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NEW EXPLORATION ON APPROXIMATE
CONTROLLABILITY OF DAMPED ELASTIC
BEAM SYSTEMS IN BANACH SPACES*

Haide Gou*' and Min Shi!

Abstract This article mainly studies the existence and approximate con-
trollability of mild solutions for a class of Volterra-Fredholm type integral-
differential damped elastic beam systems in Banach spaces. Firstly, the ex-
istence of mild solutions was obtained using Banach fixed point theorem and
operator semigroup theory. Secondly, we formalized and proved the sufficient
conditions for the approximate controllability of our desired problem. To test
the results of approximate controllability, we used sequence method without
assuming that the corresponding linear system is approximately controllable.
Finally, an example is given to illustrate the theory results.
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1. Introduction

As a significant and autonomous field within modern engineering research, the study
of elastic beams finds extensive applications across various disciplines including
mechanics, material sciences, physics, and geology. Moreover, in specific contexts,
these beams play an almost irreplaceable role. Consequently, the investigation of
beam vibration equations has increasingly garnered substantial attention and keen
interest among scholars across these fields.

In 1744, Leonhard Euler conducted a study on the lateral vibrations of beams
and presented the vibration functions and frequency equations under In 1751, while
addressing a similar issue, Daniel Bernoulli formulated the vibration equation for
beams, which became known as the Euler-Bernoulli beam equation

Py(x,t)  0? Py, t)\
P(I)T + @(EI(CE)W> =0, 0O<z<1, t>0.

The equation at hand represents the fundamental vibration equation for beams,
where p(x) denotes the mass density of the beam, E stands for the modulus of
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elasticity, and I(x) represents the moment of inertia of the beam’s cross-section.
Over the ensuing decades, numerous scholars have conducted extensive research on
the vibration equations of elastic beams. With the advancement of science and
technology, coupled with the rapid development of aerospace engineering, the vi-
bration equations of spacecraft beams, modeled mathematically through structural
damping, have gradually come into focus. Beginning in 1981, Chen and Russel [16]
were the first to introduce the damped elastic systems

U(t) + pBu(t) + Au(t) = 0,
u(0) = ug, 4(0) =uq,

where A: D(A) C E — E, B: D(B) C E — E are densely defined closed linear
operators on Banach space E, p > 0 is a constant.

This issue has garnered significant attention and interest among scholars, becom-
ing one of the quintessential research subjects in the field of evolution equations.
Last several years, numerous scholars have employed nonlinear analysis methods
and techniques, for example operator semigroup theory, fixed point theorems, and
monotone iterative methods, to conduct thorough research on certain nonlinear
structural damping elastic beam systems. These investigations have yielded mean-
ingful results, as detailed in [16,19,25-28,35,36,39,41,42,52,56,57,82,84] and their
references.

In 1960, Kalman [45] introduced the concept of controllability for the first time.
This notion is fundamental in the study and design of control systems, where many
dynamic systems are engineered to allow control to affect only certain parts of the
system state. However, in practical industrial operations, it is often the case that
only a small subset of the dynamic system’s full state is observable. Consequently,
assessing the feasibility of controlling the entire state of a dynamic system is of
critical importance. This has led to the emergence of the concepts of exact and
approximate controllability.

Controllability is one of the fundamental concepts in mathematical control the-
ory, which is extensively applied across numerous fields of science and technology. In
finite-dimensional spaces, the controllability of linear and nonlinear systems, repre-
sented by ordinary differential equations, has been extensively studied by various au-
thors. In Banach spaces, the concept of infinite-dimensional systems has been some-
what broadened, irrespective of whether common impulsive effects are included. For
a thorough investigation of this matter, readers are referred to the pertinent litera-
ture [1-4,6-14,17,18,20-24,34,44,46-51,53-55,58,62,64, 66,68, 72-76,78-81,85,88].

