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SCHRÖDINGER EQUATIONS∗

Fang Wang1, Xiufang Feng1,†, Shangqin He2,† and Panpan Wang1

Abstract Lie symmetry analysis is used to solve coupled time-fractional non-
linear Schrödinger equations. Having established the Lie point symmetries of
the original equations, they are reduced to nonlinear fractional ordinary dif-
ferential equations. Exact solutions are found and then subjected to in-depth
convergence analysis. Also, conservation laws for the coupled time-fractional
nonlinear Schrödinger equations are derived systematically by leveraging the
powerful Ibragimov method.
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1. Introduction

The nonlinear Schrödinger equation (NLSE) [4, 7, 23, 25] is a significant mathe-
matical model in many fields, including fiber-optic communication, plasma physics,
superfluid mechanics, and quantum mechanics. Herein, we study (2+1)-dimensional
coupled time-fractional NLSEs [17] of the form{

iCDα
t p = −µ∆p− γ(|p|2 + a|q|2)p, (x, y, t) ∈ Ω× (0, T ],

iCDα
t q = −µ∆q − γ(|q|2 + a|p|2)q, (x, y, t) ∈ Ω× (0, T ],

(1.1)

where i2 = −1, 0 < α ≤ 1, Ω = (c, d) × (h, l), the symbol CDα
t represents the

Riemann-Liouville (RL) fractional derivative, p and q are unknown complex func-
tions representing the amplitudes or envelopes of two wave packets, ∆ denotes
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the Laplace operator, the positive value µ represents the group-velocity dispersion,
γ > 0 signifies the self-focusing of pulses in a birefringent medium, and a > 0
denotes cross-phase modulation.

Because of its inherent nonlinearities, the NLSE often cannot be solved directly
to obtain exact solutions by conventional methods such as the first-integral ap-
proach [11] or Darboux transformation [24]. Therefore, finding exact solutions to
the NLSE is extremely challenging. In 2016, Eslami [10] used the Kudryashov ap-
proach to explore traveling-wave solutions for (1+1)-dimensional coupled fractional
NLSEs; the Kudryashov approach offers accurate analysis of complex nonlinear
equations, but its computational process is relatively complex, especially for high-
order or more-complex equations. In 2023, Onder [22] combined the Kudryashov
method with the Kudryashov auxiliary equations, thereby not only retaining the
advantage of finding exact solutions by using the Kudryashov approach but also sim-
plifying the solution process by introducing auxiliary equations, and thus obtaining
soliton solutions for (1+1)-dimensional coupled fractional NLSEs more efficiently.
However, that new method can require considerable mathematical skill to construct
the auxiliary equations, and its adaptability to specific problems awaits further ver-
ification. At the same time, Ahmad et al. [1] found periodic rogue-wave solutions
for (1+1)-dimensional coupled fractional NLSEs via the modified exponential func-

tion method. Akram et al. [5] used the extended
(

G′

G2

)
-expansion approach and the

modified simple equation method to generate soliton solutions for the space-time
fractional nonlinear Schrödinger equation.

To derive exact solutions for nonlinear partial differential equations (PDEs),
researchers have employed various methods including the (exp(−ϕ (ϵ)))-expansion
method [2, 6], the generalized exponential rational function method, and the

(
G′

G ,
1
G

)
-expansion method [3]. Additionally, Gao [12, 13] has successfully applied simi-

larity reductions for deriving exact solutions to nonlinear PDEs. Another powerful
technique for finding exact solutions to PDEs is Lie symmetry analysis (LSA) [21].
The significance of Lie symmetry analysis lies in its ability to reduce the com-
plexity of differential equations, thereby facilitating the identification of invariant
solutions and providing insights into the underlying structures of the equations. In
1998, Buckwar and Luchko [8] used scale transformation groups to develop group-
invariant solutions to the fractional diffusion-wave equation, which led to the ap-
plication of LSA to fractional PDEs. Gazizov et al. [14] used LSA to solve specific
fractional differential equations, and in recent years scholars have made widespread
use of this method to investigate nonlinear fractional models with physical back-
grounds [9, 15,18–20,26,27].

Many scholars have concentrated their efforts on studying single time-fractional
PDEs, whereas relatively little attention has been devoted to exact solutions of
coupled time-fractional PDEs. Remarkably, there is still a scarcity of research
into coupled equations that involve complex variables. Although the coupled time-
fractional NLSEs discussed in this paper have attracted some interest, there remains
significant potential for further exploration. Therefore, a deeper examination of
this nonlinear model is essential. This paper makes a novel contribution by deriv-
ing exact solutions for the coupled NLSEs using LSA and Ibragimov method [16].
Additionally, it examines the symmetry reduction and conservation laws of the
(2+1)-dimensional coupled time-fractional NLSEs.

