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Abstract In this article, we introduce the notion of a-admissible crooked
mapping with respect to 6 with its special cases, which are a-admissible
crooked mapping with respect to " and a*-admissible crooked mapping with
respect to 6. We present the notion of (8v, af, ¥ F)-rational contraction and
establish new fixed point results over b-metric-like space. The study includes
illustrative examples to support our results. Furthermore, we apply our results
to prove the existence and uniqueness solution of the electric circuit equation,
which is in second-order differential equation form.
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1. Introduction

Consider = as a nonempty set, and let H : = — = be a self-mapping of =. A
solution to the equation H(w) = w is referred to as a fixed point of H. Theorems
addressing the existence and construction of solutions to operator equations, specif-
ically H(w) = w is considered the most important part of fixed point theory. This
theory stands as a prominent research domain within nonlinear analysis. Among its
pivotal theorems, Banach’s and Brouwer’s fixed point theorems hold paramount im-
portance. Particularly, Banach’s fixed point theorem serves as a crucial tool in the
metric theory of fixed points. Banach’s fixed point theorem and its generalization
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play a pivotal role in applications of many diverse fields such as physics, particu-
larly in resolving electric circuit equations (as documented in references [9,13,19]).
Numerous publications have focused on investigating and solving practical and theo-
retical problems through the application of the Banach contraction principle and its
generalization (refer to [2,7,12,16-18]). In 1993, Czerwik [6] introduced a notewor-
thy extension of this fundamental principle by introducing the concept of b-metric
spaces. Recently, Hussain et al. [1] delved into the topological structure of this space
and provided various fixed point results in b-metric-like space. A substantial body
of work has been dedicated to exploring fixed points of mappings utilizing specific
contractive conditions in b-metric-like space (see [3-5,9,11,24]).

On the other hand, the initial conceptualization of a-admissible mapping in
metric spaces was attributed to Samet et al. [15]. Subsequently, in 2013, Salimi et
al. [14] broadened this notion to a-admissible mapping with respect to 6.

The basic aim of this work is to establish novel fixed point results and apply
them in demonstrating the existence and uniqueness solution of the electric circuit
equation, which is in the second-order differential equation form. To accomplish
this goal, we reformulate or modify the work of Salimi et al. [14] by presenting a
fresh concept which is a-admissible crooked mapping with respect to 6. Utilizing
this concept, we introduce the notion of (57, a#, ¢ F)-rational contraction over a
b-metric-like space. The paper is organized as follows. In Section 2, we present
the basic concepts. In Section 3, we introduce the concept of a-admissible crooked
mapping with respect to 8, along with illustrative examples to support this result.
Additionally, we define the concept of (87, af, ¥ F')-rational contraction to establish
new fixed point results over b-metric-like spaces, with non-trivial examples provided
for illustration. In Section 4, we apply these results to demonstrate the existence
and uniqueness of solutions to the electric circuit equation, which is formulated as
a second-order differential equation. Our findings offer a novel perspective that
complements or opposite with some concepts in the existing literature, providing
an innovative approach to proving the existence and uniqueness of solutions for the
electric circuit equation.

2. Preliminaries

Let = # ) with a parameter 3 > 1 and let Dy : = x 2 — [0,00) be a mapping
satisfying the following conditions, V w,v, u € =.

(6,) Dp(w,v)=0 & w=w.

(6,) Dp(w,v)=0 = w=w.

(b5) Dp(w,v) = Dy(v,w)

(by) De(w,v) < 5[De(w, p) + Dy (p,v)].

Definition 2.1 ( [6]). A pair (E, Dy) satisfying (b,), (b;) and (b,) is called b-metric
space (b — ms for short).

Definition 2.2 ([1]). A pair (£, Dy) satisfying (b,), (b3) and (b,) is called b-metric
like space (b — mls for short).

Definition 2.3 ( [1]). Let (E, Dy) be a b-mls with 3 > 1.

1. {wn} is convergent to w € =, if lim Dp(wy,w) = lim Dp(w,w).
n—oo n—oo
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2. {wyn} is Cauchy sequence, if lim Dp(wy,wn) exists and finite.
n,m—o0

3. (E, D) is complete, if every Cauchy sequence in =, there is w € E,

lim Dy (wn,wn) = Dp(w,w) = lim Dy (wy,w).
n,m—oo n—o00

Lemma 2.1 ( [1]). Let (, Dy) be a b-mls with 3 > 1. Assume that {wn} is con-
vergent to w € 2 and Dy(w,w) = 0. Then, for all v, € Z, we have

3 ' Dy(w,v) < liminf Dy (wy,v) < limsup Dy(wy,v) < 3Dp(w, ).

n—0o0 n—o00

Lemma 2.2 ( [23]). Let (2, Dy) be a b-mls with 3 > 1. Then for all w,v,€ = and
{wn} C E, we have
a. Dp(w,v) =0 = Dy(w,w)= D(r,v)=0.
b. If ILm Dy(wp,wnt,) =0 = lim Dy (wn,wn) = ILm Dy(wng1,Wnty1) =
n—oo n—oo

n—oo

c. w#v = Dy(w,v)>0.

Lemma 2.3 ( [22]). Let {wn} be a sequence in a complete b-mls (2, Dy) with 3 > 1
such that
lim Dg(wn,wnt1) = 0.
n—oo
If lirrﬁr Dy (wn,wn) # 0, then there is € > 0 and sequences of positive integers
n,m—+oo

{n()}2, and {m(i)}{2, with ny > m; > i such that

Db(wmnwm) > g, Db(wmnwm—l) <g,

/3% < limsup Dy (Wi, —1,Wn,—1) < €3, €/3 < limsup Dy (wn, —1,wm,) < €

i—o0 i—oo

and
6/3 S hmsupr(wmi—lawm) S 632'

i—oo
In this study, we will need some functions, which we know as follows:
(1) @ be the set of all continuous and strictly increasing functions F' : (0,00) — R.