It is widely believed that achieving precise controllability of abstract semilin-
ear control systems in infinite dimensional space is challenging, because it requires
the controllability operator to be surjective. Therefore, it is necessary to explore
a weaker concept of controllability, namely approximate controllability. Mathe-
matical control theory forms a part of application oriented mathematics that deals
with the basic principles underlying the analysis and design of control systems.
Roughly speaking, there have been two main lines of work in control theory, which
sometimes seemed to proceed in very different directions, but which are, in fact,
complementary. One of these is based on the idea that a good model of the object
to be controlled is available and that one wants to somehow optimize its behavior.
The other main line of work is based on the constraints imposed by uncertainty
about the model or about the environment in which the object operates. In 1983,
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Zhou [86] established sufficient conditions for approximate controllability of semi lin-
ear abstract equations, applicable to infinite and finite dimensions. Subsequently,
Mahmudov [59,61] studied the approximate controllability of abstract semilinear de-
terministic and stochastic control systems under the natural assumption of approx-
imate controllability of related linear control systems. In 2008, Mahmudov [59,61]
studied the approximate controllability of abstract evolution equations in Hilbert
space. Recently, the author discussed the existence and exact controllability of
semilinear measure driven equations in [13-15].

Currently, there are two methods to explore approximate controllability issues.
On the one hand, multiple authors have constructed controls through conjugation
problems and achieved controllable results, as detailed in [29-31,43] and their ref-
erences. Especially, in [40], the author has constructed control through conjugation
problems and obtained controllability results for Volterra-Fredholm type systems in
Banach spaces.

On the other hand, some researchers have used sequence methods to verify the
approximate controllability of semilinear differential systems. Zhou [86] established
the sufficient conditions for existence and approximate controllability of solutions
to semilinear abstract equations without time delay using sequence method. Re-
cently, Shukla et al. [77] combined the strong cosine family with the sine family to
study the approximate controllability of semilinear systems with state delays, using
the sequence method. After that, the authors of [65] used the same approach to
investigate the approximate controllability of differential equation involving neutral
function and delay. The authors of [63] investigated the approximate controllabil-
ity of nonlinear differential systems of second order involving stochastic differential
systems and of McKean-Vlasov type by using the sequence approach. In appli-
cation, the authors of [87] studied the collision dynamics of three-solitons in an
optical communication system with third-order dispersion and nonlinearity. In [77],
the authors derived necessary requirements for the approximate controllability of
semilinear delay differential systems. They explored the approximate controllability
results for the given system using the sequential method. For more details, see the
articles [32,37,38,43,77,86] and references therein.

However, to the best of our knowledge, there is no result on approximate con-
trollability of damped elastic beam systems, using techniques as in [32,43,77, 86].
Inspired by the ideas and methods of the above approaches, this paper aims to ex-
ploring the existence and approximate controllability of mild solutions for damped
elastic beam systems

i(t) + pAu(t) + A%u(t) = F(t,u(t), (Gu)(t), (Hu)(t)) + Bv(t), te€[0,a], (L)
u(0) = ug, 4(0) =uq,

where u” and u' are the first and second order partial derivatives of u with respect
to t, p > 2 is the damping coeflicient, J = [0,a],a > 0, A : D(A) C F - E
and B : D(B) C E — E are densely defined closed (possibly unbounded) linear
operators on a Banach space E. The control function v takes its values in the space
L?(J,U) where U is a Banach space. Additionally, B is a linear bounded operator
from U to E. The functions FF: J X EXEXE - E, f:JxJxFE — E and
g:J xJx FE — E are nonlinear. Also, the functions F, f, and g are Carathéodory
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continuous. The operator G and H are specified by
t

(Gu)(t) = / £(t, 5,u(s))ds,
(Hu)(t) = /0 " ot 5, u(s))ds.

The intention of the current manuscript is to explore the approximate control-
lability of damped elastic beam systems involving Volterra-Fredholm type integro-
differential systems. Meanwhile, the existence and uniqueness of mild solutions of
the given system is verified by employing the Banach fixed point theorem combined
with semigroup operators. No one has used the sequence method to study the
approximate controllability of the damped elastic beam systems involving Volterra-
Fredholm type integro-differential system, so we have used the sequence method
here.

The primary contributions of this paper are as follows:

1. This article explores the approximate controllability of damped elastic beam
systems, without the assumption of corresponding linear systems being ap-
proximately controllability. Furthermore, by integrating the Banach fixed
point theorem with semigroup operators, it verifies the existence and unique-
ness of mild solutions for the system.