This paper is organized as follows. In Section 2, we investigate symmetry re-
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duction of the (2+1)-dimensional coupled time-fractional NLSEs. In Section 3, we
derive a class of power-series solutions for (2+1)-dimensional coupled time-fractional
NLSEs and then conduct convergence analysis. In Section 4, we use a new conser-
vation theorem to construct conservation laws for (1.1), and finally we present our
conclusions in Section 5.

2. Lie symmetry analysis for (2+1)-dimensional
coupled time-fractional nonlinear Schrödinger
equations

Here, we present the formulation of the RL fractional derivative, which is given by

CDα
t V (t, x)

=


1

Γ(m− α)

∂m

∂tm

∫ t

0

(t− h)m−α−1V (h, x)dh, 0 ≤ m− 1 < α < m,m ∈ N,

∂mV (t, x)

∂tm
, α = m ∈ N,

(2.1)

with the Euler gamma function defined as Γ(x) =
∫∞
0
tx−1e−tdt.

Definition 2.1. The Erdélyi–Kober (EK) fractional differential operator is defined
as

(Pτ,α
Ω F)(z) :=

m−1∏
j=0

(τ + j − 1

Ω
z
d

dz
)(Kτ+α,m−α

Ω F)(z), (2.2)

m =

{
α, α ∈ N,

[α] + 1, α /∈ N,

where

(Kτ,α
Ω F)(z) :=


F(z), α = 0,

1

Γ(α)

∫ ∞

1

(u− 1)α−1u−(τ+α)F(zu
1
Ω )du, α > 0,

(2.3)

is the EK fractional integral operator. Here, τ is related to α, and z is a function
of the variables t, x, and y.

To facilitate our analysis, we define the complex variables

p(x, y, t) = u(x, y, t) + iv(x, y, t), q(x, y, t) = s(x, y, t) + iw(x, y, t), (2.4)

where u(x, y, t), v(x, y, t), s(x, y, t), and w(x, y, t) represent unknown real functions.
We substitute (2.4) into (1.1) and separate the real and imaginary parts to

obtain the following equations:

CDα
t u+ µ∆v + γ[u2 + v2 + a(s2 + w2)]v = 0,

CDα
t v − µ∆u− γ[u2 + v2 + a(s2 + w2)]u = 0,

CDα
t s+ µ∆w + γ[s2 + w2 + a(u2 + v2)]w = 0,

CDα
t w − µ∆s− γ[s2 + w2 + a(u2 + v2)]s = 0.

(2.5)
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Consider the one-parameter Lie-group point transformations of (2.5), i.e.,

x̃ = x+ εξ(x, y, t, v, u, w, s) +O(ε2),

ỹ = y + ερ(x, y, t, v, u, w, s) +O(ε2),

t̃ = t+ ετ(x, y, t, v, u, w, s) +O(ε2),

ũ = u+ εη1(x, y, t, v, u, w, s) +O(ε2),

ṽ = v + εη2(x, y, t, v, u, w, s) +O(ε2),

s̃ = s+ εη3(x, y, t, v, u, w, s) +O(ε2),

w̃ = w + εη4(x, y, t, v, u, w, s) +O(ε2),

(2.6)

where ε ≪ 1 is the Lie group parameter, and ξ, ρ, τ , η1, η2, η3, and η4 are
infinitesimals for the dependent and independent variables. There exists a set of
vector fields in the relevant Lie algebra of symmetries, i.e.,

X = ξ
∂

∂x
+ τ

∂

∂t
+ ρ

∂

∂y
+ η1

∂

∂u
+ η2

∂

∂v
+ η3

∂

∂s
+ η4

∂

∂w
. (2.7)

A set of symmetric determining equations results from solving the invariant
surface condition after the infinitesimal generators have been defined, i.e.,

Pr(α,2)X(CDα
t u+ µ∆v + γ[u2 + v2 + a(s2 + w2)]v|(2.5) = 0,

P r(α,2)X(CDα
t v − µ∆u− γ[u2 + v2 + a(s2 + w2)]u|(2.5) = 0,

P r(α,2)X(CDα
t s+ µ∆w + γ[s2 + w2 + a(u2 + v2)]w|(2.5) = 0,

P r(α,2)X(CDα
t w − µ∆s− γ[s2 + w2 + a(u2 + v2)]s|(2.5) = 0,

(2.8)

where the second-order prolongation operator of vector field X is represented by
Pr(α,2)X, i.e.,