(2) ¥ be the set of each function v : (0,+00) — (0, +00) satisfying the following
condition: hm+ inf9(s) >0,V ¢ > 0.
50

For more information on both ® and ¥ (see [20,21]).
(3) S be the set of functions S : [0,00) — [0, 1) such that

lim B(ty) =1 = lim ¢, =0.
n—oo n—o0
(4) T be the set of all continuous functions v : [0, 00) — [0, 00).

Definition 2.4 ( [8,10]). The continuous function § : [0,00) x [0,00) — R that
satisfies the below conditions:

(c1) &(t,8) <1, V1,5 >0,

(c2) F(t,8) =t =1=00rs5=0,V¢,5>0,

(c3) §(0,0) =0,V 1,5 >0,
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is called the C-class function and the set that contains all § is denoted by C.
Example 2.1. The below functions § belong to C, V ¢,5 € [0, 00)

(1) §(t,8) =t — 5.

(2) F(t,8) =k, ke(0,1).

(3) 3(t,8) = e Y€ (0,00).

Definition 2.5 ( [15]). Let o : 2 x Z — (0,00) be a mapping. Then H : = — = is
called a-admissible mapping if:

w,v€EE, alwr)>1 = oHw, Hv)>1.

In 2013 [14] extended the above concept as follows

Definition 2.6 ( [14]). Let a,0 : £ x E — [0,00). Then H : £ — E is called
a-admissible mapping with respect to 6 if:

w,v€E, olwv)>0(wr) = aHw Hr)>0(Hw, H).

Example 2.2. Let Z=R and 3 > 1. Define H : £ — = by

H(w) = {gw, if wel0,00),

0, otherwise,

(@) e, if w,ve0,00),
a(w,v) = )
0, otherwise,

0w, v) e v, if w,ve0,00),
w,V) = )
0, otherwise.

Then H is an a-admissible mapping with respect to 6.

3. Main results

In this section, we present our main results, which include the introduction of novel
fixed points. This is achieved by introducing two new concepts: the a-admissible
crooked mapping with respect to 6 and the (57, af, ¥ F)-rational contraction. Fur-
thermore, we provide illustrative examples to aid in the clarification.

Definition 3.1. Let a,0: E x E — [0,00). Then H : Z — = is called a-admissible
crooked mapping with respect to 6 if:

w,v €, alwv)>0(w,r) = O(Hw, Hv)> a(Hw, H).

Example 3.1. Let Z=R and 3 > 1. Define H : £ — E by

H(w) —w, i wel0,0),
w) =
0, otherwise,
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(@) e, if w,vel0,00),
a(w,v) = )
0, otherwise,

- {ew, if w,v€0,00),

0, otherwise.

Clearly a(w,v) > 0(w,v), w,v € [0,00). Since O(Hw,Hv) = e ¥ = € and
a(Hw, Hv) = e = e73. Then we get, 0(Hw, Hv) > a(Hw, Hv), w,v € [0,0).
Hence, H is an a-admissible crooked mapping with respect to 6.

Remark 3.1. (1) If f(w,v) = 1 in Definition 3.1 we get the following condition:
w,veE alwr)>1 = oHwHr) <1
In this case H is called a-admissible crooked mapping with respect to 6*.
(2) If a(w,v) =1 in Definition 3.1 we get the following condition:
wrveE Owr)<l = OHw,Hv)>1.
In this case H is called a*-admissible crooked mapping with respect to 6.

In Example 3.1 if we take 6(w, v) = 1 then we get a(w,v) = e¥ > 1, w,v € [0,00).
Since O(Hw, Hr) = 1, then a(Hw,Hr) = e 3 < 1, w,v € [0,00). And if we take
a(w,v) = 1 then we get O(w,v) = e ¥ < 1, w,v € [0,00). Since a(Hw, Hv) = 1,
then O(Hw, Hv) = e? > 1, w,v € [0, 00).

Remark 3.2. Let o,0 : E X E — [0,00) and H : E — =, then

(1) either H is an a-admissible mapping with respect to 6 or a-admissible crooked
mapping with respect to 6,

(2) H is both a-admissible mapping with respect to 6 and a-admissible crooked
mapping with respect to @ if and only if a(w,v) = 6(w, ).

Definition 3.2. Let (£, Dg) be a b-mls with parameter 3 > 1. A mapping H : E —
= is called an (87, af, ¥ F)-rational contraction if there is F' € &, o, : E X E —
[0,0), €3, F€C, eV, yeT and V w,v € E, Dp(Hw, Hr) > 0 such that

a(w,v)i(Hw, Hv) > 0(w, v)a(Hw, Hr),

and
O(Hw, Hv)a(H2w, H?v) > a(Hw, H)0(H2w, H?v)
implies
Y(Dy(w,v)) + F (3Dp(Hw, Hr)) < F (F (B (Alw,v)) Aw,v),7 (Aw,v)) Alw, 1/()3))1)
where .

(w, Hv) + Dy (v, Hw)
23 ’

Aw,v) = maX{Db(w, V), Dy(w, Hw), Dy (v, Hv), Do

i { Dy(w, Hw) Dy (v, Hv) Dy (v, Hv)[1 + Dp(w, Hw)] }
1+ Dy(w, ) ’ 1+ Dy(w,v) '
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Theorem 3.1. Let (£, Dy) be a complete b-mls and H : = — = be an (B, a8,V F)-
rational contraction. If the below conditions are satisfied:

(h1) H is an a-admissible crooked mapping with respect to 6.
(ha) There is wg € E such that awg, Hwo) > 6(wo, Huwp).