2. The merit of the approximate sequence method lies in its flexibility. It does
not require the corresponding linear control system to be approximately con-
trollable, nor does it require defining a Gammer control function to transform
the control problem into a fixed-point problem for the operator.

3. Due to the previous research on the approximate controllability of Volterra-
Fredholm type damping elastic beam systems without using sequential meth-
ods, we adopt this method in our current study, which differs from the results
in [17].

The structure of this paper is as follows: The second section presents preliminary
details; the third section utilizes the Banach fixed point theorem to elucidate the
existence and uniqueness of mild solutions for system (1.1). The fourth section
demonstrates our results on the approximate controllability of system (1.1) through
a sequence method. The final section illustrates the application of the obtained
results through practical examples. The conclusion section provides a summary of
this paper.

2. Preliminaries

Let E and U be two real Banach spaces, with norms || - || and || - ||y respectively.
Denote by C(J, E) the Banach space of all continuous functions from the interval
J to E with norm
lulle = sup [[u(®)]l, weC(J,E).
ted

Furthermore, let L?(J,U) be the Banach space of all U-valued Bochner square
integrable functions defined on J with norm

a 1
ey = ([ uolar)”.  we 220.0)
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Throughout the article, we assume that the following conditions:

(A1) Suppose that A: D(A) C E — E is a closed linear operator and — A generates
a Cy semigroup 7 (¢)(t > 0) in E.

In accordance with Definition 3 and Lemma 2.2 from [18,28,56], we delineate
the mild solution to problem (1.1) as follows.

Definition 2.1. Function u € C(J, E) is referred to as a mild solution to problem
(1.1) if u(-) satisfies
t t s
u(t) =Ta(t)uo + / To(t — $)T1(s)urds + / / To(t — 8)Ti(s — 1)
0 o Jo
X [F(r,u(r), (Gu)(7), (Hu)(7)) + (Bv)(1)]drds, t € J, (2.1)
where Cy-semigroups 7;(t)(t > 0)(i = 1, 2) satisfy
Ti(t) =T(ot)(i=1,2), t>0, (2.2)
o1+o3=p, o100=1, 0<o01 <09, p=>2. (2.3)

In view of lemma 2.7 in [83], if T(¢)(t > 0) is a Cy-semigroup, then T;(¢)(t >
0)(¢ = 1,2) are also Cy-semigroup for ¢ > 0, such that

| Ti() loem)< Me (i = 1,2). (2.4)
From (2.4), we know that

M; = sup (| Ti(t)| 2z =
teRT

is a finite number.

3. Main result

In this section, we employ the Banach fixed point theorem to demonstrate the
existence and uniqueness of mild solutions for system (1.1). Throughout the paper,
we impose the following hypotheses:

(A2) Function F': J x Ex E x E — E be continuous, 3 P; > 0, for V v;,y;,2; € E,
1=1,2,t € J such that
1P (1,1, 21) = F(t v, g2, 22) | < Pr(llor = vall + 1y = wall + 121 = 22]]).
Moreover, 3 P> > 0 such that

sup HF(t,0,0,0)” < B
teJ

(A3) The function f satisfies the condition that 3 L, Ly > 0, Vu,v € E, t € J
such that

1, s,u) = f(t,s,0)|| < Lilu—wvl],

sup Hf(t’SvO)H < Lf'
t,seJ
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(A4) The function g satisfies the condition that 3 N,Ny; > 0, Vu,v € E, t e J
such that

lg(t, s, u) = g(t, s,0)[| < Nju—wvl,

sup |lg(t, s,0)[ < N
t,seJ

Theorem 3.1. Assuming that conditions (A1)-(A4) are satisfied, then the system
(1.1) possesses a unique mild solution on J provided that My MsPia?(1+La+Na) <
1.

Proof. Define the operator Q : C(J, E) — C(J, E), which is given

(Qu)(®) :7'2(t)u0—|—/0 E(t—s)ﬂ(s)ulds—i—/o /087'2@—3)71(3—7)
« [F(r,u(r), (Gu)(7), (Hu)(7)) + (Bo)(F)ldrds, teJ.  (3.1)

Through direct calculation, we know that @ is clearly defined on C(J, E). Ac-
cording to Definition 2.1, it can be easily seen that the mild solution of the system
(1.1) on J is equivalent to the fixed point of the operator @) defined by (3.1). Next,
we will use the Banach fixed point theorem to prove that the operator @ has a fixed
point.