Pr(α,2)X = ηα,t1 ∂CDα
t u + ηα,t2 ∂CDα

t v + ηα,t3 ∂CDα
t s + ηα,t4 ∂CDα

t w + ηxx1 ∂uxx

+ ηyy1 ∂uyy + ηxx2 ∂vxx + ηyy2 ∂vyy + ηxx3 ∂sxx + ηyy3 ∂syy

+ ηxx4 ∂wxx + ηyy4 ∂wyy +X,

(2.9)

where

ηx1 = Dx(η
1 − ξux − ρuy − τut) + ξDx(ux) + ρDx(uy) + τDx(ut),

ηxx1 = D2
x(η

1 − ξux − ρuy − τut) + ξD2
x(ux) + ρD2

x(uy) + τD2
x(ut),

· · · .
(2.10)

Here, Dx denotes the total differential operator in terms of x, i.e.,

Dx = ∂x + ux∂u + vx∂v + sx∂s +wx∂w + uxx∂ux
+ vxx∂vx

+ sxx∂sx +wxx∂wx
+ · · · .
(2.11)

The structure of the RL fractional derivative operator, characterized by its fixed
lower limit in the integral, must remain invariant under the infinitesimal transfor-
mations described in (2.6). The invariant condition is

τ(x, y, t, v, u, w, s)|t=0 = 0, (2.12)
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and the α-th extended infinitesimals involving the RL fractional derivative with
(2.12) are

ηα,tj = CDα
t η

j + (ηjuj − αDtτ)
CDα

t u
j − ujCDα

t η
j
uj + λj

+
+∞∑
n=1

α

n

 ∂nηj

uj

∂tn −

 α

n+ 1

Dn+1
t (τ)

CDα−n
t (uj)

−
+∞∑
n=1

α

n

Dn
t (ξ)

CDα−n
t (ujx), j = 1, 2, 3, 4,

(2.13)

where

λj =

+∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
α

n

)(
n

m

)(
k

r

)
1

k!

tn−α

Γ(n+ 1− α)

× [−uj ]r ∂
m

∂tm
[−uj ]k−r ∂n−m+kηj

∂tn−m∂[uj ]k
, j = 1, 2, 3, 4,

and
(
α
n

)
= Γ(α+1)

Γ(α+1−n)Γ(n+1) .

Equations (2.8) and (2.9) provide us with the following:

ηα,t1 + µ(ηxx2 + ηyy2 ) + γ[2uvη1 + η2(u2 + 3v2 + a(s2 + w2)) + 2a(sη3 + wη4)v] = 0,

ηα,t2 − µ(ηxx1 + ηyy1 )− γ[η1(3u2 + v2 + a(s2 + w2)) + 2uvη2 + 2a(sη3 + wη4)u] = 0,

ηα,t3 + µ(ηxx4 + ηyy4 ) + γ[η4(3w2 + s2 + a(u2 + v2)) + 2swη3 + 2a(uη1 + vη2)w] = 0,

ηα,t4 − µ(ηxx3 + ηyy3 )− γ[η3(3s2 + w2 + a(u2 + v2)) + 2wsη4 + 2a(uη1 + vη2)s] = 0,

(2.14)

and adding (2.10) and (2.13) to (2.14) produces the following defining equations for
(1.1):

ξy = ξt = ξu = ξv = ξs = ξw = τx = τy = τu = τv = τs = τw = 0,

η1v = η1s = η1w = η2u = η2s = η2w = η3v = η3u = η3w = η4u = η4v = η4s = 0,

ατt − 2ξx = 0, ξx = ρy, ρx = ρt = ρu = ρv = ρs = ρw = 0,

ατtvw − η3svw + 2η2w + η4v = 0, ατtuw − η3suw + 2η1w + η4u = 0,

ξx = ρy, η3s = η4w, 3η4 − η3sw + ατtw = 0,(
α

n

)
∂nη1u
∂tn

−
(

α

n+ 1

)
Dn+1

t (τ) = 0,

(
α

n

)
∂nη2v
∂tn

−
(

α

n+ 1

)
Dn+1

t (τ) = 0,

(
α

n

)
∂nη3s
∂tn

−
(

α

n+ 1

)
Dn+1

t (τ) = 0,

(
α

n

)
∂nη4w
∂tn

−
(

α

n+ 1

)
Dn+1

t (τ) = 0, n = 1, 2, · · · .

(2.15)
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The vector fields of the one-parameter Lie group for the Lie point symmetry of
(2.5) are calculated from the solutions of the aforementioned equations, i.e.,

X1 = αx
∂

∂x
+ αy

∂

∂y
+ 2t

∂

∂t
− αu

∂

∂u
− αv

∂

∂v
− αs

∂

∂s
− αw

∂

∂w
,

X2 =
∂

∂x
,

X3 =
∂

∂y
. (2.16)

However, because vector fields X2 and X3 do not provide physically meaningful
results, we consider only the case of X1, whose characteristic equation is

dx

αx
=
dy

αy
=
dt

2t
=

du

−αu
=

dv

−αv
=

ds

−αs
=

dw

−αw
. (2.17)

Also, the solutions that remain unchanged under the symmetry-group transforma-
tions are

z = (x− y)t−
α
2 , u = f1(z)t

−α
2 , v = f2(z)t

−α
2 , s = f3(z)t

−α
2 , w = f4(z)t

−α
2 .
(2.18)

We use (2.5) to derive the subsequent pertinent outcomes by using the similarity
variables alongside the group-invariant solutions.