(hs3)

a(wm;—la Wni—l) > H(Wm;—u wm—l)-

(ha) H is continuous,

) or if {wn} is a sequence in = such that wy, — w € E and a(wy,wni1)
O(wn,wnt1), then there is a subsequence {wn,} of {wn} with a(wy,,w)

0(wn,,w).

(hs) For allw,v € E (w # v) fized points of H, we have a(w,v) > 6(w,v).

Then H has a unique fized point.

If {ni} and {m;} are sequences of positive integers with ny > m; > i, then

AVAY

Proof. Define a sequence {w,} by wni1 = H" lwy = Hw, V n € N. For some n, if
Wyt1 = Wy, then Hw, = wy. Thus, w, is a fixed point of H, proof is completed. So
suppose that Dp(wn,wnt1) > 0,V n € N. By (ha), 3wy € = such that a(wy, Hwo) >
0(wo, Hwyp), then we get

a(wo,wr) = a(wo, Hwy) > 0(wo, Hwo) = 6(wo,w1)

then

O(Hwo, Hwr) > a(Hwo, Hw)

which implies

awg, w)8(Hwy, Hwi) > 0(wo, wi)a(Hwo, Hwy).

Since,

9((.«]1,0.)2) = 0(7‘[&]0,7‘[&]1) Z Q(HWO,le) = Ol(oJl,WQ),

then

a(Hwy, Hwse) > O(Hwy, Hws)

which implies

or

O(w1,wa)a(Hwy, Hws) > awr,ws)d(Hwr, Hws),

0(Hwo, Hwi)a(H3wo, H2w1) > a(Hwo, Hw: )O(H 2w, H2w1).

From (3.2), (3.3) and continuing in this manner, we obtain

{

a(wn—lv wn)a(Hwn—la Hwn) > e(wn—lawn)a(Hwn—la Hwn),
O(Hwn 1, Hwn)a(H2wn 1, H2wy) > a(Hwa_1, Hwn)0(H2w, 1, H2wy).

Using (3.4), and applying (3.1), we get

Y(De(wa—1,wn)) + F(3Dp(wn, Wnt1))
=)(Dy(wn—1,wn)) + F(3Dp(Hwn—1, Hwy))
SF (g (6 (A(wnflvwn» A(anh wﬂ)’ Y (A(wnflvwn» A(wﬁ*h wﬂ))) ?
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where

A(wnfln wn)
= maX{Db(wnlv wn)v Db(wnfla Hwnfl)v Db(wnv Hwn)v

Db(wnflaern) + Db(wnaIHwnfl)
23 ’
min Dy(wn—1, Hwn 1) Dy (wn, Hwn) Dp(wn, Hwn)[1 + D (wn—y, Hwn—1)]
1+Db(wnfl7wn) ’ 1+Dh(wnflawn)

:ma‘X{Db(wn—la wn)v Db(wn—la Wn)a Dh(wna Wn+1)7
Db(anh Wn+1) + Db(wm Wn)
23 ’

min { Dy (Wn—lawn)Db(WnaWn+1) Db(wmwn-&-l)[l + Db(Wn—la Wn)} }
1+Db(wn—1,wn) ’ 1+Db(wn—1awn)

5[Db (anh wn) + Db(wm Wn+1)]
23 ’

< maX{Db(wnly Wn), Dp(Wn, Wnt1),
min {Db(wm wn+1)» Db(wm Wn+1)}}

SmaX{Db(wn—lawn)v Db(wnawn+1)}~

Now, if Dy(wn—1,wn) < Dp(wn,wn+1), then from (3.5), (¢,) and S € & we get

w(Db(wnfu wn)) + F(éDb(Wm wn+l)) (3‘6)
< F (T (B (De(wn, wnt1)) Do(wns wnt1), 7 (Do (wns wat1)) Do (W, wnt1)))
<F (6 (Db(wnawn-i-l)) Db(wnawn+1))
<F (Db(wnawn+1)) 5
which is a contradiction. Therefore,

Db(wn,wn+1) < Db(wn_l,wn). (37)

Hence, {Dy(wn,wnt1)} is a decreasing sequence of positive numbers. So, there is
t > 0 such that Dp(wy,wnt1) — v as n — oo. Suppose that v > 0. Using (3.5) and
(3.7), we get

Y(Dp(wn—1,wn)) + F(3Dp(wn; wnt1)) < F (De(wn—r,wn)) - (3.8)
Take the limit as n — oo, then

lim inf ¢ (Dg (wn—1,wn)) + F(3r) < F (v),

n—oo

which is a contradiction, then ¢ = 0. Hence,

lim Dy (wn,wnt1) = 0. (3.9)

n—oo
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Now, we prove that lim Dy(wn,wn) = 0, using proof by contradiction, so we
n,m—-+oo

assume that lim  Dy(wn,wn) > 0. By Lemma 2.3, there is ¢ > 0 and sequences
n,m—-+oo

of positive integers {n;}, {m;} with n; > m; > i such that

Dy (wm,,wn,) > €, Dp(Wm;,wn;—1) < &,

/3% < limsup Dy (wm,—1,wn,—1) < €3,

i—oo

/3 < limsup D (wn,—1,Wm;) < &,

i—oo
e/ < limsupr(wmi,l,wni) < 552.
i—oo
Since 0 < & < Dp(wm,, wn,) = Dp(Hwm, -1, Hwn,—1). By (h3), we have
(Wi —1, Wi —1) = O(Wmi—1,Wni—1),
and by (h;) implies that
O(Hwm,—1, Hwn,—1) > a(Hwm,—1, Hwn;—1)- (3.10)
Then
(W —1,Wni—1)0(Hwm, —1, Hwn,—1) = 0(wWm,—1, wn, —1)0(Hwm, —1. Hwn, —1). (3.11)
Since
O(wm,,wn,) = O(Hwm,—1, Hwn,—1) > a(Hwm,—1, Hwn,—1) = a(wWm,,wn, ),
then by (hy), we get
A HP W, —1, HPwn,—1) = a(Hwm, , Hwn,)
> 0(Hwm,, Hwy, )
= O(Hwm,—1, H?wn, 1),
which implies
O(Hewm, -1 Hwn,—1 ) (H wm, —y, HPwn,—1)
>a(Hwm, -1, Hwn, —1)0(H 2w, — 1, H2wn,—1). (3.12)
From (3.11), (3.12) and using (3.1), we get

d)(Db(wmi_l?wni_l)) +F(5Db(wmi7wni)) (313)
:'(/J(Db(wmi—uwm—l)) + F(z’Db(mei—l’me—l))