Let B ={u € C(J,E) : ||u|| < R,t € J}, where R is a positive constant.

Step 1. we prove that QBr C Bg. To prove this, then, for each u € Bg, according
0 (A3)-(A5), it can be concluded that

1(Qu)()]
<[ Ta(t)uol] + / ITa(t - )i (s)uur || ds

[ 75t — $)Ti(s — 1) - | [Bo(r) + F(ru(r)), (Gu)(r), (Hu)(r)]|drds
0 0
<MyJuo | + aly My || + M, M / / |(Bv)(s)drds
MMy / / {IF(r,u(r), (Gu)(r), (Hu)(r)) — F(r,0,0,0)|

+[|F(7,0,0,0)|[}drds
SMQ”UO” -+ aM1M2Hu1|| + MlMQ\/CLT)’HB’U”LQ(J’E) —+ M1M2P2a2

t s T a
Py [ [ {lul+ [0 am)idn+ [ ot um) i ards
<M2||’LL()|| + aMlMg ‘U1|| + MIMQ\/7||BU||L2 JE =+ M1M2P2a
M MP, / / lu(r)] + / UL mu(m) — Frm, O + £ (., 0Ny
+ [ Clatrn. o) = st 0) + o 0 s
<Mo|juo|| + aMi Ma|juy || + My MoV a3|| Bv| 12y ) + M1 MaPra?

t S
+ My [ [ {Jutr)l + Lau()] + Lya + Nallu(n] + Nya}drds
0 0
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SMQ”UOH =+ aM1M2Hu1 || + M1M2 V a3||B’U||L2(J7E) =+ M1M2P2a2
+ MyMyPya®(Ly + Ny) + MiMaPra®*(1+ La+ Na)R
§R7
if we choose
R Z[MQ”U()” + CLMlMQH’ulH + My MsV a3||Bv||L2(J,E) + M1M2P2a2
+ My MyPya®(Ly + Ny)| x [1 — MyMyPra*(1+ La + Na)] ™,

then it means that QBr C Bg.

Step 2. We show that Q : B — Bpg is a contraction. In fact, ui,us € Bg,Vt € J,
we obtain

1(Qu)(t) — (Qua)()]| < / / Tt — $)Ti(s — 7

x ||F(r, ul( ), (Gua)(7), (Hu1)(7))
— F(7,ua(7), (Gua)(7), (Hu2)(7))||drds

<M1M2// 1F(r, ur (7), (G ) (7, (Fur ) (7))
(7, us(r), (Guo)(7), (Hus)(7))||drds

<M M, P, / / ua (s) — ua ()|

] [ ) = e utrian]
+| /Oa[g“’”v“l(")) ~ g(r,m, wa ()| }ards

t s
§M1M2P1(1+La+Na)/ / luy — usl||drds
o Jo

<M1M2P1(1 + La+ Na)a?
- 2

In view of (3.1), (3.2), and induction on n, we have

lur — usl|- (3.2)

M MsPi(1+ La+ Na)a?|
Q") - @] < » L

ug — uz|.

Hence
[MMLP (1 + La+ Na)a2]"
(2n)!

lur — uz]|.

Q" ur — Q" uz|| <
Since "
MiMyPy(1+ La + Na)aﬂ

2n)! — 0, asn — oo.

[M1M2P1(1+La+Na)a2
Therefore, for n large enough @ < 1, according to the
Banach fixed point theorem, the operator ) has a unique fixed point u € Bg,

which is the mild solution of the system (1.1) in J. O
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4. Approximate controllability

For any u € C(J, E), the last stages of u is mentioned as &, = u(a) at time a.
We define a continuous linear bounded operator L from L?(J, E) into E as

Ly [ ’ / Ta(a — $)Ti(s — r)p(r)drds

for p(-) € L3(J, E).
Definition 4.1. Let u(t; F,v) be a mild solution of the system (1.1) related to F
and v € L?(J,U). Then the set

Lo(F) = {(u(a);v) : v € L*(J,U)} C E.