Theorem 2.1. The transformations in (2.18) reduce the (2+1)-dimensional cou-
pled time-fractional NLSEs in (2.5) to fractional ordinary differential equations,
i.e., 

(P1− 3
2α,α

2
α

f1)(z) + 2µf
′′

2 + γ[f21 f2 + f32 + a(f2f
2
3 + f2f

2
4 )] = 0,

(P1− 3
2α,α

2
α

f2)(z)− 2µf
′′

1 − γ[f1f
2
2 + f31 + a(f1f

2
3 + f1f

2
4 )] = 0,

(P1− 3
2α,α

2
α

f3)(z) + 2µf
′′

4 + γ[f23 f4 + f34 + a(f21 f4 + f22 f4)] = 0,

(P1− 3
2α,α

2
α

f4)(z)− 2µf
′′

3 − γ[f3f
2
4 + f33 + a(f21 f3 + f22 f3)] = 0

(2.19)

with the EK fractional differential operator.

Proof. For n− 1 < α < n, where n is a positive integer, a specific transformation
reduces the equations to a simpler form, i.e.,

CDα
t u =

∂n

∂tn

[
1

Γ(n− α)

∫ t

0

(t− h)n−1−αh−
α
2 f1((x− y)h−

α
2 )dh

]
. (2.20)

Upon setting r = t
h , we obtain the differential relation dh = − t

r2 dr. Consequently,
(2.20) is transformed into the following form:

CDα
t u =

∂n

∂tn

[
1

Γ(n− α)

∫ t

0

(
t

r
)n−α−1(r − 1)n−α−1t−

α
2 r

α
2 f1(zr

α
2 )(− t

r2
dr)

]
=

∂n

∂tn

[
tn−

3α
2

Γ(n− α)

∫ ∞

1

r−(n+1− 3α
2 )(r − 1)n−1−αf1(zr

α
2 )dr

]

=
∂n

∂tn

[
tn−

3α
2 (K1−α

2 ,n−α
2
α

f1)(z)
]
.

(2.21)
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We simplify the right-hand side of (2.21) by applying the connection z = t−
α
2 (x−y)

with Φ ∈ C1(0,∞), and the expression becomes

t
∂

∂t
Φ(z) = t

∂z

∂t

∂Φ(z)

∂z
= −α

2
z
∂Φ(z)

∂z
. (2.22)

From (2.22), we obtain

CDα
t u =

∂n

∂tn

[
tn−

3α
2 (K1−α

2 ,n−α
2
α

f1)(z)
]

=
∂n−1

∂tn−1

[
∂

∂t
(tn−

3α
2 (K1−α

2 ,n−α
2
α

f1)(z))

]

=
∂n−1

∂tn−1

[
tn−

3α
2 −1(n− 3α

2
− α

2
z
∂

∂z
)(K1−α

2 ,n−α
2
α

f1)(z)

]
.

(2.23)

After applying the above steps n− 1 times, we obtain the following key result:

CDα
t u = · · · = t−

3α
2

n∏
j=1

(
1− 3α

2
+ j − α

2
z
∂

∂z

)
(K1−α

2 ,n−α
2
α

f1)(z). (2.24)

From the definition of the EK fractional differential operator, (2.24) becomes

CDα
t u = t−

3α
2 (P1− 3α

2 ,α
2
α

f1)(z). (2.25)

The same procedure is used to transform the remaining equations in (2.5), resulting
in

CDα
t v = t−

3α
2 (P1− 3α

2 ,α
2
α

f2)(z),

CDα
t s = t−

3α
2 (P1− 3α

2 ,α
2
α

f3)(z), (2.26)

CDα
t w = t−

3α
2 (P1− 3α

2 ,α
2
α

f4)(z).

By substituting (2.18), (2.25), and (2.26) into (2.5), we validate (2.19). After much
effort, we have arrived at the crux of this theorem, which involves transforming
the governing equations into nonlinear fractional differential equations to facilitate
their solutions, as outlined in the next section.

3. Exact solutions

In this section, we derive several exact solutions to (2.19) by using the power-series
method [19,27], then we demonstrate their convergence. We assume that the exact
solutions to (2.19) take the following form:

f1(z) =

∞∑
n=0

anz
n, f2(z) =

∞∑
n=0

bnz
n,

f3(z) =

∞∑
n=0

cnz
n, f4(z) =

∞∑
n=0

dnz
n.