<F (§ (B (AMwm,—1,wn,—1)) AW —1,Wn,—1),

¥ (AW =15 Wni—1)) AMwm;—1,Wn;—1)))
<F (B (Mwm;—1,wn—1))) AMwm—1,Wn, 1))
<F (Mwm—1,wn—1))) 5

where
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maX{Db(Wmi—hwm—l)vDb(wmi—lleWmi—l)aDb(wni—u%wm—l)a
Db(wmifl77-lwn|fl) + Db(wnifwam.fl)
23 ’
. Db(wmi—l7mei—l)Db(wni—lanni—l)
min
1+ Db(wm.flvwnifl)

)

Db(wni—la Hwni—l)[l + Dh(wm;—u mei—l)}
1+Db(wmi—17wm—1)

:maX{Db(wmi17Wni1)7D6(Wmi17wmi)an(wni17wm)>

Dh(wmi_l’wrh) + Db(wni_l7wmi)
23 ’

. Db(wm|flawmi)Db(wni717wni)
min
1+ Db(wm;—uwm—l)

)

Db(wm—lvwni)[l + Db(wmi—lawma)]
1+Db(wmi71>wuifl> '

Using Lemma 2.3 and by (3.9), we get

2
limsupA(wmi_hwni_l)Smax{eﬁ,ao’ &5 +€,min{(0)(0) (0)[1+01}}

i—o00 25 1_’_&_53 1+E5
(3.14)
2 2 1
< max{ £3,0,0, 8% iy (0 O +0]
23 14+e;3 14¢;
< max (¢3,0,0,¢3,0)
<e3.

Taking lim along (3.13) and using (3.14), we have
1—00

lim inf ¢(Dp(wm;—1,wWn—1)) + F (63) < liminf ¢(Dp(wm;—1,wWn;—1)) (3.15)
1—00

1—00

+ F (5 lim sup Dp (W, , W, ))

i—o0
<F <lim sup A (Wi, —1, wni_l)>
i—oo
< F(es),
which is a contradiction since lim inf ¢ ( Dy (wm; 1, wn,—1)) > 0 and € > 0. Therefore,
1—00

our assumption was wrong, and hence,

lim  Dy(wy, wm) = 0. (3.16)

n,m—+oo
This means {wy} is a Cauchy sequence. Since = is complete, 3 w* € = such that

lim Dy (wn,w*) = 0. (3.17)

n—oo
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Next, we prove that Hw* = w*. By (h4), gives Hwy, — Hw* as n — oo.
Thus,

Hw* = nli_>nolo Hwn = nli_>1r101o Wnpy = w™.

Now, we will use (k) to prove that Hw* = w*, so assume that Dy(Hw*,w*) > 0.
Since there is w* € Z such that w, — w* as n — oo, then by (h}), there is a
subsequence {wy, } of {wy} with

a(wn, w") > O(wn,,w"),

and by (hy), we have
O(Hwn,, Hw™) > a(Hwy,, Hw™). (3.18)

Then, we obtain
a(wy,, w")0(Hw,, Hw™) > 0(wy,, w")a(Hwn, , Hw™). (3.19)

Since
O(wny4+1,w") = 0(Hwn,, Hw™) > a(Hwn,, Hw™) = a(wn 41, w™)

and by (hy), we get
o (H2n,, H2") = 6(He 1 Heo™) > O(Ha 11, Heo™) = O(H2 w0, H2")
which implies
O(Hwn,, Hw*)a(H2wn, , H2w™) > a(Hwn, , Ho™)0(Hw,, , H2w™). (3.20)
From (3.19), (3.20) and using (3.1), we get

(Do (wn;w")) + F(3Dp (wn 42, Hw')) (3.21)
=(Dy(wn, ")) + F(3Do(Hewn,, Hw"))

<F (F (B (AMwn,w")) AMwn, w*), v (Awn, ,w™)) Awn,,w")))
<F (B (Awn,,w"))) Awn;,w™))
<F (Awn,w"))),
where
Awn,,w")

= maux{Db(wni ,w*), Dp(wn,, Hwy, ), D (W™, Hw™),

Dy (wn,, Hw*) + Dy (w*, Hwy,)

23 ’
min Dy (wn,, Hwn, ) Dy (w*, Hw*) Dy (w*, Hw*)[1 + Dp(wn,, Hwn, )]
1+ Dy (wn,,w*) ’ 14+ Dy (wn,,w*)

_maX{Db(wni7W*)7Db(wn;7wni+l)7Db(W*7HW*)a

Db(wnnHW*) + Db(o')*vwnrl»l)
23 ’
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min { Di(@n, @ 1) Dy (6" Heo) Dy(w”, Heo)[1+ D (@i 1) }
14+ Dy (wy,,w*) ’ 1+ Dy (wn,,w*)

< max Db(wm7W*)7Db(wm7wni+1)7Db(W*7HW*)a

3Dy (@n,, ") + Do (", How™)] + Dy (", wn, 1)
23 ’
min { Dy (W, Wn, 1) Do (", Heo™) Dy (w*, Ho)[1 + Dy (@i, W, 11)] }
1 + Dp(wn,,w*) ’ 1+ Dp(wn,,w*) '