Definition 4.2. If L,(F) is dense in F, then system (1.1) is considered approx-
imately controllable on interval J, meaning L,(F) = E. That is, for V ¢ > 0,
&, € D(A), 3v e L*(J,U), we have

€0 — Tola)uo /O a(a— 8T (s)urds

- LF(-,U€(~), (Gue)()7 (Hus)()) —LBuv|| <e.

To this purpose, we need the following hypothesis:

(A5) For each p(-) € L?(J,E), 3 ¢ € R(B) with Lp = LLg. For V ¢ > 0, p(-) €
L*(J,E), 3 v(-) € L*(J,U) such that

|ILp — LBv| < e.

(A6) [[Bu(-)|l2(sm) < Mlp()llz2(5,E), A is a positive constant independent of p(-).
Lemma 4.1. If the hypothesis (A1)-(A4) hold, then the (pv)(-) with

() (D] < KeMiMaPiat (L),

and K = M2[||u0||—l—aM1||u1||—|—M1\/(§||BUHL2(J7E)+M1P1a(Lfa+Nga)+M1P2a2],
Let v1(+) and vi(+) be in L%(J,U), then we have

2
||U1 - u2||L2(J7E) < M1M2a26A{1M2P1a (1+La+Na) ||Bu1 - BUQHLZ(J)E)7

where uy (t) = (eup)(t),n =1,2.

Proof. The solution mapping (ov)(t) = u(t) is described as
t
u(t) =Ta(t)uo + / To(t — 5)Ti(s)urds
0

+/0 / To(t = $)Ti(s — 7)[F(r, u(7), (Gu)(7), (Hu)(7)) + Bu(r)]drds.

For t € J, we have

[ <lI72(t)uoll +/0 [72(t = 5)Ta(s)ua[|ds
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+ [ [ 173 = 9)Tits = n)Botr) + Fru(r), (Gu)r) () () s
0 Jo
§M2||uo|\+aM1M2Hu1||+/O/O I75(t = )Tis = 1) - || Bott)| aras

t s
+ [ [ 1m =97 =21 [P ). @), ()
— F(7,0,0,0) + F(,0,0, O)Hdes
<M2||U0H + aM1M2Hu1|| + M1M2ﬁ||B’U||L2(JE + M1M2P2a2

ey [ [ i+ [T
+ [ gt utnlanards

<Mo|jug|| + aMi Ma|juy || + My MoV a?||Bo| 12y ) + M1 MaPra?
£ ML, / [ {1+ [ s num)
= f(m.n,0) [l + [ f(7,n,0)[)dn
+ /Oa(llg(ﬂn,u(n)) —g(m,n,0)[| + ||9(7'777a0)\\)d77}d7'd5
<Msllugl| + aMy Ma|juq || + M1M2\/CT3||BU||L2(J,E) + My My Pya®
| t / o)l + Lalu()l + Lya+ Nalju(o)] + Ny} drds
<M||uol| + aMi Ma|juy || + My MoV a?|| B[ 12,y + M1 Mo Paa®

t
+anPia [ (o)l + Lalulnll + Lra-+ Nalutn)] + Nya}ds
0
t
<K + MyMsPra(1+ La + Na) / u(s)|ds,
0

and K = M2[||7.L0||+CLM1 Hu1 H+M1P1a2(Lfa+Nga)+M1P2(l2+M1 V a3HBv||L2(J7E)].
In view of Gromwall’s inequality, we get

(o)) = [[u(t)]] < KeMiMaPio®(tLatNa),

Taking uy(+),u2(-) € E and v1(+),va(+) € L?(J,U), then

s (8) — us(8)]| < / / T3t — $)Ti(s — ) - 1 (01 (5), (Gun)(s), (Hun)(5))
= F(s,us(s), (Guz)(s), (Hus)(s)) |drds

+ / / ITa(t — $)Ta(s — )] - [ Bus(s) — Bua(s)llds

<ty [ [ {lunts) - o)l
1 / ", un () — F(rsmua ()]
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a

1 [ lg(rm, () = g(rn, wa(n))dn| bdnds
0
+ My MoVa®|| Bui(s) — Bua(s)| r2(.m)
SMIMQ\/G/>3||BU1 (S) — B'UQ(S)HLQ(J’E)

t
—|—M1M2P1a(1+La+Na)/ lu1(s) — ua(s)||ds.
0

In view of Gronwall’s inequality, we get
2
[ur (t) — ua(t)|] < My MV adeMM2Pra”(HLatNo) | By — Buy|| 2y p).