(3.1)
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Then upon substituting (3.1) into (2.19), we derive the following results:

∞∑
n=0

Γ(2− α
2 + nα

2 )

Γ(2− 3α
2 + nα

2 )
anz

n + 2µ

∞∑
n=0

(n+ 2)(n+ 1)bn+2z
n + γ

[
(

∞∑
n=0

anz
n)2

× (

∞∑
n=0

bnz
n) + (

∞∑
n=0

bnz
n)3 + a(

∞∑
n=0

bnz
n)((

∞∑
n=0

cnz
n)2 + (

∞∑
n=0

dnz
n)2)

]
= 0,

∞∑
n=0

Γ(2− α
2 + nα

2 )

Γ(2− 3α
2 + nα

2 )
bnz

n − 2µ

∞∑
n=0

(n+ 2)(n+ 1)an+2z
n − γ

[
(

∞∑
n=0

bnz
n)2

× (

∞∑
n=0

anz
n) + (

∞∑
n=0

anz
n)3 + a(

∞∑
n=0

anz
n)((

∞∑
n=0

cnz
n)2 + (

∞∑
n=0

dnz
n)2)

]
= 0,

∞∑
n=0

Γ(2− α
2 + nα

2 )

Γ(2− 3α
2 + nα

2 )
cnz

n + 2µ

∞∑
n=0

(n+ 2)(n+ 1)dn+2z
n + γ

[
(

∞∑
n=0

cnz
n)2

× (

∞∑
n=0

dnz
n) + (

∞∑
n=0

dnz
n)3 + a(

∞∑
n=0

dnz
n)((

∞∑
n=0

anz
n)2 + (

∞∑
n=0

bnz
n)2)

]
= 0,

∞∑
n=0

Γ(2− α
2 + nα

2 )

Γ(2− 3α
2 + nα

2 )
dnz

n − 2µ

∞∑
n=0

(n+ 2)(n+ 1)cn+2z
n − γ

[
(

∞∑
n=0

dnz
n)2

× (

∞∑
n=0

cnz
n) + (

∞∑
n=0

cnz
n)3 + a(

∞∑
n=0

cnz
n)((

∞∑
n=0

anz
n)2 + (

∞∑
n=0

bnz
n)2)

]
= 0.

(3.2)
Comparing the coefficients in (3.2) for n = 0 yields the following:

a2 =
1

4µ

[
Γ(2− α

2 )

Γ(2− 3α
2 )
b0 − γ(b20a0 + a30 + aa0(c

2
0 + d20))

]
,

b2 = − 1

4µ

[
Γ(2− α

2 )

Γ(2− 3α
2 )
a0 + γ(a20b0 + b30 + ab0(c

2
0 + d20))

]
,

c2 =
1

4µ

[
Γ(2− α

2 )

Γ(2− 3α
2 )
d0 − γ(d20c0 + c30 + ac0(a

2
0 + b20))

]
,

d2 = − 1

4µ

[
Γ(2− α

2 )

Γ(2− 3α
2 )
c0 + γ(c20d0 + d30 + ad0(a

2
0 + b20))

]
.

(3.3)

For n ≥ 1, we derive the following:

an+2 =
1

2µ(n+ 1)(n+ 2)

[
Γ(2− α

2 + nα
2 )

Γ(2− 3α
2 + nα

2 )
bn − γ

(
n∑

k=0

k∑
j=0

(ajak−jan−k

+ ajbk−jbn−k) + a

n∑
k=0

k∑
j=0

(ajck−jcn−k + ajdk−jdn−k)

)]
,

bn+2 = − 1

2µ(n+ 1)(n+ 2)

[
Γ(2− α

2 + nα
2 )

Γ(2− 3α
2 + nα

2 )
an + γ

(
n∑

k=0

k∑
j=0

(ajak−jbn−k (3.4)

+ bjbk−jbn−k) + a

n∑
k=0

k∑
j=0

(bjck−jcn−k + bjdk−jdn−k)

)]
,
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cn+2 =
1

2µ(n+ 1)(n+ 2)

[
Γ(2− α

2 + nα
2 )

Γ(2− 3α
2 + nα

2 )
dn − γ

(
n∑

k=0

k∑
j=0

(cjck−jcn−k

+ cjdk−jdn−k) + a

n∑
k=0

k∑
j=0

(ajak−jcn−k + bjbk−jcn−k)

)]
,

dn+2 = − 1

2µ(n+ 1)(n+ 2)

[
Γ(2− α

2 + nα
2 )

Γ(2− 3α
2 + nα

2 )
cn + γ

(
n∑

k=0

k∑
j=0

(cjck−jdn−k

+ djdk−jdn−k) + a

n∑
k=0

k∑
j=0

(ajak−jdn−k + bjbk−jdn−k)

)]
.