Taking lim sup A(wy, ,w*), we get

i—oo

3[0 + Dp(w*, Hw*)] +0

lim sup A(wy,, w") <max {O, 0, Dp(w*, Hw™), , o (3.22)
i—o0o 23
min {0, Dy (w*, Hew*)} }
<Dp(w*, Hw™).
Also taking lim along (3.21) and using (3.22), we get
1—00
lim inf (Do) + limsup FGDy(wn s, Ho®))  (3.23)
=00 i—o0
<limsup F (A(wy,,w"))
i—o00
<F (hm sup A(wm,w*)>
i—o0
SF(Dp(w", Hw")),
from Lemma 2.1, we have
F (37 ' Dy (w*, Hw*)) < limsup F(Dp(wn, 41, Hw")),
i—oo
then
lim inf ¢)(Dyp (wn,, w*)) + F (Dp(w*, Hw™)) < liminf ¢(Dp(wy,, w™)) (3.24)
i—oo 1— 00
+ lim sup F(Z?Db(wu;Jrla Hw™))

i—oo

< F (Do (w", Hw")),

which is a contradiction since lim inf )( Dy (wy,,w*)) > 0 and hence
1—00

Dy(w*", Hw*) =0 = Hw" =w".

Uniqueness
For uniqueness, suppose that there are two fixed points w*, v* € = of H such that
w* % v*, then by (hs), we have

a(w',v*) = 0", v7),
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and by (h1), we get
O(Hw*, Hv™) > a(Hw*, Hv*).

Then
a(w*, v)(Hw*, Hr*) > 0(w*, v )a(Hw™, Hr™).

Since,

O(w*,v*) = O(Hw* , Hv™) > a(Hw™, Hv*) = a(w®, V"),
by (h1), we get

a(H2w*, H2v*) = a(Hw*, Hu*) > 0(HW* , Hv*) = 0(H2w*, 1Y),

which implies
O(HW*, Hr)a(H2w*, H2v*) > a(Hw*, Hr*)0(H2w*, H2v™).

From (3.26),(3.27) and using (3.1), we obtain

Y(De(w", V")) + F(3Dp(w", V"))
=¢p(Dp(w*,v")) + F(3De (Hw", Hv™))
SF S (B AW 7)) Aw™, v7),y (Aw”, v7)) Aw™, v7)))
<F(B(Aw",v7)) Alw",v"))
<F(Aw", ")),
where
Aw™,v")

(3.25)

(3.26)

(3.27)

(3.28)

Dy (w*, Hv*) + Dy (v*, Hw™)

23

:maX{Db(w*, v*), Dy(w*, Hw"), Dp(v*, HV™),

Dy(w*, Hw*) Dy (v*, Hv*) Dy (v*, Hv*)[1 + Dy (w*, Hw™)]
1+ Dy (w*, v*) ’ 1+ Dy (w*, v*)

<max<{ Dy (w*,v"), Dp(w*, Hw*), Dy (v*, Hv™),

[Dp(w*,v*) + Dy (v*, Hv*)] + 3[Dp (v*, w*) + Dp(w*, Hw*)]
23 ’
Dy(w*, Ho*) Dy (v, Hi*) Dy(v*, Ho*)[1 + Dy (w*, Hw*)]
1+Db w*, v*) ’ 1+ Dp(w*,v*)

o

min

{Db o, 31D, v)] + (Do (v, 07)] 0}
23 ’

=Dy (V*,w*
Then, Equation (3.28) becomes
(D (W, v7)) + F(3Dp(w, v7)) < F (Dp(w, 7).

This is a contradiction, and thus, Dy(w*,v*) =0 = w*=v"

b

(3.29)
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Example 3.2. Let Z =R and Dy : ExZ — [0, 00) be defined by Dy (w,v) = |w—v|?
for all w,v € E. Then (Z, Dy) be a complete b-mls with parameter 3 = 2. Consider
the maps H : = — = given by

w

——, if wel0,00),
H(w) = 4 [ )
0, otherwise,

alw,v) = e, if w,vel0,0),
B 0, otherwise,

0w, v) = e v, if w,ve0,00),
B 0, otherwise.

Clearly H is an a-admissible crooked mapping with respect to # and we get
a(w,v)i(Hw, Hv) > 0(w, v)a(Hw, Hv),

and

O(Hw, Hv)o(H?w, H*v) > a(Hw, Hv)0(H w, H V).
Now, we prove that H is an (87, a, ¥ F)-rational contraction. Consider F(t) = t,
V() =&, B(t) =3 €0,1), F(t,s) = t and y(t) = 0. Then, we have

U(Ds(w.v)) + F (Ds (o, M) = £ Duleov) + F (2D0(= 5. =)

< F (B (Aw, ) Mw, v), 7 (Aw, v) AMw,v))) -

Then H is an (87, af, ¥ F)-rational contraction and the conditions of Theorem 3.1
are confirmed and H has 0 € = as a unique fixed point.

We assume that A(w,v) is as stated in Definition 3.2. Now, we present some
results:
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Corollary 3.1. Let (E, Dy) be a complete b-mls and H : = — =. Assume that the
below conditions hold:

(h1) For allw,v € Z and a : E x 2 — [0,00),
alw,v) >1 = ao(Hw,Hr)<1 and alw,v) <1 = o(Hw, Hv)>1.

(ha) Ifthereis FF € &, a: EXE — [0,00), 83, F€C,p eV, vyeT andVw,v €
2, Dy(Hw,Hv) > 0 such that a(w,v) > a(Hw, Hv) and o(H?>w, H?v) >
a(Hw, Hv) implies

Y(Dp(w,v)) + F (30(w, v) Dy (Hw, Hv))
<F (3 (8 (A(w, ) Aw, 1),y (Aw, 1)) Alw, ) ).