Hence, we get

a 1
lur — uz||L2(sE) = (/0 l[ur(s) — U2(8)||2d5) i
< M1M2a26M1M2P1a2(1+La+Na) | Bvy — sz||L2(J,E)~
The following assumptions are needed to prove our results:
(A7) The constant X satisfies Py (1 + La + Na)M; MyAeM1M2Pra*(+LatNa)g2 o 1

We aim to construct an approximation sequence to find an alternative equivalent
condition that postulates the linear system’s approximate controllability, focusing
on the study of the approximate controllability of mild solutions for damped elastic
beam system (1.1). O

Theorem 4.1. If the conditions (A1)-(A7) hold. Then the system (1.1) is approz-
tmately controllable on J.

Proof. Step 1. We are verify to prove D(A) C K,(F'). Since the field D(A)
is dense in E. To achieve this, we must prove that for V ¢ > 0, £, € D(A),
3 v () € L3(J,U), and

§a — T2(a)uo — /Oa Ta(a — s)T1(s)urds

— LE( ue(-), (Gue)(), (Hue)(+)) — LBue

< €,

where u.(t) = (pve)(t) with

ue(t) =Ta(a)up + /Oa To(a — $)T1(s)urds +/0 /05 To(t — 8$)Ti(s —7)
X [Bve(T) + F(7,ue(T)), (Gue) (), (Hue)(7)]drds.

As &, € D(A), then 3 p € C'(J, E)) with

Lp=¢& — 7—2(0')“0 - / 7—2(a - 8)7—1(S)U1ds.
0

Step 2. We establish a sequence recursively as follows:
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For Ve > 0, v1(-) € L2(J,U). By (A5), 3 wa(-) € L3(J,U), we have

IL(p — F(-,u1(;301), (Gua) (5 v1), (Hup ) (55 v1))) — LBuo|| < 2%

Hence,

§a — Ta(a)ug — /Oa Ta(a — s)Ti(s)urds

—LF (-, u1(501), (Guy) (5 01), (Hup) (5 01))) — ]LszH

<5 (4.1)
where uq(t) = (pv1(t)), t € J. For va(-) € L*(J,U) thus obtained, we determine
wa(+) € L2(J,U) by hypotheses (A4) and (A5), we get
[IL(F (s ua(s5 v2), (Guz) (-5 v2), (Huz)(+5v2)))
— F(ui(501), (Gua) (5 01), (Hua) (5 01))) — LBus|
<2%, (4.2)

and the assumption (A6), we have

”BwQ”LQ(LE)
S AE(uz(0), (Guz)(+), (Huz)(+) — F(ur(-), (Gua)(+), (Hua) ()|l 22 (s,E)

<[ IG5 ua(5), (Gua)(s), (Huz) () = Fls 1 (5), (Gur)(o). (Hur) ()| ds)
0

Nl

t 1
< AP (1+ La+ Na)(/ lua(s) — u1(5)||2d5) 3
0
< APi(1+ La+ Na)|lvi — v2llz2(5,5)-
Thus, and Lemma 4.1, we have
HBw2||L2(J,E) S )\Pl(].+LCL+Na)MlM2a2€M1M2P1a2(1+La+Na) ||BU1 —B’LL2||L2(J7E),

and u,(t) = (ov,)(t),n = 1,2. Now, we define vz = vo — wq, vz € L*(J,U), and
which has the following properties:

6o = Talao — [ Tala - Ti(s)uads
— LF(-,uz(-;v2), (Gua) (5 v2), (Hug)(-;v2)) — LBus||
<|[éa — T2(a)uo — /Oa Ts(a — s)T1(s)uids

—LF(ui(501), (Gu)(5501), (Hua) (5 01))
— LBvy + LBws — L[F (-, ua(+;v2), (Guz2)(+;v2), (Huz)(+;v2))
= F( ui(501), (Gur)(501), (Hu)(501))]|
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<o — T2(a)uo — [ T2(a — s)Ti(s)uids
0