By applying (2.18), (3.3), and (3.4), exact solutions to (1.1) have been derived
rigorously, i.e.,

p(x, y, t) =

∞∑
n=0

(an + ibn)(x− y)nt−
(n+1)α

2 ,

q(x, y, t) =

∞∑
n=0

(cn + idn)(x− y)nt−
(n+1)α

2 .

(3.5)

To contextualize this study further, we investigate in depth the convergence of
the explicit power-series solutions in (3.5). Regarding the expressions in (3.4), the
following are readily apparent:

|an+2| ≤ |bn|+
n∑

k=0

k∑
j=0

(|aj ||ak−j ||an−k|+ |aj ||bk−j ||bn−k|+ |aj ||ck−j ||cn−k|

+ |aj ||dk−j ||dn−k|),

|bn+2| ≤ |an|+
n∑

k=0

k∑
j=0

(|aj ||ak−j ||bn−k|+ |bj ||bk−j ||bn−k|+ |bj ||ck−j ||cn−k|

+ |bj ||dk−j ||dn−k|), (3.6)

|cn+2| ≤ |dn|+
n∑

k=0

k∑
j=0

(|cj ||ck−j ||cn−k|+ |cj ||dk−j ||dn−k|+ |aj ||ak−j ||cn−k|

+ |bj ||bk−j ||cn−k|),

|dn+2| ≤ |cn|+
n∑

k=0

k∑
j=0

(|cj ||ck−j ||dn−k|+ |dj ||dk−j ||dn−k|+ |aj ||ak−j ||dn−k|

+ |bj ||bk−j ||dn−k|).

Next, we introduce the following four power series that are pivotal in our further
analysis:

R(z) =

∞∑
n=0

rnz
n, M(z) =

∞∑
n=0

mnz
n, H(z) =

∞∑
n=0

hnz
n, Q(z) =

∞∑
n=0

qnz
n. (3.7)
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By defining rj = |aj |,mj = |bj |, hj = |cj |, and qj = |dj | for all indices j = 0, 1, 2, · · · ,
we have the following:

rn+2 = mn +

n∑
k=0

k∑
j=0

(rjrk−jrn−k + rjmk−jmn−k + rjhk−jhn−k + rjqk−jqn−k),

mn+2 = rn +

n∑
k=0

k∑
j=0

(rjrk−jmn−k +mjmk−jmn−k +mjhk−jhn−k +mjqk−jqn−k),

hn+2 = qn +

n∑
k=0

k∑
j=0

(hjhk−jhn−k + hjqk−jqn−k + rjrk−jhn−k +mjmk−jhn−k),

qn+2 = hn +

n∑
k=0

k∑
j=0

(hjhk−jqn−k + qjqk−jqn−k + rjrk−jqn−k +mjmk−jqn−k),

(3.8)
where n = 0, 1, 2, · · · . Clearly, we have |an| ≤ rn, |bn| ≤ mn, |cn| ≤ hn, and
|dn| ≤ qn for n = 0, 1, 2, · · · , i.e., the majorant series of (3.1) are those in (3.7).
From calculations, the following equations hold:

R(z) = r0 + r1z + (M +R3 +RM2 +RH2 +RQ2)z2,

M(z) = m0 +m1z + (R+M3 +R2M +H2M +Q2M)z2,

H(z) = h0 + h1z + (Q+H3 +Q2H +R2H +M2H)z2,

Q(z) = q0 + q1z + (H +Q3 +H2Q+R2Q+M2Q)z2.

(3.9)

Next, we show that R(z), M(z), H(z), and Q(z) each have a positive radius of
convergence. Regarding the implicit-function equations of the independent variable
z, we show their convergence properties, i.e.,

F1(z,R,M,H,Q) = R− r0 − r1z − (M +R3 +RM2 +RH2 +RQ2)z2,

F2(z,R,M,H,Q) =M −m0 −m1z − (R+M3 +R2M +H2M +Q2M)z2,

F3(z,R,M,H,Q) = H − h0 − h1z − (Q+H3 +Q2H +R2H +M2H)z2,

F4(z,R,M,H,Q) = Q− q0 − q1z − (H +Q3 +H2Q+R2Q+M2Q)z2.
(3.10)

The functions Fj(z,R,M,H,Q) for j = 1, 2, 3, 4 are analytic in the neighborhood
of (0, r0,m0, h0, q0) and each satisfies Fj(0, r0,m0, h0, q0) = 0 for the respective j.
Also, the Jacobian is

∂(F1, F2, F3, F4)

∂(R,M,H,Q)
|(0,r0,m0,h0,q0) = 1 ̸= 0. (3.11)

Therefore, the convergence of exact solutions to the present (2+1)-dimensional cou-
pled time-fractional NLSEs has been proven via the implicit function theorem.