(hs) There is wy € Z such that awy, Hwo) > 1.

(ha) If {ni} and {m;} are sequences of positive integers with ny > m; > i, then
O‘(wmi—lawm—l) > 1.

(hs) M is continuous,

(hg) or if {wn} is a sequence in = such that wy, — w € E and a(wy,wnt1) > 1,
then there is a subsequence {wy, } of {wn} with a(wy,,w) > 1.

(hg) For allw,v € E (w # v) fized points of H, we have a(w,v) > 1.

Then H has a unique fized point.

Proof. Consider §: Ex E — [0,00) as O(w,v) = 1, w,v € = in Theorem 3.1. O
Corollary 3.2. Let (2, Dy) be a complete b-mls and H : = — Z. Assume that the
below conditions hold:

(hy) For allw,v € Z and §: E x E — [0, 00),

Olw,v) <1 = OHw,Hr)>1 and O(w,v)>1 = O(Hw, Hv) <1

(ho) If there is F € @, 0 : Z2x =2 — [0,00), €S, FelC, eV, yeTl andV
w,v € 2, Dy(Hw,Hv) > 0 such that 6(Hw, Hv) > 0(w,v) and 0(Hw, Hv) >
O(H?w, H?v) implies

(D (w,v)) + F (3D6 (Hw, Hv))
<F (0w, 1) (8 (Mw, v)) Aw, ),y (A(w,v)) Aw,v))).

(h3) There is wy € E such that 6(wo, Hwy) < 1.

(ha) If {ni} and {nw} are sequences of positive integers with ny > my > i, then
O(wm;—1,wn;—1) < 1.

(hs) H is continuous,

(hg) orif {wn} is a sequence in E such that wy, — w € 2 and O(wy, wnt1) < 1, then
there is a subsequence {wy, } of {wn} with O(wy,,w) < 1.

(hg) For allw,v € E (w # v) fized points of H, we have 8(w,v) < 1

Then H has a unique fized point.
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Proof. Consider a: ExE — [0,00) as a(w,v) = 1, w,v € Zin Theorem 3.1. O
Corollary 3.3. Let (£, Dy) be a complete b-mls and H : = — E. Assume that the
below conditions hold:
(h1) H is an a-admissible crooked mapping with respect to 0.
(ha) If thereis F€®, a,0 :EXE = [0,00), €, eV, yeT andV w,v € E,

Dy(Hw, Hv) > 0 such that

a(w,v)i(Hw, Hv) > 0(w,v)a(Hw, H)
and
O(Hw, Hv)a(H 2w, H?v) > a(Hw, Hu)0(Hw, H?v)
implies
(Do (w,v)) + F (3Do (Hw, Hr))
<F (B (Aw, ) Mw, v) =7 (Alw,v)) Aw,v)) -

(h3) There is wg € E such that a(wg, Hwy) > 6(wo, Hwp).

(ha) If {ni} and {w} are sequences of positive integers with ny > my > i, then
a(wmi—lawm—l) > e(wmi—uwni—l)'

(hs) H is continuous,

(hE) or if {wn} is a sequence in = such that wy, — w € E and a(wn,Wnt1)
O(wn,wnt1), then there is a subsequence {wn,} of {wn} with a(wy,,w)
0(wn,,w).

(hg) For allw,v € E (w # v) fized points of H, we have a(w,v) > 0(w, V).

AVAY

Then H has a unique fived point.

Proof. This result can be demonstrated by employing the Theorem 3.1 with
5(t,8) =1 —s. O

Corollary 3.4. Let (2, Dy) be a complete b-mls and H : = — =. Assume that the
below conditions hold:

(h1) H is an a-admissible crooked mapping with respect to 0.

(ha) Ifthereis F€®, a,0 :EXE = [0,00), €I, eV, yeT andV w,v € E,
Dy (Hw,Hv) > 0 such that

a(w,v)(Hw, Hv) > 0(w,v)a(Hw, Hv)

and
O(Hw, Hv)a(H2w, H?v) > a(Hw, Hu)O(Hw, H?v)
implies
B(Aw,v)) AMw,v)
(147 (Aw,v)) Aw, v))
(hs) There is wy € 2 such that a(wg, Hwy) > 6(wo, Hwo).

(ha) If {ni} and {m;} are sequences of positive integers with ny > my > i, then
a(wmi—l)wl‘li—l) > H(Wm;—lvwn;—1)~

V(D (w,v))+F (3Dp(Hw, Hv)) < F ( r) ,t € (0,00).
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(hs) H is continuous,

(h5) or if {wn} is a sequence in = such that wy, — w € Z and a(wy,wnty) >
O(wn,wnt1), then there is a subsequence {wn,} of {wn} with a(wy,,w) >
0(wn,,w).

(he) For allw,v € E (w # v) fized points of H, we have a(w,v) > 6(w,v).

Then H has a unique fized point.

Proof. This result can be demonstrated by employing the Theorem 3.1 with

g(hs):ma YE(0,00). O

Corollary 3.5. Let (2, Dy) be a complete b-mls and H : = — =. Assume that the

below conditions hold:

(h1) H is an a-admissible crooked mapping with respect to 0.

(ha) If there is F € ®, a,0 : ZEx 2 = [0,00), B €S, ¥ € U and V w,v € E,
Dy(Hw, Hv) > 0 such that

a(w, V)0(Hw, Hr) > 0(w, v)a(Hw, H)
and
O(Hw, Hv)a(H2w, H?v) > a(Hw, Hu)O(Hw, H2v)
implies
B(Do(w, 1)) + F (304 (Moo, H)) < F (8 (A(w,)) A, )

(h3) There is wy € 2 such that a(wg, Hwy) > 6(wo, Hwo)-

(ha) If {ni} and {nw} are sequences of positive integers with ny > my > i, then
a(wmiflawl‘lifl) > a(wmifl7wngfl)'

(hs) M is continuous,

(hE) or if {wn} is a sequence in = such that wy, — w € E and a(wn,Wnt1)
O(wn,wnt1), then there is a subsequence {wn,} of {wn} with a(wy,,w)
0(wn,,w).