= LF(,ui(5501), (Gua) (5 01), (Hup) (55 v1))
— LBvy| + ||[LBws — LIF(-, uz(;v2), (Gua)(+;v2), (Hu2)(-; v2))
= F(u1(-5v1), (Gua) (5 01), (Hu ) (5501))] -

Combining (4.1) with (4.2), we get that
€0 — Talayuo — /O Ta(a — )T (s)urds

~ LF(, uz(502), (Guz) (5 v2), (Huz) (- v2)) — LB
<(z+ )

The mathematical induction method means that 3 v, (-) € L?*(J,U), we obtain

§a — B(G)UO - /0a7-2(a - S)ﬂ(s)ulds

—LF(, Un('§ Un), (Gun)('? Un)a (Hun)('? Un)) —LBvp41 H

1 1
(gt g )e (4.3)

and uy, (t) = (pvn)(t),n=1,2,..., ¢t € J, we have
| Bont1 — Bonl|L2(s,8)
=APy(1+ La + Na) My Maa?MiMePra® (4 Lot Na) By By, |25 .-

Obviously, from (A7), the sequence {Buv, : n = 1,2,...} is a Cauchy sequence
in Banach space L?(J, E) and 3 v* € L?(J, E), we have

lim Buv, =v* € L*(J, E).
n—oo

Thus, for Ve > 0, 3 N € N such that

€
||LBUN+1 — ]LB’UN” < 5, (44)

and hence

€0 — Tala)uo — /0 " Tala— $)Ty()uyds

—LP (- ux(vn), (Guw) (5un), (Huy)(vx)) ~ LBoy |

<[[éa — T2(a)uo — /0“ Ts(a — s)T1(s)uids

—LE(-,un(5on), (Gun)(on), (Hun) (5 on)) — LBon 1|
+ |LBvn 41 — LBuyl||,
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and un(t) = (pvn)(t), t € J. By (4.3), (4.4), we get that

[€a — T2(a)uo — /O Ta(a — 8)Ti(s)u1ds
—LFE(,un(5on), (Gun)(on), (Hun)(;vn)) — LBuy||

1 1 €
<(g+tgm)ets
<e.

As N — oo, we get &, € K,(F), the system (1.1) is approximately controllable on
J. O

Theorem 4.2. Assuming the range of operator B is dense in L?(J,E). Then,
under assumptions (A1)-(A4), the system (1.1) is approzimate controllable.

Proof. Since the range of the operator B is dense in L?(J, E), for V p(-) € L*(J, E)
and § > 0,3 Bu(:) € R(B), v(-) € L*(J,U), we have

1Bv() = p()lL2,m) < Sl L2(s,m)- (4.5)

Now, we have

a S
ILp — LB < M, M, / / lp(r) — Bu(r)|drds
0 0

< My MyVa3||p(-) — Bu(-)|lr2(s,)
< M1M2\/CTSE||P(‘)||L2(J,E)
< €.

Thus, from Eq. (4.5), we have

|1Bv()[|L2(5,m) = |1Bv(-) — () + p()ll22(s)
< |1Bv(:) = p()llz2s,e) + o)l 2,0
<Ollp(llL2a,e) + 1P L2,
<O+ VlpC)l2m)-

This means that if we choose § > 0 in a way that validates (A7), then conditions
(A5) and (AG6) are satisfied. Then, the approximate controllability of system (1.1)
is derived from Theorem 4.1. O

Remark 4.1. Currently, the majority of articles assume that the corresponding
linear control systems are approximately controllable. By defining the Gammer
control function, the control problem is transformed into an operator’s fixed point
problem, which is then studied using fixed point theorems to investigate the system’s
approximate controllability. In this project, we eschew these methods. Notably, the
approximation sequence method has proven effective in investigating other issues,
particularly those of integer order.



