, (tun) = I, (un) = cy, + on(1),

which means Iy, (t,v,) — cy,, thus t,v, 4 0in H'(RY). Because {v,} and {t,v,}
are bounded in H'(RY) and t,v, /4 0 in H(RY), the suquence {t,} is bounded.
Passing to a subsequence if necessary, t,, — tg > 0, for some ¢y independent of €, a
and 0. For €, a and § small enough, if ¢y = 0, we have t,v,, — 0 in H'(RY), which
cannot occur. Therefore tg > 0, and {¢,v,} verifies

Iy, (thvn) = cvyy tnop — tov #0 in HY(RM).

It follows from Lemma 4.3 that t,v, — tov, or equivalently, v, — v in H*(RY),
with v # 0, which shows the first part results of this lemma. What is left is to show
€nln — Yo € A. Set Yn := €,0n and we assert that {y, } has a bounded subsequence.
Indeed, if this were false, then {y,} — oco. Take R > 0 such that @ C Br(0). We
assume that |y,| > 2R, for any & € Bg/., (0), then |e,2 + yn| > [yn| — |enZ] > R.

Put
(z) = 0, if |z] <R,
I, i je| < 2R,

and |Vn,(z)| < CR™! for all x € RY. Applying 0 € 91, (u,), we have

1
Vo <1 - > / v2ng < / [|an|2 + (V(f) - VO)”%} nR
k RN RN k
= —/ v, VNrVU, + / h(ed + yn, vn)Nr + on(1).
RN RN

It follows from (h4) that

o (1-1) [ vt < GloalP a0
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which is impossible as R sufficiently large. This means that {y,} has a bounded
subsequence. Hence, up to a subsequence we derive

Yn — Yo ERN.

If yo & Q, we can proceed as above and infer that v, — 0. Therefore, o € €.

In order to show that V(yo) = Vp, we proceed by contradiction, and assume
that V(yo) > Vo. Once that t,v, — tov in H'(RM R), from Fatou’s Lemma and
the invariance of RY, we have

CVO = IVO (to’l))

< %/RN(W(tOv)F +V(yo)ltov]*) — (1+4) /RN G(tov) — gi /RN(“’”)T

1
< liminf [2/ (|V(tnvn)|2+V(en33+gjn)|tnvn|2)/ Ctvn)
RN RN

n—oo

1 o*
T o tn n
2% ]RN( v ) :|

<liminf I, (tnun)

n—r00

<liminf I, (u,)

n—oo

- CV07

which is absurd. Hence V(yo) = Vo and yo € Q. The condition (V1) means that
yo & 02, which deduces that yo € A. The proof is completed. O
The following Lemma comes from Lemma 3.7 in [1] and it can show that u.

obtained in Theorem 3.1 is a solution of the original problem (1.2).

Lemma 4.5. Let €, — 07,6, — 07, u, = uc, 4,5, be a solution of (3.2) with
I, (un) = cv,- Then u, € L¥(RY) and given T > 0, there are R > 0 and ng € N
such that

[Un| Lo (Br(gn)e) < T for all n > ng,
where {gn} is the sequence given in Lemma 4.4.
Proof of Theorem 1.1. Our first goal is to show that there exist é > 0, §>0

and @ > 0 such that for all € € (0,¢é), § € (0,4), and a € (0,a), the solution u, s 4 of
problem (3.2), given by Theorem 3.1, satisfies the inequality

|tUe,5,a| Lo @M \0.) < b (4.12)

Assume that (4.12) were false, then for some sequence €, — 0%, §, — 07 and
a, — 07, the sequence u,, = Ue,, 5,0, Satisfies

|un Lo @M \@,,) = b (4.13)

From Lemmas 4.4-4.5 and I, (up) — cy,, it follows that there exists a sequence
{#,} € RY such that €,7, — yo € A. Putting r > 0 such that B,(yo) C Ba,(y0) C
), one has
1
By e, (Yo/€n) = :BT(yO) C Q.

n



990 Z. Yuan

Furthermore, for any & € B, ., (9»), there holds

L ton1)) <2

€n €n

LY A~ - Y
‘x7*0|§|z*yn|+|yn**0‘<
€n €n
for n large enough. For these values of n, B,/ (Un) C Q,, from which it follows
that RV \ Q. C RV \ By /e, (§n). On the other hand, applying Lemma 4.5 with
7 = b, there exists ng such that r/e, > R and

un|Lee@m\@.,) < [tnlLe @B, ., (5) < [UnlLe®@N\Br(ga) < b V1 = no,

which contradicts to (4.13) and this proves (4.12).

Then from the definition of h and (4.12), we derive that h(ex,u(z)) = f(u(z))+
u? ~1, which proves that u = u, s, is a solution of problem (1.2). In order to study
the behavior of the maximum points of {u,}, it follows from (H1) that there is
7 > 0 such that
Vo
2
for all z € RY and t < 7. According to Lemma 4.5, there exist R > 0 and

{Gn} C RY such that

h(ex, )t < —1t? (4.14)

|un|Lm(BR(gn))c <T. (415)

Passing to a subsequence if necessary, we may suppose that

|'U;n|Loc(BR(gn))c Z T. (416)

Otherwise, we can choose a subsequence such that |u,,| re@®v) < 7. Therefore,
recalling the fact that u, is a solution of (1.2) and (4.14), one derives

.
[0V Vil < el < [ henziun)a <32 [
RN RN RN

which means that ||u, | = 0, and this makes no sense. Consequently, (4.16) holds.
From (4.15) and (4.16), it follows that the maximum point ¢, € RY of w,
belongs to Br(¥n), thus, §, = gy, + &, with |Z,| < R. This means that

Engn = engn + enjn — Yo € A

Consequently,

Jim V(€ndn) = V(yo) = Vo,
which completes our proof. O
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