(hg) For allw,v € E (w # v) fized points of H, we have a(w,v) > 6(w, V).

Then H has a unique fixed point.

Proof. This result can be demonstrated by employing the Theorem 3.1 with

§(¢,8) = ¢ and in this case, by (¢,) v(¢) = 0. O

Corollary 3.6. Let (£, Dy) be a complete b-mls and H : = — E. Assume that the
below conditions hold:

alw,v) >1 = o(Hw,Hr)<1 and alw,v) <1 = o(Hw, Hv)>1.

(ho) If there is F € &, a :EXE = [0,00), 8 €3, €V, yeT andV w,v €
2, Dy(Hw,Hv) > 0 such that a(w,v) > oHw, Hv) and o(H?>w, H?v) >
a(Hw, Hv) implies

P(Dy(w,v)) + F (3a(w, v) Dy (Hw, Hv))
<F (8 (A, 7)) A, ) — 7 (Ao, 1)) Alw, 1)
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(hg) There is wy € Z such that awy, Hwo) > 1.

(ha) If {ni} and {my} are sequences of positive integers with ny > my > i, then
a(wmiflawnifl) > 1.

(hs) H is continuous,

(h5) or if {wn} is a sequence in = such that wy, — w € E and a(wy,wnt1) > 1,
then there is a subsequence {wy,} of {wn} with a(wy,,w) > 1.

(hg) For allw,v € E (w # v) fized points of H, we have a(w,v) > 1.
Then H has a unique fized point.
Proof. Taking §(¢,5) = ¢ — s in Corollary 3.1. O

Corollary 3.7. Let (E, Dy) be a complete b-mls and H : = — E. Assume that the
below conditions hold:

aw,v)>1 = o(Hw,Hr) <1 and alw,v)<1 = o(Hw Hr)>1

(ho) If there is FF € @, a : E x
E, Doy(Hw,Hv) > 0 such tha
a(Hw, Hv) implies

E = [0,0), €S YV, andV wv €
t a(w,v) > a(Hw, Hv) and oH3>w, H>v) >

Y(Dy(w,v)) + F (3a(w,v)Dp(Hw, Hr)) < F (B (Alw,v)) Alw,v)).

(hs) There is wg € E such that a(wg, Hwo) > 1.

(ha) If {ni} and {nw} are sequences of positive integers with ny > my > i, then
a(wmiflawnifl) > 1.

) H is continuous,

(h5) or if {wn} is a sequence in = such that wy, — w € E and a(wy,wnt1) > 1,
then there is a subsequence {wy,} of {wn} with a(wy,,w) > 1.

(hg) For allw,v € E (w # v) fized points of H, we have a(w,v) > 1.
Then H has a unique fixed point.
Proof. Taking §(¢,5) = ¢ and v(¢) = 0 in Corollary 3.1. O

Corollary 3.8. Let (£, Dy) be a complete b-mls and H : = — E. Assume that the
below conditions hold:

(h1) For allw,v € 2 and 6 : E x E — [0, 00),
Olw,v) <1 = OHw,HY)>1 and O(w,v)>1 = O(Hw Hr)<1

(hg)Iftherez'sFE@H EXE = [0,0), € ¢, vyel andV
w,v € 2, Dy(Hw,Hv) > 0 such that (Hw, Hv) > 0(w,v) and O(Hw, Hv) >
(3'-[2(,0,7’-[2 ) implies
w(Dh(w7V))+F(3DB(Hw7HV>)
<F (0w, 1) (8 (A@,1)) A, v) — 7 (Aw,) A(w, 1))

(hs) There is wg € E such that 6(wo, Hwy) < 1.
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(ha) If {ni} and {n} are sequences of positive integers with ny > my > i, then
e(wmifl:wllifl) <1

(hs) H is continuous,

(hE) orif {wn} is a sequence in E such that wy, — w € = and O(wn,wnt1) < 1, then
there is a subsequence {wy,} of {wn} with O(wy,,w) < 1.

(hg) For allw,v € E (w # v) fized points of H, we have O(w,v) < 1.

Then H has a unique fixed point.

Proof. Taking §(¢,5) = ¢ — s in Corollary 3.2. O
Corollary 3.9. Let (£, Dy) be a complete b-mls and H : 2 — E. Assume that the
below conditions hold:

(h1) For allw,v € Z and §: E x E — [0, 00),

Olw,v) <1 = OHw,Hv)>1 and O(w,v)>1 = O(Hw, Hr) <1

(ha) If there is F € &, 0 : EXZ — [0,00), B €3, ¥ € U, andV w,v € E,
Dy(Hw,Hv) > 0 such that O(Hw, Hv) > 0(w,v) and O(Hw, Hv) > 0(H>w,
H2v) implies

(D (w,v)) + F (3D6 (Hw, Hv)) < F (0(w,v)5 (Aw, v)) Aw,v)) .

(h3) There is wg € E such that 6(wo, Hwy) < 1.

(ha) If {ni} and {m} are sequences of positive integers with ny > my > i, then
e(wmifl)wnifl) <1

(hs) M is continuous,

(h%) orif {wa} is a sequence in = such that wy, — w € E and 0(wy, wnt,) < 1, then
there is a subsequence {wy, } of {wn} with O(wy,,w) < 1.