New exploration on approximate controllability ... 1687

5. Example

Consider the following damped elastic beam system of the form

Pula,t) | (Fulzt) | Sulz?)
TN Oz
t# sin(27t) 1 Zetsin (/ (t — s)u(x, S)ds)

T A0t Ju( ) 0
1
+667tcos (/ ei|t75|u(x,s)ds) + ko(z,t), (z,t) € 2 x[0,1],
0

(5.1)
u|a_o =0, Au|ag =0,te [0, 1],

u(z,0) = ug,

Ou(x,0)
ot
where 2 C R™ be a bounded domain with the smooth boundary 92 and A is the

Laplace operator.

Let Banach space E = L?({2) with L?—norm || - ||. The operator A : D(A) C
E— E by

=uy, T € (2,

P
oz’

From [5], we know that —A generates Cy-semigroup 7T (¢)(t > 0), which satisfied

Au = u € D(A) = H*(2) N H} (02).

[T <e®, §>0,t>0.

Thus, —014 and —o2 A generate Cy semigroups 71 (t)(> 0) and T3(¢)(t > 0) respec-
tively, which satisfy

ITi@)l = [T (ot)]| < e, 20, i=12,

where o1 = 3 +2v/2, 05 = 3 — 21/2 defined by (2.3). Then we obtain that

M;:= sup ||Ti(t)l|zp) =1,
0<s<t<1

then assumption (A1) holds.
For u € L?(£2), we set u(t) = u(-,t) and

f(tvsvu(SD = (t - S)u("s)’ g(ts,u(t,s)) = e_lt_8|u('a8)7

t 1
(Gu)(t):/o (t — s)u(-, s)ds, (Hu)(t):/o e~ 1t=sly(-, s)ds,

F(t,u(t), (Gu)(t), (Hu)(t)) = m + %e‘t sin ((Gu)(t))

+ ée‘t cos ((Hu)(t)).

Let B : U := E — E with Bu(t) = kv(-,t), system (5.1) can be transformed into
system (1.1).
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Theorem 5.1. The system (5.1) has a mild solution u € C(£2 x J, E).

Proof. In view of the nonlinear term F, we know that F(¢,u,v,w) is continuous

about the variables u,v,w with constant P, = max{i, %, %} = i. And we get

that assumption (A2) is satisfied with positive constant P, = 1. From the fact
L =Ly =N = N, =1, one can easily to verify that (A3)-(A4) holds. Thus,
all the assumptions of Theorem 3.1 are satisfied. Therefore, by Theorem 3.1, the

conclusion holds. O

Theorem 5.2. If the following conditions

(H5) For each p(-) € L*(J,E), 3 q € R(B) with Lp = Lq. Hence it follows that for
Ve>0 and p(-) € L*>(J,E), 3 v(-) € L*(J,U) such that

ILp — LBv|| < e,

where Lp = [ [; T2(a — s)Ti(s — 7)p(7)drds for p(-) € L*(J, E).

(H6) ||Bv(-)|lL2s,5) < Mp()lL2(s,E), where X is a positive constant independent
of p(:)-

(H7) The constant X satisfies Py(1 + La + Na)M; MyAeMiMePra®(1+La+Na) g2

hold, then the system (5.1) is approximate controllability.

Proof. In view of nonlinear term F', we know that F(¢,u, v, w) is continuous about
the variables u,v,w with constant Py = max{}, §, 4} = . Thus (A2) is satisfied
with P, = 1. From t L = Ly = N = Ny = 1, we verify that (A3)-(A4) holds. And
combine with (A1), (H5)-(H7) hold. In view of Theorem 4.1, our conclusion holds.

O

6. Conclusions

This paper concentrated on the approximate controllability of damped elastic beam
systems with initial conditions involving Volterra-Fredholm type integro-differential
system. Firstly, the existence of mild solutions for the proposed system was investi-
gated by using the Banach fixed point combined with semigroup operators. Also, by
using the sequential method, approximate control results were obtained. In future
work, based on the results of this paper, we will investigate the approximate control-
lability of Volterra-Fredholm type integro-differential third order dispersion system
involving non local conditions and and control delay. Moreover, we also study this
class of problem related to mathematical control problem such as controllability and
optimal control. Especially, we will further consider approximate controllability of
Atangana-Baleanu fractional neutral delay integro-differential stochastic systems
and Atangana—Baleanuneutral fractional stochastic hemivariationaolf inequality by
utilizing the sequential methods described in this article.
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