4. Conservation laws for system (1.1)

Because of their capacity to (i) supply conserved quantities for each produced solu-
tion, (ii) demonstrate integrability, and (iii) establish the existence and uniqueness
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of solutions, conservation laws are essential for fractional PDEs. In this section, we
construct conservation laws for (2.5) via the Ibragimov theorem [16].

Consider a vector T = (T x, T y, T t) that satisfies the following conservation
equation:

[Dy(T
y) +Dt(T

t) +Dx(T
x)]|(2.5) = 0, (4.1)

where T y = T y(x, y, t, v, u, ...), T t = T t(x, y, t, v, u, ...), and T x = T x(x, y, t, v, u, ...)
are referred to as conserved vectors of (2.5). According to the Ibragimov theorem,
the formal Lagrangian of (2.5) is expressed as

L = A(x, y, t)(CDα
t u+ µ∆v + γ[u2 + v2 + a(s2 + w2)]v)

+ B(x, y, t)(CDα
t v − µ∆u− γ[u2 + v2 + a(s2 + w2)]u)

+ G(x, y, t)(CDα
t s+ µ∆w + γ[s2 + w2 + a(u2 + v2)]w)

+K(x, y, t)(CDα
t w − µ∆s− γ[s2 + w2 + a(u2 + v2)]s),

(4.2)

where A(x, y, t), B(x, y, t), G(x, y, t), and K(x, y, t) are sufficiently smooth functions.

The adjoint Euler–Lagrange equations for (2.5) are

δL

δu
= 0,

δL

δv
= 0,

δL

δs
= 0,

δL

δw
= 0, (4.3)

which define the Euler–Lagrange operator as

δ

δV
=

∂

∂V
+ (CDα

t )
∗ ∂

∂CDα
t V

−Dx
∂

∂Vx
+D2

x

∂

∂Vxx
−Dy

∂

∂Vy
+D2

y

∂

∂Vyy
, (4.4)

where (CDα
t )

∗ is the adjoint operator to CDα
t and is represented as

(CDα
t )

∗ = (−1)nIn−α
t (Dn

t ) =
C Dα

t . (4.5)

Here, In−α
c is the right-sided operator of fractional integration of order n−α, which

is expressed as

In−α
t R(x, t) =

1

Γ(n− α)

∫ C

t

R(τ, x)

(τ − t)1+α−n
dτ. (4.6)

After a simple calculation involving (4.3), we obtain the following adjoint equa-
tions of (2.5):

(CDα
t )

∗A+ 2γAuv − γB[3u2 + v2 + a(s2 + w2)] + 2γaGuw
− 2γaKus− µ(Bxx + Byy) = 0,

(CDα
t )

∗B + γA[u2 + 3v2 + a(s2 + w2)]− 2γBuv + 2γaGvw
− 2γaKvs+ µ(Axx +Ayy) = 0,

(CDα
t )

∗G + 2aγAsv − 2aγBsu− γK[3s2 + w2 + a(u2 + v2)]

+ 2γGsw − µ(Kxx +Kyy) = 0,

(CDα
t )

∗K + 2aγAvw − 2aγBuw + γG[3w2 + s2 + a(u2 + v2)]

− 2γKsw + µ(Gxx + Gyy) = 0.

(4.7)
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Equation (2.5) allows each Lie point to symmetrically form conservation laws
Dj(T

j), where the following formulas are used to construct the components T j :

T x = ξL+ V j

[
∂L

∂ujx
−Dx(

∂L

∂ujxx
)

]
+Dx(V

j)

(
∂L

∂ujxx

)
,

T y = ρL+ V j

[
∂L

∂ujy
−Dy(

∂L

∂ujyy
)

]
+Dy(V

j)

(
∂L

∂ujyy

)
,

T t = τL+Dα−1
t (V j)

∂L

∂CDα
t u

j
+ I(V j , Dt

∂L

∂CDα
t u

j
),

(4.8)

where V j = ηj − ξujx − ρujy − τujt and I is defined as

I(f1, f2) =
1

Γ(n− α)

∫ t

0

∫ T

t

f1(ϕ, x, y)f2(ψ, x, y)

(ψ − ϕ)−α
dϕdψ. (4.9)

Now, we use the fundamental definitions in (4.2), (4.8), and (4.9) to find the
conservation laws for (2.5). By doing so, we derive the following components of the
conservation laws for (2.5) and so obtain the conserved vectors of vector field X1:

T t = 2t[A(CDα
t u+ µ∆v) + B(CDα

t v − µ∆u) + G(CDα
t s+ µ∆w)

+K(CDα
t w − µ∆s)]

+ 2tAγ(u2 + v2 + a(s2 + w2))v − 2tBγ(u2 + v2 + a(s2 + w2))u

+ 2tGγ(s2 + w2 + a(u2 + v2))w − 2tKγ(s2 + w2 + a(u2 + v2))s

+ADα−1
t (−αu− αxux − 2tut − αyuy) + I(−αu− αxux − 2tut − αyuy,At)