(hg) For allw,v € E (w # v) fized points of H, we have 8(w,v) < 1

Then H has a unique fixed point.
Proof. Taking §(¢,5) = ¢ and 7(¢) = 0 in Corollary 3.2. O

4. Application

In this section, we will apply our main results to find the solution of the second-order
differential equation representing the electric circuit equation. Its components are
a resistor (R), an electromotive force (E), a capacitor (C), an inductor (L), and a
voltage (V) in series, as illustrated in Figure 1.

If the current I is the rate of change of charge ¢ with respect to time t, I = Z—‘f.
We have the following relations:

(nn) V=1IR;
(1) V = &
(1}3) VZL%
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R L

— A —— P —

Figure 1. Electric circuit.

According to Kirchhoff’s voltage law, the sum of these voltage drops equals the

supplied voltage, i.e.,
q dI
IR+ =+ L—=V(%).
TottaETvY
Or 2 p
q q q
L— —+==V(t
w iyt =vo

q(0) =0, ¢'(0)=0.

The Green function linked to equation (4.1) is expressed as:

(4.1)

T(t,s) = (4.2)

where a constant p = % > 0. Problem (4.1) is equivalent to the following nonlinear
integral equation

t
wa)z/nrﬁgxgﬂqgma vielo,1). (4.3)
0
Let £ = C([0,1]) be the set of all continuous functions defined on [0, 1], endowed
with the metric Dy : 2 X E — [0, 00) defined as
Dy = (|wlloo + [¥]loc)™  forall w,veE, (4.4)

where |w]leo = sup { |w(t)]e72*™} and m > 1. It is clear that (Z,Dy) is a
t€[0,1]

complete b-mls with parameter 3 = 2™~

Theorem 4.1. Let (2, Dy) be a complete b-mls as described above and H : Z — =
be a self map. Assume that the below condition holds:
There exists increasing function K : [0,1] X R — R,

Klele] + Ko < 2 (e nwa)) ", @
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where

w, Hv) + Dy (v, Hw)
23 ’

A(w,v) = maX{Db(w, v), Dy(w, Hw), Dy (v, HV), De(

min { Db (W,H(U)Db(l/, HV) Db<V, HV)[l + Db(w, HW)] }
1+ Dg(w,v) ’ 1+ Dy(w,v) ’

for all s € 10,1] and w,v,u € RY. Then, equation (4.1) has a unique solution.

Proof. Let Dy be a function given by (4.4) and consider the self maps H : 2 — =
defined by

Hw(t) = /(:T(t,s)lC(s,w(s))ds, te[0,1]. (4.6)
If w,v € E then, we get Dy(Hw,Hv) > 0. Define o,0 : = x Z — [0,00) by
a(w,v) =0(w,v)=1, forall w,veE.
Therefore, H is an a-admissible crooked mapping with respect to 6, then we obtain
a(w,v)(Hw, Hv) > 0(w,v)a(Hw, Hv)

and
O(Hw, Hv)o(H?w, H*v) > a(Hw, Hv)0(H w, H V).

Now, we have
(Hw(O)] + [Hv ()™

/ (6, 8)K (5. (o))
0

v )

/O\T(t,s)IC(s,w(s))\ds—&—/O |T(t,5)l€(5,u(5))|ds>

/tT(t,ﬁ)’C(ﬁ,V(ﬁ))dﬁ
0

m

t x m
< /T(t,s),uQ (;eD"(‘”’”)A(w,V)) ds)
0

t
< ([ 10 (Ko wto)] + e vt0))) )
t L m
(/ Y (t,5)pu’e21oe2He <;26D"(‘”’V)A(w,y)> d5>
0
t m
e Dol A (w, v)e21em (uZ/ 62"5T(t,5)d5)
0
1 —Dp (w,v) 2 ' 248 "
< 3—26 oA (w, )] oo | 1 e“**Y(t,5)ds
0

1 1 m
< e A, (P 2t e e 1))

I _ w,v m - - m
< ¢ Do (@) A(w, )| oo™ (1 — 2t + pte ™t — e7#4)™
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then, we have
5 ([Hw(t)] + [Hu(h])™ et

1 m
Sge*D"(“””) A (W, ¥) ][0 (1 — 2ut + pte™#t — ™)™,

which leads to

—

3 ([Hw (Ol + [Hr ()]l 0)™ < ge_D“(“’”)HA(% D)oo (1 = 2t + e — 7)™,

since (1 — 2ut + pte™#t — e7HY) < 1, then, we get

3Dp (Hw, Hr) < e Pe@ )| A(w, v)]| . (4.7)

o | =

Taking In along (4.7), we have
1
In (3D (Hw, Hr)) < In <3eDl’(“’”)|A(w, V)||Oo)

<Dyt 4 (sl ).

Therefore,

Dy(w,v) + In (3D (Hw, H)) < In <;||A(w, y)||oo> . (4.8)

If we take F'(t) = In(t), ¥ (t) = ¢, B(t) = % = 77 €[0,1), m > 1 and F(t,5) = t,
~(t) = 0, then Equation (4.8) equivalent

(Do (w,v)) + F (3D6 (Hw, Hv)) < F (§ (8 (Aw, v)) Aw,v),y (Aw,v)) Aw, v))) .-

Then, H is an (S, ad, ¥ F)-rational contraction. Hence, by Theorem 3.1, H has a
unique fixed point, which is a unique solution to the equation (4.1). This completes
the proof. O

5. Conclusions

In this paper, we introduced the notion of an a-admissible crooked mapping with
respect to 6 and established novel fixed point theorems over a b-metric-like space.
The proofs were based on the application of (5v, af, ¢ F)-rational contraction, a
concept also introduced in this article. To reinforce our findings, illustrative exam-
ples were presented. Furthermore, we applied the derived results to validate the
existence and uniqueness of solutions for the electric circuit equation. Our contri-
butions extend and enrich the existing literature in this domain, presenting a novel
perspective on confirming the existence and uniqueness of solutions for the electric
circuit equation.
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