+ BDα−1
t (−αv − αxvx − 2tvt − αyvy) + I(−αv − αxvx − 2tvt − αyvy,Bt)

+ GDα−1
t (−αs− αxsx − 2tst − αysy) + I(−αs− αxsx − 2tst − αysy,Gt)

+KDα−1
t (−αw − αxwx − 2twt − αywy)

+ I(−αw − αxwx − 2twt − αywy,Kt),

T x = αx[A(CDα
t u+ µ∆v) + B(CDα

t v − µ∆u) + G(CDα
t s+ µ∆w)

+K(CDα
t w − µ∆s)]

+ αxAγ(u2 + v2 + a(s2 + w2))v − αxBγ(u2 + v2 + a(s2 + w2))u

+ αxGγ(s2 + w2 + a(u2 + v2))w − αxKγ(s2 + w2 + a(u2 + v2))s

− µBx(αu+ αxux + 2tut + αyuy) + µB(2αux + αxuxx + 2tuxt + αyuxy)

+ µAx(αv + αxvx + 2tvt + αyvy)− µA(2αvx + αxvxx + 2tvxt + αyvxy)

− µKx(αs+ αxsx + 2tst + αysy) + µK(2αsx + αxsxx + 2tsxt + αysxy)

+ µGx(αw + αxwx + 2twt + αywy)− µG(2αwx + αxwxx + 2twxt + αywxy),

T y = αy[A(CDα
t u+ µ∆v) + B(CDα

t v − µ∆u) + G(CDα
t s+ µ∆w)

+K(CDα
t w − µ∆s)]

+ αyAγ(u2 + v2 + a(s2 + w2))v − αyBγ(u2 + v2 + a(s2 + w2))u

+ αyGγ(s2 + w2 + a(u2 + v2)w − αyKγ(s2 + w2 + a(u2 + v2)))s

− µBy(αu+ αxux + 2tut + αyuy) + µB(2αuy + αxuxy + 2tuyt + αyuyy)

+ µAy(αv + αxvx + 2tvt + αyvy)− µA(2αvy + αxvxy + 2tvyt + αyvyy)
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− µKy(αs+ αxsx + 2tst + αysy) + µK(2αsy + αxsxy + 2tsyt + αysyy)

+ µGy(αw + αxwx + 2twt + αywy)− µG(2αwy + αxwxy + 2twyt + αywyy).

For vector field X2, we have the following conserved vectors:

T t = −ACDα−1
t (ux) + I(−ux,At)− BCDα−1

t (vx) + I(−vx,Bt)− GCDα−1
t (sx)

+ I(−sx,Gt)−KCDα−1
t (wx) + I(−wx,Kt),

T x = ACDα
t u+ BCDα

t v + GCDα
t s+KCDα

t w − µBuyy + µAvyy − µKsyy + µGwyy

− µBxux + µAxvx − µKxsx + µGxwx +Aγ[u2 + v2 + a(s2 + w2)]v

− Bγ[u2 + v2 + a(s2 + w2)]u+ Gγ[s2 + w2 + a(u2 + v2)]w

−Kγ[s2 + w2 + a(u2 + v2)]s,

T y = −µByux + µBuxy + µAyvx − µAvxy − µKysx + µKsxy + µGywx − µGwxy.

After rigorous calculations, we have the following expressions for the conserved
vectors of vector field X3:

T t = −ACDα−1
t (uy) + I(−uy,At)− BCDα−1

t (vy) + I(−vy,Bt)− GCDα−1
t (sy)

+ I(−sy,Gt)−KCDα−1
t (wy) + I(−wy,Kt),

T x = −µBxuy + µBuxy + µAxvy − µAvxy − µKxsy + µKsxy + µGxwy − µGwxy,

T y = ACDα
t u+ BCDα

t v + GCDα
t s+KCDα

t w − µBuxx + µAvxx + µGwxx − µKsxx
− µByuy + µAyvy − µKysy + µGywy +Aγ[u2 + v2 + a(s2 + w2)]v

− Bγ[u2 + v2 + a(s2 + w2)]u+ Gγ[s2 + w2 + a(u2 + v2)]w

−Kγ[s2 + w2 + a(u2 + v2)]s.

5. Conclusions

Herein, LSA was used to investigate (2+1)-dimensional coupled time-fractional
NLSEs that involve the RL fractional derivative. Under Lie point symmetries,
(2.5) was simplified to fractional nonlinear ordinary differential equations with new
independent variables. Furthermore, using power-series theory, we constructed ex-
act solutions to (1.1) and then subjected them to thorough convergence analysis.
Finally, we derived conservation laws for (1.1). In future work, we will use LSA to
tackle more-complex space–time fractional PDEs.
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